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Abstract

We consider a stochastic variant of the NP-hard
0/1 knapsack problem in which item values are deter-
ministic and item sizes are independent random vari-
ables with known, arbitrary distributions. Items are
placed in the knapsack sequentially, and the act of plac-
ing an item in the knapsack instantiates its size. Our goal
is to compute a solution “policy” that maximizes the ex-
pected value of items placed in the knapsack, and we
consider both non-adaptive policies (that designate a pri-
ori a fixed sequence of items to insert) and adaptive policies
(that can make dynamic choices based on the instanti-
ated sizes of items placed in the knapsack thus far). We
show that adaptivity provides only a constant-factor im-
provement by demonstrating a greedy non-adaptive
algorithm that approximates the optimal adaptive pol-
icy within a factor of 7. We also design an adaptive
polynomial-time algorithm which approximates the op-
timal adaptive policy within a factor of5 + ε, for any
constantε > 0.

1. Introduction

The classical NP-hard knapsack problem involves
n items with valuesv1 . . . vn and sizess1 . . . sn, and
asks for a maximum-value set of items that fits into a
unit-capacity knapsack. We consider a natural stochas-
tic generalization of this problem in which values are deter-
ministic and item sizes are independent random variables
with known, completely arbitrary distributions. The ac-
tual size of an item is unknown until we instantiate it by
attempting to place it in the knapsack. With a goal of maxi-
mizing the expected value of items placed in the knapsack,
we seek to design a solution “policy” for sequentially in-
serting items until the capacity is eventually exceeded
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(no value is received from the final item whose size over-
runs the capacity). Anon-adaptivepolicy designates a
priori a sequence of items to insert, while anadaptivepol-
icy has the flexibility to choose items dynamically based on
the instantiated sizes of items already inserted (see for ex-
ample Figure 1). It is at least NP-hard to compute optimal
non-adaptive and adaptive policies, since both prob-
lems generalize the classical knapsack problem.

Our problem is motivated by the application of schedul-
ing a maximum-value subset ofn tasks with uncertain du-
rations within a fixed amount of time. To the best of our
knowledge, this problem has never been addressed in the lit-
erature, although one does find several related problems in
the stochastic optimization and scheduling literature, which
we summarize in Section 1.2.

1.1. Outline of Results

In this paper we provide both non-adaptive and adap-
tive approximation algorithms whose expected values are
within a constant factor of an optimal adaptive policy. We
characterize thebenefit of adaptivityfor this problem, in
showing the rather surprising result that theadaptivity gap
(what we call the ratio of the expected value of an optimal
adaptive solution to the expected value of an optimal non-
adaptive solution) is only a constant factor. Finally, we pro-
vide complexity results indicating that the stochastic knap-
sack problem has a degree of complexity beyond that of
NP-completeness: some natural questions concerning opti-
mal adaptive policies turn out to be PSPACE-hard.

In addition to the analysis of the benefit of adaptivity,
a novel aspect of this work is the use of new techniques
to characterize and bound the performance of an optimal
adaptive algorithm, a task that seems much more difficult
than that of bounding an optimal algorithm either in a non-
stochastic setting or even in the more classical stochastic
scheduling setting. The following is a brief overview of our
results and the structure of this extended abstract:

• In Section 3 we discuss the issue of bounding an op-
timal adaptive policy. We see that if every item has a
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Figure 1. Sample instances of stochastic
knapsack problems.

value equal to its expected size, in a unit-size knap-
sack it is possible for even a non-adaptive policy to ob-
tain an expected value of 2. We then use martingales to
prove that no adaptive policy can achieve an expected
value more than 2. This bound allows us to compare
our subsequent approximation algorithms with an op-
timal adaptive policy.

• In Section 4 we demonstrate a simple and efficient
greedy algorithm that computes a non-adaptive policy
whose expected value is at least1/7 times that of an
optimal adaptive policy, thereby giving an upper bound
of 7 on the adaptivity gap for our problem. The ex-
ample in Figure 1(c) provides a lower bound of 1.25
on the adaptivity gap, since an optimal adaptive pol-
icy delivers expected value2.5ε while the best non-
adaptive policy has expected value2ε (ignoring lower-
order terms in both cases).

