Stanford University Spring 2016
Math 233: Non-constructive methods in combinatorics Instructor: Jan Vondrak
Lecture date: May 09, 2016 Scribe: Lisa Sauermann

Lecture 13. Algorithmic discrepancy continued

This is the second part of the analysis of the algorithm by Lovett-Meka, see Lecture 12. We are
in the middle of proving Lemma 12.2.

Claim 13.1 E[(Xr)?] <1.

Note that by Claim 12.10 with high probability X7 € P and then (Xr)? < 1. However, with
some small probability |(Xq);| can be larger than 1 and the claim is that the total expected value
of (X7)? is still at most 1[]

Proof: We use the following facts about the conditional expectations for a normal (one-dimensional)
distribution U ~ N(0,0?) with 02 < 1: For all A > 0

E[(U - \?|U >\ <1

and
E[(U - N|U >\ <1,

where the second statement is a consequence of the first using convexity.

In order to prove the claim, we may condition on [(Xr);| > 1 —§. Otherwise we clearly have
(XT)z2 < 1. So let us now condition on the last time that the i-th coordinate is smaller than 1 — ¢,
ie lett € {1,...,7 — 1} be maximal with |(X;);| <1 —4. Then |[(X¢+1)i| > 1 — 6. Let us w.l.o.g.
assume (Xyy1); > 1 — 9 (the case (X¢41); < —(1 — ¢) is analogous). Then let us condition on the
value of X' = (X¢);. As X' = (Xy); <1—0, we can write X' =1 — ¢ — Ay for some A > 0 (recall
that we fixed v > 0 in Lecture 12).

Now let X” be a random variable defined by X” = X' +~U =1 -0 — Ay + U, where U is
the i-th standard coordinate of a Gaussian A'(V;). By Lemma 12.7 we have U ~ N(0,0?) with
02 < 1. Note that the distribution of (X;11); is the distribution of X” conditioned on X” > 1 — 4.
Note that since (X¢41); > 1 — § the i-th coordinate gets frozen after this step (i.e. i € C;*"), hence

(Xes1)i = (Xeg2)i = - = (X7)i. So
E[(X7)i] = E[(X")*|X" > 1= 6] =E[(1 =6 — Ay +7U)*|U > 1] =
=E[(1-6)*+2(1 =)y (U = A) +*(U = N)?*|U > 7] =
= (1=0)>+2(1 = ONE[(U — MU > ] +¥°E[(U = A)?*|U > 7] <
<(1=0)P+20 =)y +1*=(1-5+7)?7 <1,

where in the last line we used the assumption v < § (since we choose v small with respect to §, see
Lecture 12). This finishes the proof of the claim. O

!We note that this claim does not seem to be proven very rigorously by Lovett-Meka; we fill in the details here.



Recall that in Claim 12.11 we showed that the expected number of nearly-tight discrepancy

constraints satisfies E[|C&s¢|] < 16- We now prove a lower bound on the expected number of

nearly-tight variable constraints.

Claim 13.2 E[|C}"[] > 2n.

Proof: Fort =1,...,T we have

E[X¢[”] = E[Xe—1 +7Ul*] = B[ Xe—1[|* +27(Xe—1- Ue) + 72| U*] = E[| Xe—1[*] ++*E[ U],

where we used that E[U|X;_1] = 0 implies E[X;_; - U] = 0. Since U; ~ N(V;), we have
E[||U¢]|?] = E[dim V] and therefore

E[|IXe¢|”] = E[IX¢-1]%] + 7°E[dim Vy].
Summing this up for t = 1,...,T we obtain
T
E[|Xr|*] = E[|Xo[*] ++* > E[dim V4] > +*T E[dim Vy],
t=1

using Claim 12.9 in the last step. By definition of Vr we have dim Vr > n—|C%"|—|C%*¢|. Plugging
this in together with T' = % yields

16 var iSC 16 var iSC
E[|[Xr|?] > - 5 Eln —[Cr —[cF=|) = - (n —E[lCy 1 = E[lcF*]).

On the other hand E[||Xr[?] = 31, E[(X7)?] < n by Claim 13.1, so we can conclude

16
n = —(n - E[lCr"]] - E[lcF=]).
Hence 3
16" = Elerl - E[|CF*]

and 13

Cvar E Cdzsc

Eflcr™ (] + E[ICT*[] = 5
From Claim 12.11 we know that E[|C$*¢|] < ;&n, hence E[|CY*"|] > 12n = 3n. ]

From the last claim we get

n
CU(IT —.

