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Abstract. We present a formal analysis of the database layout problem,
i.e., the problem of determining how database objects such as tables and
indexes are assigned to disk drives. Optimizing this layout has a direct
impact on the I/O performance of the entire system. The traditional ap-
proach of striping each object across all available disk drives is aimed
at optimizing 1/O parallelism; however, it is suboptimal when queries
co-access two or more database objects, e.g., during a merge join of two
tables, due to the increase in random disk seeks. We adopt an existing
model, which takes into account both the benefit of I/O parallelism and
the overhead due to random disk accesses, in the context of a query
workload which includes co-access of database objects. The resulting op-
timization problem is intractable in general and we employ techniques
from approximation algorithms to present provable performance guar-
antees. We show that while optimally exploiting I/O parallelism alone
suggests uniformly striping data objects (even for heterogeneous files and
disks), optimizing random disk access alone would assign each data ob-
ject to a single disk drive. This confirms the intuition that the two effects
are in tension with each other. We provide approximation algorithms in
an attempt to optimize the trade-off between the two effects. We show
that our algorithm achieves the best possible approximation ratio.

1 Introduction

As relational databases keep growing in size, good overall performance for queries
and updates necessitates the optimization of I/O performance on secondary stor-
age. A significant aspect of I/O performance is database layout, i.e., how database
objects such as tables, indexes, materialized views, etc, are assigned to the avail-
able disk drives.

The traditional approach has been to spread out each database object uni-
formly over all available disk drives, called full striping, in order to obtain I/0
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parallelism. Full striping minimizes the transfer time of a database object to
main memory. Thus, as long as only one object is accessed at a time, this so-
lution can be shown to be optimal with respect to I/O performance. However,
when dealing with a query workload which involves co-access of of two or more
database objects, e.g., a merge join of two tables, there is a distinct possibil-
ity that uniform striping could lead to substantially suboptimal performance.
The main reason is that if the concurrently-accessed (co-accessed) objects are
co-located on a disk drive, then the seek time encountered switching access be-
tween these two objects begins to dominate the I/O cost instead. As a result,
there is a trade-off between the benefit due to I/O parallelism and the overhead
due to random I/O accesses. For queries co-accessing multiple objects, I/O per-
formance might be improved by choosing a database layout which differs from
full striping. For instance, consider the following example given in [1]. Consider
queries @3 and Q1o of the TPC-H benchmark. The execution plan of both these
queries accesses the tables lineitem and orders together and performs a Merge
Join. The execution time of these queries were measured over the following two
database layouts over a system of 8 disks: (1) Full striping: each table was spread
uniformly across all 8 disks. (2) lineitem was spread uniformly on 5 disks, and
orders was spread uniformly across the other 3 disks. Both Q3 and Q19 executed
about 40% faster on the database layout (2) as compared to (1). The main rea-
son is that contrary to layout (1), layout (2) avoided a large number of random
I/O accesses.

In our study of the database layout problem, we adopt the framework and
cost model proposed by Agrawal, Chaudhuri, Das, and Narasayya [1], which
combines the effects of both I/O parallelism and random disk access. Using
their framework, we model the problem as follows. All database objects are
referred to as files, each with a size r; specified in terms of number of disk
blocks. In addition, we are given a set of (heterogeneous) disk drives. The goal
is to determine a layout of files on disks (specifying what fraction of each file is
assigned to each disk), while minimizing the total I/O access time. Naturally,
the optimal layout depends on the characteristics of the workload handled by
the system. We assume that the workload is given as part of the input. From
the query plans, we can extract the frequencies of accessing individual files as
well as co-accessed files. For the sake of brevity, we focus our exposition on the
case of two-object queries, i.e., queries co-accessing exactly two files. Note that
single-object queries are trivially handled by viewing queries accessing a single
file ¢ as co-accessing files ¢ and x, where x is an imaginary file of size zero. In
general, if a query co-accesses more than two files, we can replace the query with
a set of two-object queries [1]; the details are omitted for the purpose of this
extended abstract.

For a query ¢ that co-accesses files ¢ and @', the total I/O access time is divided
into two parts: the transfer time and the seek time. Transfer time measures the
time it takes to sequentially access file blocks on a disk. Let r;; be the number
of blocks of file ¢ assigned to disk j. Then, the transfer time of query ¢ in disk
Jj is given by «;(r;; + r4j), where 1/a; is the transfer rate per disk block for



disk j. Seek time measures the extra time it takes to re-position the disk head
due to random accesses between files ¢ and i'. Let T; be the average time taken
to re-position the disk head, and let B be the average number of blocks read
before the system switches from reading one file to the other. We define the
seek rate [; of disk j to be 2T;/B. Then the seek time for disk j for query ¢
is given by B; min{r;;,7;}. We justify it as follows: without loss of generality,
let r;; < ry;; then, the number of times the disk head switches to file 7 from
file 4" on disk j is bounded by r;;/B, and the number of times it switches to file
i/ from file 4 on disk j is also bounded by the same number. So the total seek
time is Tj - 2r;; /N = f;r;;. Finally, the total I/O access time of query ¢ is the
maximum I/O access time of query ¢ over all disks.
Formally, the problem is defined as follows.