• In Section 5, we consider a slightly weaker model than
the non-adaptive policy, where we must choose a pri-
ori a set of elements to place in the knapsack, and we
only receive its value if the entire set fits. In this model,
we show how to obtain an expected value at least1/9.5
times that of an optimal adaptive policy.

• In Section 6 we describe another, more intri-
cate, polynomial-time adaptive policy (i.e., a pol-
icy that takes polynomial time to decide the next item

to insert into the knapsack given the sizes of items in-
serted so far) whose expected value is at least1/5 − ε
times that of an optimal adaptive policy, for any con-
stantε > 0.

• Finally, in Section 7 we prove the PSPACE-hardness
of some questions concerning optimal adaptive poli-
cies, namely ”is it possible to fill the knapsack ex-
actly to its capacity with probability at leastp?”. Also,
it is PSPACE-hard to maximize the expected value
achieved by an adaptive policy in a more general set-
ting, where items are allowed to have random values,
correlated with the random sizes.

1.2. Literature Review

Our problem is perhaps best characterized as a schedul-
ing problem. Stochastic scheduling problems, where jobs
sizes are random variables with known probability distribu-
tions, have been studied quite extensively in the literature,
dating back as far as 1966 [11]. However, no consideration
of our particular objective (packing a subset of jobs within
a fixed amount of time) seems to appear in the stochas-
tic scheduling literature. Almost all stochastic scheduling
problems studied to date involve scheduling all jobs and
minimizing either expected makespan or expected sum of
weighted completion times on one or more machines — see
[14] for a comprehensive survey of these problems.

The notion of an “adaptive” scheduling policy is quite
prevalent in the stochastic scheduling literature, as opposed
to the stochastic knapsack literature, where for the most part
adaptivity has hardly received any attention. The distinc-
tion between adaptive and non-adaptive solutions is an im-
portant aspect of stochastic programming. In the stochastic
programming literature [2], adaptivity is often studied in the
context of optimization withrecourse, where one commits
to a partial solution and then, after witnessing the instantia-
tion of this partial solution, must react appropriately to com-
plete the solution. Often only a single “stage” of recourse is
considered (see for example [8]), whereas our problems in-
volve unlimited levels of recourse.

Derman et al. [5] consider the adaptive stochastic knap-
sack problem where multiple copies of items are permit-
ted, as well as the relatedknapsack coverproblem in this
same setting, where the goal is to cover the capacity of the
knapsack with a minimum-cost set of items (for this vari-
ant, multiple copies of items are required since otherwise
it might not be possible to cover the knapsack). A proto-
typical application of the stochastic knapsack cover prob-
lem is keeping a machine running for a certain duration,
where the machine depends on a critical part (e.g. a light
bulb) that periodically fails and must be replaced. The dif-
ferent items correspond to potential replacements, each hav-
ing a deterministic cost and an uncertain lifetime. Derman



et al. provide dynamic programming formulations for these
problems, and also prove that if item sizes are exponentially
distributed, both problems are solved by greedily schedul-
ing jobs according to value or cost divided by expected size.

Stochastic knapsack problems with deterministic sizes
and random values have been studied by several authors
[3, 7, 12, 13], all of whom consider the objective of comput-
ing a fixed set of items fitting in the knapsack that has max-
imum probability of achieving some target value (in this
setting, maximizing expected value is a much simpler, al-
beit still NP-hard, problem since we can just replace ev-
ery item’s value with its expectation). Several heuristics
have been proposed for this variant (e.g. branch-and-bound,
preference-order dynamic programming), and adaptivity is
not considered by any of the authors.

Two recent papers due to Kleinberg et al. [9] and Goel
and Indyk [6] consider yet another variant of stochas-
tic knapsack problem motivated by the application of
assigning potentially bursty data connections to capaci-
tated links in a communication network. Like our model,
they consider items with deterministic values and ran-
dom sizes. However, their objective is quite different: given
a specified overflow probabilityp, they wish to find a
maximum-value set of items whose probability of over-
flowing the knapsack is at mostp. Adaptivity is not
considered, as it makes less sense in this particular con-
text. Kleinberg et al. consider only the case where item
sizes have a Bernoulli-type distribution (with only two pos-
sible sizes for each item), and for this case they pro-
vide a polynomial-timeO(log 1/p)-approximation algo-
rithm as well as several pseudo-approximation results.
For job sizes that have Poisson or exponential distribu-
tions, Goel and Indyk provide a PTAS, and for Bernoulli-
distributed items they give a quasi-polynomial approxi-
mation scheme whose running time depends polynomially
on n and log 1/p. Kleinberg et al. show that the prob-
lem of computing the overflow probability of a set of
items, even with Bernoulli distributions, is #P-hard. Con-
sequently, it is also #P-hard to solve the problem variant
mentioned above with deterministic sizes and random val-
ues, whose goal is maximizing the probability of achieving
some specified target value.

