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1.1 Martingales

We will mostly use martingales to get concentration results for Lipschitz func-
tions f(X1,...,Xy,), where the X; are iid random variables. We define

Z = E X1,..., X)) = Pr(Xq,..., Xk
=l E [f( X1y, X)) R( X1, Xy)
Then the claim is that Zj, is a martingale, meaning that E[Zxyq | Z1,..., 2] =

7.

Proof. Recall that Zj, is some function, ®, of the first & X variables. Then we
have

E[Zes1 | X1, Xkl = B [®rr (X1, Xogr) | X1s. o, X4

Xk+1

E (X1 X0) | Xivoe o, X

Xi+1 | Xk42,50Xn

= B [f(X1... X)) | X1, X

Xk415--:Xn

=y (Xy,..., Xg) = Zg

O
Now, we assume that f is ¢;-Lipschitz, meaning that for any x4, ...,x, and
any x4, we have that
lf(xe, o xiy oy xn) — floy,. o 2h )| < e
Proposition. Under this assumption, |Zy — Zx—1] < ¢;.
Proof.
Ly — L1 = XHP..,Xn[f(Xl’ s Xn)] - X,;,E.,XJf<X17 s X, X))
= X XkJIE """" Xn[f(Xl’ s X)) = f(X, e Xy X))
Therefore,
| Zy — Z11] < x,;,xkiEl,...,xn“f(X“ o X)) = (X, X X)) <
O

Theorem (Azuma’s Inequality). For any martingale 0 = Zy, Z1, ..., Z, with
differences bounded as |Zy — Zy—1| < ¢ for all k, and for any t > 0, we have

t2 t2

Pr[Z, > t] < e 2T Pr[Z, < —t] <e 2Z-
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Proof. The proof is more or less the same as that of the Chernoff bound. By
induction, we wish to prove that E[e*?*] < exp(3A% 3-F | ¢2). Define the differ-
ence sequence Y, = Zy — Zp_1. Then we have that

E |:e)\Zk+1] — E I:e)\Zke)\Yk+1:|
Yi,..., Yit1

= E [E [e*zke’\Yk+1|Y1,.‘.,Yk]]
Y, .Yk | Yiga

= E [e)‘z’“ E [e’\y’“+1|Y1,...,Yk]}
Yi,...,Yg Y41

Now, we have that |Yi11| < ¢gx41, and that E[Y41 | Y1,...,Y%] = 0. Therefore,
as in the Chernoff bound,

E [Ny, .., Y] < e3V
Therefore, continuing the above,

E exzk+1}< E [@zke%vciﬂ}ge%,\z kel

Yi,.Yit1 Y, Y

by induction. To prove Azuma’s inequality, we now apply Markov’s inequality
to the exponential moment and optimize . O

An application of Azuma’s inequality is the longest increasing subsequence
problem. Let X; € [0,1] be uniform and independent. The function f is the
longest increasing subsequence of the X;, namely

Z:f(X1,7Xn) :max{k:Elil <o < .- <ik,X¢1 < v <sz}
Then f is 1-Lipschitz. Therefore,
Pr[|Z — E[Z]| > t] < 2¢~1/2n

Recall the Erdés-Rényi model G, ,, where each edge between n vertices
appears independently with probability p.

Theorem (Shamir—Spencer). Let Z = x(G,, ). Then
Pr[|Z —E[Z]| > 1] < e /2

Proof. The first attempt is to think of Z as a function of the (g) random vari-
ables X;, where X;; is the indicator random variable for the appearance of an
edge between i,j € [n]. Then f is 1-Lipschitz. But the number of variables is
©(n?), so the concentration we would get from this method would be of order
O(n), which is very poor for a function that takes values between 0 and n.

In order to do better, we will use the verter exposure martingale. The key
observation is that the modification of which edges are incident to a single vertex

v can also not change the chromatic number by more than 1, since v can always
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be assigned a new color. So for this martingale, at step 7, we will reveal all the
random variables X; for j < ¢. Then if we define

Zy =E[f(X) | {Xij : 1 < i <j < k)]

then we will get a martingale with 1-bounded differences. O

2 October 3, 2018

Whenever we define a sequence

I = XHII?-,Xn[f(Xl’”"Xn) | X1,..., X]

it will always be a martingale (called the Doob martingale), regardless of how
correlated the X; are. However, independence is needed for the applications
from last time, because if the X; are not independent, then the property of
bounded differences may fail. For instance, if all X; are equal (i.e. perfectly
correlated), and Ber(1), and if we let f be the summation function, then Z =
>~ X, will be either 0 or n with probability 1/2. We also have that Z, = E[Z] =
n/2, whereas Z; = E[Z | X1| = Z, so |Zy — Zy| = n/2. Thus, even though f is
1-Lipschitz, we will have an arbitrarily large difference.

Generally speaking, concentration bounds stop holding when our variables
are positively correlated. However, for negatively correlated variables, there are
certain notions that allow one to prove concentration bounds. Here are some of
the notions:

1. Pairwise negative correlation: for each i, j,

In this case, one can recover Chebyshev-type bounds for summation, since
this property proves that Var(d>_ X;) < > Var(X;).

2. More generally, we can assume so-called cylinder negative dependence.
For {0, 1}-valued random variables, this means that for every set S C [n],

]-_-[ Xi] = H E[X:] E H(l - Xz)‘| < H E[l - X;]

i€S €S €S ieS

E

This suffices to get a Chernoff bound for Z =Y «; X;.

3. Negative association: we assume that for all disjoint I,J C [n], and for
any non-decreasing functions

f:{o,1Y 5 R g¢:{0,1}Y =R

then
E[f(X1)g(X,)] < E[f(X1)]E[g(X,)]
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It is conjectured that for any 1-Lipschitz of random variables satisfying
negative association, we get Azuma-type bounds.

Such random variables appear naturally in matroids. For instance, if we
pick a random spanning tree in a graph and define, for each edge, an indi-
cator random variable for its appearance in the tree, then these variables
satisfy negative association. In fact, they satisfy a stronger property, that
they are strongly Rayleigh (which we won’t define).

4. Pemantle—Peres ’14 proved that 1-Lipschitz functions of strongly Rayleigh
satisfy concentration with exponential tails.

5. Negative regression: for any disjoint I, J C [n], and for any non-decreasing
function f: {0,1}/ — R and any a < b € {0,1}7,

E[f(X1) | Xy =a] Z E[f(X1) | X5 =]

Though this looks similar to negative association, no implications in ei-
ther direction are known. Dubashi—Ranjan ’96 claimed to prove exponen-
tial concentration for random variables satisfying negative regression, but
there was a bug that was fixed by Garbe—Vondrak.

We now return to the coloring applications from last time.

Theorem (Bollobas). For a > 5/6 and p = n~%, then there exists some u such
that with high probability, v < x(Gnp) < u+3. In fact, it was later proved that
one can get concentration on just two values.

Proof. Set

u = min {a Pr(x(Gnyp) < a) > 111}

Define X to be the minimum number of vertices that need to be removed from G
to make it u-colorable. We claim that X is 1-vertex-Lipschitz. Indeed, changing
the edges incident to a single vertex v can only change X by 1, since we can
always add v to the set of deleted vertices if necessary. Therefore,

Pr[X > E[X] +1] < e £/

We choose t = /2nlogn so that e=*"/2" = 1 /n. Therefore, we get that E[X] < ¢,
for otherwise the lower tail bound would contradict the definition of u:

Pr(x(G) < u) = Pr(X = 0) < Pr(X < E[X] ~ ) < 1/n

By the upper tail, we now get

Pr(X > 2t) < Pr(X > E[X] +1) <

S|

Thus, with high probability, we can remove O(y/nlogn) vertices to make G
u-colorable. The remaining step is a simple combinatorial argument to show
that these remaining vertices can be colored with only three colors.
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Proposition. For G, , where p = n=® with o > 5/6, with high probability
every subgraph on < \/8nlogn vertices can be 3-colored.

Proof. We prove that with high probability, every such subgraph has < 3t/2
edges, which implies that the average degree in this subgraph is < 3, so a
greedy 3-coloring algorithm will work. Counting the number of edges is a simple
binomial approximation computation. O

O

3 October 5, 2018

3.1 The Efron—Stein Inequality
As before, let Z = f(X3,...,X,) where X1,...,X,, are independent. Let

7 = E Xq,...,. X)) | Xq,..., X
g Xk+1,...,Xn[f( L ’ l)| 15 y k]

and
Ay =2y — Zy

Then as we saw,
E[Ag | X1,..., Xk-1]=0

We can also compute

Var(Z) = E[(Z — E[Z])?]
2

k=1

= i E[A7]+2) E[A:A]

i=1 i<j

Observe that for i < 7,

X1, X L{Hl,...,xn
= E {Ai E [Ale,...,Xi}]
Xl,...,Xi Xi+1,‘..,Xn

=0

Therefore, we can conclude the following result:

Lemma.
n

Var(Z) =Y E[A7]

i=1
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However, this is frequently not so helpful, because understanding A; might be
rather difficult; as an example, think back to the longest increasing subsequence
example from before. The Efron—Stein inequality is often more helpful:

Theorem (Efron-Stein). Let Z = f(Xy,...,X,), where X1,..., X, are inde-
pendent. Then

Var(Z) <Y E
1=1

2
(Z—;I}‘[Z \ X1,-~-,Xi—1,Xz‘+17---7Xn}> 1

Example. Suppose Xy, ..., X, are iid Ber(%) variables, and let Z be their sum
mod 2. Then Z is also Ber(3), and thus Var(Z) = 1. For any i,

Therefore,
1

E

)

and thus the bound Efron—Stein gives in this case is n/4, which is pretty bad.
We will soon see some examples where it’s very good

Proof of Efron-Stein. We know that Var(Z) = Y E[A?]. We have that

A=Z—Z 1= E {Z— E[Z]]
Xit1,...,Xn X

where we’ve stopped explicitly writing the conditioning; note that this step fails

if the X; are dependent. Given Xy,...,X;, we apply Jensen’s inequality (or
Cauchy—Schwarz) to get that
2
<Z —E [Z])
X

A7 <
Xit1seXn

Therefore,

O

There are several equivalent forms of the Efron—Stein inequality. For in-
stance, if we let Z! = f(X1,..., X;—1, X}, Xit1,...,Xy), where X/ is an inde-
pendent copy of X;. Then the Efron—Stein inequality is equivalent to

Var(Z) < Zn:]E[(Z — Z;)?]
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Equivalently,
Var(2) < Y El(Z - Z)i] =) El(Z - Z})?]
i=1 i=1
where (2)4+ = max{x,0} and (z)_- = —min{z,0}. Now, let Z; be any random

variable which is a function of Xy,..., X;_1, X;41,..., X, only. Then
Var(Z) <Y E[(Z - Z;)?]
i=1

This is because, by the variational property of the conditional expectation
(namely that it is a projection operator), we see that the variable Z; that would
minimize the right-hand side is precisely the conditional expectation.

Let’s return to the longest increasing subsequence problem, and use this last
version. We will choose Z; to be

Zi = H)l(inf(Xl,...7Xn)

where f is the LIS function. If X1, ..., X,, are fixed, and X;, < X;, <--- < X;,
be an LIS. Then we observe first that Z; = Z for any @ ¢ {i1,...,ix}, since
changing the value of X; can only increase the length of the LIS. Moreover,
changing X; for any 4 can only change Z by at most 1. So

n

k
(Z-2)?=>(Z2-2,)> <k

i=1 j=1

Note that the bound we get depends on the actual value of Z, since k is the
length of the LIS for this choice of variables. Now, Efron—Stein tells us that

n

> (Z2-2z)

i=1

Var(Z) <E < E[Z]

Thus, Chebyshev already tells us that the LIS is concentrated within :l:O(nl/ 4,
since we know that E[Z] = O(y/n). This example leads us to the notion of
self-bounding functions.

Definition. A function f : X™ — R, is called self-bounding if there exist
functions f; : X"~1 — R, such that

1. Ve € &A™,
0 S f($1,...,1’n) — fi([El,...71‘7;_1,.11'_;'_1,...,.%”) S 1

2. Vx € X",

n

Z(f(a:l,...,xn) —filz1, o @i, i1, 20) < fT, .00, 20)

i=1
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Corollary (of Efron-Stein). If Z = f(Xy,...,X,) where X; are independent
and f is self-bounding, then

Var(Z) < E[Z]

The proof is the same as the one we did for the LIS, since the only properties
we used there were those of self-bounding functions.

Many examples of self-bounding functions, including the LIS function, are
so-called “configuration functions.” These are functions that measure the largest
size of some substructure among your variables. More formally a configuration
function is a function of the form

flze, ... xn) = max{k : 3y <iz < -+ <ig,(Xiy,...,X;,) € P}

where P is some set of patterns.

4 October 8, 2018

Recall the Efron—Stein inequality says

)

where Z = f(Xi,...,X,), and the X;are independent.
We also defined self-bounding functions. f : X™ — R is self-bounding if
there exist f; : X"~ ! — R with

0< fx) = filz—s) <1

Var(Z) <Y E
i=1

and
n

S (@) - fila) < (@)

i=1
where z_; = (1,...,%i—1,Zit1,...,%n). We showed as a consequence of Efron—
Stein that Var(Z) < E[Z] if Z = f(X,...,X,) where f is self-bounding.

Example. The VC (Vapnik—Chervonenkis) dimension is defined as follows.
Given a space X' and a family of subsets A C 2%, we define

VCg(x1,...,xy) = max{|S]: IS C {x1,...,2,} : S is shattered by A}

where we say that S is shattered by A if for all T C S, there is some A € A
such that AN.S =T. The VC dimension is very important in machine learning,
where it captures a notion of complexity of the family A.

Now assume that z1,...,z, are independently random in X', and define Z =
VC4(z1,...,2,). Then we claim that Z is tightly concentrated. To see this, we
claim that VC 4 is a self-bounding function (in fact, it’s a configuration function,
as defined last time). Indeed, if the maximal shattered set is S C {z1,...,z,},
then we can only decrease Z by modifying of the x; € S, which suffices to get the
self-bounding property, as we saw last time. Thus, we get that Var(Z) < E[Z].
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Example. We will now see an example of a self-bounding function that is not
a configuration function, called Rademacher averages. Suppose we are given

— —
independently random vectors X1,..., X, € [~1,1]¢ (with any distributions).
We are also given independently uniformly random eq,...,e, € {—1,+1}. We

are interested in

Z=f(X,... %) =_E
E14y.+4yEn

If d =1 and the distribution of the X; is uniformly +1, then we are just doing
a random walk, so we get E[Z] = O(y/n). For d > 1, if the vectors behave
independently in each dimension, then we get E[Z] = ©(y/nlogd), by a union
bound.