Definition 1. [Database Layout Problem]

INPUT: Files F = {1,2,...,n}, with file i having size r;. A set of disks D =
{1,2,...,m}, where each disk j has transfer rate 1/c;, seek rate 3, and load
capacity L;. A query workload consisting of a set of queries Q = {q = (,7') :
i, € F'}, with each query g = (i,7") having frequency weight ¢(i,i’).

OBJECTIVE: Determine a feasible (defined below) assignment of files to disks so
as to minimize the overall query access time (defined below). Let r;; denote
the number of blocks of file i assigned to disk j. An assignment is said to
be feasible if 3 prij = ri for all files i and 3, prij < Lj for all disks j.
The overall query access time is qu P(q), where the access time for query
q = (i,4') is P(q) = ¢(1,4') - maxjeploy - (rij + rirj) + B - min{riz, rirj }].

We present a formal analysis of this optimization problem. Our main con-
tribution is to establish almost tight theoretical bounds in terms of approxi-
mation ratio for the above problem. Define v = max;¢ D%. We show that the
above problem is NP-hard to approzimate within a factor of py, for some con-
stant 0 < p < 1. On a positive note, we present an (1 + ~/2)-approximation
polynomial-time algorithm for the general objective function. By the preceding
negative result, our approximation algorithm is optimal up to small constant
factors. In establishing the positive (1 + 7/2)-approximation result, we relate
our problem to the problem of minimizing the transfer time only. We show that,
when seek time is ignored, a natural weighted variant of full striping gives the
optimal solution, provided disk capacities are not a constraint. In order to take
disk capacities into account, we formulate the problem as a linear program to
find the optimal solution in polynomial time. To establish the negative result,
we relate our problem to the problem of minimizing the seek time only. We
show that, when the transfer time is ignored, there exists an optimal solution
that assigns each file to a single disk, i.e., no files are split across disks. This
observation helps us relate the problem to a well-studied NP-complete problem,
allowing us to infer its intractability. We also consider single-object queries, i.e.,
queries which do not involve co-access of files. For a workload consisting of only
such queries, we give a simple and fast greedy algorithm, and show that it al-



ways finds the optimal assignment of files to disks. This algorithm is much faster
compared to the straightforward linear programming method.

The rest of this paper is organized as follows. Section 2 presents algorithms
for single-object queries. Section 3 investigates the structure of database layout
while minimizing only the transfer time, providing an optimal algorithm for this
objective function. Section 4 investigates the structure of database layout while
minimizing only the seek time. Section 5 deals with the problem of minimizing
the combination of transfer and seek times. Finally, we conclude in Section 6
with an overview of some related work in this area.

2 A Fast Greedy Algorithm for Single Object Queries

In this section, we present an efficient algorithm to find the optimal assignment
for single-object queries. Since each query consists of only one file, there is no
random access cost, i.e., we have to consider only the transfer time for each file,
and P(q) reduces to max;jep{r;ja;} for a query ¢ accessing file i. Also, let ¢;
denote the access frequency for file 3.

If the disks are homogeneous, then it is clear that striping each file uniformly
across all disks is an optimal solution. Instead, we analyze the general case where
the disks are heterogeneous, and the files can be of different sizes. Notice that
we could write a linear program (LP) to solve any single-object query instance,
but here we present an optimal greedy algorithm, which is simpler and faster
than the LP approach.

The greedy algorithm is as follows. Consider the files one by one, in decreasing
order of their frequency ¢;. For file ¢, we first attempt to split file 7 across all
m disks so the transfer time of file ¢ is uniform across all disks. If such an
assignment does not violate the capacity constraint for any disk, then assign file
i accordingly and remove it from our consideration. We then proceed with the
next file in order. Otherwise, let L', denote the currently available capacity of disk
j and let £ = min; {L’a;}. Then we partially assign file i by setting r;; = a%
for each disk j. Clearly, the assigned portion of file ¢ has uniform transfer time
across all available disks, and no disk capacity is violated. In addition, there is
at least one disk, whose load capacity is completely saturated after the partially
assignment of i. The saturated disks are removed from further consideration,
while the remainder of file ¢ is considered at the next iteration. Notice that in
each iteration, we either assign a file completely, or saturate the capacity of at
least one of the disks. This implies that the algorithm terminates after at most
n + m such iterations. The pseudo-code of the greedy algorithm is presented in
the Appendix.

