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Lecture 18. Ramanujan Graphs continued

18.1 Interlacing polynomials
Last time, we proved the following lemma.

Lemma 18.1 Two real-rooted, monic polynomials of the same degree, f and g, have a common
interlacing if and only if for every t € [0,1], hy = tf + (1 — t)g is real-rooted.

We can extend this to multiple monic polynomials as follows. Suppose fi, fa,..., fm are monic
polynomials with the same degree n. Let Ry be the set of k-th largest roots of the polynomials
(counting multiple roots multiple times). We say that the polynomials have a common interlacing
if there exist v, < y,—1 < ... < 7y such that for each k, Ry C [y, 7x—1]- Then it is not difficult to
extend Lemma to the following claim:

Claim 18.2 Suppose f1, fo, ..., fm are monic polynomials of the same degree. Then the following
are equivalent:

1. f1, fo,..., fm have a common interlacing.
2. Each pair of polynomials f;, f; has a common interlacing.

3. There exists i < j such that for the pair of polynomials f;, f;, and for any t € [0,1], tfi+(1—
t)f; is real rooted and has a common interlacing with the rest of the polynomials.

4. For any {t;};*, with each t; >0 and ), t; =1, we have ), t;f; is real rooted.

18.2 Interlacing families

Let S; for i from 1 to m be finite sets with a corresponding distribution p; on them. We will be
working with families of polynomials fg, s, .., indexed by s; € S;. We will define

Sm >

f317527---75k($) = E [fsmz,.--,sm(l")]

Sk+1"~HEk+1

Sm~Um

We say that the family of polynomials forms an interlacing family if for any k£ < m, and s; € Sy,
53 € S, ..., 8 € S, the polynomials {fs, s,.....s.,s}ses,,, have a common interlacing. This allows
us to prove the following theorem.

Theorem 18.3 [MSS ’13] If {fs, so,....5m  form an interlacing family, then we can find s; € Sy,
$9 €859, ...,8m € Sy, such that

maxroot(fs, s,...s,,) < maxroot(fy(z)).



Proof: We will prove that for every k < m, and every s, So, ..., Sp_1, there exists s € S such
that

maerOt(f81,82,---75k) < fs1520s01t

This is true because f, s,...s. , 1S a convex combination of fg, s, . s .5, Over various choices of
5. This implies that the maximum root of f, s, .. s, , iS @ convex combination of the maximum
roots of fs, s, sx 1,5, OVer various choices of sy, in particular, its maximum root is larger than at
least on one of the maximum roots of f, s, . s . Applying this to each k, the theorem is proved. O

Let us now turn to adjacency matrices of graphs. Given a graph G = (V,E) and a vector
s € {0,1}¥, the graph Gg2) is the two-lift of G corresponding to the vector s, where a 0 coordinate
indicates non-crossing edges and a 1 coordinate indicates crossing edges.

Then if A is the adjacency matrix of G, then Ag will be obtained from A by writing (—1)% for
each spot corresponding to a 1 entry in A (recall that A has only 0 and 1 entries). Then let us
denote the polynomial

Xs(z) = det(z] — Ayg).

We saw last time that
xo(r) = E [xs(o)] = Mg(z),

51,525.-,5m

where Mg(z) denotes the matching polynomial of G. By Heilmann-Lieb, we know that the maxi-
mum root of the matching polynomial is at most 2v/d — 1. We would like to conclude using Theorem
that this implies that there exists a choice of s such that the maximum root is 2¢/d — 1. We
thus have to prove that the polynomials form an interlacing family, where we recall that we denote

X51,82...,5k (.’E) - E [d@t(iUI — As)] .

Sk+15--+35m
First, let us prove the following:

Claim 18.4 For p1,pa,...,pm € [0,1], define

Xptpoowm (T) =Y IT » I (0 —pixs(@).
0

81,82,,5m€{0,1} i:8;=1  iis;=
Then all such polynomials are real rooted.