We claim that f is self-bounding, so that Var(Z) < E[Z]. Rewriting, we
have that

f()?;,,z) = E [max 5iXi,j

E1rnen |1<5<d 4
i=1

Therefore, it makes sense to define

Zi:fi(Xla"'Xi—laXi+17'",X’n): E HlaX E E@Xg,j
€1,--6n | 1<j<d oy
i

With this definition,
Z*Zi = E,Sn mjaxzi:siXi,j 7I%§XZ€ng7j

Elon (£
Denote by j*(&) the maximizing j in the first expression, namely
Jjr&) = argmaxZeiXi,j
J i
Then we have
Z-Zis E_ Z@‘Xi,j*(a - ;EKXM*(?) =E[eiX; -] <1
3 1

Moreover,

7

Y (Z-17Z;) < ZIEE[@XW@] =7

So the final thing to check is that Z — Z; > 0. For this, we can pick the
maximizing j’ for the second term in Z — Z;.
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Example. Sometimes, the function you’re interested in isn’t self-bounding on
the nose, but its variance can still be well bounded by applying the Efron-
Stein inequality directly. One example is the maximum eigenvalue of a random
symmetric matrix; for ¢ < j, let X;; be independently random in [—1,1] with
variance o2, and set Xji = X for ¢ > j. We have Wigner’s semicircle law,
which says that as n — oo, the eigenvalues will have a density given by a
semicircle, with the maximum eigenvalue around 20+/n. We want to understand
how tightly concentrated it is.
Let Z be the maximum eigenvalue, which we can equivalently write as

Z = sup ul'Xu
llul=1

Then Z will not be self-bounding. However, Efron—Stein tells us that

Var(Z) <Y E[(Z - Z};)3]

i<j
where Zgj is Z, but where X;; has been replaced by an independent sample Xz'j.
Let v be the top eigenvector of X, so that Z = vT Xv. Thus, we have that

(Z -7l < (UTXU - UTXEZ.J)UL — 2Jv,u;]| Xi; — X

Therefore, by Efron—Stein,

2
Var(Z) <Y E[(Z - Z];)3] <Y _(4fviv;])* < 16 (Zuf) =16

i<j 1<j

Thus, the maximal eigenvalue is concentrated in a constant-sized window (at
least with polynomial tails, since we only get a variance bound).

Example (First-passage percolation). Fix a graph G (usually just a grid) and
two vertices u,v. We pick iid random edge weights X, > 0 with E[X?] = o2.

Our function Z is the weight of the lightest path from u to v, namely
Z = f Xe
P: u—lgz pdth Z

There are a lot of open questions, and even understanding E[Z] is hard. But for
now, we will focus on Var(Z). From now on assume that G is finite, so that the
infimum is in fact a minimum. Note that Z can increase only by modifying X,
for some e € P*, where P* is the minimizing path for the assignment X.. So
define Z! like Z, except that X, has been replaced by an independent copy X/.
Since we can bound the way Z can increase, it makes sense to look at (Z—Z.)_
We have that

(Z = Z0) | < [(Xe = XO)-| = (Xo — Xe)y < X,

10



Concentration of Measure Jan Vondrék Scribe: Yuval Wigderson

By Efron—Stein,

Var(Z) < > E[(Z - 2.)*]
ecE

<E

S <Xg>2]
ecP*
= o E[|P*]

where we used the fact that P* is independent of X.

5 October 10, 2018

5.1 Information Theory

For now, we will deal only with discrete random variables, namely ones that
take values in a countable set X.

Definition. If X is a random variable with Pr(X = z) = p(z), then its Shannon
entropy is defined as

H(X) = z:p(ﬂﬁ)logL =E [logl]

2 P(@) P(@)
with the convention 0log0 = 0.

The entropy measures, in some sense, the complexity of the distribution
of X, or the amount of space one needs in an optimal encoding of X. One
important property is that H is a concave functional; specifically, if XY are
random variables and Z takes the value of X with probability a and the value
of Y with probability 1 — «, then

H(Z)>aH(X)+(1—-a)H(Y)
This follows from the convexity of the function x — x log x.

Definition. The relative entropy, also called the Kullback—Leibler divergence,
is defined by

D(P|Q) = ; pla)log
p(z)>0

One interpretation is that if we use the optimal coding scheme for @) and
use it to encode P, then D(P]|Q) measures the extra wasted number of bits per
symbol.

Proposition. D(P||Q) > 0 for all P, Q.

11
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Proof. Using the fact that logt <t — 1, we get that

T
DPIQ =~ Y pla)log &
. p(z)
z:p(z)>0
T
SEICoRD
z:p(xz)>0
= > pla)= Y al@
z:p(xz)>0 z:p(z)>0
>0
Note that this proof also gives us that D(P||Q) =0 iff P = Q. O

Consider X finite and @ uniform, so that ¢(x) = 1/|X|. Then in this setting,

D(P||Q) =Y _ p(x) log(|X|p(x)) = log | X| — H(X)

By non-negativity, we get that for any X, H(X) < log|X|. Thus, the uniform
distribution maximizes entropy on a finite domain.

Given two random variables XY (that might be dependent), we define
H(X,Y) in the natural way, wherein we think of (X,Y") as a random variable
on the domain X x Y. The mutual information between X and Y is then defined
as

IX;Y)=H(X)+HY)-H(X,Y)
It measures how much information one learns about Y from learning X (or vice
versa). In particular, if X =Y, then H(X,Y) = H(X), so I(X;Y) = H(X).
On the other hand, if X and Y are independent, then H(X,Y) = H(X)+H(Y),
so I(X;Y)=0.

We can get another formula for I(X;Y) as

Y)= Zp(:c, y) log lm = D(Pxy|Px ® Py)

where Py ® Py is the distribution given by the denominator, which is just the
distribution on the product set if we sample independent copies of X and Y.
From this expression, we find that I(X;Y) > 0, since we expressed it as a KL
divergence. Thus, entropy is subadditive:

HX,)Y)<HX)+H(Y)
We can also define the conditional entropy by
HX|Y)=HX,Y)-H(®Y)

Note that by the above, H(X | Y) < H(X), so conditioning can only decrease
entropy. Additionally, H(X | Y) > 0, since

pry log

>prylogz ( ) =H(Y)

12
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Consider
H(X)Y,2)+H(Z)-H(X,Z)-H(Y,Z) =

Px,z\%,2)py,z\Y, 2
px,v,z(2, Y, 2)pz(2)

z,Y,2

PriX=2|Z=2)Pr(Y = 7=z
:zz:pz(z)xz;P(x,ylz) ( Pr(X|=x,Y):g(/|Zilz) )

== I(X;Y|Z=2)

<0
where to go from the second to third lines we divide by pz(z)? in both numerator
and denominator. For a set S of random variables, let H(S) = H(X; : i € S)
be the joint entropy for the variables in S. Then if we are given variables

X, ... Xe,1,..., Y0, 2y, ..., Zy, and letting A be the set of the X and Z
variables, and B the set of Y and Z variables, we get from the above

H(AUB)+ H(ANB) < H(A) + H(B)
This is called submodularity of entropy.

Lemma (Han’s inequality). For random wvariables X1,..., X,
S H(Xy,. . Xio1, Xigr, ., Xn) = (n = DH(Xy, ..., X,,)
i=1

FEquivalently,

n

S (H(Xy,.. Xn) = H(X1, .o Xioy, Xiga, .., X)) S H(X, ., X)
i=1

Note that the latter expression is essentially the same as the defining prop-
erty for self-bounding functions. Specifically, suppose we define a function
f(z1,...,2y) for z; € {0,1} by

f(zl,...,zn) =H(X;:2z;,=1)
Then we precisely get from the above that
Z (f(zlu"wzn) _Hilnf(zlu7zn)> < f('zlu"'yzn)
i=1 ‘

Han’s inequality is a consequence of the submodularity of the entropy. In fact,
more generally, any non-negative non-decreasing submodular function has this

13
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self-bounding property. Indeed, by restricting to the non-zero variables, we want
to prove that

n

Y (fn) = f([\ i) < f([n))

i=1
By submodularity applied to the sets A = [i], B = [n] \ {i}, we have that

> (F([n) = £\ {i}) < 4 (f([d) = f([s = 1]))
= f([n]) — £(0)
< f([n])

6 October 12, 2018

Remember that for a collection fo random variables X1, ..., X, and for S C [n],
we defined H(S) = H(X; : i € S). We showed that H is submodular, where
f 2 - R is called submodular if for all S, T,

FSUT) + f(SNT) < f(S) + [(T)

For the entropy, submodularity is equivalent to the fact that for variables
XY, Z,
H(X,Y.Z)+ H(Y) < HX,Y) + H(Y, Z)
or equivalently
HX,Z|Y)<HX|Y)+H(Z|Y)

We also saw that submodularity implies the self-bounding property. Precisely,
for any f : 2" — R, that is submodular and non-decreasing, and for any
S C [nl,

D (F(S) = F(S\ {i}) < £(9)
i€S
We proved this by applying submodularity to S = [i], T = [n] \ {i}.
For the entropy, this property is called Han’s inequality, and is usually writ-
ten in the form

S H(Xy, . X, X, X)) 2 (n = DH(X, .., X,)
i=1

Definition (VC entropy). Suppose A C 2% is a set system. Define the trace
by
tra(ze, .- @) ={AN{z1,..., 20} : A€ A}

and then define the VC entropy by
ha(zy, ... xy) =logy |tra(zy, ..., z5)]

Note that if x1,...,, are shattered, then |tr4(z1,...,z,)| = n, and thus hy
is always an upper bound for VC 4.

14
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Lemma. hy4 is self-bounding.

Proof. Consider the space {0,1}", and view tr4(z) as a subset of {0,1}". Let
Y =(Y31,...,Y,) € {0,1}™ be uniformly random on tr4(z). Since Y is uniform,
we have that H(Y) is log of the size of its support, namely log|tr4(z)|. So
H(Y) = (log 2)ha(2)

Define Y = (Y1,...,Yi-1,Y;41,...,Y,). Observe that Y ® is supported
on trg(xy,...,%i—1,%it1,--.,%s), though it may no longer be uniform on this
support. However, we still get

H(Y") < log| tra(z?)]

where 29 = (z1,...,2;_1,2i41,...,T,). By Han’s inequality,

n

log [tra(z)| = H(Y) > Z(H(y) H(Y™)) Z log | tr(z)|log | tra(z?)))

i=1

Thus, h 4 is self-bounding. O
In fact, this is even more general. Recall that the VC dimension is a config-
uration function, meaning that it measures the largest occuring pattern. Given
any configuration function (with the property that the allowed patterns are
downwards closed), we can turn it into a combinatorial entropy function, which

measures the log of the number of occuring patterns. When we do this, we
always get a self-bounding function.

6.1 Isoperimetry

Using Han’s inequality, we can prove an isoperimetric inequality on the hyper-
cube. We view the hypercube {0,1}" as a graph in the natural way, where two
vertices are adjacent if their Hamming distance is 1. For a subset A C {0,1}",
let E(A) be the set of edges inside A, and F(A, A) the number of edges between
A and its complement. The isoperimetric question asks for the minimum value
of |[E(A, A)| given |A|.

Theorem. For any A C {0,1}",
IB(A) < 314l log, 4]
Therefore, by adding up all edges incident to A,
|E(A, A)| = |A|(n — log, |A])

This bound is tight, since if A is a subcube of dimension d, then |A| = 2¢ and
|E(A)| = %d-Zd.

15
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Proof. Let X = (Xi,...,X,) be uniformly random on A, so that H(X) =
log|A|. As usual, let X be X with the ith coordinate removed. The idea is
that H(X) — H(X®) precisely tells us what’s going on in A with respect to
the ith direction. More formally, we have that the probability density of X is
p(z) = 1/]A|, whereas

pe®) = 3 pa®, )

z;€{0,1}
Therefore,
H(X) - H(XY) Zp )logp(z) — > p(x™)log p(z™)
z(l)
== plx (1ogp logp(x(“)>

z€A

We will see next time that in this sum, we get a contribution of 1/|A| for each
edge in A in direction ¢

If p(gc(i)) = 0, then neither along the edge defined by z(*) is in A, so we may
ignore it. If p(z) = 1/|A] for x; = 0 but p(z’) = 0 for z; = 1, meaning that only
one point along this edge is in A, then p(z(¥) = 1/|A|. O

7 October 15, 2018

Recall that we were trying to prove the edge-isoperimetric inequality, which
asks us to bound the number of edges |E(A)| induced by a given set A C
{0,1}". Let X be a uniformly random variable on A, and as usual let X(?) =
(Xl, - 7Xi—17X’i+17 SR ,Xn) Let

PP = > pa®.0)

Q?,;E{O,l}

be the induced probability distribution of X (. We compute

H(X) - H(XY) == p(@)logp(x) + Y p () logp™ (z?)
€A 2(1)
z—Zp logp(z) —log > p(a',a’)
z;e{0,1}

. o p(z)
= %:P( ) log <Zx;e{0,1}p(x(i)’x;)>

For a fixed point z, the quantity in parentheses is the conditional probability of
inclusion in A, conditioned on the value of z(¥). Thus,

H(X) - H(XY) = Zp )logp(x | ™)

16
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The value of this conditional probability depends on how many of the two points
agreeing on () are contained in A. If both points (z(?,0) and (z(9,1) are in A,
then this conditional distribution is uniform on the two points, so p(z | () = 1
If only one of the points, say =, is in A, then p(z | () = 1. The final scenario
doesn’t actually matter, since in that case there is no contribution to the sum,
since the p(z) term is zero. Combining these two cases, we see that log p(x | (V)
is minus the number of edges in A in the ith direction at location z(¥). Note
that each edge is counted twice, so

2
Zp )log p(x | ( ) m#(edges in A in direction 1)

Therefore,

D (H(X) ~ HX®) = ()

i=1
By Han’s inequality, we thus get that

@E(An < H(X) = log|A|

which is what we wanted to prove.

7.1 Other inequalities
There is also a version of Han’s inequality for KL divergence.

Theorem. Let P,Q be probability measures on X", where P is a product mea-
sure PL @ Po®---® P, and Q is arbitrary. Then

R @) (| pl@)
P@IP) 2 5 32 PQIPY)

where PY_ QW are the marginal distributions on X"~ gotten by projecting
along the ith coordinate.

