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1 Submodular functions
We have already encountered submodular functions. Let’s recall the definition.

Definition 1 Let N be a finite ground set and f : 2V — R. Then f is submodular if for all
A, BCN,
f(A)+ f(B) =2 f(AUB) + f(AN B).

As we have seen, an equivalent definition is as follows. We denote by fa(i) = f(A+1i)— f(A) the
marginal value of i with respect to A. Then f is submodular if for all AC B C N and i € N \ B,

fa(i) = fB(0).

More generally, we define a function fa : 2% — R by f4(X) = f(X U A) — f(A). From the second
definition, it is easy to see that if f is submodular then f4 is also submodular. Another equivalent
definition of submodularity that is even more “local” is that f is submodular if for all A C NV and
i,j € N\ A,

fA) = f(A+1) = f(A+ )+ f(A+i+j) <0.

We further classify submodular functions as follows:
e Monotone functions: f is monotone if f(A) < f(B) whenever A C B.

e Non-monotone functions: no requirement as above. An important subclass of non-monotone

functions are symmetric functions that satisfy the property that f(A) = f(A) for all A C N.

Throughout, unless we explicitly say otherwise, we will assume that f is available via a value
oracle which given a set S C N, returns f(S). We say that f is given explicitly if f has a
representation of bit size polynomial in |N| and the value of f(S) for any S C N can be computed
from this representation in time polynomial in |N].

1.1 Examples of submodular functions

A number of interesting functions arising in combinatorial optimization turn out to be submodular.

e Linear functions: A function f : 2V — R is linear if f(A) = Y icaw; for some weights
w : N — R. Such functions are also referred to as additive or modular. If w; > 0 for alli € N,
then f is also monotone.

e Budget-additive functions: A small generalization of the linear case, the function f(A) =
min{) ;. 4 w;, B} for any w; > 0 and B > 0, is monotone submodular.



e Set systems and coverage: Given a universe U and n subsets Ai, Ao, ..., A, C U, we obtain
several natural submodular functions on the set N = {1,2,...,n}. First, the coverage func-
tion f given by f(S) = | Ujes A;i| is submodular. This naturally extends to the weighted
coverage function; given a non-negative weight function w : U — Ry, f(S) = w(U;esA;). A
related function defined by f(S) = > .y max;es w(A;, x) is also submodular, where w(A;, )
is a non-negative weight for A; covering x. All these functions are monotone.

e Rank functions of matroids: The rank function of a matroid M = (N,Z), ryp(A) = max{|S| :
S C A, S € 7}, is monotone submodular. More generally, given w : N — R4, the weighted
rank function defined by 7, (A) = max{w(S) : S € A, S € T} is a monotone submodular
function.

e Cut functions in graphs and hypergraphs: Given an undirected graph G = (V, E) and a non-
negative capacity function ¢ : E — R, the cut capacity function f : 2V — R, defined by
f(S) = ¢(6(S)) is a symmetric submodular function. Here §(S) is the set of all edges in FE
with exactly one endpoint in S. This naturally extends to hypergraphs. If G = (V, E) is a
hypergraph then the function f(S) = ¢(§(S5)) is symmetric submodular, where §(5) is the set
of all hyperedges that contain both a vertex in S and V'\ S. If G = (V, A) is a directed graph
and ¢: A — R, then f:2Y — R, defined as f(S) = ¢(6%(9)) is submodular; here §+(9) is
the set of arcs leaving S. This function is typically not symmetric.

o Valuation functions with decreasing marginal values: Sometimes we assume that a certain
function is submodular not because it arises in a specific combinatorial way, but because it
arises in a setting where it’s natural to assume submodularity. An example is the setting of
combinatorial auctions, where each player has a valuation function w : 2V — R on subsets of
items. This might have a specific form, like w(S) = min{} ;g w;, B}, or it might be given
by a black box. However, we might assume that the (unknown) function is submodular just
because in some settings it is natural to expect that having more items can only decrease the
benefit of acquiring another item.