We now show that the greedy algorithm produces an optimal assignment.
We first prove the following lemma about the greedy algorithm.

Lemma 1. After any iteration, let U be the current set of unsaturated disks.
Then for each file i, rijo; is a constant over all disks j € U. Further, rija; >
rijrae for any two disks j € U and j' ¢ U.



Proof. In the greedy algorithm, we always (partially) assign a file ¢ to disks
so that r;;0; is the same for all unsaturated disks. Moreover, once a disk gets
saturated, no more files are assigned to it. This implies that for any file 7, ;¢
for the saturated disks is no more than that for the unsaturated disks. a

Let C; denote the current load on disk j, i.e., the sum of all file sizes assigned
to disk j. The above lemma gives us the following corollary.

Corollary 1. After any iteration, let U be the set of unsaturated disks. Cja; is
a constant over all disks j € U. Further, Cja; > Cjrayr for any two disk j € U
and j' € U.

Next, we prove the optimality of the greedy solution.

Theorem 1. Let S be the assignment defined by the r;;’s produced by the greedy
algorithm. Let S’ be any other assignment. Let Z be the total transfer time
incurred by S and let Z' be the total transfer time incurred by S'. Then Z < Z'.

Proof. Given an instance Z, let ¢ = min; {¢;}. First consider the assignment
S. For each file i, let z; denote its transfer time weighted by its frequency, i.e.,
z; = ¢i - max;{a;ri; ). Let z; = 2 + 2B, where 2 = (¢; — ¢) - max;{a;7i;}
and zP = ¢ - max;{a;r;;}. Further, let the total transfer time over all files
be Z = Z4 + ZB, where Z4 = 3,2 and ZP = ,2P. Now consider any
other assignment S’. Let rgj be the file assignments corresponding to S’. Define
2 = 2% + 2/ in terms of the 7, and Z' = 7' + 2'% as above.

We will show that Z < Z’ for all instances by induction on the number of
files n. The hypothesis states that Z < Z’ for all instances with k files. The base
case with £ = 0 is clearly true. For the induction hypothesis, we assume that
7 < 7' for k = m. Consider an instance Z with m+1 files. Assume that the files
are numbered in decreasing order of frequency ¢;. Notice that Z4 for instance 7
represents the total transfer time incurred by the greedy algorithm on an instance
7: consisting of files 1 through m in the original instance Z, with file ¢ having
frequency ¢; — ¢. This is because each file’s frequency is reduced uniformly by
¢, so the relative order of the files remains unchanged. The greedy algorithm
would consider these m files in the same order as in instance Z, and give exactly
the same assignment of these m files to disks. Similarly, Z’ A represents the total
transfer time on instance Z; under assignment S’. By the inductive hypothesis,
we know that Z4 < Z/ 4 Now we concentrate on ZB. Consider an instance 1o,
consisting of all m+1 files in Z, each with frequency ¢. If we resolve ties such that
the files are considered in the same order as for Z, then ZZ corresponds to the
total transfer time incurred by the greedy algorithm on instance Z,. Similarly,
z'B corresponds to the total transfer time on the instance Z, under assignment
S'.

Let [ be the last disk that received some file assignment according to the
greedy algorithm running on instance Z;. By Lemma 1, we have that for any file
¢t and disk j, rija; < ry0q, implying maxj{rijaj} = ryq. Since the current load
on disk I is C; = ) ,r, we have that the overall transfer time ZB = ¢y Cy. By



Corollary 1, in assignment S, every disk j is either saturated, or has a current
load Cj, such that Cja; = Cijay. Now consider the assignment S’ that incurs
Z'P on instance Zs. Let C} denote the final load on disk j in §’. Then there
exists a disk d, such that C('l > (Cy for some disk d which is unsaturated in S.
This is because C); < Cy for all unsaturated disks would imply that the total
amount assigned by &’ is less than the total amount assigned by S. Thus, Z'% >
daqC!y > dpagCy = ¢payCy = ZB. Therefore 7' = 7' + 2/ > 74 + 7B = 7.
This completes the induction. a

This completes our discussion of single-object queries. In the rest of the paper,
we will concentrate on the general model in which each query co-accesses two
objects.

3 Algorithms for Minimizing Transfer Time

In this section, we develop algorithms that minimize the total transfer time only,
while ignoring the seek time, for a workload consisting of queries that co-access
two files. We show that the optimal assignment will spread files uniformly across
all disks, if the disks have large enough storage capacity. We also present an
algorithm to solve the more general case where disks have limited capacities.
The following definitions will be used throughout the rest of the paper.