Proof. We can write

D@QIP) = 3 gl log ;Exi =3 4@ loga(z) — 3 a(x) log p(x)

We can also write p(z) = H;.L:l p;(z;), and thus

p@ (2 = Hp] (25)

J#i

xT x x

As above, we can also write

@) = 3 gla,z)

T, €EX

17
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Therefore,
QWPD) =3 "¢ () log ¢ () = > ¢ (x™) log p® (=)
) )
Han’s inequality tells us that H(Q) < -1 3~ H(Q®), and thus
Zq Jlogq(x) > — ZZQ (29) log ¢ (x")
i=1 g0

For the other term, we can write

> a(x)logp(x Z ZIngz i) =Y q(z)log(p™ (@) + log pi(x:))

xT x
Thus,
nY_q(x)logp(x ZZQ ) log(p®” (1) + log pi(x:))
T i=1
= Z Zq(l )Y log p™ )+ Z ) log p(x
i=1 g(3)

and therefore
(n—1)Y ql@)logp(x) =D > ¢W(z)logp' (™)
x i=1 2()

Combining everything,

2 D@VIPY) < (n—l)z g(x)log g(z) — (n — 1) Zq )log p(=
=(n— 1)D(Q||P)

7.2 Another entropy function

The Shannon entropy is a function only of the distribution, and doesn’t depend
on the actual values of the random variable; in other words, the state space
itself is meaningless. For some contexts, we actually want to change this.

Definition. For a non-negative random variable Z with E[Z] < co, we define
Ent(Z) = E[Zlog Z] — E[Z] log E[Z]

More generally, for a convex function ®, we can consider E[®(Z)] — ®(E[Z]),
which is non-negative by Jensen’s inequality. For ®(z) = zlogx, this gives the
entropy above, whereas for ®(z) = 2% we get the variance.

18
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We can equivalently write
Ent(Z2)=E [Z log Z}
E[Z]
Thus, if we scale Z by « > 0, then we have
Ent(aZ) = aEnt(2)

since the quotient in the log won’t change. We can also relate the entropy to the
KL divergence, as follows. Assume that Z = f(X) > 0 with E[Z] = 1. Then we
have that

Ent(Z) = D(Py|P)

where P is the distribution of X, and
Py(z) = f(z)P(X = x)
Note that Py is a distribution, since

Y Pila) =) fla)P(x) =E[Z] = 1

To prove this, we calculate

D(Py||P) = ZPf ilC ))

Zf x)log f ()
= E [f(X)log f(X)]

X~P
= E[Zlog Z]
= Ent(2)
where Ent(Z) = E[Z log Z] since we normalized to E[Z] = 1.

The most important inequality that we will use will be an analogue of Efron—
Stein. Recall that Efron—Stein says that
2
)

( = zn: E[Var)(Z)]

When viewed in this form, it makes sense to replace the variance by E[®(Z)] —
®(E[Z]) for some other convex function ®. We will only prove and use the
inequality for ®(x) = zlogxz. We define

n

Var(Z Z

Ent®(Z) = E[Zlog Z] - E[Z]log E[Z]

Next time, we will prove the subadditivity of entropy:

Theorem.

Ent(Z) <E lzn: Ent(2)

19
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8 October 17, 2018

Recall that we were trying to prove an Efron—Stein inequality for entropy.

Theorem. For Z = f(X1,...,X,) with X; independent and f > 0,
Ent(Z) <Y E[Ent?(Z

Proof. We can assume without loss of generality that E[Z] = 1, since both sides
scale linearly. Also, even though the statement is true for continuous random
variables, we will only prove it for X; discrete. As we saw last time, we can
write

Ent(Z) = D(Py|[P)
where P is the law of (X1,...,X,), i.e.

and
Pr(x1,...,xn) = f(x1,...,20)P(z1,...,2p)

Since the X; are independent, P is a product measure, so we can apply Han’s
inequality, which tells us that

n

D(Py|IP) <Y (D(Pr|P) - D(P [ P))

i=1
By definition,
P(Z) Z f LlyeeesTi—1,Y, Tit1y-- -, zn)P(zla sy Li—1, Y, it 1y - - - 7In)
YyeEX
and therefore
P(Z)(x(z‘))
P (Z
HP ZP P (z()

(%)

Yy S,y mn) P,y )
=Y f(x)P(x)log S, Py, 7

—Zf log< [f (X)|Xla~'~7Xi1;Xi+17~~'7Xn}>

<=

[f<X> log E[/(X) | X

_ @)
@[Zlog;]:;i[Z | X ]}
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So returning to Han’s inequality, and using the fact that by our normalization
Ent(Z) = E[Zlog Z], we have that

Ent(Z) = D(Py||P) <) (D(Ppr) _ D(P}nnpm))
=1

:;XI% {;E[ZlogZ] -E [Zlogy;:i[Z}H

_ ; E [Ent®)(2)]

8.1 Continuous distributions

Many, but not quite all, of the things we are doing can be generalized for
continuous distributions. Most importantly, there is no good generalization of
the Shannon entropy; however, we can get by because the KL divergence can
be defined for continuous distributions.

Definition. If P,@Q are two measures on a probability space €2, then we say
that @ is absolutely continuous with respect to P (and write @ < P) if for each
A such that P(A) =0, then Q(A) = 0 too.

Fact. If @) is absolutely continuous with respect to P, then there is a random
variable Y = dQ/dP, called the Radon—Nikodym derivative, so that for every
function f,

/Q f(w)dQ = /Q @)Y (@) dP

Then if @ is absolutely continuous with respect to P, then we can define
D(Q||P) = Ent(Y), where Y = dQ/dP. This matches the discrete definition,
since in that case Y (z) = Q(z)/P(z), and Ep[Y] = 1.

There are many duality relations one can prove for the entropy.

1. If Y > 0 with Ent(Y) < oo, then
Ent(Y) = sup{E[UY] : E[eV] = 1}

Moreover, the supremum is achieved by U = log %.

Proof. Assume E[eV] = 1, and consider Q = ¢V P, where P is the default
measure on 2 (the one according to which all the above expectations are
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taken). Then consider

Ento(Ye V) =E[Ye Ylog(Ye V) — Ig[Ye_U] logg[Ye_U]

E
Q
= E[Y log(ve™)] ~ E[¥]log E[Y]
EY1logY] —E[YU] —E[Y]logE[Y]
Ent(Y) — E[YU]

Since the left hand side is the entropy of some non-negative random vari-
able with respect to some measure, it must be non-negative. Thus, we get
that E[YU] < Ent(Y"), which is what we wanted to prove. O

2. Conversely, if U is a random variable such that for every Y > 0 with
E[Y] =1 and Ent(Y) < oo,
E[UY] < Ent(Y)
then E[eV] < 1.

Proof. Given such a U, define
T, = E[emin{U,n}]

and
Y, = iemin{U,n}
Tn
Then E[Y,,] = 1, and by this truncation, we also have that Ent(Y,,) < oco.
Then by our assumption,

B {Ul emin{U,n}] =E[UY,] < Ent(Y},)

T,
= E[Y, log Y]
1 .
=K {e“”“{U’"}(min{U7 n} —log xn)]
Ty
1 min{U,n}
<E|—e U — log xy,)
Ty,

Comparing both sides, we get that log z,, < 0, so that z,, < 1. Finally, by
the monotone convergence theorem,

E[eY] = lim E[e™™V" = lim 2, <1
n—oo n— oo

3. Let Z > 0 with E[Z] < co. Then for every A € R,

bz-220) = og Bl 9] = swp | (El2) - B[2]) - D(@I1P)]

where P is the default measure, i.e. the measure according to which the
first expectation is taken. We will prove this next time.
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We were discussing duality (or minimax) relations for various information-
theoretic quantities. Recall that we stated the following three properties.

1. Forall Y >0,
Ent(Y) = sup{E[UY] : E[¢Y] = 1}

2. If U is such that E[UY] < Ent(Y) for all Y > 0 with Ent(Y) < oo, then
E[eY] < 1.

3. If Z > 0 with E[Z] < oo, then for all A € R,

log E[e*?E2)] = sup {A <IEZ — ]EZ) - D(Q||P)}
QKP Q P

We proved the first two last time.

Proof of (3). We will first prove that the left-hand side is at least the right-hand
side. Consider any Q < P; we want to prove that

log B[ 7 ~E2)] > ) (Igz - I;;Z) - D(Q|P)
Let Y = dQ/dP, so that Eg[-] = Ep[Y -]. Define
_ _ _ NZ—Ep Z)
U=\ <Z II@Z) log E[e ]
Then
E[UY] =E[U] = A <]EZ - EZ> — log E[eMNZ—Er 2))
P Q Q P P
Moreover, we also know that D(Q||P) = Ent(Y). By relation (1) above, we

know that
Ent(Y) > II@[UY]

since
]E[eU] — E[e/\(Z—]EZ)—A(Z—]EZ)] -1

Putting this together, we find that
> _ _ MZ—Ep Z)
D@IP) 2 (52~ 52) - log e ]

which rearranges to the inequality we wanted.
For the reverse inequality, define

U:/\(ZfEZ> — sup {/\ (]EZ]E )D(QHP)}

P Q<P Q P
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Then we wish to prove that logE[eV] < 0, or equivalently E[eV] < 1. By
relation (2), it suffices to show that E[UY] < Ent(Y) for all Y > 0 with E[Y] =
1,Ent(Y) < oo. Fix such a Y. Define a measure Q' = Y - P, which is a
probability measure since EY = 1. Then

E[UY] = E[U]
s(ge-32)- g g 32) -]
<A <£}2<2/ZIIE§Z) - {)\ (g:/zz}gz) D(Q’||P)]
= D(Q'||P)
= Ent(Y)

This is the result we need to apply relation (2), so we get the desired inequality.
O

We will now see one further relation.

4.

D(Q||P)= sup [EZ - logE[eZ]}
Z:E[eZ]<oco P

Proof. If QQ « P, then D(Q||P) is defined to be co. To see that the right-
hand side is also oo, fix some event A C 2 so that P(A) = 0 but Q(A4) > 0,
and define Z,, =n-14. Then

— Zn — .
IC%ZTL logI}@[e ]=n-Q(A) — o

n—oo

So we may assume @ < P, and set Y = dQ/dP. Then EpY = 1, and
D(Q||P) = Ent(Y). By relation (1),

Ent(Y)= sup E[UY]= sup E|ZY — Y logEle?
( ) U:]EP[EU]::lP[ ] Z:EpleZ]<oo (P { p[ ]})

where we can get from the third to second expression by rescaling as
U = Z —logEple?]. But the final expression is just Eg z — log Ep[e?], as
desired. O

Using these relations, we can also give a new, clean proof for the Efron—Stein-
type inequality for entropy, which works for arbitrary random variables (not
just discrete ones). Recall that the inequality said that

Ent(Z) < zn:ﬂ«:[Ent@(Z)]
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Proof. By definition,
Ent(Z) = E[Zlog Z] — E[Z] log E[Z]

We will consider the expression Z log Z — Z log E[Z]; eventually we will take an
expectation of this to get Ent(Z). We can write this quantity as a telescoping
sum:

ZlogZ — ZlogE[Z] = Z <ZlogX_+1E . [Z] — Zlong IEX [Z]>
1:1 k3 EARRS) n Ty n

For each term in this sum, set ' = Ex x,Z], and U = logT — Ex,[T].

Then we can write

it lyeees
Z |1 E ARR! E Z])|=Z(logT —1log ET ) =Z
(ngiﬂ,...,xn[ } ngi,...,xn[ ]> (og X, ) v
and when we condition on X, we have that Ex,[eV] = 1. Applying relation

(1) to Z(X; | X®), we get that

@ > - —
Ent'"(Z) > ;%[UZ] A (log X,1+1I,E..,Xﬂ, [Z] — log Xi,.I?,Xn [Z])

which is precisely the summand we’re looking for. Taking the expectation over

the remaining variables and summing over all ¢ gives the desired result. O

9.1 Bregman Divergence

For f convex and differentiable, we define

Dy(x,y) = f(y) — f(z) = f(x)(y — x)

It measures how big an error we see at y when we replace f by its linear ap-
proximation. It is always non-negative, by convexity.

Theorem. If X is a random variable with values in an open interval I C R,
then
E[f(X)] - J(EIX]) = inf E[Dy(a, X)

In particular, plugging in f(z) = xlogx,
Ent(Y) = ir;%E[Y logY —Yloga+a—Y]
a
Proof. We can write

E[Ds(EX, X)] = E[f(X) - f(EX) - f(EX)(X - EX)]
=E[f(X)] - /(EX)
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For any a € I, we have
E[Dy(a, X)] = E[Df(E X, X)] = E[- f(a) — f/(a)(X — a) + f(EX)]
= fEX) - f(a) - f(a)(EX - a)
=D¢(a,EX) >0
This proves one direction of the inequality. However, plugging in a« = EX

gives equality, which proves that the infimum is attained, and thus proves the
result. O

10 October 22, 2018

10.1 Logarithmic Sobolev Inequalities

Let X1,...,X,, € {—1,1} be uniformly random, and set Z = f(Xy,...,X,).
Efron—Stein tells us that

Var(Z) < i:E[Var(i)(Z) | X

i=1

Equivalently, we can write
- 1
Var(2) < 3B [ () - )Y
=1

where X/ is X with X; replaced by an independent sample. Since X/ equals X
with probability 1/2 and has its ith coordinate flipped with probability 1/2, we
can also write

Var(2) < ZE [i (re0 - f(X“)))T

where Y(i) is X with its ith coordinate flipped. If we define the discrete deriva-
tive of f by
1 —(3
0uf(x) = 5 (f(2) = 1))
then this just be comes

Var(2) < > El0if (0)?) = E [V (X)]
=1

where Vf = (01f,...,0,f). This is known as a Poincaré-type inequality. There
is an analogous inequality for Gaussian random variables (which can in fact be
proven from the above):

Theorem (Gaussian Poincaré inequality). If X1, ..., X, are independent stan-
dard Gaussians, and Z = f(Xi,...,X,) is a differentiable function of them,
then

Var(2) < E [[VF(X)]°]
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A similar inequality for the entropy is called a Log-Sobolev inequality.

Theorem (Log-Sobolev Gaussian Inequality). If Xi,...,X, are independent
standard Gaussians, and Z = f(X1,...,X,,) is a differentiable function of them,
then

S Ent(2(X) < E[|97°]

We will first prove the discrete version:
Theorem. If Xi,...,X, € {—1,1} are uniformly random, then
1
5 Ent(f2(0) < E[IV/(X)|*]
Suppose we set g(x) =1+ ef(x). Then one can check that
Ent(g”) = 2¢°E [£(X)*] - 2¢* (B[f (X)) - O(e?)

and therefore ]
—— E 2y — Var(Z) —
923 nt(g-) ar(Z) — O(e)

Thus, by sending € — 0, we can recover Efron—Stein.

Proof. We already know that

Ent(f?) <

-

E [Ent® (12)]

i=1

NE

E, B [P00108£00)] - E[200] g [2(x)) |
i=1 ‘

Let
e =& [1vs00] = 8| (10 - 7)) = e

So it suffices to prove that Ent (f2) < 2&(f).
Given X the variable Z = f(X) has only two values, say a, b, each with
probability 1/2. We have that

a? + b?