1.2 Operations on submodular functions

If f,g are submodular functions on the same ground set N then it is easy to see that f 4+ g is
submodular. More generally, af 4+ B¢ is submodular for any «, 8 > 0.

If g is a linear function then —g is also linear and hence f — g is submodular if f is submodular
and ¢ is linear. A useful context in which this arises is the following. Suppose N represents a set
of items and f is a submodular valuation function of some player for bundles of items. Then, given
prices p : N — Ry on the items, the function h(S) = f(S5) — Zjes p; is the utility of the player
given the prices, and is also submodular.

In general, if f,g are submodular, then f — g, min(f,g) and max(f,g) are not necessarily
submodular. Nonetheless, it is known that if f — ¢ is monotone then min(f,g) is submodular.

2 Optimization of submodular functions

A number of combinatorial optimization problems can be viewed as optimization problems with a
submodular objective function. This often simplifies the problem, replacing complicated constraints



by pulling them inside the objective function. In general, having a submodular objective function
is more general and captures linear objective functions as a special case. Concrete examples include
the following:

o Minimum Cut: in a graph G with nonnegative edge weights we, and two fixed vertices s,t € V,
minimize w(0(S)) over all S C V, s € S, ¢t ¢ S. The objective function w(d(S)) is submodular
but not monotone.

e Mazimum Cut: in a graph G with nonnegative edge weights we, maximizing w(0(S)) over all
SCV.

o Minimum/Mazimum Hypergraph Cut: same thing, in a hypergraph (a hyperedge e is cut by
Sif ) #SNe=#S). The cut function is still submodular.

o Mazimum Coverage: given Ay,...,Apn C U and f(S) = [U;cq Ail, maximize f(S) over
|S| < k. The objective function f(S) here is monotone submodular.

o Mazimum Group Coverage: given sets Ai,..., A, C U and k agents with different weight
functions w; : U — R4, allocate each set to some agent in order to maximize

k
> will 4)),
=1
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where S; are the indices of sets allocated to agent 1.

e Submodular Welfare (generalization of the previous example): Given k agents with monotone
submodular functions w; : 2™ — R, allocate m items to the agents to maximize

k
2> wilS)
i=1

where S; are the items allocated to agent .

This problem can be written as max{f(S) : § € M} where f(S) = 3% w;(S;), S C [m] x [k],
and M is a partition matroid allowing each item to appear in at most one set S;.

The Budgeted Allocation Problem is a special case of this, since budget-additive functions
are monotone submodular.

3 The greedy algorithm

The greedy algorithm (henceforth referred to as Greedy) is a natural heuristic for maximizing
a monotone submodular function subject to certain constraints. In several settings it provides
good approximation ratios, and until quite recently, the approximation ratios provided by Greedy
were the best known in most cases. Moreover, the simplicity of Greedy makes it useful in various
applications where other algorithms may not suitable. Although the algorithm can be used also for
non-monotone submodular functions, it performs poorly (without additional tricks).



Let Z C 2V be a collection of feasible sets, which we consider to be down-monotone (w.l.o.g.
for monotone objective functions). The Greedy algorithm for the problem maxgez f(.S) is formally
described below. It requires two subroutines. The first is a membership oracle for Z: given a set
S C N the oracle should return if S € Z or not. The second is a value oracle for f: given a set
S C N the oracle should return the value f(S).

Algorithm Greedy:
S < 0; A+ 0
Repeat
A+ {e|SU{e} eT};
If (A # () then
e  argmax, o fs(€));

S+ SuU{e};
Endif
Until (A = 0);
Output S;

Observe that for a linear function f(S) = > ,cgw; and Z being the independent sets in a
matroid, this is exactly the greedy algorithm which finds a maximum-weight base in matroids. In
more general settings the greedy solution is not optimal. However, one setting where the algorithm
works quite well is the following.

3.1 Cardinality constraint

Theorem 2 (Nemhauser, Wolsey, Fisher *78) Greedy gives a (1 —1/e)-approzimation for the
problem of maxg|<y f(S) when f : 2V 5 R, is a monotone submodular function.