Definition 2. Let f;; denote the fraction of file i assigned to disk j: fi; =
rij/ri. Let T(q) and S(q) denote the mazimum transfer and seek time, re-
spectively, for query q¢ = (i,7'): T(q) = max;jecp{rija; + rvja;} and S(q) =
maxjeD(min{rij, Ti’j} . BJ)

By definition, ¢(i,i") -max{T'(q), S(q)} < P(q) < ¢(i,1')(T(q) + S(q)), where
P(q) is the total disk access time for query ¢. In this section, minimizing the
transfer time corresponds to minimizing the term »° _, .1y ¢(i,4)T'(q). We use

superscripts to distinguish between different assignments, for instance, SA(q)
denotes the seek time of query ¢ in assignment A. When the context is clear,
the superscripts are omitted.

Theorem 2. If disks have unlimited storage capacity, then each file should be
split such that the transfer time is uniform across all disks, i.e., for each file i,
rijo; is the same for any disk j.

Proof. For each file i, let k; = r; - (Z] a%)_l and r;; = 2—; We first show that
for a query ¢ = (i,1), T(q) > K; + Ky in any assignment. The two files have a
combined size of r; + r;;. Since we are only concerned with transfer time, it is
equivalent to spreading a single file f of size ry = r; 4+ r; across disks. The best
way is to set £y =17 (32, O%)_l and ry; = Z—i This implies that x; = ki + Ky,
hence T'(q) = k¢ > K; + kis. The uniform assignment achieves this lower bound
for each query, which implies its optimality. O



The above theorem applies as along as the disk capacities are large enough,
ie., Lj > > ,ri, Vj. If some of the disks have smaller capacities, we can use
linear programming to solve the instance optimally. Besides the variables 7;;, we
introduce a new variable z;;/, representing the transfer time 7'(q) for each query

q = (i,).

min: Y (i, )z
q=(i,i")€Q
subject to: @ > (rij +rij)aj, Va=(i,i) €Q, j€D
Li>)Y rij, VjeD
ier
7”1':27"7;]', VieF
jeD
T‘ij207 VieF, €D

Clearly, the values r;; obtained after solving the LP will be an optimal as-
signment of files to disks.

4 Algorithms for Minimizing Seek Time

Next we consider the problem of minimizing only the seek time, i.e., the term
2 g—(i.in) 9(1,1")S(g). Our goal is to establish the fact that the problem of min-
imizing the total seek time is equivalent to the MINIMUM EDGE DELETION k-
PARTITION problem, which is well studied. As shown at the end of this section,
minimizing the total seek time for homogeneous disks is very hard to approxi-
mate, which implies that the general case of heterogeneous disks is at least as
hard to approximate. The hardness result from this section will aid us in deriving
a hardness result for the case of minimizing the combined access time.

Definition 3. [MINIMUM EDGE DELETION k-PARTITION PROBLEM]

INPUT: A graph G = (V, E), with weighted edges.

OBJECTIVE: Find a coloring of vertices with k colors C : V. — {k} that min-
imizes the total weight of monochromatic edges (an edge is monochromatic
iff its end points have the same color in C).

In the next theorem, we show that if we insist that each file must be com-
pletely assigned to only one disk, then the problem of minimizing seek time
is equivalent to the MINIMUM EDGE DELETION k-PARTITION (MEDP-k) prob-
lem. We define the INTEGRAL SEEK TIME (IST) problem as the one that forbids
splitting files.

Theorem 3. The MINIMUM EDGE DELETION m-PARTITION problem is equiv-
alent to the INTEGRAL SEEK TIME problem, where each file must be assigned
completely to only one of the m homogeneous disks.



Proof. First, we reduce the IST problem with m homogeneous disks to the
MEDP-m problem. Given files F', disks D and a query workload @) with query
frequency ¢(i,4')’s, we create a graph G = (V, E), where V = F and E = Q.
And the weight of the edge e = (i,4), w(e), is set to ¢(i,7") min{r;, ry }. Given
a solution S to this created instance of the MEDP-m problem, we produce an
assignment A for the IST problem as follows: a file 7 is assigned to disk j if and
only if it was assigned color j in the MEDP-m solution. It is clear that the total
weight of monochromatic edges in S is exactly the total seek time incurred by
assignment A.

We now reduce the MEDP-m problem to the IST problem. Given G = (V, E)
and w(e), we create an instance, where F =V, |D| =m, Q = E, and ¢(i,i') =
w(e) for each edge e = (i,’). Each file ¢ has unit size, and each of the m disks has
seek rate 1. Given any assignment A of the created instance, we then produce
a solution S to the MEDP-m problem as follows: vertex i is assigned color j if
and only if it was assigned to disk j in A. Clearly, the total seek time in A is
the same as the total weight of monochromatic edges in S. a

However, in general an optimal assignment to the original problem of mini-
mizing the total seek time need not be integral, i.e., a file could be split across
multiple disks. We distinguish between these two types of assignment: integral
and fractional.