) 1 1 1
Ent® (£2) = §a2 loga® + 51)2 log b? — 3 (a® +b°) log

and

2£,(/) = 5la—b)?

So we just need to prove the inequality between these two expressions for all
a,b € R. We may assume without loss of generality that a > b > 0. So for fixed
b, we may define a function

a?+b* 1

y ale W

1 1 1
h(a) = §a2 log a® + 51)2 log b* — 3 (a® + %) log
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Observe that h(b) = 0. To prove that h(a) < 0 everywhere, we can compute its
first and second derivatives. We have that

2
h'(a) = alog aQLjrb? —(a—10)
Therefore, h'(b) = 0. Additionally,
2a? 2a?
2152 g2 4 b2
Thus, since logz < z — 1, we have that h”(a) < 0 everywhere. Thus, h is

a concave function that starts with h(b) = A'(b) = 0, so it must always be
non-positive for all a > b. O

W'(a) =1+1
(a) =1+log~

Using this, we can prove the Gaussian Poincaré inequality.

Proof. We have independent Gaussians X7, ..., X,,, and want to prove Var(Z) <
E(f). By Efron—Stein, it suffices to prove that
2]

Thus, it suffices to prove that for every fixed choice of X (),
of 21

8:@
In other words, it suffices to prove the Gaussian Poincaré inequality in one
dimension. To do this, we will apply Efron—Stein again. We first approximate
the Gaussian X; by

8x2-

E [Var(i)(Z)} <E U O (x)

Var(Z) < E

E ||52(%)

1 n
Sn = = 51
>

where &; € {—1,1} are uniformly random. By the central limit theorem, as n —
00, S, 3 N(0,1). Let f®(z) = f(2D,z). Then Var(f®(S,)) — Var¥(Z).
By Efron—Stein,

(oS )5 - )]

Assume f is twice differentiable and compactly supported (these assumptions
can later be removed by a limiting argument). By Taylor’s theorem, we can
bound the quantity in brackets by
» 1-¢; : 1+¢&; 2 2K
ONS J)_ @ (g _— I < 221 f(S =
10 (s 22 ) = 10 (5, - 2 | < Zirswl+ 2

n

where K = sup,, | f”(x)|. Taking the limit as n — oo gives the desired result. I
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Recall that we were discussing the Boolean Log-Sobolev inequality.

Theorem. If Z = f(X), where X € {—1,1}" is uniform, then
Ent(2?) < 26(f) = 2E [| V(X))

The Gaussian analogue was the following:

Theorem. If Xi,...,X, are independent Gaussians and Z = f(X) with f
differentiable,

Ent(2?) < 2E [|V(X)|]
Similarly, we also had a Gaussian version of the Poincaré inequality.

Theorem. Under the same assumptions as the previous theorem,
Var(Z) <E [|V£(X)]’]

Last time, we saw how to prove this by applying Efron—Stein twice, and
approximating the Gaussian distribution by a binomial distribution. In much
the same way, one can prove the Gaussian Log-Sobolev inequality by this ap-
proximation technique: we first use the subadditivity of entropy (which is the
entropic analogue of Efron—Stein) to reduce to one dimension, and then use
Boolean Log-Sobolev on the variables S, = n~1/2 PIFET

Today, we will see how to use Log-Sobolev to obtain exponential tail bounds.
The key idea is something called Herbst’s Argument, which goes as follows.
Suppose Z = f(X), where X € {—1,1}" is uniform. Instead of considering the
exponential moment F(\) = E[e*?], we will consider the entropy of this random
variable:

Ent(e*?) = E[e*? \Z] — E[e*?]log E[e*?]
= AF'(\) — F(\)log F(\)

where we use dominated convergence to switch the order of differentiation and
1 1
expectation, to write F'(\) = E[Ze*?]. Define g(X) = e2MX) = ¢32%, Then
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by Log-Sobolev,

Ent(e*) = Ent(g%) < 2€(g)

I
=
—
/N
3
>
=
>
NS
\
o
[N
~
—~
o
=
N—
+ [
[ IR

where we use the convexity of the exponential function to bound the difference of
exponentials by the first-order Taylor approximation at the larger point. From
this point, our goal is to bound expressions of this form. As a simple example,
suppose we assume that for every = € {—1,1}",

> (1) - )" <o

Note that this is analogous to the self-bounding condition, but is stronger, since
we assume a uniform upper bound on the gradient, rather than an upper bound
defined by the function itself. Under this assumption, we find that

2
1
Ent(e*?) < /\ZU]E[eAf(X)] = ZA%F(A)
Thus, we derive a differential inequality for F', namely
1
AF'(\) = F(\)1log F(\) < ZA%F(A)

This inequality can actually be solved. By rearranging terms, it becomes

FO) 1 _d (logF())

=~ <

In other words, log F'(A)/A must grow sublinearly from zero. By 'Hopital’s rule,

_logF(\) .. F'(\) . E[ZeM]
MR T Ey A ey —E
Therefore, we find that
log F'(X\)
< -
S E[Z] + 411)\
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Rearranging, we get what we called sub-Gaussian behavior, namely that the log
of the exponential tail is bounded by a quadratic:

1
log F(\) < AE[Z] + Zvv

Applying Markov’s inequality to the exponential moment, we derive the follow-
ing exponential tail bounds:

Pr(Z > E[Z] +t) < e O/ Pr(Z <E[Z]—t) < e O/
In exactly the same way, one can get a Gaussian concentration result:

Theorem (Tsirelson—Ibragimov—Sudakov). Suppose Xi,...,X, are indepen-
dent standard Gaussians, and f : R™ — R is L-Lipschitz (with respect to the
Euclidean metric). Then

Pr(f(X) 2 E[f(X)]+) e /2 Pr(f(X) S E[f(X)] =) e /2

Proof. By a smoothing argument, we can assume that f is differentiable, and
then the Lipschitz condition implies that ||V f(x)|| < L for all z. We also
translate f so that E[f(X)] = 0. Define, as before g(x) = e2/@) 5o that by
Gaussian Log-Sobolev,

Bnt(s?) < 2E [|Vg(X)|]

We can compute that
99 _ st AOS

and therefore

" a9 \? A2 . A2 .
IWa@P =3 (52) = LIV < e
i=1 '

Thus, we get the differential inequality
1
AF'(\) = F(\)1log F(\) < 5A2L2F(A)

which is the same as before, up to the constant in front. Thus, the same calcu-
lation gives

1
log F(\) < §A2L2
which gives the desired tail bounds. O

As an application, we will consider the maximum of Gaussian variables.
Define

Z = max X;
1<i<n
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where (X;); is a Gaussian vector, with covariance matrix I". Assume that for
all i, E[X?] < 0. Then we claim that

Pr(Z > E[Z]+1t) < e "/ Pr(Z <E[Z]-t) < e /7

By a limiting argument, one can get a similar result for infinitely many Gaussian
variables. To prove this, Gram-decompose I" as AT A, so that X = AY, where
Y1,...,Y, are independent Gaussians. So

Z = jmax = 1rélz_agxn(AY)i =: f(Y)

So we just need to check that f is Lipschitz. Indeed, we claim that f is o-
Lipschitz, since for every u,v € R™, we have

£(w) = £(0)] = [max(Au); — max(Av);
max [(Au); — (Av),]

IN

max ZAij(u —v);
J
1/2

<max | Y AL | flu—vl
1 .
J

< ollu—v

which gives the desired result.

12 October 26, 2018

12.1 The Entropy Method

Suppose, as usual, that X; are independent variables valued in a domain &', and
Z = f(X1,...,X,). Define Y = ¢*? and we want to bound Ent(Y). As we
saw, our main tool will be the subadditivity of entropy:

Ent(Y) < i: E [Ent(i)(Z)}

We saw that the Log-Sobolev inequality was useful to upper-bound these sum-
mands, in some specific settings (namely Boolean and Gaussian variables). Our
ideal goal is to get an inequality of the form

1
Ent(e*?) < 5)\2’0 E[e*?]
which we saw implies the sub-Gaussian bound

1
log E[e)‘z] < 5/\211
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Another way to see this implication is to define 1(\) = logE[e*?], at which
point we can write

Ent(e?) = ¥ .\ (\) — e¥ W . p(N)
and we can thus derive the differential inequality
1
) = w() < 5%

and solve to get 1)(A) < 2A\%v. One way to guarantee this sort of inequality is
the bounded differences assumption: suppose we assume that for all z € A",
we have that

sup |f(@1,..., @ o @) — flo,. 2], x| < o
zh,xlleXx

We will now apply the entropy method. As usual, we first use subadditivity to
reduce to the one-dimensional case. We have

Ent(eAZ) < Z]E {Ent(i)(ekz)}
i=1
and we can write

Ent® (e}?) = E[eMAZ] — E[e*]log E[e*]

= e Agi(N) — e ) ()

where ;(\) = logEx,[e*?]. By our assumption, Z | X is in some interval
[a,b] with b —a = ¢;.
Fact. For a random variable Y in an interval [a,b] with E[Y] = 0, and for
Yy () = log E[e*Y], we have

TN < } b— 2

LN < 20— a)
Note that since 1y (0) = ¥4 (0) = 0, this implies that 1y (A) < (b — a)?X?,
which implies the Chernoff bound.

Proof. We can compute that

1 d2 AY
y(A) = e log E[e™” ]

d 1 \Y
- i (g Ere)
=~
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If we define a new measure @) by d@Q = IE[eﬂw]dP then we get

2
$0) = - (BY]) -+ 5] = Varg(v)
Q Q
Since Y is valued in [a,b], Varq Y < +(b— a)?. O
Using this fact and returning to the previous computation, we get that

Ent¥ (e2%)
EXi [eAZ]

= ML) - By

A
:/ ! (t) dt
0
A
1 2
5/0 (b a)dr

1
= gAQ(b —a)?
This implies that

Pr[Z > E[Z] +] < eV /22 Pr[Z <E[Z] -] < e ¥'/22e

To go beyond the bounded differences regime, we will need a Log-Sobolev
inequality for more general random variables.

Theorem (Modified Log-Sobolev). Let Z = f(X1,...,Xy), where X; are in-
dependently valued in X, and let Z; = f;(XD). Then for every A € R,

Ent(e Zn: MO(=NZ - Zy))]

where ®(z) = e® —x — 1.
Proof. From the connection to Bregman divergence, we know that
Ent(Y) <E[Y1logY —E[Y]logu — (Y — u)]

for any v > 0 and any random variable Y > 0. We apply subadditivity of
entropy and this fact to write

Ent(e??) <Z [Ent(Z )}

n
< 2;1;: [eAZAZ_eAZAZi — (M _e)\Zi)]

i=1

=Y E[(02 -2z - 14 5]
i=1""

3

=) E[MO(-A\Z - Z))]

=1
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where we apply the fact above with u = e*Z¢, which is a constant once X is
fixed. O

Theorem. Suppose X; and Z are as above, and we define

Suppose that for every x € X™,

Therefore,
2
Pr(Z > E[Z] +t) < et/

though we get no lower tail bounds.

Proof. By the modified Log-Sobolev inequality, we know that
Ent(e*?) <Y E[eM(—\Z - Z;))]
i=1
We have the simple Taylor series bound

efx+zfl S l‘Q

N | =

for x > 0. Therefore,

Ent(e’?) < % > E[MN(Z - ;)7
i=1

1
< 5/\211 E[e*?]
and then the rest of the method proceeds as before. Note that since our ap-

proximation only holds for z > 0, we cannot apply this to get a lower tail
bound. O

As an application, let’s return to the problem of the maximum eigenvalue
of a random symmetric matrix, where the entries are X;; = X;;, which are
independent and valued in [—1,1]. Let Z be the maximum eigenvalue of the
matrix (X;;);; = 17, and

Zij = %15 Z

We saw previously that
n

> (2 - Ziy)* <16

i,j=1
Therefore, we get the upper tail bound

Pr(Z > E[Z] +t) < e /32

The lower tail is also true, but we don’t get it yet.
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13 October 29, 2018

13.1 The Entropy Method for Self-Bounding Functions

Recall that f : X" — R, is self-bounding if there exist functions f; : X"~ ! —
R, such that

0< f(z) < filz?) <1

and

for all x € X™.

Theorem. Suppose Z = f(Xy,...,X,), where the X; are independent and f
1s self-bounding. Then

log E[X#~22)] < o()) E[Z]
for all X € R, where ®(\) = e* — X — 1.
Proof. We will apply the modified Log-Sobolev inequality. It says that
Ent(e*”) <Y E[MB(-\Z - Z)))]
i=1

where Z; = fi;(X@). Observe that ® is convex, and that ®(0) = ®'(0) = 0; this
implies that for 0 <wu <1,

O(—du) < ud(—\)
Therefore,

Ent(ehz) <E )‘Z<I> Z

i=1

<E [Ze’\Z] O(—A :)
Writing F(A\) = E[e*?] and Ent(e*?) = AF'(\) — F(\)log F()\), this becomes
AF'(A) — F(\) log F(A) < B(—A\)F'(\)

or equivalently

(= B(-0) ) < log (Y
Define G(\) = log F(\) — AE[Z]. Then
G'\\) = P _ E[Z]
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and thus our inequality becomes

(A= 2(=N))(G'(N) +E[Z]) < G(\) + AE[Z]
By the definition of ®, this is just

(—e M+ 1)(G'(\) +E[Z]) < G(\) + AE[Z]

or equivalently

(1—e MG\ <G\ + (e + A -1 E[Z]
Multiplying by e*, we get

(e* = 1)G'(N) <G\ + (1 + et — M E[Z]
We now divide by (e — 1)2 to get

/ A A_ A
G'(\) e G(/\)§1+>\6 e
er—1  (er—1)2 (er —1)2

E[Z]
Observe that the left-hand side is just the derivative of G(\)/(e* — 1), by the

quotient rule. Moreover, the right hand side is the derivative of E[Z](e* — X —
1)/(e* —1). So we have

i (55) < & (T2 ma

We also have, by I’'Hopital’s rule,

.G G'(\) L Y E[Ze’\Z] B
fim =7 = o = e Rz B4 =0
and also \ \
e? —A—1 et —1
;IE%) er—1 ;IE%) er 0

So both sides of our inequality start out with value 0 at A = 0. So we can
integrate from 0 to A to eliminate the derivatives and get

G(N) <e’\—)\—1

er—1— er—1 E[Z]

for all A > 0, which is exactly what we wanted to prove (by plugging in the
definition of G).