In contrast to these cited results, we do not assume that
the distributions of item sizes are exponential, Poisson or
Bernoulli; our algorithms work for arbitrary distributions.

Game theory provides yet another framework in which
our problem can be cast, as a number of researchers have
studied “games against nature” (see [10]), in which players
try to maximize their utility in a game by making moves in
alternation with a player known as “nature” who moves ac-
cording to some probabilistic model. We will discuss con-
nections with these types of games in more detail when we
address complexity in Section 7.

2. Preliminaries

Let I = [n] denote the set of items in our problem in-
stance. For each itemi ∈ I, let vi denote its deterministic1

value and letsi be a random variable corresponding to its
size. We assume without loss of generality that our instance
is scaled so the capacity of the knapsack is1. For each item,
we will find it convenient to consider themean truncated
sizeµi = E[min{si, 1}]. It is assumed that for every itemi
we knowµi, and that we can evaluate any point on the cu-
mulative distribution forsi in O(1) time. For a set of items
S, we definesize(S) =

∑
i∈S si, µ(S) =

∑
i∈S µi and

val(S) =
∑

i∈S vi. Note thattruncated sizesare used to de-
termineµ(S). This measure of size will be useful to bound
the performance of both adaptive and non-adaptive policies.
We estimate the probability that a set fits in the knapsack by
the following variant of Markov’s inequality.

Lemma 1. Pr[size(S) < 1] ≥ 1− µ(S).

Proof. Pr[size(S) ≥ 1] ≤ E [min{size(S), 1}] ≤
E
[∑

i∈S min{si, 1}
]

= µ(S).

A non-adaptive policy is just an ordering of items in
I. An adaptive policy is formally defined by a mapping
P : 2I × R+ → I specifying which item to insert next,
given the subset of items still available and the total remain-
ing capacity. We can picture an adaptive policy as a decision
tree, or more precisely as a decision DAG, whose nodes are
a subset of2I × R+. At every node the policy specifies
which item to insert next, and the directed edges leaving this
node correspond to the possible outcomes of the random in-
stantiation of the size of this item. Note that an explicit rep-
resentation of this DAG may be of exponential size.

Example. Consider a knapsack of large integral capacity
andn unit-value items, half of typeA and half of typeB.
Items of typeA take size1, 2, or 3 each with probabilityp,
and then sizes5, 7, 9, . . . with probability2p. Items of type
B take size1 or 2 with probability p, and sizes4, 6, 8, . . .
with probability2p. If p is sufficiently small, then the opti-
mal policy uses a typeA item (if available) if the remain-
ing capacity has odd parity and a typeB item if the remain-
ing capacity has even parity. The corresponding DAG would
have at least

(
n

n/2

)
leaves.

3. Bounding the optimal adaptive policy

The first question we address is thebenefit of adaptivity.
Assuming an arbitrary adaptive policy (which can implic-
itly use unbounded computational power to decide about

1 If item values are independent random variables with known distribu-
tions, we can replace item values by their (deterministic) expectations,
since our goal is to maximize expected value.



the next item to put in the knapsack), what nontrivial up-
per bound can we get on its performance? For now, we dis-
regard the item values, and we considerµ(S) as our objec-
tive function. Can an adaptive policy successfully insert a
set of mean sizeµ(S) substantially larger than 1?

First, note that if a policy is allowed to see the actual size
of an itembeforeit decides whether to insert it, there is no
reasonable bound on its performance. We call such a pol-
icy omniscient, and it can be seen that the performance gap
between omniscient and adaptive can beΩ(n).

Example. Considern items whose sizes are each0 or 2
with probability 1/2. The omniscient policy inserts every
item whose size turns out to be0, which isn/2 items on the
average. An adaptive policy can only insert items blindly,
terminating when one of them gets size2, so the expected
number of inserted items is only1.