Definition 4. An integral assignment of files to disks is the one that assigns
each file completely to one of the disks. A fractional assignment allows a file to
be split across multiple disks.

We aim to show that for every fractional assignment, one can find an integral
assignment with equal or less total seek time. This will imply that the problem
of minimizing the total seek time is equivalent to the IST problem. But we first
show a weaker statement.

Lemma 2. For any assignment A with total seek time C 4, there exists an in-
tegral assignment A’ with total seek time C 4/, where Cqr < 2C 4.

Proof. Recall that f;; denotes the fraction of file i assigned to disk j in 4. Thus,
> y fi; =1 for all i. We create the integral assignment A’ via a randomized algo-
rithm. In A’, we assign file ¢ to disk j with probability f;;. Next, we bound the
total seek time incurred in A’. Consider any query ¢ = (4,4’). In A, the seek time
incurred in co-accessing files 4 and 4’ is S (q) = max;{min{r; fi; 3;, 7 fi;3; }}-
Let g = max;{min{f;;3;, fir;B;}}, then S4(q) > g - min{r;, ry}. In the assign-
ment A’, if files ¢ and ¢’ are assigned to different disks, then there is no seek time
incurred in co-accessing files 7 and #'. If files ¢ and i’ are assigned to the same disk
J, then the seek time becomes §; - min{r;, r; }. The probability of both the files i
and ¢’ being assigned to disks j is fi;- fir;. Observe that fi;- fi;-0; < g-(fij+firj)-



This implies the expected total seek time for A’ is given by

SA(q) = min{rs, 1} > fij - firj - B
J

IN

min{ry, v} Y g (fij + fij)
j

min{r;, ri}-g- (Z fij + Zfi’j)
J J

= 2g - min{r;, 7y}
< 25%(q)

Since Ca = }_,_(.ineo ¢>(i,i’)$A(q) and Car = 32, _(;ineq qb(i,i/).SA (q), we
conclude that C'yr < 2C 4. We just showed that the expected seek time for the
integral solutions returned by the randomized algorithm is no more than 2C 4.
This implies the existence of an integral assignment with seek time no more than
2C Y. O

We note that the factor 2 is tight for this randomized rounding procedure.
Consider the following fractional assignment for two unit size files and two iden-
tical disks with seek rate 1: 713 = 799 = € and r13 = r91 = 1 — €. Thus the seek
time S for the query ¢ = (1,2) is e. After randomized rounding of this frac-
tional assignment, the two files collide with probability 2¢(1—€), for an expected
seek time SA” of 2¢(1 — €). The ratio of S4 to S’ approaches 2 as € — 0.

Next, we will show that there exists an integral assignment which is as good
as the optimal fractional assignment. We first prove a weaker property for which
we need to introduce the following notation.

Definition 5. Define c;; = 14;3;, the potential seek time of file i on disk j.
For each file i, define ¢™™ = min;{c;; : ¢;j # 0} and ™ = max;{c;j}. Let
U (for unequally split) denote the set of files i such that ¢® # ¢, Define
A = mingep{c®®}. Let V. = {21,22,...,2x} C U denote the set of files such
that ™™ = X, for i € V. For an assignment A, define the stretch of A as
R(A) = max,, ey {c2ax — cpin},

Lemma 3. There exists an optimal fractional solution, such that each file is
split uniformly in terms of potential seek time across a subset of disks, i.e., for
each file i there exists a constant ¢;, such that c;; € {0,¢;} for all disks j.

Proof. We prove this by contradiction. Suppose every optimal fractional assign-
ment violates this property. Let A be the optimal fractional assignment with
the minimum stretch R(A). In A, we count the total frequency @ of queries of
the form ¢ = (z;,%) with z; € V, € U, and S4(q) = cgjin = ), or of the form
q = (zi,%) with z; € V,x € U, S4(q) = )\, and " = ¢ > ). Since queries
are unordered pairs of files, in the case of a query of the form ¢ = (z;, z;) with
2,z € V, we only increment @ once if S*4(q) = \. For each z; € V, we also
count the total frequencies ¥; of queries of the form g = (z;,%) with x &€ V



and S4(g) = ¢, or of the form ¢ = (z;,*) with x € V, §4(q) = ¢, and
™ > '™, In addition, for each query of the form ¢ = (z;,2i/), we keep a
counter W”/, which is set to W = ¢(i, 1) if SA(q) = ™ = s, and is set to
0 otherwise.