To get the same result for A < 0, we run the same argument, and everything
works the same. O

Corollary. For Z as abowve,
Pr(Z > E[Z] +t) < e Bé0az) Pr(Z <E[Z] —t) < ¢ B mz)

where h(u) = (1 + ) log(1l + u) — w.
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Note that for w small, h(u) behaves roughly quadratically, whereas for u
large, it behaves like wlogwu. Thus, for medium-range deviations, we get Gaus-

sian tail bounds, namely bounds of the form e—et’/ ElZ] but for large deviations,

we get bounds of the form ¢ 118 571 Indeed, such results are best possible:

suppose Xi,...,X, are Bernoulli variables with Pr(X; = 1) = 1/n, and f is
the summation function. So E[Z] = 1, and thus

PI'(Z > nE[Z]) — i _ e—nlogn

nn

Thus, for such an example, the Gaussian bound is false for very large deviations,
and an exponent of the form tlogt is the best we can hope for.

Proof of Corollary. We know that

E[NZ-EZ)] < (PN EZ]
Therefore, by Markov’s inequality,

E[eZ—ElZD)] < (PNEZ]-At

PHZ>E[Z]+1) <~ <

To choose A\, we differentiate the exponent and set it equal to zero, getting
t = ®'(A\) E[Z]. Thus, we pick A =log(1 + ¢t/ E[Z]). Plugging it in, we get

Pr(Z > E[Z] +1) < e =A-DE[Z]-Mt _ ,—E[Z]h(57)

and similarly for the lower tail. O

Slightly simpler, though weaker, tail bounds are as follows:
2 t2
Pr(Z > E[Z] + ) < e 77727 Pr(Z <E[Z] —t) < e 77
13.2 Applications

Recall that we were considering combinatorial entropy functions, which were
defined by
h(zxy,...,x,) =logs |tra(z1, ..., 25)]

We saw that this function was self-bounding, so we get exponential tail bounds
for it. However, it’s also interesting to look directly at the bound we get for the
exponential moment:

log E[* (") —EROD] < o(\) E[R(X))]
Setting A\ = log 2, we get

log E[2!082 [tr(X=ER(X]) < (2 —1og2 — 1) E[h(X)]
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or equivalently
log E|tr(X)[] — log 2 - E[h(X)] < (1 — log 2) E[h(X)]
which simplifies to
1
log E[|tr(X)[] < E[log, [tr(X)[] = log2 Eflog |tr(X)]]
Combining this with Jensen’s inequality, we have
1
Eflog [tr(X)[] < log E[jtr(X)|] < @E[logltr(){)\]

In other words, for this variable, switching the expectation and the log costs a
constant factor at worst. In general, such switches can be arbitrarily expensive.

14 October 31, 2018

14.1 Weakly self-bounding functions

Definition. We say that f : X" — R is strongly (a,b)-self-bounding if there
exist f; : A" — R, such that

0< flz)— filaW) <1

and
n

Y (f@) = fi(a)) < af(x) +b

i=1
Definition. We say that f : X" — Ry is weakly (a,b)-self-bounding if there
exist f; : X»~! — R, such that

n

> (f@) = fi(zD))? < af(x) +b

i=1

Recall that for Efron—Stein, the weakly (a, b)-self-bounding property suffices
to imply that
Var(f) < aE[f] + b

Thus, this weakening is natural from the perspective of Efron—Stein.

Theorem. If Z = f(X1,...,X,), where X; are independent, f is weakly (a,b)-
self-bounding, and fi(x) < f(x) for all x, then for any \ € [0,2/al,

_ E[Z] + b)A?
log ElMZ—E(2))] < (AE[Z] + DA
og Ele ==~

which is what we call “sub-Gamma behavior”. This implies the tail bound

+2

Pr(Z > E[Z] + t) < e 2(aE[Z]+b)Fat

for any t > 0.
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Proof. Define Z; = f;(X®), so that Z — Z; > 0. Recall that we have the bound
T 1 2
Pz)=e"—z—-1< 2%
for all x < 0. The modified Log-Sobolev inequality says that

But(e"?) < 3" B0 (-A(Z - Z)

n
1
SE:EFM?QA%Z—@V
=1

< SAE[e*(aZ + b)]

Let v = a E[Z] 4+ b. Then this computation implies the differential inequality
MWM—FMW@HMﬁ%V@PMH%HM)
for F(A\) = E[e*?]. Letting G()\) = log F(\) — AE[Z], this becomes
AG'(\) = G(\) < %a/\Q(G’(A) +E[Z]) + %b/\2

Dividing by A2, we get

or equivalently

This is just

To integrate this, we need to know the value at zero. We already saw, by
I'Hépital’s rule, that limy_,o0 G(A) = limy_0 G'(\) = 0, so the left-hand side is
zero at A = 0. Thus, we can integrate to get

or equivalently

This is the desired bound on the exponential moment. The tail bound follows
from general computations about sub-Gamma variables, which we didn’t do in
detail before, and are spelled out in the next theorem. O
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Theorem. If Z is sub-Gamma with parameters v, ¢, namely if we have a bound

_ I AZ—E[2)]) v\?

A2 v ct 2ct
Y*(t) = sup ()\t—): 1+_F
Aef0,2) 2(1—cA) c? v v

with the supremum attained at

then

This implies the tail bound of
Pr(Z >E[Z] +t) <e ¥
When t is small,
t2
* t) ~ —
O

so the sub-Gamma bound matches the sub-Gaussian bound for small t, whereas
for large t,

t
(t) ~ -
RS
A general bound that holds for all t > 0 is

+2
Pr(Z > E[Z] +1t) < e 20Feh

We can also obtain a lower tail bound for weakly (a, b)-self-bounding func-
tions, though it is significantly more difficult and technical to prove.

1—3a
_ = ,0
c max{ g }

and let Z = f(X1,...,Xn), where X; are independent, f is weakly (a,b)-self-
bounding, and 0 < f(x) — fi(xD) <1 for all z. Then for any t € [0, E[Z]],

+2

Pr(Z <E[Z] —t) < ¢ 2@EZITF—D

Theorem. Let

Proof. We have that
1 T—xr—1
—D(z) = c-r—1

2 2

is increasing for x > 0. Therefore, for A < 0,
QNZ-2)) _ 9(-N
N(Z—-2Z)2 — X\
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which implies that
B(—\NZ — Z;)) < ®(-\)(Z — Z;)*

As usual, we now apply the modified Log-Sobolev inequality for A < 0. We get
that

But(e¥?) < 3" Bl a(-\(Z - 2)
< IE_[GAZQJ(—/\)(Z —Zi)%

IA
iy

~\) E[e* (aZ 4 b)]
Using the same notation as before, this implies the differential inequality
(A —a®(=N)G'(\) —G(\) < D(=A)v

This differential inequality is harder to solve than the previous one, but it can
be solved, and one can conclude

vA2
TSy

for A € (—6,0), where

o % ife. =0
- C%(l — /T —=06¢_) otherwise
O

For an application of these results, we will consider concentration of the

norm. Let
n 1/2
Z=g(X1,....,X,) = || X| = (fo)
=1

Suppose that X; are independent and valued in [0, 1], but we don’t know any-
thing else about their distribution. We want to understand the concentration
of Z. If we apply a general approach like Azuma (using the fact that g is 1-
Lipschitz), then we will get concentration of order y/n, which is not very good
since 0 < Z < y/n. We can do better by applying the previous results.

Proposition. Z is concentrated in a constant-sized window. Specifically,
Pr(Z > E[Z] +t) < e /2 Pr(Z <E[Z] —t) < e /8

Proof. The upper tail follows from the fact that ¢ is convex, along with the
following theorem.
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Theorem. If 7 = g(Xy,...,X,), where g is differentiable and conver with
respect to each variable, and if |Vg| < 1, and if X; are independent in [0, 1],
then

Pr(Z > E[Z] +t) < e ''/2

Proof. Let
Z; =inf g(Xq,..., X
[ I)I(ll g( 1, 5 n)
Then by convexity,

n

Y (Z-2) Sg ((‘g)ai

2
X - XA) < Vgl <1
i=1 X

We saw as an early application of the entropy method that if we have pointwise
bounds on the sum of the squared differences, we automatically get sub-Gaussian
upper tail bounds. O

For the lower tail, we need to use a different technique, which we’ll see next
time. O

15 November 2, 2018

Let’s return to (a slight generalization of) what we were doing last time. Let
X1,..., X, be independent and valued in [0, 1], and let

Z =g(X) = [IXIl

for p > 2. Then g is convex and 1-Lipschitz. This implies that

n

Z(Z - Zi)? <1

=1

where Z; = infx, g(X). This, in turn, implies an exponential upper tail bound,
as we saw earlier. Alternatively, this says that g is weakly (0, 1)-self-bounding,
which also gives the upper tail bound

Pr(Z > E[Z] +t) < e ''/2
For the lower tail, we have the constant ¢ = 1/6, and thus the results for
weakly self-bounding functions give us
+2

Pr(Z <E[Z]—t) < e T8

which is not as good as we want; the standard deviation of Z is O(1), so the
additional ¢ in the denominator becomes relevant for even small values of ¢, and
this would only give us simple exponential lower tail bounds. We can do better,
as follows.
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We first claim that
0<z*-72<1

Indeed,

2/p 2/p

Z? - 7% = Zx;?’ —[> x?
J

J#i

Since 2/p < 1, the function y — y?/? is concave. Thus, since X; € [0, 1], we get
that Z2 — Z? < 1. We also get that it’s at least zero since the function y +— y*/P
is increasing.

Theorem. Suppose Z = g(X1,...,X,), where X; are independent and g > 0.
Suppose also that

n

YN(Z-2z)<v

i=1
forv>1/12, and that
0<72-72<1

Then ,
Pr(Z <E[Z] —t) <e /8

fort € [0,E[Z]].

For the norm application, v = 1, so we get a lower tail bound of et/

Proof. Set f(z) = g*(x) and
fi(z) = i (z) = inf g°()

We know by assumption that 0 < f(z) — f;(x) < 1. We also have

n

S (@) - fi(a))?

=1

(9° (@) — g7 (2))?

I

s
Il
-

(g9(x) + gi(2))*(g(x) — gi())?

I
NE

-
Il
_

<4g*(x) ) (g(x) — gi(2))?
1

< 4vg? (1‘)7
= 4uf(z)

Thus, f is weakly (4v,0)-self-bounding. Plugging this fact into our general
theorem, and using the fact that v > 1/12 so that ¢ = 0, we get that

Pr(f(X) <E[f(X)] —t) < e £ /8vEF(X)]
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for ¢ € [0, E[g]]. Therefore,

Pr(g(X) <E[g(X)] 1) <

15.1 Janson’s Inequality

Suppose we have a ground set N with |N| = n, and a family of subsets Z C
2N For each i € N, we have a Bernoulli random variable X; with parameter
E[X;] = p;. For each a € Z, we define

YQ:HXi

[A<teY

Z:ZYa

a€l

Finally, we define

As an application, N could be the edges of a random graph, Z could consist
of all potential copies of a subgraph, and Z counts the number of times this
subgraph appears. We are intersted in bounding Pr(Z = 0).

Observe that Y, and Y3 are independent as long as o N 8 = (). Therefore,

\%I(Z):Z j{: COV(Y@,Y%)
a,BET
= Z (]E[YaYﬂ] - E[Ya] E[Yﬂ})

«,BET
anp#0

< ) ELYs = A
a,BET
anB#£D

In most applications, we don’t lose much by dropping the term E[Y, ] E[Y3] since
it’ll generally be lower-order, so A will be a good approximation to Var(Z).

Theorem (Janson’s Inequality).
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This is “Poisson-type behavior”, and in general, if A is on the same order as
E[Z] (which is often what happens), it gives an exponential bound on Pr(Z = 0).
Though there is a different proof, we will show how to derive it from the entropy
method. Instead of the subadditivity of entropy, we will need some association
inequalities for monotone functions (along the lines of the FKG inequality).

Theorem (Chebyshev’s association inequality). Let f,g : R — R be non-
decreasing, and X a real-valued random variable. Then

E[f(X)g(X)] > E[f(X)] E[g(X)]

Proof. Let X’ be an independent copy of X. Then first observe that

E[(f(X) = f(X)(9(X) = g(X")] = 0

This is because either X < X’ or X’ < X, and in either case, the fact that f
and g are both monotone increasing gives that the product is non-negative. On
the other hand, we can expand

0 < E[(f(X) = f(X)(g(X) = g(X))]
= E[f(X)g(X)] - E[f(X)| E[g(X")] - E[f(X")g(X)] + E[f(X")g(X")]
= 2E[f(X)g(X)] = 2E[f(X)] E[¢(X)]

which gives the desired bound. O

Theorem (Harris’s Inequality). Let f,g : R™ — R be two functions that are
both coordinate-wise non-decreasing. Let X = (X1,...,X,) € R™, where X; are
independent R-valued variables. Then

E[f(X)g(X)] = E[f(X)]E[g(X)]

Proof. The one-dimensional case is Chebyshev’s inequality, above. For higher
dimensions, we induct on n. We write

Bf(Xg(X)] = E [ Ef(X)0(X) | X, ... an]}
> E_ [ E |X17...,Xn1])151[9(X)|X1,...7Xn1]}
> E l[f(Xl,... )3 (Xl,...,Xn,l)}

o B [F(X1, o X)) o B [0 X))

= E[f(X)]E[g(X)]

where we apply the inductive assumption to f, g; it is a simple matter to check
that they too are coordinate-wise non-decreasing. O
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Proof of Janson’s inequality. Recall that Z =3 _;Y,. Let, as usual
G(\) = log E[eMZ7EZD] = 1og E[e*] — AE[Z]
so that

E[ZeM]

G'(A) = ]E[e)\Z}

Since Y, is an indicator variable,

E[Y e 4] = E[e* | Y, = 1]E[Y,]

Ue= Y Y, Vo= Y. Y3

BETL:LNaFD BETL:LNa=0
so that Z = U, 4+ V,, and

Define

=E ZYaUa

We can also write, by Harris’s inequality,

E[e*? | Y, = 1] = E[e*VeerVe | Y, = 1]

E[e*Ve | Y, = 1]E[e*> | Y, = 1]
E[eVe | Y, = 1] E[e*?]