Therefore it is crucial to exploit the property ofirrevo-
cable decisions, which forces the adaptive policy to keep
an item even if its size turns out to be unfortunately large.
This property reflects the reality of job scheduling, where
we cannot go back in time, in case a job has taken too long
to complete! The most convenient framework for this kind
of random process is that ofmartingales. We define the fol-
lowing sequence of random variables: For an adaptive pol-
icy P, let St denote the set of the firstt items chosen byP.
Once the size ofSt overflows, no further items are added
to St, andSt remains constant after this. Denote the trun-
cated item sizes bỹsi = min{si, 1}. We define

Xt =
∑
i∈St

(s̃i − µi).

It is easy to verify thatXt is a martingale. First let’s con-
dition on a specific decision node, defined bySt and the
sizes of the respective items. Suppose that in this situation,
our policy chooses itemj. After inserting itemj, we get
St+1 = St ∪ {j}, andE[Xt+1 | St, {s̃i : i ∈ St}] =∑

i∈St
(s̃i − µi) + E[s̃j − µj ] =

∑
i∈St

(s̃i − µi). Obvi-
ously, this is also true ifsize(St) > 1 and no item is added
anymore. Conditioning onXt =

∑
i∈St

(s̃i − µi) = ξ for
some fixedξ, we get

E[Xt+1|Xt = ξ] = ξ

which proves that{Xt} is a martingale. SinceX0 = 0, we
getE[Xt] = 0 for any t > 0. This meansE[

∑
i∈St

s̃i] =
E[µ(St)]. 2 The process stops oncesize(St) > 1 or we
have no more items left. Since

∑
i∈St

s̃i ≤ size(St) and
eachs̃i is at most1, we get

∑
i∈St

s̃i ≤ 2 for any t > 0.
Consequently,E[µ(St)] ≤ 2. The mean size of all the
items inserted byP (including the first one which exceeds

2 Note that two different notions of “expectation” are used here.E[...]
refers to expectation over different executions of the adaptive policy,
while µ(S) is the sum of mean truncated sizesµi of itemsi ∈ S.

knapsack capacity) isµ(S) = limt→∞ µ(St), and therefore
E[µ(S)] = limt→∞E[µ(St)] ≤ 2. We have proved the fol-
lowing, which will be the key tool in comparing the perfor-
mance of an optimal adaptive policy to our approximation
algorithms, adaptive or non-adaptive.

Lemma 2. For any adaptive policyP, let S be the (ran-
dom) set of all items thatP tries to insert. Taking the expec-
tation over executions of the policy,

E[µ(S)] ≤ 2.

Note. It might seem that we get a factor of 2 only because
we allow the first overflowing item to be counted as well.
But this is not the case. Assume that we have an unlimited
supply of items which attain size1 with probability p and
size0 with probability 1 − p. A policy inserts a sequence
of these items, until two of them get size1 and the knap-
sack overflows. The expected number of trials before this
occurs is2/p− 1, and therefore we insertsuccessfullya set
of items of expected mean sizeE[µ(S)] = 2− p which can
be arbitrarily close to2.

4. The greedy algorithm

Let ADAPT denote the maximum expected value ob-
tained by an adaptive policy for a given instance of the
stochastic knapsack. We show a simple practical algorithm,
which achieves an approximation factor of7, compared to
ADAPT. Since our algorithm is not adaptive (it specifies
a fixed sequence of items to be inserted), this answers the
question whether adaptivity can bring a substantial bene-
fit. The gap between adaptive and non-adaptive policies is
only a constant factor. (And we have a lower bound of 1.25
on this factor, shown in Figure 1.)

We assume that all items have nonzero expected size. (If
there are items of zero size, we can insert them for free,
just like the optimal policy would. This can only improve
the approximation factor.) Let’s partition the set of items
into “light” and “heavy”: I = IL ∪ IH . Choose a thresh-
old valueσ ∈ (0, 1) and call an itemlight if µi ≤ σ or
heavyif µi > σ. Assume thatIL = {1, 2, 3, . . .} and the
light items are ordered so that

v1

µ1
≥ v2

µ2
≥ v3

µ3
≥ . . .