This claim implies that the polynomials form an interlacing family. Indeed, it is easy to see that

X152k () = Xy o933 1 (T):

Thus, this implies that any convex combination of X, 5.5, 1,0 a0d Xs; 60,5, ;,1 1S Teal rooted

(since it is equal to X, 1.
k) RARES

Sk—1,6,3:3 05
In order to prove the claim, we prove the following theorem:

Theorem 18.5 If v_1>, @, ey om are random vectors in C" with finite support, then

E det(zI — Z viv;k)]
i=1

V1,02,..-,Um

1s a real stable polynomial.



For the case of Ramanujan graphs,
Xs(z) = det(xl — As),

where we can write

Ag=dI = bl

eck
for vectors
0 0
0 0
be=|+1]if s, =0, be=| +1]if s, = 1.
-1 +1
0 0

Thus, Theorem implies Claim We will be using a few facts from linear algebra.
Fact 1 If A € C™*"™ is a nonsingular matriz, and u,v € C™ are vectors, then
(A+uv*) = (1+v* A u) det(A). (18.1)

Proof: First, assume A = I. Then we have

1 U (T 0\ [I+uw* u I 0
0 1+ov*u) \v* 1 0 1) \—v* 1)
Taking the determinant of both sides, we obtain (18.1)). In general, we have, for ' = A~ tu,

det(A + uwv*) = det(A) det(I + v'v*) = det(A)(1 + v*u') = (1 + v* A u) det(A).

O
Recall that given a matrix A, the trace is the sum along the diagonal Tr(A) = ), a;. Also
recall that for two matrices A and B,

TI‘(AB) = Zaijbﬁ = TI“(BA)
i7.j
Fact 2 If A,B = 0, then Tr(AB) > 0.
Proof: We can write A =), oju;u} for a; > 0, and B = f3; Zj vjv; for B > 0. Then
Tr(AB) = Zaiﬁj Tr(uu;vv;) = Zaiﬁj Tr(v;uiuv;) = Zaiﬁj\v;ui\Z > 0.
,J

1,J 0,

Fact 3 For non-singular A € C"*", and arbitrary B € C"*", we have

& (det(A+1B))| = det(4) Tr(A™'B).
t=0



Proof: We may assume that A = 1. Let B = Z” bijeiej*-. Then

d "
% det(I—FtiZjbijeiej)

0 %
. = ; It det (I + Zti/j'bi/j'ei/ej’)

= i (v t;j=0

= by =Ti(B).

t;;=0 i

9 .
= ot (det(I + tijbijeiej))

0
=D T (1 + 245biji 5)

Proof:[of Theorem simplified by James Lee|] We first prove the following lemma

Lemma 18.6 If A € C"*" is a fized matriz, and v € C"™ is a random vector, then

E [det(A —vv™)] = <1 — i) det (A +1E [vv*])

t=0
Proof: First, assume A is non-singular. Then by (18.1]) we have

det(A — vv*) = det(A)(1 — v* A 1w) = det(A)(1 — Tr(A 1 wv*).

Thus,
IE: [det(A — vv*)] = det(A)(1 — Tr(A™ E[ov*]))

By Fact 3] we have

= det(A) Tr(A~T E[vv*]),
t=0

d *
pn (det(A + tE[vv*]))

which proves the lemma for non-singular A. For singular A, we can take a sequence A, — A of

nonsingular matrices. The equation will hold for each A., and since both sides of the equation are

continuous, the lemma must also hold for A. O
For the proof of the theorem, we need one more claim

Claim 18.7 The operator (1 — 8%2) preserves stability of f(z1, 22, .., Zm)-

Proof: Next time. O
We have, for independent vectors vy, va, ..., Up,

det(A — Zviv;‘)] _ (1 _ ;;) (1 - a?m) det(A + ;tiE[’uw;‘])

We thus have

N d 0 L
xl — Zi:v“)i] = <1 - (9t1> <1 - atm> det(z] + Zi:tlE[Ulvi])

E

V1 yeeeyUmn

t1=0,....tm=0

E

t1=0,...,tm=0



We know that
det(zI + >t E[viv]])

*

is stable because each E[v;v}] is positive semidefinite (using a theorem from Lecture 13). Since the

operators preserve stability, we thus have that

det(zl — Z vw;‘)]

is stable, and so the theorem is proved. O
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