> EUalYa=1] E[EAZ]

AV

for all A < 0. O

16 November 5, 2018

Recall that we were proving Janson’s inequality. The setup was that we had a
set system Z, and defined
7 = Z Y,

acl

where Y, = Hiea X;, and X; are independent Bernoulli variables. We also
defined

A=E| > Y.Y
anpB#£D

and then Janson’s inequality asserted that

Pr(Z <E[Z] —t) < e ''/28
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Continuation of Proof. We defined
G(\) = log E[eMNZEIZD)

so that
E[Y,eM]

Bz o

= Rz A=
acl
and we showed that
E[e* | Y, = 1] > E[e*Ve | Y, = 1] - E[e*?]
for A < 0. By Jensen’s inequality, this is at least
CEAUa|Ya=1]  E[eM]

This implies that

E[e* | Y, = 1] S ENUalYa=1]

E[e ] =
and therefore
E[Ze??) E[er | Y, = 1] E[Y,]
21 NZ
B 2 BV
Z Z eE[AchlYa:” E[Ya]
a€l
_ E[Ya] mpav.va=1]
=E[Z] ) B¢

acl
E[Yq]

> E[Z]eXecz 517) BAValYe=1]
where in the last step we use Jensen again. Also observe that

Z E[YL]E[\U, | Yo =1] = ZE[)\UaYa] = Z E[AY3Y,] = AA
acl acl acl
B:BNaz£D

Therefore, continuing the above computation, we find that

E[ZeM] S

AA/E(Z]
7] 2 E[Z]e

This implies that

E[ZeM]

GO = g

_E[Z] > (eAA/ E[Z] _ 1) E[Z]
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for A < 0. Integrating from 0 to A < 0, this implies that

— (E[Z]eAA/E[Z] N IE[Z]) E[Z]

G\ < — A i (eXA/ ElZ) _ 1) E[Z]dN

A A
_ 1E[§]2 <em/w] B 1;[2] _ 1>
52 32)

52 )

= %/\QA

This is a sub-Gaussian bound, so by the standard argument, it implies that
Pr(Z <E[Z] —t) < e t/28
as desired. ]

As an application of Janson’s inequality, we will consider the number of
triangles in G, ,. We have random variables X, for each edge, which are inde-
pendent Ber(p) variables. For a triple of vertices «, we have an indicator variable
for the triangle appearing, Y, = X, X¢, X¢,. Then the number of triangles in

the random graph is
7= Y,

o€l
Then

and

Var(Z) = > Cov(Ya, Ys) = (;‘);;3(1 —p%) + 2(2’) (i)f(l - p)

2= () e2(i) )7

Note that if p > 1/n, then E[Z] — 00, so we expect many triangles. Janson’s
inequality implies that with high probability, we do indeed see triangles; indeed,

while

3.3 /6y2 3,3
2 _ _(n°p°/6) __n°p
PI‘(Z — 0) < e—E[Z] /2A ~ e n3p3/3+nipd — o 124+36np2

which is exponentially small.
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16.1 Concentration vs. Isoperimetry

There is a close connection between concentration of measure and isoperimetric
inequalities. The basic connection comes from Lévy’s inequalities, as follows.
Suppose X is a metric space with a probability measure P, and f: X — R is
1-Lipschitz. Let m be the median of f, and let A = {x € X : f(x) < m}, so
that Pr(A) > 1. Since f is 1-Lipschitz, if f(z) > m +t, then = ¢ A, where

Ay ={y:d(y, A) <t}
Lévy’s inequalities, which follow immediately from this observation, say that
Pr(f(X)>m+t) < alt) Pr(f(X) <m—t) < a(t)

where
alty= sup Pr(d(X,4)=1)= sup (1- P(4))
A:P(A)>1 A:P(A)>1
Thus, the concentration of X about its median is connected to isoperimetry
of large sets in X. The connection goes both ways; we will first show how to
derive an isoperimetric inequality from a concentration bound we already know.
Recall the following theorem.

Theorem. Suppose Z = f(X1,...,X,), where X; are independent and f is
1-Lipschitz. Then

Pr(Z > E[Z] +1) < e72/n Pr(Z <E[Z] —t) < e 20/m

Note that this exponent is stronger by a factor of 4 from the naive bound
one gets from Azuma’s inequality. The reason is that in the martingale for this
process, not only do we have that the martingale differences Zj, satisfy |Z| < 1,
but in fact, conditional on X3,..., X, we have that Z; is in some interval of
length 1, which saves us a factor of 4 in the variance. From this concentration
bound, we can derive the following isoperimetric inequality.

Theorem. If X" is a product probability space, A C X", and t > 0, then

n 1 2
P X, A) > —1 < e 2/
Trx (dH( R )_t+ 5 OgP(A)>_€

where dg denotes the Hamming distance on X™ (i.e. the L* metric induced from
the discrete metric on X ).

Proof. Let f(z) = dp(x, A), so that f is 1-Lipschitz with respect to dg. Then
by the concentration bound,

Pr(dy (X, A) < Eldy (X, A)] —t) < e 2t°/n
Therefore,

P(A) = Prx(dy(X, A) = 0) < ¢ 2Eldn (XA)/n
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Thus,
1
P(A)

Eldu (X, A)] < glog

Therefore, the upper tail bound immediately implies the desired bound:

Pry (dH(X, A)>t+ glog (1,4)> < Pr(dg (X, A) > Eldg (X, A)] +t)

< e—2t2/n

17 November 7, 2018

17.1 Euclidean isoperimetric inequality
The following is a variant of the classical isoperimetric inequality.

Theorem. Let A be a compact set in R™, with vol(A) = vol(B), where B is
the open Euclidean unit ball in R™. Then vol(A;) > vol(By), where Ay = {x :
d(z,A) < t}.

Note that we can derive the more standard version of the isoperimetric in-
equality, which speaks about the (n — 1)-dimensional volume of 0A, by looking

at
4 vol(Ay) = lim vol(4y) = vol(4)
dt ieg 0 t

To prove this, we will need the Brunn—Minkowski inequality. Given A, B C R™,
define
A+B={x+y:x€ A ye€ B}

Then the Brunn—Minkowski inequality asserts that if A, B are compact, then
(vol(A 4+ B))/™ > vol(A)/™ + vol(B)/™
Proof of isoperimetry. Write A; = A 4+ tB. By Brunn—Minkowski,
vol(Ay)Y/™ > vol(A)Y/™ + tvol(B)Y/™
= (141t)vol(B)'/"
= vol((1+t)B)Y/"
= vol(By)/™
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So it only remains to prove the Brunn—Minkowski inequality, which we will
first do in dimension 1. Observe that the statement of Brunn-Minkowski is
invariant under translations of A and B, so we may assume that sup A =0 =
inf B. Therefore, AUB C A+ B, and A and B are disjoint except at 0.
Therefore,

vol(A + B) > vol(AU B) = vol(A) 4 vol(B)

To prove Brunn—Minkowski in higher dimensions, we will need the following
inequality.

Theorem (Prékopa—Leindler). Suppose that f,g,h : R™ — R, are measurable,
and suppose there exists A € (0,1) such that for all x,y € R",

h((1 =Nz + Ay) > f(2) g(y)*

/h(m) dz > (/ f(x)dx)l_/\ (/g(x) dx)

Proof. We first suppose n = 1. Assume for now that f,g are bounded, say
sup f,supg < 1. If we prove the inequality in this setting, then by rescaling it
will be true for any pair of bounded functions, and then by taking monotone
limits over truncations, it will be true for arbitrary non-negative functions. We
now have

Then
A

/f(:o dx:/olvol({a::f(x) > 1)) dt

and similarly for g. Note that by the assumption, if f(x) >t and g(y) > t, then
also h((1 — XN)z + Ay) > t. In other words,

{z:h(z) 2t} D20 = X{z: f(z) >t} + Mz :g(z) >t}

Therefore,
/h(x) de = /OOO vol({ : h() = t}) dt
> /O Cvol({ s h(x) > 1)) di
> /Olvol((l “N{e: f(@) 2 8+ Ma g(z) > ) dt
z/ol(l—A)vol({x:f(x) Zt})dt—l-/ol)\vol({x:g(:r) > 1)) dt
Z(lfA)/f(a:)der)\/g(x)dx

> ( [ 1@ dx)H ( / g(oc)dac)A
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where we use the one-dimensional Brunn—Minkowski inequality, proved above,
and in the final step use the AM-GM inequality.
For n > 1, we use induction. Let x,y € R and a,b € R. Our assumption
is that
h((1 =Nz 4+ Ay, (1 = Na+ Ab) > f(z,a) " *g(y, b)*
If we fix a,b, this becomes an inequality about functions R*~! — R. By the
indutive hypothesis, this implies that

/Rn_l h(z, (1 = X)a+ Ab)dz > (/R_ f(z,a) dgc)lA (/R_ 9(y,b) dy>A

So if we define
Fo) = [ fead 6= [ gwna #HEO= [ beod
Rn—1 Rn—1 Rn—1
then this just says that
H((1 - Xa+ \b) > F(a)'*G(b)*

So the one-dimensional case implies that

/H(c) de > (/ F(a) da>1A (/ G(b) db)A

By Fubini’s theorem, this is exactly the conclusion we wanted. O

Corollary. For compact A, B C R",
vol((1 — A\)A + AB) > vol(A)'~* vol(B)*

Proof. Take f,g,h to be the indicator functions of A, B, and (1 — A\)A + AB,
respectively. Then this follows immediately from Prékopa—Leindler. O
Corollary. The Brunn—Minkowski inequality is true.
Proof. Take compact A, B C R", and define

1 1
- vol(A)1/n B'= vol(B)l/”B
so that vol(A’) = vol(B’) = 1. By the previous corollary, for any A € (0,1),

vol((1 = A)A" + AB') > vol(A')' ™ vol(B')* = 1

/

‘We now choose
vol(B)'/™

A=
vol(A)Y/m + vol(B)/n

so that the above implies
1
1< 1 (vol(A)Y™ A" + vol(B)/" B’
= (vol(A)Y/n + vol(B)/n)n Vo (VO (4) + vol(B) )
B vol(A + B)
~ (vol(A)L/n 4 vol(B)/n)n

which is precisely Brunn—Minkowski. O
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17.2 Vertex isoperimetric inequality on the hypercube
Theorem (Harper). Let A C {0,1}", and define
Ay (A) = {v e {0,1}"\ A:3ue A u~ v}
Then
[0 (A)] = |0y (S)a))|

where Sy, consists of the first k vertices in the “simplicial ordering” of {0,1}",
defined by x < y if either Y x; < > y; or if Y x; = > y; and x follows y
lexzicographically (i.e. for the smallest i with x; # vy;, we have z; = 1 and
yi = 0). In other words, Sy is a k-element approximation of the Hamming ball.

18 November 9, 2018

18.1 Talagrand’s inequality

Let X™ be a product space, and let dfy be the Hamming metric on X". In the
case of X = {0, 1}, we saw that the vertex isoperimetric inequality corresponds
to concentration of Lipschitz functions. Indeed, given f : {0,1}"™ — R that is
1-Lipschitz, let m be its median value and

A={z€{0,1}": f(z) <m}
so that

4] > 2"—an/2J "
=2 N k

k=0
Then the vertex isoperimetric inequality implies that

[n/2]+t—1 " .
A= ) (k>21—e—2t /m

k=0

which implies the concentration bound
Pr(f(X)>m+t) <e 2/n

One way to generalize this is to consider weighted Hamming distance. We fix
some o € R}, and define, for z,y € &A™,

da(w7y): Z a;
LT FY;

Then for any set A, we get that the function f(z) = d,(x, A) will be «;-Lipschitz
in the i¢th coordinate. Therefore, by our concentration bounds for Lipschitz
functions,

Pr(F(X) > E[f(X)]+t) < e 2"/1el®  Pr(F(X) <E[f(X)]—t) < e 2/llol’
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and we can derive these bounds either from Azuma’s inequality or from the
entropy method. As we saw before, this can be used to get isoperimetric bounds
for d,. First, from the lower tail bound, we see that

1
P(4)

Elda(X, 4)] < |1 o] log

We renormalize so that [|of = 1. We set u = /3 log %, and the upper tail
bound implies

Pr(da (X, A) > t) < Pr(da(X, A) > E[da(X, A) + (t — u)]) < e~20-)°

If ¢ > 2u, then this bound is at most e~*"/2. On the other hand, if

t<2u=,/2log

1
P(A)
then we find that P(A) < e~*"/2. Combining the two cases, we find that

P(A) - Pr(da(X,A) > t) < e t'/2
Since this holds for any «, we also find that

sup [P(A) - Pr(da(X,A) > t)] < e /2
a>0
lefl=1

Talagrand’s inequality is the following strengthening of this result.

Theorem (Talagrand).

P(A)-Pr| sup do(X,A) >t ]| < et/
a>0
lall=1

Definition. The quantity above is called Talagrand’s conver distance. For-
mally, for z € X™ and A C X",

dp(z,A) = sup do(z,A) = sup inf Z a;
a>0 a>0 YEA —
ladi=1 lafi=1 i
To gain intuition for this distance, consider the hypercube. In this case, we
can equivalently write dr as

n
dr(x,A) = sup inf o;ly; — x| = sup inf a-(y—2
(2. A)= sup 6> oy il = swp int G- (7-7)
llafl=1 -
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where we can drop the absolute value by allowing « to take signs that cancel
the signs of y; — z;. By taking H to be the halfspace defined by «, this is the
same as

dr(z, A) = sup{d(z, H)
= sup{d(z, H) : H is a halfspace containing conv(A)}
= d(x, conv(A))

: H is a halfspace containing A}

where we use the convex set separation theorem to obtain the final equality.
Before we prove Talagrand’s inequality, let’s look at some applications.
The classical application is to configuration functions, where we have that
f(Xy,...,X,) is the maximal size of some allowed configuration appearing in
(X1,...,Xn). Let M be the median of f and pick ¢ > 0. We define

A={o:f) <M —1)

The for any  with f(z) > M, we claim that dr(z, A) is large. The key property
that implies this is that if f(x) is large, then there is some large set of coordinates
certifying this fact. Specifically, (assuming that M is an integer), if f(z) > M,
then there exist M coordinates so that unless we modify one of them, f(z) > M
as well, where z is gotten from z by changing some coordinates. Moreover,
assuming that the set of allowed patterns is downards closed (i.e. a subpattern
is still a pattern), then changing each of the witness coordinates can decrease
f by at most 1. So we choose o; = 1/ VM for these witness coordinates, and

«a; = 0 otherwise. Then
t
dr(z,A) > —
o) 2

because we need to change at least t of the witness coordinates to bring f from
> M to < M —t. Talagrand’s inequality says that

P(A)Prx (dT(X, A) > \/tM> < 6,t2/4M

However,

L Pe(p(x) > My <P (dT<X, 4) > \/’3\7)

which implies an exponential bound on P(A), which is a lower tail bound on f.
For the upper tail, we set A = {z : f(x) < M}. For any « with f(x) > M +t,
we pick a; = 1/v/M +t for the witness coordinates, and 0 for the non-witness
coordinates. Then we get that
t

dp(z, A) > ——
r(@,4) 2 M+t

and we get that

t 2
P(A) - Pr(dp(z, A) > ——— | < e /4M+D)
(4) r(m ) > M+t>_€
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In this case, P(A) = %, while

Pr(f(X)>M+1t) <Pr (dT(x,A) > Mtﬂ>

so we again obtain an exponential tail bound, though the exponent is slightly
worse. In fact, this is the correct behavior; the upper tail is a bit weaker.