Notice that for any query ¢ = (i,4’), we have S*(q) < ¢ and S4(q) < chax.
Another useful property is that for any query g = (4,4’), if we increase r;; by
€/B; for all j with ¢;; = S*(g), then the new seek time for ¢ is no more than
S4(q) + €. Consider the following two possible modifications to assignment .A:

1. Increase the value A = cm‘n by a small amount ¢ > 0 (as determined
later). We achieve this by increasing the value r,; by €/8; on disks j with
Coyj = cm”‘ for each z; € V. To balance out the assignment for files in V', we
decrease c;,; by an approprlate amount €; > 0, on disks j with c,,; = c;**,
for each z; € V. The ¢;’s are chosen as described below, and this in turn de-
termines the value of €. Let the assignment obtained after this modification
be A'. If a query ¢ was contributing to @, i.e., ¢ = (z;,*) with S4(q) = A,
then SA'(¢) < A +e.

Claim 1: There exist ¢;’s and € small enough such that if the query ¢ = (z;, *)
contributed to ¥; in assignment A, then S’ (¢) < I —¢;.

We argue this as follows. As long as c¢I;** —¢; is the maximum potential seek
time for file z; in A’, SA (q) < c® — ¢;. To ensure this, an ¢; should be
no more than the difference between the maximum and second maximum
potential seek time of file z; in A. This upper bound on ¢; determines a maxi-
mum allowed value for e. For each file z; € V', we determine the upper bound
Y; imposed by file z; on e. By setting ¢ < 7" = min;{7;} and then picking
the ¢;’s based on this choice, we also ensure that for the query ¢ = (z;, zi7)
with S4(q) = ¢ = s SA (q) < ™ — max{e;, e}

Claim 2: There exists an e small enough such that in addition to the con-
ditions mentioned in claim 1, the seek time of all other! queries does not
increase.

We argue this as follows. For a query ¢ = (z;,*) with S*(q) < A, since we
didn’t change the assignment of any file with potential seek time less than
A on any disk, S4'(¢) < SA(q). For a query ¢ = (z;,*) with SA(q) = A
and not counted towards @, we know that x ¢ U and c™® = 8% = ),
implying that S4'(q) < A. For a query ¢ = (z;, %) with SA( ) > A, we just
need to make sure that ¢ < S4(¢q) — \. Thus, the overall upper bound on
the value for € is min{Y, ming g4 g~ S4(q) — A}. By choosing such an ¢
and then choosing the ¢;’s appropriately, the total seek time for A’ com-
pared to that of A is increased by at most e®, and decreased by at least
Zl<z<k: &% + Z (i,i")eQ max{e;, € } Wi

2. Decrease the value A = c‘;”‘ by the same amount € determined in the first
modification. We do this by decreasing the value r,; by €/8; on disks j
with ¢,,; = cg;in, for each z; € V. Correspondingly, we increase c,,; by the

1 Queries that are not counted towards &, ¥;, or W, . A query q = (2, z;) is counted
towards ¥, ;» only if ¥; ;» = ¢(i,1').



appropriate amount ¢;, on those disks j with cg.y; = ¢I1**, for each z; € V.
Let A" be the assignment obtained after this modification.

Claim: If a query q contributed towards @, i.e., ¢ = (z;,*) with SA4(q) = A,
then SA"(¢) = A —e.

We prove this claim by considering three situations. If x ¢ U, then by def-
inition, M = ¢M" > X\, The fact that S*(q) = A implies that % resides
only on those disks j where cji ; € {0,A}. We know that for these disks j,
cfilj € {0,\ — €}, and hence the claim holds. Else if x € U but x € V, then
c™™ > X, In this case, the claim holds by a reasoning similar to the one
above. Otherwise, x = zy € V. In this case, S*(qg) = X implies that in A,
there is no disk j for which both c;,; and c.,; exceed A, and again the claim
holds with a similar reasoning.

Next, notice that if ¢ = (z;,*) was counted towards ¥; in A, then SA”(¢) <
™ ¢ And if Uy = ¢(4,4'), then SA (q) = e +min{e;, € }. Regardless
of the above choice of €, this modification does not increase the seek time of
any other queries which do not contribute towards @, ¥;, or ¥; ;/, since only
the ¢:*’s are increased. Thus the total seek time is decreased by at least
e®, and increased by at most Y, ., ¥ + Zi#, min{e;, €; 1.

If the first modification does not increase the total seek time, then we have
found an optimal assignment A’ with a smaller stretch value than A, contra-
dicting the choice of A. Otherwise, the second assignment A" must have smaller
total seek time compared to A, since min{e;, ¢; } < max{e;, ¢; }. In this case, we
have found an assignment with a smaller total seek time than A, contradicting
the optimality of A. O

Using the previous lemma, we now show the following.

Theorem 4. There exists an integral assignment that is optimal, i.e., no worse
than any fractional assignment.

