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Lecture 19. The Kadison-Singer problem

The Kadison-Singer problem originated in quantum mechanics in the 1950s. It has been for-
mulate in several equivalent forms. Here we state it in a form known as Weaver’s conjecture.

Conjecture 1 There exist €,0 > 0 such that given any vectors wi,ws...wy, € C™ where
o |[will2 <8 for all i
° Z;ll wszT =1

there exists a partition of [m] into S1 and Sy such that for all j € {1,2},

13wl <1-e

i€S;

(This holds independently of m,n € N.)

Here sze s, Wi; ’ is the operator norm, for a Hermitian matrix simply the maximum eigen-

value, so our goal will be to prove an upper bound on the maximum eigenvalue. Note that since
wiw; are rank 1 matrices that add up to the identity, we must have m > n.

The setup here is similar to that of Ramanujan graphs. For Ramanujan graphs, we wanted all
of the eigenvalues of the adjacency matrix to be in the set {d} U{—d}U[—2v/d — 1,2v/d — 1]. Here
we are again looking to bound the size of the eigenvalues, and we will use a similar approach.

19.1 Setup for the proof of Conjecture

The specific statement we will prove is the following, which is actually stronger than Conjecture

Theorem 19.1 (Marcus, Spielman, Srivastava ’13) For all a > 0 and vectors wi, ws... Wy, €
C™ where

o ||wil|3 < a foralli
° Z?;l wszT =1
there exists a partition of [m] into S1 and Sy such that for all j € {1,2},
1
1> wiwf]] < 5(1+v2a)?
, 2
’LESj

(This holds independently of m,n € N.)



Our strategy is as follows. We define random variables 71...7,,, each in C?", where either
r; = (w; | 0,0...)
meaning that the first n entries are the n entries of w;, and the second n entries are all zeros, or
rj = (0,0... | wy)

meaning that the first n entries are all zeros and the second n entries are the n entries of w;. We

will use rj(l) to refer to (w; | 0,0...) and 7"](.2) to refer to (0,0... | w;). Each r; is rY with probability
1/2 and is 7“3(2) with probability 1/2.

J
Thus we have
N wjw? | 0 0] 0
ZT]Tj_Z< 0 0)+Z<0 wjfw;>

Jj=1 JES JES?
where the matrices on the right hand side are 2n x 2n matrix where one n x n quadrant is occupied

by ij;f, and the rest of the entries are zeros.

Thus
m
1> il =max [ (| wiwf]], || wiw}]]
7=1 €51 1€Sy

and this is the quantity that we should upper-bound.
The main technical theorem is the following:

Theorem 19.2 (Marcus, Spielman and Srivastava) For independently random vectorsry,...,rm
in C*, if Y1 Elrrf] = I and E [||r|3] < «, then with probability greater than 0,

m
1Y S rmll < (1+ Va)?
j=1

From here, Theorem follows by setting 7; = v/2 (w; | 0) or v/2(0 | w;) with probability
% — % Let us denote the first option by wj(-l) and the second option by wj(?). In the following, we
prove Theorem [19.2

To bound the eigenvalues of Z;n:l r;77, we consider the expected characteristic polynomial x:

m
x(z) = Tl.]grm [det(x] — errj)]
j=1
As before, we fix the values of the first k vectors rq,...,7; to be w§01), - ,w,(:’“), for some values
of o1,...,0r € {1,2}. The remaining m — k + 1 vectors remain random. This yields the following
polynomial:
k m
Xt (@)= E [det(a;f—zwfﬂ)w](f’ﬂ)* -y rjr;)]
k+15-9Tm ]:1 J:k-‘,—l



We saw when studying Ramanujan graphs that this is an interlacing family of stable polynomials.
We know from before that if the maximum root of x is at most A4z, then there exists a choice of
O1,...,0m such that the maximum root of x4, . s, is also at most Ayaq-

In the setting of Ramanujan graphs, the characteristic polynomial was the matching polynomial,
so we already knew its maximum root. Here, we do not know the maximum root of x (if we did,
we would be done), so we will have to do some more work to bound the maximum root.

