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Lecture 12. Algorithmic Discrepancy

In the last lecture, we saw Spencer’s result on the discrepancy of set systems of n subsets of
[n]: there is always a labeling [ : [n] — {—1, 41}, such that |I(4;)] = O(y/n) for each set A;. The
question we discuss here is how to find such a labeling by an efficient algorithm. The first solution
to this problem was due to Bansal (2008); his algorithm relied on semidefinite programming. Here
we will follow a somewhat simpler approach developed later by Lovett-Meka (2010). We will prove
“algorithmically” the following statement.

Theorem 12.1 There is an absolute constant K > 0 such that for any Ay, Aa, ..., Ay C [n] with
m > n, there is | : [n] — {£1} such that for every i € [m],

2
1(A4)] < K y[nlogy =™

We adopt a geometric approach, where each labeling is viewed as a point in R", and our
constraints on it define a certain polytope. Let v; = ﬁ X4, and think about the following polytope:

P={x=(z1,22,...,2p) € R" | Vi € [n];]z;| <1 and Vj € [m] : [(v;,x)| < ¢;}

where ¢; = K /log, 277”

The algorithm is essentially a random walk that starts from the origin and moves inside the
polytope as long as we don’t hit any constraint. If a constraint is hit then we continue inside the
subspace defined by the constraint. More precisely, we will consider a Brownian motion starting at
a point xo of the polytope. Once we violate one of the conditions |z;| < 1—% or [(v;,x)| < ¢;— 8 we
freeze that constraint with equality (to the value attained) and we continue in a subspace defined by
the respective constraint with equality. We hope to find a point which satisfies all the constraints
and has many integer coordinates — that means we have constructed a partial coloring (similar to
the one constructed in Spencer’s existential proof).

The following is a lemma that capture that main (desired) properties of our random walk.

Lemma 12.2 Let 6 =
that ZTzl ¢ /16 < g there is a random walk Xo, Xy, ..., X7 such that with constant probability,

Xr e [-1,1]" and

m. For every unit vectors vy, va,... vy € R™ and c1,co,...cpn > 1 such

1. for at least n/2 coordinates |(Xr)i| >1—0
2. Vj € [m], ‘(XT —X(),’Uj>’ < Cj

Remark 12.3 Notice that only n/2 of the coordinates will be labeled +1 so we will need to iterate.



The random walk. Let v >0 and 6 = O(y, /log %) Define

i ={ien]: |(Xi-1)il =1 -0}
be the nearly-tight variable constraints and
Cioe = {j € [m]: [(vj, Xem1 — z0)| = ¢j — 6}

be the nearly-tight discrepancy constraints. The random walk behaves in such a way that once
a constraint is nearly-tight, we preserve the value on that constraint — effectively getting stuck
to the corresponding hyperplane. The next definition describes the subspace obtained by these
restrictions.

Definition 12.4 Define
Vi={y €R":y; =0 Vi € C/" and (vj,y) = 0Vj € Y.
Each random step is Gaussian in this subspace. We define its distribution next.
Definition 12.5 If a subspace Vi of R™ has an orthonormal basis ui, uy, ..., uq then define
N (V) = the distribution of G = Giuy + ... + Gqug, where G; ~ N(0,1) are independent.

Recall the parameter v > 0. The random step is X; = X;_1 + yU;, where U; ~ N(V,), chosen
independently of any prior history of the walk.

Remark 12.6 N(u,0?) denotes the normal distribution of mean p and variance o?; the probability
)2

(&=
density of X ~ N(p,0?) is p(z) = \/2;?6_ 22 . Also if G1 ~ N(u1,0?) and Gy ~ N(ua,03) are

two independent random variables then a1G1 + aaGa ~ N (a1 + aspe, a%a% + a%a2).

Lemma 12.7 If e; is the i" canonical basis vector and G ~ N(V;) then (G,e;) ~ N(0,0?),
o2 < 1.

Proof: If G = 24:1 Gju; then for every i, (G, e;) = >, G;(u;,e;) which has mean zero. Accord-
ing to Remark (G, e;) is a Gaussian of variance
Var(G,e)] =) (uj,e)” < [leil[* =1
J
since the u; are orthonormal. O
Lemma 12.8 If 0 = Var[(G,e;)] then E[||G|*] = Y, 02 = dim(Vy).
Proof: Let d = dim(V,):

n n d
S o2 = S ENG, )] = E[GIP] = Y Var(Gy) = d = dim(V)).
=1 =1 i=1



A Martingale Bound.

Lemma 12.9 Let X1, Xo,... X1 be (correlated) real random variables and let Y1,Ys,...Yr be de-
fined as Y; = fi(X;), where each f; is a deterministic function. If for all &1,&s,...&; it is true that
Yi(X1 =¢&,...,Xi21 = &—1) ~ N(O,Uf(&, ..., &i—1)) where 012(51, ..y &i21) < 1 then for every
A>0,

T
P>V > WT| <2
i=1
Proof: Let us denote 0;(&1,...,&—1) simply by o;. Let us consider a positive parameter a > 0.
We have
E[ ULY'|X 3 X &1 1 /OO ay _Qde a*o} /2 ~ ,a%/2
e X1 =¢&1,..., XK1 = &i—1| = e’e i =%/ <e
T Ve ) i

which gives by induction
E[eaXim Y] < oT4%/2,

Then Markov’s inequality gives:

T aST vy, Ta?/2
P Z;Y > AT | = P[er BT 5 (VT < E[eef;; I ZW/T
Choosing a = % in the above inequality gives
T
P ZY’ > MWT| < e /2
i=1
which finishes the proof. O

The following claims will prepare the ground to prove Theorem [12.1

Claim 12.10 For all t it is true that C{'*® C CH5° and CP*" C Cy;. This means that dim V4 <
dim Vt.

Proof: Obvious. d

Claim 12.11 For~v < , we have that with high probability X1, Xs,...Xp € P.

)
Proof: Conditioned on X;_1, we have U; ~ N(V;). Recall that if a constraint gets tight within a
distance of 9, it is frozen and cannot be violated again. Hence the only way that a constraint of P
could get violated is that in one step (X, v;) increases by more than ¢, which means that (U, v;)
is more than /. Since (Uy, v;) is Gaussian with variance 1, we have

) c/2
P |:<Utyvj> > :| S 6—52/2’Y2 S (l) .
y mn
For poly(m,n, %) many steps and ¢ > 0 large enough,
1

; < —
PR EPLS oy, )



Claim 12.12 E[|C{is¢|] < 2.

Proof: Remember that j € C#5¢ if (X7 — x¢,v;j) > ¢; —d > 0.9¢; (considering ¢; > 1 and our
choice of a small §). Using Lemma [12.9]

T
P[j € C% < Py Z(Ut,vj> > 0.9¢;] < e (0:9¢))* /2T < o=¢j*/16,
t=1

The last inequality holds because we take T = %. So E[|cdise|] < Z;‘-le e/ < 16 O

We complete the analysis in the next lecture.
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