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1 The matching polytope
Today, we are interested in the polyhedral description of
Phateh(G) = conv{xs : M matching in G}

As we have seen, the description
{x>0:YweV,z(6(v)) <1}

is not correct for non-bipartite graphs: For example, a valid constraint missing in this description is
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We will prove

Theorem 1 (Edmonds) The matching polytope of G is given by
1
Prateinl©) = {x 200 € Via6(0) £ 1. U € V.U = oad.x(E@)) < | 301}

Note that the number of constraints is exponential in the size of the graph; however, the description will
be still useful for us. But first, let us consider the perfect matching polytope.



2 The perfect matching polytope

Define
Prerf-maten (G) = conv{xs : M a perfect matching in G'}

In the bipartite case Pperf-match(G) is given by {x > 0 : Vv € V;2(6(v)) = 1}. Again, we need to add
odd-set constraints in the bipartite case.

Theorem 2 (Edmonds)

Pperf-match(G) = {X >0: (D
Yo e Viz(d(v)) =1,
VYU CV,|U| = odd;x(6(U)) = 1}.

Proof: Let
Q={z>0:YweV,z(0(v)) =1and VU C V s.t. |U|isodd z(6(U)) > 1}.

Since every perfect matching in G satisfies the constraints in (), we have that Fperf-maech € Q. We now
prove that @ € Pperf-maich (G). We proceed by induction on |E|.

Base case. |E| = 1, we must have x, = 1; trivial.

Inductive step. Consider a vertex x € Q. If we prove that X € Pperfmaten(G) for each vertex of @, it
will imply that @ € Pperf-march (G), since @ is a bounded polytope and hence a convex hull of its vertices.

If . = 0 for some edge e, we can remove the edge and use the inductive hypothesis. If ., = 1 for some
edge e, then we can remove e together with its endpoints and use the inductive hypothesis.

Suppose that 0 < z, < 1forall e € E(G). Note that the constraints of () imply that the degree of every
vertex is at least 2. First suppose that all degrees are exactly 2. Then F is a union of cycles, and the values
x. on each cycle alternate between 1 — e and « for some o € (0, 1):
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This, however, is not a vertex (consider adding € to every odd edge and subtracting € from every even
edge — this can be done for sufficiently small positive and negative ¢).

Thus, we can assume that some degrees are > 2, and all are > 2. Then we have |E| > |V/|. Since we
are considering a vertex of (), this implies that there are |F| > |V| linearly independent tight constraints.
We have only |V| vertex-degree constraints; hence there exists U C V, |U| > 3 odd, such that z(6(U)) = 1.
LetU =V \U.

Let G/U be the graph obtained by contracting U to a new node, and G /U be the graph obtained by
contracting U to a new node. Define x’ € RE(G/U) x" ¢ RE(G/U) a5 restrictions of x to the edges that did

not disappear in the contraction. Since 6(U) = 6(U) = 1,



Claim 3 x' € Q(G/U),x" € Q(G/U)

Proof: Vertex-degree constraints z(§(v)) = 1 are satisfied because we have z(§(U)) = 2(6(U)) = 1, and
the odd set constraints are propagated to to the graph because we shrunk an odd number of vertices into one.
O

U was an odd set of size at least 3, so the number of edges in G /U (resp. G/U) is smaller than in G,
By the inductive hypothesis, X' € Prerf-maich(G/U), X" € Prert-march(G/U). Thus,

X/: E QNTX MY

M perf. matching in G/U

X// = E aM//XM// .
M"" perf. matching in G /U

Note that x was a vertex of @, hence a rational point, and consequently x’, x” are rational as well. By
choosing a common denominator, we can write
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where M/ (resp. M/") are matchings in G/U (resp. G/U). Since x” and x” agree on §(U), we can pair up
the matchings M and M/ so that the matchings in each pair (M, M/') use the same edge across (U, U).
This implies that M; = M/ U M’ is a matching in G. Thus,
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As a consequence, we can derive Theorem [I]



Proof:(Theorem Let G'beacopy of G. Let G = G + G’ + Upec(v,v"), as shown in the figure.
Define % on the edges of G as #, = & = z, and Ty = 1 —2(0(v)), Vo € V(G). If we prove

that X € Pyer-maich(G), then we are finished because if X decomposes into a convex combination of perfect
matchings in G, by restricting to (G we obtain a convex combination of matchings in G that sums up to x. O

Claim 4 X € Pyt maren(G).
Proof: Denote &(v) = {edges in G incident to v}. First, we have Z(0(v)) = 1 for all v € V(G). We need
to prove that YU odd in G, one has Z(5(U))) > 1. Consider such U of odd cardinality. Let U = X UY",
where X C V(G),Y’ C V(G') (for any set S C V(G) we define the corresponding set in G’ by S”). Since
|U| is odd, we have that either | X \ Y| or [Y \ X|is odd, wlog assume that | X \ Y| is odd.

Using that x satisfies z(E[X \ Y]) < [3|X \ Y]] = 3| X \ Y| — 1, we get

V) = X a0 - 25BN\ YD 2 X\ Y] -2 | 51X\ ]| =1
veX\Y

Finally,
FOXUY') 226X \Y)) =21,

where we used the fact that edges that go from X \ Y to X N'Y are counted in #(& (X'\Y")) as edges from
X' NY’ to X'\ Y’ (see the last figure). So X satisfies the constraints of Pperf-maich(G)- O
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