19.2 Bounding the maximum root of y

Recall how we prove that x is in fact stable. We will do this by showing that y can be obtained
applying a set of differential operations to a polynomial we already known to be stable:

@ = (1= 2 (1= 2y (1 5 Yaew (e étjw;])

*

The matrix E[r;r}] is positive semi-definite, so the polynomial det (37] + 2 t B} ]) is stable.
We show next that these differential operators preserve stability.

Lemma 19.3 Let z refer to the vector of variables (z1...zm). If a function f(z1,22...2m) = f(z) is

stable, then so is (1 — %)f(z) = f(z) — %(Z)'

Proof: Recall that H = {z € C: Im(z) > 0}. Suppose for sake of contradiction that f(z)— %(Z)

were not stable: then there exists a root of f(z)— %(Z) in H™: that is, there exists (ai...ap,) € H™

such that f(aq...am) — %(al...am) = 0. Then f(aq...a,) = g—i(al...am).

Let g(z) be the univariate polynomial f(z,®s...c,). Then g(ay) = f(ay...aq,) and ¢'(aq) =
g—i(al...am), so we have g(a1) = ¢'(a1).

If g(z) had a root o’ € H, then (d/...an,) € H™ would be a root of f(z1,22...2p,), which

contradicts the stability of f(z1, 22...21m). Thus g(z) is stable. Thus we can write

where A1,..., A\, are the roots of g(z). Therefore

g _ zn: 1
9(2) N
Examining the ratio of a function’s derivative divided by the function will be a useful tool at

multiple points in this lecture.

Since ¢(z) is stable, we know that A\; € H for all i. Thus for all z € H, and all i, z — \; € H, so
szi € —H, where —H is the lower half-plane. Therefore gg ((Zz)) € —H, so gg ((ZZ)) # 1 for all z.

But we know that ¢'(a;) = g(a1), so %’((311)) = 1, which is a contradiction. Therefore f(z)—aa—zfl(z)
must be stable. O

Applying Lemma [19.3| repeatedly implies that x is in fact stable. When ¢; = 0 for all i, we have
det (mI + 200t E[Tﬂ“ﬂ) = det(xI) = 2", which has all of its roots at z = 0. If we could show

that applying the (1 — 8%) operators doesn’t increase the roots by much, that would give us an
upper bound on the roots of x, and we would be done.



19.3 A toy example

Next, we examine a toy example: that of the univariate polynomial p(z) = z".

initially has all of its roots at = 0. Applying (1 — %) once gives us

This polynomial

(1 - i)p(:c) =z" —nz" ! =" Yz —n)

which has one root at x = n. This is concerning, since applying the operator (1 — %) just once
caused the maximum root to jump from 0 to n. The rest of the roots remain at x = 0. Applying
the (1 — %) operator again gives us

d\2
(1 — %> p(x) = 2" —na"™t —na" P 4 n(n —1)z" 2

=2""%(2? - 2nz + n(n — 1))

To compute the roots of this polynomial, we need to know the roots of 22 — 2nz + n(n — 1). This
can be done using the quadratic formula, and the resulting roots are n + \/n, and one at n — /n
(in addition to the n — 2 roots at = 0 from 2"~2). This time, the maximum root increased only
from n to n + y/n, which is a smaller jump than from 0 to n.

Taking a wild guess, maybe the multiplicity of the roots influences the effect of the (1 — %) on
the maximum root? In the following, we design a way of relaxing the notion of maximum root in
a way that takes multiplicity and proximity of other roots into account.