Proof. We prove this by contradiction. Suppose every optimal assignment splits
at least one file. Among all optimal fractional assignments that spread the files
uniformly in terms of potential seek time (by the previous lemma, there exists at
least one such assignment), let A be the assignment which minimizes the number
of split files. Let ¢; be the uniform potential seek time for file i. Consider the
file z with the largest ¢; among all the split files 7. For convenience, reorder the
disks so that c,; = ¢, for 1 < j < k, where £k € N. Let &, denote the total
frequency of queries of the form ¢ = (z,x) with ¢,; > c;, for disks 1 through
k. Note that S*(¢q) = ¢, for these queries. Since z is the file with the largest
c. among all split files, c¢,; > c, implies that * must be completely assigned
to disk j. Thus, queries that contribute to different ®;’s are disjoint, implying
that the total seek time for these queries is } ;o) Pjcs = D <y PiBiT25-
We modify A by completely assigning z to disk y with the smallest ®;3;, for
1 < j < k. Let A’ be the assignment obtained after the modification. Under this
assignment, the total seek time for the queries that contributed towards ®;’s is

Dy By, = DPyby Elgjgk Ty < Zlgjgk @;f3,r,;. For any other query g = (z, %)



with ¢,; < ¢, the seek costs do not increase in A’. This is because if ¢,y = ¢4,
then the seek cost remains ¢, as before; otherwise it becomes zero. Thus, overall
A’ has no more total seek time than the optimal assignment .4, with one less
split file 2z, contradicting the choice of A. ad

The preceding theorem proves the existence of an integral optimal assign-
ment. Our next theorem gives a polynomial time algorithm converting any frac-
tional assignment to an integral one with equal or less total seek time, improving
Lemma 2.

Theorem 5. There exists a polynomial time algorithm, which for any given
fractional assignment A, finds an integral assignment A’ with equal or less total
seek time.

Proof. We utilize the proof of Lemma 3. At each step, we either perform Modi-
fication 1 or Modification 2, whichever doesn’t increase the total seek time. The
first modification requires us to pick an appropriate €. For this, the two sufficient
conditions are:

1. We need to ensure that for each file z;, 5 — ¢ is still the maximum

potential seek time for file 2; in A’. For this, each ¢; should be no more
than the difference between the maximum and second maximum potential
seek time of file z; in A. This determines an upper bound 7; on the value
of €. Enumerating over all such z;’s, set ¢, = min; 7;. Note that choosing
€ = € decreases the maximum potential seek time of at least one file z;
to its second maximum potential seek time in A, thus reducing the total
number of different potential seek costs for file z; by at least 1.

2. We need to ensure that A + ¢ does not exceed S*(q), for every query q with
S4(q) > . For this, we can pick € < ey = ming g4 (q)sx S4(q) — \. Note that
choosing € = €5 also decreases the number of different potential seek costs
for some file by 1.

We set € = min{ep, €2}, and each execution of the first modification reduces the
number of different potential seek costs for some file by one.

If the second modification is chosen instead, then reducing A by ¢ does not
increase the total seek time. In this case, by an argument similar to the one
in Lemma 3, reducing c;‘:i“ from X all the way down to 0 instead® would not
increase the total seek time either. This variant of the second modification also
reduces the number of different potential seek costs for some file by one.

We have a total of n files, each file having at most m different potential seek
costs in A. This implies that at most nm modifications are needed to produce a
solution with uniform potential seek costs for all files.

Next we utilize Theorem 4 to reassign each split file to a unique disk. We need
at most n such reassignments, since each reassignment decreases the number of
split files by one. Overall, the total number of operations is polynomial. a

2 We set c;“i/j to 0 for all z;’s and j such that Cij = crzﬂi“ =\



The above theorem indicates that the problem of minimizing the total seek
time is equivalent to the IST problem. Together with Theorem 3, we establish
the following equivalence relation.

Corollary 2. The problem of minimizing the total seek time with m homoge-
neous disks is equivalent to the MINIMUM EDGE DELETION m-PARTITION prob-
lem.

The next two theorems are direct implication of the previous corollary, using
results from the MEDP-k problem.

Theorem 6. For every fized € > 0 and every 2 —e < a < 2, it is NP-hard to
approzimate the total seek time within a factor of O(n*~¢), over instances with
n files, |Q| = ©(n®) queries, and m > 3 disks.

Proof. This follows immediately from the result of Kann, Khanna, Lagergren,
and Panconesi [6], which states that it is NP-hard to approximate the MEDP-k
problem within a factor of O(n?~¢), with n vertices, ©(n®) edges and k > 3. O

Theorem 7. With two disks, one can approximate the total seek time within a
factor of O(logn), where n is the number of files. For the problem with three
disks, one can approximate the total seek time within a factor of en?, for any
constant € > 0.