Proof: Let S; denote the first ¢ elements selected by the greedy algorithm and let C' denote the
actual optimum, f(C) = OPT. Greedy will select exactly k elements, i.e. S is the set returned
by the algorithm. We claim via induction that for 0 < i < k,

F(C) = f(Si) < (1= 1/k)'f(O). (1)

The base case of ¢ = 0 is trivially true. Suppose that ¢ > 0 and in the i-th step, Greedy selects
element a;, maximizing fs, ,(a;) among the remaining elements. Observe that the remaining
elements include C'\ S;_1, a set of size at most k. By submodularity, we have

FO) =)< > fsi(a)

aEC\Si,1

and this implies that the element a; has marginal value

fSifl(aZ) ‘C\Sz 1| Z sz 1 Z
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(f(C) = f(Si-1))-
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Assuming that holds true for S;_1, we have
€)= f(S) = F(C) = f(Si-1) — fs,_,(ai)

< f(O) = f(Sic1) - ( (C) = f(Si-1))
= (A-1/K)(f(C) - ( 1)
< (1-1/k)'f(C)

which proves . Using the claim for i = k, we get

F(C) = f(Sk) < (1 =1/R)FF(C) < e F(O).
O
Interestingly, it was proved by Feige that the approximation factor 1 — 1/e is optimal. More
precisely, for any fixed € > 0 it is NP-hard to achieve a (1 — 1/e + €)-approximation for the Max
k-cover problem, which is a special case of max{f(S) : |S| < k} for f monotone submodular.
Therefore, for this problem the greedy algorithm is the best approximation algorithm we can
possibly hope for.

3.2 Matroid constraint

What about the more general problem max{f(S) : S € Z}, where Z are independent sets in some
matroid? Recall that this contains as a special case the Submodular Welfare Problem. The greedy
algorithm does not give an approximation factor 1 — 1/e anymore, for example in the following
case.

Example. 2 agents, 2 items: Agent 1 has valuation function w;(S) = [S N {1}| (i.e. cares only
about the first item). Agent 2 has valuation function ws(S) = €[S N {1}| + min{|S|,1}. Greedy
takes the first element and gives it to agent 2, because the marginal value is 1+ €. Then, the second
element does not give nonzero marginal value to anybody. The optimal solution allocates item 7 to
agent ¢ for ¢ € {1,2}, which gives value 2.

It is known that 1/2 is actually the approximation provided by the greedy algorithm.
Theorem 3 (Fisher, Nemhauser, Wolsey *78) Greedy gives a %—approximation for mazimiz-
ing a monotone submodular function under a matroid constraint.

Proof: Let S be the greedy solution and S* an optimal solution. By the strong exchange property,
we can order the elements, S = {g1,92,...,9x} and S* = {01,09,...,0x}, so that S —g; +0; € T
for every 1 < i < k. As before, let S; = {g1,...,9;}. Since 0,41 is an element we could have taken
instead of g;11, we have fs,(gi+1) > fs,(0i+1). By submodularity,

f(8) = ifsi(gﬂrl)
i=0

k-1
Z fSi (0i+1>
=0

fs(S) = F(SUST) - f(S)
£(57) - £(S),

AV



and we conclude that f(S) > 3 f(S*). s O
In particular, the Submodular Welfare problem admits a 1/2-approximation. A question is,
what is the best approximation for Submodular Welfare in general?

3.3 Non-monotone submodular functions

We remark that for maximizing/minimizing non-monotone submodular functions (e.g. Max Cut /
Min Cut), the greedy algorithm does not work at all. More involved combinatorial algorithms are
necessary, or other techniques involving continuous extensions of submodular functions.



	Submodular functions
	Examples of submodular functions
	Operations on submodular functions

	Optimization of submodular functions
	The greedy algorithm
	Cardinality constraint
	Matroid constraint
	Non-monotone submodular functions