19 November 12, 2018

19.1 Talagrand’s inequality
Recall the statement of Talagrand’s inequality:

Theorem. For any A C A",
P(A) Pr(dp(X, A) > t) < e /4

where
dT(xaA) = Ssup da(xaA)
a>0
llal=1
Today, we will prove this by using the results we’ve already developed for
tail bounds of self-bounding functions. We can equivalently write the Talagrand
convex distance as

o) = o 2
laey it
We would like to switch the supremum and infimum, but in order to do this,
we need to replace the final term as some convex object, so that we can apply
a minimax result. Let M(A) denote the set of probability measures on A; then
this can equivalently be written as

d A = .f ZP ~U L Y
(x, A) sup Velfim);a vy (2 # Y5)
lafl=1

We will now use Sion’s Minimax Theorem. It says that if XY are compact and
convex sets, and f : X xY — R satisfies that f(x,y) is convex in z and concave
in y, then

sup inf f(x,y) = inf su x,

sup inf f(@,y) = inf sup fz,y)
In our case, we apply this with X = M(A) and Y the set of @ > 0 with ||| < 1;
our function f is actually linear in both a and v, so it is certainly convex and
concave as necessary. Note that extending to ||a]| < 1 from |Ja| = 1 doesn’t
change anything, since the expression monotone in «, so the supremum will still
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be attained on the boundary ||| = 1. Therefore, the minimax theorem applies,
and we can write

dr(z,A) = inf sup > aiPry.(a; #Y5)

afl<t

Note that now the inner supremum is very simple, since it’s just the dot product
of a with some fied vector (Pr(z; # Y;));. By Cauchy—Schwarz, this quantity is
maximized when « points in the same direction as this vector, i.e. when «; is
proportional to Pry ., (x; # Y;). Thus,

1/2
dp(z,A) = inf (Z Pry .. (z; # Yi)2>

veEM(A)

3

Using this formulation, we will prove the following lemma.
Lemma. Let
f(a) = (dr(z, 4))?
Then f is weakly (4,0)-self-bounding. Moreover, if
fila) = igf f(2)
then
0< f(x) - filze) <1

Proof. Assume that infx, f(x) is attained at xgi) € X (if the infimum is not
attained anywhere, let this point be arbitrarily close to achieving the infimum,
and take limits at the end). Then

filx) = f(zD, )

Suppose too that the infimum in

veM(A)

filw) = f@D,2) = inf {3 Pry, (2l £ 7))

is attained at v; € M(A), so that

fi(@) =3 Pryes (@l £ Y3)2 =3 Pryas (z; # )2 + Prys (217 # Y;)?
i J#i
Note that

— . f P — ) Y 2
@) uelAr/l((A)zj: rye (@) £ Y5)

<Y Pryas(z; #Y))

J
=3 Prys (@} £ Y)? + Prys (z; # Yi)?
i
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Therefore,

F(@) = fi(@) < Pry g (w; # Yi)2 — Prys (2 £ Vi) < 1

since the difference of two numbers in [0, 1] is at most 1.
Next, write

V@) =dr(z,A) = infsupZai Pry.,(z; #Y;)

and suppose that this optimum is attained at (7, @). Similarly, we can write

Vfi(z) = irl}f sup Zaj Pry.v(z; #Y;) + a; Pr(Y ~ I/)(IZ(-i) £Y;)
¢ \g#

> inf | Y6, Pryy(z; # Y)) + G Prya, (2 # )
J#i
Now, suppose this infimum is attained at 7;. Then continuing, we have
V@) > 3@ Prys (a4 V) + @ Prys (21 £ i)
i
On the other hand,

V@) <Y 8, Pryas (z; £ Y))

J

and thus
V) =/ filz) <a; (PTY~12; (s #Y5) — Pry.g, (mE“ # Yi)) <a;

Therefore,

n n

2 2
> (@)~ fi@)? =Y (V@ - V@) (V@) + V@)
i=1 i=1
<4f(x) i az
i=1
=4f(z)
which is precisely the condition for being weakly (4, 0)-self-bounding. O

Proof of Talagrand’s inequality. Suppose A C X", so we can write

A=A{z:dr(z,A) =0}
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Define f(z) = dr(x, A)%2. By the lower tail bound for weakly self-bounding
functions,

P(A) =Prx(f(X) =0) < e EV(X/8

Recall that in the proof of the upper tail bound for weakly self-bounding func-
tions, we actually had a bound for the exponential moment, which implied

2N E[f(X)]
log B[ (XD)—Ef (X)) « 22 = A2)]
ogEle I=—75

We plug in A = 1/10, which implies
E[e/ (X)/10] < (ElF(X)1/8

Therefore,
P(A)E[efX0)/10] < 1

By Markov’s inequality,

) E[ef (X)/10]
Pr(dr(X,A) > t) =Pr(f(X) > t°) < T2/
and thus )
p(A) Pr(dp(X, A) > t) < et /10
which is Talagrand’s inequality, except for the constant in the exponent. O

20 November 14, 2018

Recall that Talagrand’s inequality says that

P(A)Pr(dr(X,A) >t) < e_,52/4

2 .
—t°/10 Today we will see some

though we only proved an upper bound of e
applications.

We discussed previously the concentration of convex Lipschitz functions. We
have Xi,...,X, € [0,1], and Z = f(X) with f convex and 1-Lipschitz (with
respect to the Euclidean metric); the key example was f(z) = ||z||, for p > 2.
We derived asymmetric upper and lower tail bounds; the upper tail was simple

Pr(Z > E[Z] +t) < e ''/2

For the lower bound, we had to also assume that 0 < f?(x) — f2(x) < 1, and
then got a lower tail bound

Pr(Z <E[Z] —t) < e ''/8

For these bounds, it actually sufficed to assume just that f was convex in each
coordinate, which is weaker.
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To apply Talagrand’s inequality, we will need to assume the stronger condi-
tion that f is quasi-convex, which means that for every s, the set {z : f(z) < s}
is convex. Every convex function is quasi-convex, though the converse is not
true.

Theorem. If Xi,...,X,, are independent in [0,1], and if f : [0,1]" — R is
quasi-convex and 1-Lipschitz, then

Pr(Z > med(Z) +t) < 2~/ Pr(Z < med(Z) —t) < 2~/
where Z = f(X) and med(Z) is the median of Z.

Remark. In all applications of Talagrand’s inequality, we get concentration
near the median, rather than near the mean. However, by Chebyshev’s inequal-
ity, we can see that

|med(Z) — E[Z]| < /2 Var(2)

for any random variable Z. Therefore, concentration around the mean and
around the median are essentially equivalent.

Lemma. Let A C [0,1]" be convex, and x € [0,1]". Then

D(z,A) = inf ||z —y|| < dr(z,A)
yeEA
Proof. Since A is convex, we have that

D(z,A) = inf Hx—

E YH
veEM(A)

Y~v

and therefore

2
D(z,A)* = inf Hx— E YH
veM(A) Y~v

2
inf H E [fo]H
veM(A) Y ~v
n
inf E [z; — Y;]?
veM(A) P} Y~v

< inf Pr(z; £ Y;)?
- VE.I/\I/II(A) = I'(fL‘ ;é )
= dT(x,A)2
O

Note that in the case where x € {0,1}" and A is the convex hull of some
points in {0,1}", then we actually get equality, which is the computation we
did previously to understand Talagrand’s convex distance in the case of the
hypercube.
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Proof of tail bounds. Let
As ={z €[0,1]": f(z) < s}

Then A; is convex, since f is quasi-convex. If f(y) > s+ ¢, then since f is
1-Lipschitz, we know that D(y, As) > t, so by the lemma, dr(y, As) > t. So
picking s = med(Z), Talagrand’s inequality asserts that

P(A)Pr(Z > s +1t) < P(A) Pr(dp(X, Ay) > t) < e t/4

exact same argument applies, except that we pick s = med(Z) — ¢. O

which implies the desired tail bound since P(A) > % For the lower tail, the

20.1 Bin packing

Let z1,...,2, € [0,1]; we think of these as object of sizes in [0,1]. We wish
to pack these into as few bins as possible, where each bin has size 1. More
concretely, we define f(z1,...,x,) to be the minimal k so that x1,...,z, can

be partitioned into k parts, where each part has sum < 1. Observe that if we
change z; into x}, then f can change by at most 1, since in the worst case we
can put z into a new bin. So f is 1-Lipschitz, which means that if Xq,..., X,
are chosen independently in [0,1] and Z = f(X), we get concentration of the
form

Pr(|Z — E[Z]| > t) < 2¢7 2/

This is concentration of order /n, which might be the truth; if each X; is
actually valued in {0,1}, then the number of bins is just the number of 1s,
which does truly have variation of order y/n.

However, if we assume that many of the X; are small, then we expect better
concentration. So we define

and want to prove concentration of order O(X). Note that Z > >""" | X;; for an
upper bound, note that we can always pack items so that all bins except one
are at least half full (for otherwise, we could combine any two bins that are less
than half full). Thus, we get an upper bound Z < 23" | X; + 1. So Z is of
order Y X;, so for many distributions, O(X) is small compared to E[Z].

Theorem. ,
Pr(|Z —med(Z)| >t +1) < 8¢ 325%+16t

In particular, for t = Q(X), this is an exponentially decaying bound.

Proof. Note that for any z,y € [0, 1]",

f@) <fw+2 Y m+1

T A Y
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Indeed, we first pack all the y; that are equal to x; as before, and for all the new
z;, we can pack them in at most 23 ;. - 4y Ti+1 bins, using the same argument
as above, by combining bins that are less than half full. Note that this bound is
reminiscent of Talagrand’s distance, since we have a sum over i with x; # y;; in
order to actually apply Talagrand’s inequality, we need to pick a vector o that
captures this.

So we define
Z;

2
\/ szq;éyl €

for ¢ where z; # y;, and 0 otherwise. Then for any s, if we define A, = {y :
f(y) < s}, we find that

o =

f(z) < s+ 2||z||dr(x, As) + 1
Now, by splitting into cases depending on || X||, we see that

Pr(r(X) 2 s+ ) < Pr (00 2541+ ATl )

+Pr (||XH > /oy +t)

t n
<Pr(dr(z,A))> ——— ) +Pr X2>92%% 4t
= (T( )2 222+t) (Z = )

=1

Fix s = med(Z). For the first quantity, Talagrand’s inequality tells us that it

is upper bounded by 2e~t"/162Z*+t) " For the second quantity, we can simply

apply a Chernoff bound to the variables X?, since X2 is the mean of > X2.

This gives an upper bound of e~ #(*+t) One can check that the first term is
always the dominant contribution, so one derives the desired bound. O

21 November 28, 2018

21.1 Transportation Method

Using the transportation method, we will again prove a concentration result for
Lipschitz functions (which we’ve already proved in several other ways). The
main tool in the transportation method is the following lemma.

Lemma (Transportation Lemma). Let Z be a random variable, P a probability
distribution, and I C R an interval. Then the following are equivalent:

e For every A € I,
10g11[§ [e)‘(Z_E[ZD] < B(N)

for some function ®
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e Forall Q <P, )
E[2] - Elz] < " (D(QIIP))
where ®* is the Cramer dual of ®.

The most important example is when ®(\) = 1A%, in which case ®*~'(z) =

2vzx.

Assume that f: X™ — R is ¢;-Lipschitz in the ith coordinate, namely
f(y) - f(x) S Zcilwi;ﬁyi

In order to prove concentration, we will prove the second equivalent condition,

where Z = f(Xi,...,X,) is a function of independent variables. We write
EZ) - E[Z] = E [f(V)]- E [f(X)

<Y ciPrxapy~g[Xi # Vi)

- 1/2
< (Z cf) (Z Pr(X; #YJ“)

To bound the last term, we will use the following tool.

1/2

n
i

Lemma (Marton’s Transportation Inequality). For P = @, P; a product
measure on X™, and Q <K P, there exists a correlated pair of random variables
(X,Y) sothat X ~P, Y ~Q, and

> Pr(X, £ Y0)? < L D(@QIP)
i=1

Note that plugging this in to the above computation, we get that

BZ1 - BlZ) <[5 Y ¢D@IP)

which gives the sub-Gaussian bound with v = 3" ¢7, and thus our standard
concentration result.
To prove Marton’s inequality, we will need the following standard definition.

Definition. The total variation distance between measures P, is defined by
V(P.Q) = sup|P(4) — Q(A)

Equivalently,

VIPQ) = inf PrX £Y)

64



Concentration of Measure Jan Vondrék Scribe: Yuval Wigderson

The one-dimensional case of Marton’s inequality says that for some pair
(X1,Y1), we have that

Pr(X, #Y1)? < =D(Q||P)

|~

which is equivalent to saying that

1
V(P.Q) </ 3D(@IP)
This is a result known as Pinsker’s inequality.

Proof of Pinsker’s inequality. Recall that V (P, Q) = sup, |P(A) — Q(A)|. For
any event A C Q, we can write

Q(A) — P(A) = %[1A] —E[14]

We will now apply the transportation lemma. Note that Z = 14 isa 0/1 random
variable, which we already showed implies that

log E[e*Z—ElZD] < })\2
-8

by the Hoeffding bound. Therefore, setting v = 1/4 in the transportation lemma

tells us that
1
E[Z) - EZ) </ 3 D(QIP)

Taking the supremum over all A gives the desired bound. O

We will now apply induction to obtain the full Marton bound from this base
case.