Eln — g7 <

Let us apply a Markov bound to the random variable n — |C7*"|:

[ ‘Cvar > n] < E[n_ |CT H < 1

2 n/2 2
Hence 1
]P) UG/" < < -



and

N | =

n

5=
2

So with probability at least & 5 the point X7 has more than § coordinates with absolute value

at least 1 — 9. By Claim 12. 10 we have with high probability X € P, i.e. Xp € [—1,1]" and

(X7 — Xo,vj)| < ¢ for all j € [m]. So with probability at least 3+ we have Xp € [-1,1]",

|((X1 — Xo,Vj)| < ¢j for all j € [m], and X has more than % coordinates with absolute value at

least 1 — §. This finishes the proof of Lemma 12.2.

[|C’U(1’f‘| >

Let us now prove Theorem 12.1. by applying Lemma 12.2 repeatedly.
For j =1,...,m set aj = x4,. Also recall that § = L

8logm*
In the first iteration we apply Lemma 12.2 using all n coordinates, xg = 0, v; = H:]i 1= \;‘%'
i j

and ¢; = ¢(m, n) = 84/log 22 for all j € [m]. By the Lemma we can find (with constant probability)

a point xM) € [~1,1]" such that [(x™M), a;)| < ¢(m,n)\/|A4;] for all j € [m] and |x§1)] >1—90 for at
least § coordinates i € [n]. We then set

L={icq:|x" <1-4}

and ny = |[;|. Note that n; < %n We now restrict our attentlon to the coordinates in [; and
apply Lemma 12.2 again using only these n; coordinates, xg = x )\ Iy Vi = aH \/L
ajllrg ‘Ajﬂ[1|

and ¢; = c(m,n1) = 8,/log 22 for all j € [m]. We find a point x? € [~1,1]" (where we set the
coordinates outside I to be equal to those of x() such that |(x® —xM) a;)| < c(m,n1)\/[4; N 1]

for all j € [m] and |x§1)\ > 1 — 6 for at least "5+ coordinates i € I; (and also for all coordinates

outside I7).
We then continue iteratively. After finding a point x(") in the r-th iteration, we set

L={iclL:x"|<1-6y={ieh:x"|<1-6}
and n, = |I,|]. Note that n, < %nr_l (and so inductively n, < 2%n) We now restrict our
attention to the coordinates in I and apply Lemma 12.2 again using only these n, coordinates,
a
Tl = \/|A AL
point x("+1) € [~1,1]" (where we set the coordinates outside I, to be equal to those of x(")) such
that |(x"1) —x(" a;)| < c¢(m,n,)\/|A; NI, for all j € [m] and ]x(T+1)\ > 1 -4 for at least
coordinates ¢ € I, (and also for all coordinates outside I).
After R = O(logn) iterations we find a point x) so that for the number ng of coordinates

xo = xM|;, v; = and ¢; = ¢(m,n,) = 81/log for all j € [m]. We find a

where ‘XER)| <1—46, we get ng < 5zn < 1. Then all coordinates of x(®) ¢ [~1,1]™ have absolute
value at least 1 — 4.
Furthermore, for all j € [m] we have (setting x(9) = 0, ng = n)
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R—-1
c(m,ny)\/ny = 84/lo —\/7”TT< 8, /lo
> S fon 2 < 3 o 22 1
lo (2r2m) m
—SfZiT/Q:O(\/nlogn>.

However, we are not quite done with proving Theorem 12.1 yet, because the coordinates of x ()
are not only 1 and -1 (they all have absolute value at most 1 and are close to 1 or -1). So in our
final step of the proof we generate [ : [n] — {1, —1} by rounding the coordinates of x/Y): For every
i € [n] we will set 1(i) = 1 with probability 1(1+ ™) and 1(i) = —1 with probability 1(1 — ')

In order to bound the probability of |I(A;)| being large, we use the following concentration

bound (without proof).

Lemma 13.3 (Chernoff-Hoeffding bound) For independent random variables Y1, ...,Y, with
0<Y,...,Y, <1land p=>",EYj] and for 0 < e <1 we have

n
P|Y Yi>(1+eu
i=1

.2
6E;L/Z’»

and
P ZYZ <(1- 5)4 < e EH2,
i=1

For each i € [n] consider a random variable Y; given by P[Y; = |:c(~R ] - 1 +46 =11+ |:1:(R)|)
and P[Y; =1+ \xER)\ +6]=3(1— ]wER |). Note that for each i we have a: €[l—46,1] or :(:(R)
[-1,—146]. In the former case set (i) = ( ) _Y;+6 and in the latter case set (i) = l( +Y; 4.
Note that this gives a labelling [ : [n] — {1, —1} and in both cases we have P[I(i) = 1] = 3(1 +x(R))
and P[I(i) = —1] = (1 — :U( )) as announced above.