We denote byMk =
∑k

i=1 µi the cumulative mean size of
the firstk items. Letn∗ be the maximum number such that
Mn∗ ≤ 1. (We assume for convenience that the total mean
size of light items is at least1, otherwise we can add dummy
items of value0.) Define

• mG =
∑n∗

k=1 vk(1−Mk)

• m1 = max{vi Pr[si ≤ 1] : i ∈ I}



The algorithm. We calculatemG andm1 and choose the
larger of the two. If it’sm1, we insert the item which yields
expected valuem1 = vi Pr[si ≤ 1] and stop. IfmG is
larger, we insert the light items1, 2, 3, . . . until the knap-
sack overflows, or all items have been used. By Lemma 1,
the probability that thek-th item is inserted successfully is
at least1−Mk, and the expected value achieved in this way
is at leastmG. Thus our algorithm achieves expected value
at leastGREEDY = max{m1,mG}.

In the following, we compareGREEDY to ADAPT .
The intuitive idea is that the sequential insertion algorithm
(mG) provides good performance, if all items are light.
However, there might be heavy items with a very high value.
In order to cover this case, we try to insert each item indi-
vidually as well (m1).

First let’s handle the light items. For that purpose, it will
be useful to refer to thefractional knapsack solution. Let’s
define a functionΦ(c) which denotes the best fractional so-
lution using only light items and capacityc:

Φ(c) = max

{∑
i∈IL

vixi : 0 ≤ xi ≤ 1,
∑
i∈IL

µixi ≤ c

}
.

This is a relaxation of the knapsack problem with item sizes
µi. Any set of light itemsL defines a characteristic vector
χi = [i ∈ L] which is feasible for capacityc = µ(L). This
impliesval(L) =

∑
i viχi ≤ Φ(µ(L)).

Now it is convenient that the light items are ordered by
vi/µi. It is well-known that the optimal solution is to pack
items in the order of decreasingvi/µi, using as many as
possible and a suitable fraction of the last one. Thus the op-
timal solution has a simple form:

∀k ∈ IL;∀ξ ∈ [0, µk); Φ(Mk−1 + ξ) =
k−1∑
i=1

vi + vk
ξ

µk
.

andΦ(c) = val(IL) for c ≥ Ml wherel = |IL| (see Fig-
ure 2; as we mentioned, we assumeMl ≥ 1).

Consequently,Φ(c) is piecewise linear and concave.
This will be useful in our analysis of the greedy algorithm,
but first let’s show an elegant connection with the perfor-
mance of any adaptive policy, using only light items.

Lemma 3. If all items are light, then

ADAPT ≤ Φ(2).

Proof. Fix an optimal adaptive policyP and suppose it in-
serts a setL, which is a random variable. Letxi = Pr[i ∈
L]. By Lemma 2,

∑
i xiµi = E[µ(L)] ≤ 2 and therefore

E[val(L)] =
∑

i xivi ≤ Φ(
∑

i xiµi) ≤ Φ(2).

Lemma 4. mG ≥ 1−σ
2 Φ(1).
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Figure 2. A graph of the fractional knapsack
solution Φ(c). The dark shaded (partially cov-
ered) triangle ABC has area Φ(1)/2. The light
shaded area marks the performance of the
greedy algorithm mG.

Proof. Compare the area in Figure 2, corresponding tomG,
with the dark shaded triangle ABC of areaΦ(1)/2. The part
of the triangle which is not covered by areamG consists of
small triangles whose heights sum up to at mostΦ(1), and
the base of each small triangle isµi ≤ σ. ThereforemG ≥
Φ(1)/2− Φ(1) σ/2.

By concavity,Φ(2) ≤ 2Φ(1) ≤ 4
1−σ mG. Thus we have

a 4
1−σ -approximation algorithm for light items. Now, we

would like to incorporate heavy items. However, we first
derive a bound onΦ(c) for all c ≥ 0.

Lemma 5. For c ≤ 1− σ, mG ≥ (1− c) Φ(c).

Proof. Let k be such thatMk−1 ≤ c < Mk. The value ob-
tained by the greedy algorithm is at least

mG ≥
k∑

i=1

vi(1−Mi) ≥ (1− c)

(
k−1∑
i=1

vi + vk
1−Mk

1− c

)
.