Lemma (Induction lemma for transportation). Let P = @, P;,Q < P,d :
XXX =Ry, and ®: Ry — Ry convex. Assume that for each i € [n], and for
each v < P;, there is a correlated pair (X;,Y;) with X; ~ P; and Y; ~ v so that

@ (E[d(X;, Y5)]) < D(v[| )
Then there exists a pair (X,Y) with X ~ P,Y ~ @, and

n

> ®(E[(X;, Y)]) < DQ|IP)

i=1

Proof. We induct on n. The base case is trivial, since the conclusion is just the
assumption for n = 1. Let P*~! denote the restriction of P onto the first k — 1
coordinates. Assume inductively that for any Q' < P*~!, there exists a pair
(Xk=1 yk=1) such that X*~1 ~ P*~1 and Y*~! ~ Q' with

E

"~ @(E[d(X,,Y)))) < D@ P)

%
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Now let Q@ < P*. So we can write dQ = g(x,t)dP* for some density function
g, and € X*71 t € X. Then we can write

D@IPY) = [ tozgle. Q)

:// g(z,t)log g(x,t)dP*(x,t)
x Jak-1
= /X /Xk_1 g(z | t)gr(t)(log g(x | t) + log gy (t))dP* (x)dP(t)

- / g (£) log g (£) / gz | HAPF 1 (@)dP(t) +
X xk-1
[ [ st Daogg(e | 9aP @)
D@l P) + / / oz | Hgu(t) log g(z | HAPH (2)dP(1)
where we write
o2, 1) = gl | Dgr(t) gi(t) = / g(, 1)dP*1 ()
k-1

and
dgx(t) = gx(t)dP(t)

To deal with the last term above, define, for every ¢, a new measure by
dQ(z | 1) = g(x | )dP*~!(z)

This is the conditional measure obtained from @ by fixing the last coordinate
to be equal to t. Then the last term above becomes

/ () / oz | £)log g(x | )AP*~(z)dP(t) = / gk () D(Q(|)| P*1)dP(t)

X Xk—1 X

What we’ve obtained is the “chain rule” for the KL divergence, which says that
D(@QIP) = DlaillP)+ | D@ | 0]1P")das(t)

We now apply the inductive hypothesis to Q" = Q(- | t) for all t € X. Then we
obtain, for every ¢, a pair (X, Y®) with X ~ P*¥=1 and Y ~ Q(- | 1),

satisfying
k—1

S eEEx”, v ) < DQ( | )| P

i=1

Moreover, the base case tells us that there is a pair (X, Yy) such that

Q(E[d(Xk, Y)]) < D(qx||P)
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Then by the chain rule and Jensen’s inequality, we can write
D(QIP) = S(EX ) + [ Z (E[XD, ¥ (1)

> ©(E[d(Xk, Yi)]) + Z o </ z‘(t)ayi(t))]d%(t)>

Thus, to get the desired pair (X,Y), we simply make them equal to (X, Yx)
in the final coordinate, and in the other coordinates, we simply condition on
the outcome of Yj; specifically, the distribution of (X;,Y;) | Y = t is the pair

(Xl(t) Y( )) Then we get the desired inequality, since the above right-hand side
is exactly > P(E[A(X,Y5)]). O

22 November 30, 2018

22.1 Conditional Transportation Inequalities

Let Z = f(X1,...,X,), and suppose that f satisfies the following Lipschitz-type

condition: B
2) <Y i) Ly,
i=1

Note that the new ingredient is that the Lipschitz constants ¢; can depend on
the point x. We would like to get a concentration bound that depends on some
average of the ¢;. Specifically, let’s assume that

Z% [czz(:c) <w
=1
We would like to prove a tail bound of the form

Pr(Z > E[Z] +t) < e /2

67



Concentration of Measure Jan Vondrék Scribe: Yuval Wigderson

To do this, we will again use the transportation method. Let Q < P = @, P;,
and consider

=2 B, [ Byl X]

1/2

n 1/2 n
< <Z X@P[C?(X)O (; X]EP Pryo(X; #Y; | X)2>

by Cauchy—Schwarz. We can bound the first term by assumption, and for the
second, we want to argue as last time. Namely, given @) < P, we want to prove
the existence of a correlated pair (X,Y) with X ~ P and Y ~ @ so that

~

E[Pry.q(X; # Y| X)?] <2D(Q|P)

Last time, we could do this by exploiting the connection between total variation
distance and KL divergence, but this time we need to come up with an analogue
of total variation distance that can deal with the conditioning.

Definition. For distributions P, Q) on X that have densities p, ¢ with respect

to p, define
B(Q,P) = /X ]ﬁ(p(x) — q(@)2 du(z)

To see that this is well-defined (i.e. doesn’t depend on p), let v be a different
measure with du = gdv. Then P, @ have densities gp and gq with respect to v,
and thus

2(Q.P) = / %w(x)p(x)—g(x)q(x))idu<x>
/ (9(2)2 (o) — 4(2))?2) du(z)
/ (i z) - q(2))2 dpu(z)

Lemma.

BQ.P)+&(P.Q) = min {E[Prv(Y £X | X)]+E[Prx(X £Y [V)]]
X~PY~Q
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Proof. Let P,(Q have densities p,q with respect to u. We first claim that if
p(z) > 0, then

Pr(X:Y|X:x)§@
p(x)
To see this, fix some measurable function h(z) > 0. Then
E @PHX =Y [X)]= B A(X)Lxoy]

~P)Y ~
= XNPEYNQ[h(Y)1XzY]
(R(Y)1,0v)>0]
q(X)
= X _
e P05
Since this holds for every measurable h > 0, we must have that

9(X)
— —-Pr(X=Y|X)>0
with probability 1 under X. Thus, it must hold for all « with p(x) > 0.
We therefore have that

< E
X~PY~Q

X]EP [PI'YNQ(X #Y| X)Z] 2 X@P l(l - ;Eg)-r]
- _M i T T
- [ (1-53) oo

= d3(Q, P)

and the analogous inequality where we reverse the roles of P and ). Therefore,
we get that

inf E Pryv..o(X YIX 2 E [Pry_p(X vy 9
(XY~ (P.Q) (XNP[ ry~(X #Y [ X) ]JrYNQ[ rxop(X £Y | Y) ])

> d3(Q, P) + d2(P,Q)
To prove that the minimum is attained at this bound, we use the same cou-

pling as before, where X and Y are correlated to be equal as often as possible;
specifically, we first set

Pr(X =Y =) = min{p(z), ¢(x)}

and have X # Y on the remaining density to make the marginals equal P and
@. Under this coupling, observe that

r o (@) > (@) _ (o) - ala))s
P A=) {“()“ d@) <pl@) - p@)

Therefore, this coupling gives an equality in the above inequality, which proves
the lemma. O
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23 December 3, 2018

23.1 Conditional Transportation

Recall that we proved a bound of the form

1/2
] = B 0] < [STEIH) (Z@ [Pry(X; #Y; | X)?])

We called the first term /v, and we need to bound the second term. For this,
we need the following result.

Theorem (Marton’s Conditional Transportation Inequality). For any Q <
P=@Q._, P, on X", there exists a pair (X,Y) with X ~ P,Y ~ Q, and

D E[Pr(X; #Y; | X)® + Pr(X; #Yi | Y)?] <2D(Q|P)

i=1
Remark. The book includes a slightly different inequality (namely conditioning

on X; and Y; rather than on X and Y'), but that statement appears to not be
the correct one.

Lemma (Conditional Induction Lemma). Let ® : Ry — Ry be convez, d :
X x X — Ry be measurable, and Q@ < P = @, Pi be measures on X™.
Assume that for every i € [n] and for every v < P;, there exists a pair (X;,Y;)
with X; ~ P;,Y; ~ v such that

E [@ (E[d(Xi,K) | Xi]ﬂ vE [@ (;%[d(xi,m) | YA)] < D(v||P)

Then there exists a pair (X,Y) with X ~ P,Y ~ Q such that
> E[@E[A(X;,Y:) | X)) + E [@(E[d(X,, Y) | Yi])] < D(Q|P)
i—1 i i

and
[ (Blax v | 31)] + B [2 (g0x. %) | 1)) < DC@IP)

2

Remark. This statement is not proved in the book. It asserts that the proof
is similar to that of the previous inductive lemma, but the conditioning adds a
fair amount of technical difficulty.

Proof. Recall the chain rule for the KL divergence, which says that

D@Q|P) = /X DQ(- | HIP*) daw(t) + D(gel| Py)
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where @ < P = ®f:1 P; and ¢ is the marginal of @ on the kth coordinate.
By the inductive hypothesis, applied to Q( - | t), there exists a pair (X®), Y ®)
with X® ~ P*=1 and Y ~ Q(- | t), such that

k—1

> 5 [+ (5 [ (xone) e «

B R P

Y (#) X (@®)

Also, from the base case of the induction (which is just the assumption in the
theorem), applied to g, < P, there exists a pair (Xj,Ys) ~ (P, qx) so that

g [o (Elaxvi)] + g fe (2 o) < owip

We plug this into the chain rule to obtain the following.

D@Q|P) = /X DQ(- | HIP*) daw(t) + D(gel| Py)

5 (8 [ ey pren)]

5 [o (8 (5]
+ )Ii [CD ()If% [d(Xk,Yk)|Xk]>} + }I% [(b <)I{Ek [d(Xk,Yk)Yk}ﬂ

We are almost done, except that we need to condition on the entire vectors
X,Y, rather than on a single coordinate, as in the final two terms above. Note
that this is non-trivial, since Jensen’s inequality implies an inequality between
the two terms, but in the reverse direction.

In order to make this work, we need to inductively build the distribution
(X,Y) on X% x X* in a careful way. The key property is that, as we did last
time, we define this distribution based on (X, Y:) and (X®,Y®) for each t,
where we do it based on t being the value of Y. Therefore, given Y, we know
the conditional distribution on all of the first £ — 1 coordinates of X and Y.
Crucially, this means that, conditional on Yy, X}, is independent of the first k—1
coordinates of both vectors. We continue in this way to Y;_1 and recursively
backwards down the indices, to obtain a chain of conditional independences
between variables. So consider first the term

L& [q’ (YE x| x “m dgi ()

Note that integrating over t is the same as taking a conditional expectation over
Y%, by the definition of the coupling above. But conditional on Y}, the inner
term is independent of X, so we may freely include a conditioning on X} on
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the inner term. Thus, we are able to get the full vector in the conditioning. To
do this we need to add X} to the outer expectation, but by Jensen’s inequality,
we can then bring it inside the evaluation of ® to the inner expectation. We
apply the same argument to every term, and obtain the desired result. O

24 December 5, 2018

Recall that we were proving the conditional inductive lemma. We were trying
to construct a correlated pair (X,Y) on X% x X* so that X ~ PY ~ Q.
To do so, we had inductively constructed pairs so that Xx ~ P, Yr ~ q,
and for each ¢t € X, we had pairs (Xi(t),Yg(t))f;f so that X®) ~ ®f;11 P; and
Y® ~ Q(- | t). We then defined (X,Y) by first sampling (X}, Y}) as above,
and then conditioning on the value Y = ¢, sampling (X;,Y;) = (Xi(t),Y-(t)).
Crucially, conditioned on Yj, we have that X} is independent of (Xi,YZ-)Z.“:_l.
The inductive hypothesis was that

k—1
D(Q||P) > ZE[@ (E[d(X:,Y3) | X1, Xpo1, Vi) +

k—1
+ Y E[@(E[d(X:,Y:) | Ya,... Yeo1, Vi) +

+E[® (E[d(Xk, Yi) | Xi])] +E[® (E [d(Xg, Yi) | Yi])]

The goal is to have every term above be conditioned on the whole X or Y vector.
At the end of last lecture, we saw how the first term can be lower-bounded by
a similar term where we condition on X}, instead of Yy, by first introducing Xy
into the conditioning by the conditional independence above, and then shifting
the expectation over Yj inside ® by Jensen’s inequality. The second term is
already fine, since it’s conditional on the entire vector Y. For the third term,
observe that conditional on (X, Y:), we have that (Xy,..., Xp_1) ~ ®f=_11 P;
and in particular the vector (Xi,..., Xk—1) is independent of (X, Yx). So we
may simply introduce these additional variables into the conditioning, and write

E[® (E[d(Xk, Yk) | Xi])] = E[® (E [d( Xk, Vi) | X1, ..., X1, Xk])]

Finally, for the final term, we again use the conditional independence, since we
are already conditioning on Yj. So all in all, we get that

k
DQ|P) = ZE[‘I) (E[d(Xs,Y3) | Xa,oo oy Xpo1, Xi])] +

k
+ ) _E[@(E[d(X;,Y;) | Ya,..., Yio1, Yi))]

i=1

This finishes proving the induction. Recall that the goal was to prove the
following theorem.
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Theorem (Marton’s conditional transportation inequality). For ¢gny Q < P =
Qi P; on X", there exists a pair (X,Y) with X ~ P,Y ~ Q, and

> (E[Pr(X; #Y: | X)?] +E [Pr(X; £ Y; | Y)?]) < 2D(Q||P)

i=1

Proof. We prove this by induction on n. For the one-dimensional case, recall
that we proved earlier that

BP.Q+BQP)= min {E[Prv(X #Y | X?] +E[Prx(X £ | ¥)?] |
X~PY~Q

To apply this, we will need a lemma analogous to Pinsker’s inequality.

Lemma. For any Q < P,
d3(P,Q) +d3(Q, P) < 2D(Q|| P)

Proof. Let d@Q = qdP. Then by the definition of ds, with u = P, we get that

#@.r)- [

X

On the other hand,

(=@} dPl)  BPQ) = [ (o) =13 dP()

p@Ip) - [

X

dla)logq(x) dP(x) = [ hlg(x) - DaP(a)

x

where A (t) = (14 t)log(1 4+ t) — t. Note that h(t) = 2t> + O(t*). Now we split
the integration above into two cases, depending on the sign of ¢(z) — 1; this
gives

MWH=L@@@—Hme+AM4PMMHMW)

There are analytic bounds on h that one can get by the Taylor expansion.
Specifically we have that for ¢ € [~1,0], h(t) > $t*, and for t > 0, h(t) > %t%
Note that these bounds are very similar (and closely related) to the bounds in

the exponent in the Chernoff bound. These bounds imply that

@D L e ap
D@IP) = 5 [ LESrap@) + ; [ (1-gw)RapE)

U

This proves the base case. For the induction, we apply the inductive lemma

with ®(¢) = $¢? and d(z,y) = 1,,. O
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Using this, we are able to prove the following concentration bound, which
we stated in a previous lecture.

Theorem. Let Xi,...,X, be independent, and Z = f(X4,...,X,). Suppose
that for any x,y € A™,

n

Fy) = (@) £ cil@) Loz,

=1
Then
Pr(Z > E[Z] +t) < e ©/% Pr(Z <E[Z] —t) < e /20

where
n

v="> El(X)] Voo = sgpzczg(x)

i=1
Proof. We saw, using Cauchy—Schwarz, that
n 1/2
— < . 3 2
E ) - E [FO0) < Ve (Z E[Pr(X, Y, | X) 1)

< Vv 2D(Q|P)

where the final bound follows from Marton’s inequality. By the transportation
lemma, this implies that

Pr(Z > E[Z] +t) < e '/%

for any ¢t > 0.
For the lower tail, we need to consider g(z) = —f(x). Then the condition
we get on g is that

9(y) — 9(x) < iy Lasry,
=1

which implies, by the same argument, that
o n 1/2
Blg(¥)] - Elg(X)) < || B [Z c%m] (Z E[Pr(X; 7 ;| m)
i=1 i=1

The second term is again bounded by /2D(Q||P), but the first term is difficult
to bound because @ is an arbitrary distribution. So the best we can do is bound
it by /Vso, which gives the weaker lower tail. O
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