Proof. The result for two disks follows immediately by the approximation result
for MEDP-2 in a paper by Garg, Vazirani, and Yannakakis [5]. The result for
three disks follows immediately from Lemma 9 of the paper by Kann, Khanna,
Lagergren, and Panconesi [6]. O

5 Combining Transfer and Seek Time

In this section, we consider the problem of minimizing the combined trans-
fer and seek time, a.k.a., the DATA LayouT (DL) problem. Recall that v =

maxjeD{%}.

Theorem 8. The optimal assignment A, which minimizes only the total trans-
fer time, is a (1 + v/2)-approzimation to the problem of minimizing the total
combined transfer and seek time.

Proof. For any query ¢ = (,%’), recall that T(q) = max;{r;ja; + ryja;} and
S(q) = max;{min{r;;8;,7:;0;}}. Note that min{r;;8;,ri;8;} < (rij +rir;)/2-
B < v/2(rijo+ri o). We thus conclude that S(g) < v/2-T(q) for any assign-
ment. Comparing A with any other assignment B, we see that >_ . TA(q) <
> gc0 T%(q), by the optimality of A in terms of transfer time. Also > gc0 SA(q)
< /2400 THa) < 7/234eq TP(@)- Since 3o cq PA(a) < 0(i,7)(Cgeq
TH@)+Yeq 5(0)), we get that 35, .o PA(q) < ¢(i, ') (14+7/2) 1o TP (g) <
(1+7/2) Xgeq PP(0)- 0



Theorem 9. It is NP-hard to approximate the DATABASE LAYOUT problem
within a factor of p -y, for some constant 0 < p < 1.

Proof. We use a hardness result for a special case of the MEDP-k problem shown
in [9], which states that for the class of graphs with unit-weight edges, it is NP-
hard to decide whether the number of the monochromatic edges is 0 or at least
p|E|, for some constant 0 < p < 1. We reduce this case of the MEDP-k problem
to the DL problem as following. Similar to Theorem 3, given a graph G = (V, E),
we introduce a DL instance with |V| unit-size files, ¥ homogeneous disks, and
|E| queries with ¢(i,i") = w(e) = 1, for every edge e = (4,4'). And for each
disk j, we set a; = 1 and 3; = ~. If there exists a coloring of G for which
the number of the monochromatic edges is 0, then there exists a corresponding
assignment A of files to disks, such that S(q) = 0 for all queries g. Notice that
for this assignment A, T'(q) < max{r;,r;} = 1 for every query ¢ = (i,i’). Thus,
the overall access time of A is no more than |E|. On the other hand, if for any
coloring of G, the number of the monochromatic edges is at least p|E|, then by
Theorem 3, the total seek time for any assignment is at least yp|E|. Thus, it is
NP-hard to decide whether the total access time of the derived DL instance is
at most |E|, or at least yp|E|. The ratio of these two values implies the hardness
result. a

6 Related Work

To the best of our knowledge, there is no earlier theoretic work providing a
formal analysis of models that take into consideration the cost of co-accessing
data objects in determining a database layout. Our results indicate that no
algorithm can achieve an approximation ratio better than py on all instances,
unless P = NP. However, this does not exclude the search for heuristics that
perform well in practice. Indeed, our work was motivated by that of Agrawal,
Chaudhuri, Das, and Narasayya [1], who studied some greedy heuristics and
showed that empirically, they out-perform full striping. To this extent, our formal
analysis complements the earlier work. On the other hand, our work indicates
that striping files produce solutions that are close to the theoretical lower bound.

There has been a significant amount of work in the area of storage admin-
istration and management. Since workload and query plans change over time,
dynamic load balancing has been the focus of numerous earlier papers [2—4, 7, 8,
10, 11]. Due to space constraints, we refer the reader to [1] for a detailed survey
of this line of work.
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Appendix: Pseudo-Code for the Greedy Algorithm

Algorithm 1 GREEDY

1: Sort files in decreasing order of their frequency ¢;.

2: Let R; = L; for each disk j. {R; denotes the available storage on disk j.}
3: Initialize each r;; to be 0.

4: while There are files left unassigned do

5:  Consider the first file ¢ in the list

6:  Set 0 =ri(3; 1/aj)h

72 Set gij = 0i/a;. {So 3, qi; = ri and gija; = 6; for all j.}

8: if V j, ¢;; < R; then {In this case, file i is completely assigned.}

9: Tij = Tij + Qij

10: Update Rj = Rj — qij, V j
11: Delete file i from the list.
12:  else {In this case, there exists a disk with R; = 0, i.e., saturated.}
13: Find A = min; jlij
14: Set qij = Agij
15: Ti; = Tij + Qg
16: Update R; = R;j — qij, V j. {Note one of the disks must be saturated.}
17: Update r; = ri — >, gi;. {File i will be considered again in the next step.}
18: Remove any saturated disks from consideration.
19:  end if

20: end while