Furthermore, by the deﬁnition of the Y; we have 0 < Y; <2+ < 3. So 1Yl, ... %Yn satisfy
the assumptions of the Chernoff-Hoeffding bound. Also, note that E[Y;] = ¢ for all i.

So we have for each j € [m]

ANI=13"101=1 Y 2P —sgn(@™) (Vi —0) < | 3«14 Y -+ Y (vi-o)
i€A; I€A; iI€A; i€A; i€A;
<R)>o (R><o

Recall a; = x4;, so

2m
| Z xZ(R)| — ‘(x(R)’ajH =0 <m> .
’iGAj
Let A} = {i € Aj|xZ(R) > 0}. Then E[} ;.4 Y] = 2 ZzeA’ E[Y;] = 15|A’|. Hence using the
J

Chernoff-Hoeffding bound we get

P[> (Vi - 8) > 6y/logmVon] <P[Y Y > 61/logm, /5| Al| + 6] A)[] =

: ! - !
ZEAJ- zEAj



1 1 1 logm \ 1
—P Z§1§>2\/@ olAj| + 3ol A5] | =P 23Y;-><1+6 5’A;’>35|A;| <
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Similarly for the other tail estimate:

P ) (Yi—d) < —6y/logmVeén| <P | Y < —6y/logm,/d|As| + 5| 4| | =

- ! . !
zEAj zGAj

1 1 1 logm \ 1
=P Z§Yi<—2\/logm,/5|A;|+§(5|A;| =P 23n<<1—6 5’A;’)35|A;| <
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So in total we have
1 1 2
1€A; ’LGA/
(R)>0

Analogously we get

2

P[> (Y;—0)| > 6v/logmVen <
1€A;
(R)<0

Hence with probability at least 1 — m - % we have for all j € [m)]

2m
|<\Zx |—|—| Z Y —0)|+| Z —5|<(’)<\/nlogn>+12\/logm\/%.

1€EA; iI€A; i€EA;
z£R>>0 (R)<0

this gives (with high probability) for all j € [m]

I(Aj)] <O (\/nlog2n> —i—(’)(\f) @ (\/@) ,

as desired. This finishes the proof of Theorem 12.1.

Using § = g 1Og —



13.1 Related results and open questions

Before finishing this topic, we will discuss different conjectures concerning discrepancy.

Conjecture 1 (Beck-Fiala Conjecture) Let Aj,..., A, C [n] be a set system, such that each
element of [n] appears in at most A sets Aj. Then there is a labeling | : [n] — {1, -1} with

1(45) = 0 (VA)
for all j € [m].

Beck and Fiala proved that there is a labelling [ : [n] — {1, =1} with |I(A4;)] < 2A —1 for all j.
Srinivasan proved that there is a labelling [ : [n] — {1, —1} with |I(4;)| < v/Alogn for all j (and
there is also an algorithm for finding such a labelling).

Vector discrepancy. Generalizing the notion of discrepancy for set systems, we can also consider
vector discrepancy. Generalizing Theorem 12.1, one can show that for any vectors wy, ..., w,, € R™
with m > n and ||[w;||co < 1 for all 7 (i.e. all entries of all w; have absolute value at most 1), there

I3 tiwille < O (W) |

exists [ : [n] — {1, —1} with
Note we can get Theorem 12.1 as a special case of this statement by setting the j-th component
of w; tobe 1if i € Aj and 0 if ¢ ¢ A;. Then the entries of )" | I[(i)w; are equal to {(A;). Hence
| S0 (i)Wl is the discrepancy for the labelling [ : [n] — {1, —1}.

One can also generalize the theorem by Beck-Fiala that was described above (below the conjec-
ture) to the vector setting:

Theorem 13.4 Let wi,...,wy, € R™ be vectors with ||Wi|leoc < 1 and ||w;||l1 < 0. Then there is
[:[n] = {1,—1} with

1> @) willoo < 26.
i=1

The following is a related conjecture, still open.

Conjecture 2 (Komlés conjecture) Let wi,...,wy, € R™ be vectors with |w;|2 < 1. Then
there is [ : [n] — {1, —1} with

n
1D 1) willo = O(1).
i=1
Finally, let us mention Weaver’s conjecture, equivalent to the famous Kadison-Singer conjecture,

which was proved by Marcus, Spielman and Srivastava in 2013. On the surface, it is another type
of discrepancy statement, for sums of rank 1 matrices.



Theorem 13.5 (Wearer’s conjecture) There are ¢,6 > 0 such that for all vectors vy, ..

C™ with
n
Z vivi =1
i=1

and ||vi|la < 0 for all i, there exists I : [n] — {1, —1} with

I lvivil <e.
=1

Here, the norm refers to the spectral norm, i.e. the maximum singular value of a matriz.

We return to this topic in the last part of the course.
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