19.4 The barrier function

Given a univariate polynomial p(x), we define the “barrier function” ¢,(z) for z € R by

Gp(a) = - (logp())

Thus

V@) 1
G R D

where Aj...\, are the roots of p. (Note the re-appearance of the ratio of a function’s derivative
divided by the function, or equivalently the derivative of the logarithm.)
For each a € (0,1), we define a set ez (p) by

/
Omae(p) = {CE > maximum root of p : P(x) < a}

p(z)

The intuition for Lemma is that aynqq(p) doesn’t change too much when we apply (1 — %).

Lemma 19.4 If & € aunaz(p), then for § = ——, we have & + 6 € mar(p — ).

1—a’



Proof: We have

bp-p (@) = - (los((p — 1))
= = (1og (p(a) - (1= 3y(2))))
= 2 (logp(x) + loa(1 ~ 6,(x))
. ) — pr’ (:C)
- ¢p( ) 1— pr(x)
Using our above computation of ¢,_,(x), we have
B 9y (x+9)
bp—p (z +0) = gp(z +6) 1— ¢p(z +9)

When z is larger than the maximum root, ¢,(x) is decreasing and convex. Also, since = €

Qmaz (), we have ¢,(x) = 7;’ ((;)) < «a by assumption. Therefore

dp(x + 0) — % < dp(z+06) — m (19.1)
< ¢p(z+9) - W (19.2)
= ¢p(x + ) — 8¢y (2 + 6) (19.3)
< dp(z) (19.4)
< o (19.5)

(19.1) uses the fact that ¢,(x) is decreasing when x is larger than the maximum root. (19.1) to
(19.2) is because ¢p(z) < . (19.2) to (19.3) is by definition of §. (19.3) to (19.4) is by convexity,
and (19.4) to (19.5) is again because ¢p(z) < a.
Putting everything together gives us ¢, (x4 0) < o, s0 (x4 0) € maz(p —p’), as required. O
Recall our toy example of p(x) = a™. Here ¢p(z) = n/x, so n/a € amax(p). So by applying
Lemmam times, we know that the polynomial (1— %)mp has maximum root less than £ + 7.
This holds for any . If we choose a to be (1+ /™)', this implies that the maximum root of
(1 —4)is at most (y/n + /m)2. When m is smaller than n, this is at most 4n.

19.5 Back to the multivariate setting

Recall that
0 0

@ = (1) (1= L) (1 2 Yaea(ar étjE[n-r;])

Let A; = E[ryr?]. The matrix A; is positive semi-definite.

Theorem 19.5 If " A; = I, A; is positive semi-definite for all i, and Tr(A;) < a for all i,
then the mazimum root of x when evaluated at t = 0 is at most (1 + v/a)?.



First, we will do a variable substitution by letting z; = = + ;. Then

det (3:] + zm: tiAi) = det ( i(m + ti)Ai) = det(i ziAi)
i=1

1= 1=

Since z; is linear in t;, the operator (1 — %) is equivalent to (1 — %). Therefore

x(z) = (1 - aazl)'”(l - &)det(ézi/g)

We will evaluate this at z; = x, which corresponds to t = 0. Let Q(z1...z,,,) be defined by

Q1. 2m) = (1 - %)...(1 - afm)det(f;zi/li)

1=

Z2i=X

Also, for each k € [m], let

ez = (1= 52 (1= 5 et (3 )

azm—k-i—l =1

2; =X

Thus Qk(21...2;,) contains k differentiation operations.
We will also use a multivariate version of the barrier function. We define the “barrier function
in direction j” ¢ (z) by

- 0 1 Op
J(x) — 1 - .
¢ (2) 8Zj( ogp(2)) o) o)
We say that w € R™ is “above” the roots of p (real stable) if V¢ € R™ where t > 0, we have

p(w +1t) > 0.
Fixing z; € R for each i # j, p(#1...2j...2m) has roots A1...\, € R. We can write

n

. 1
G(z) =Y .

(=1

To be continued...



	Setup for the proof of Conjecture 1
	Bounding the maximum root of 
	A toy example
	The barrier function
	Back to the multivariate setting