Now we use an inequality:(1 − Mk)(Mk − Mk−1) ≥
(1 − c)(c − Mk−1). This holds because the sum of each
pair of factors is the same(1−Mk−1), and(c−Mk−1) is
the smallest of all the factors:c−Mk−1 ≤ Mk−Mk−1 and



c−Mk−1 ≤ 1− σ −Mk−1 ≤ 1−Mk. Therefore:

mG ≥ (1−c)

(
k−1∑
i=1

vi + vk
c−Mk−1

Mk −Mk−1

)
= (1−c) Φ(c).

Lemma 6. For light items defined byσ = 1/3 andc ≥ 0,

Φ(c) ≤ (1 + 3c) mG.

Proof. By Lemma 4, we haveΦ(1) ≤ 2
1−σ mG = 3mG.

For c ≥ 1, by concavity:Φ(c) ≤ cΦ(1) ≤ 3cmG. For
c ∈ [ 23 , 1], by monotonicity:Φ(c) ≤ Φ(1) ≤ 3mG ≤
(1 + 3c)mG. Finally, for c ∈ [0, 2

3 ], by Lemma 5:Φ(c) ≤
mG

1−c ≤ (1 + 3c)mG.

In general, one can show thatΦ(c) ≤
(
1 + 2c

1−σ

)
mG,

but we will not need this as we selectσ = 1/3. Thus for any
setL of light items,val(L) ≤ Φ(µ(L)) ≤ (1+3µ(L))mG.
It remains to bound the value that an adaptive policy can get
for heavy items.

Lemma 7. For an adaptive policyP, denote byH ′ ⊆ IH

the (random) set of heavy items thatP attempts to insert in
the knapsack, and byH ⊆ H ′ the subset of those that fit.
ThenE[val(H)] ≤ E[|H ′|] m1.

Proof. Let xi = Pr[i ∈ H] andx′i = Pr[i ∈ H ′]. Sincei,
whenever inserted, fits with probability at mostPr[si ≤ 1],
we getxi ≤ x′i Pr[si ≤ 1], andE[val(H)] =

∑
i xivi ≤∑

i x′ivi Pr[si ≤ 1] ≤
∑

i x′im1 = E[|H ′|] m1.

We conclude the analysis of the greedy algorithm.

Theorem 1. For σ = 1/3,

ADAPT ≤ 7 ·GREEDY.

Proof. Consider an optimal adaptive policy and the setS′

which it tries to insert. PartitionS′ into light and heavy
items:S′ = L′ ∪ H ′. Similarly, write the set of success-
fully inserted items asS = L∪H. For heavy items, we use
Lemma 7:

E[val(H)] ≤ E[|H ′|] m1 ≤ 3E[µ(H ′)] m1.

For the light items, we have Lemma 6:val(L) ≤
Φ(µ(L)) ≤ (1 + 3µ(L)) mG, and

ADAPT = E[val(L)] + E[val(H)]
≤ (1 + 3E[µ(L′)] + 3E[µ(H ′)]) GREEDY.

SinceE[µ(L′)] + E[µ(H ′)] = E[µ(S′)] ≤ 2 by Lemma 2,
the result follows.

Example. Consider an instance where all items have unit
value, one item has deterministic sizeε and there is a large
number of items whose sizes are either 0 or1− ε, with ex-
pected size1/3 + ε. Our greedy algorithm places only one
item in the knapsack, while an optimal policy obtains an ex-
pected value of6 − O(ε). Hence, forσ = 1/3 the greedy
algorithm can be as far as a factor of 6 away from the opti-
mal policy. It would be interesting to see if there are exam-
ples which are bad for all choices ofσ.

5. Ordered policies and fixed sets

We next discuss approximation results for two slightly
different models than the non-adaptive model considered
above. The first of these is thefixed setmodel, where we
must specify apriori a set of itemsS to insert into the knap-
sack, and we only receive the value ofS if all these items
successfully fit. The second is theorderedadaptive model,
where we must process the items in some given ordering
and for each item in sequence, we must (adaptively) de-
cide whether to insert it into the knapsack or discard it for-
ever. The ordered case can be further subdivided based on
whether our algorithm is allowed to choose the ordering,
or whether the ordering is provided as input. An interest-
ing problem in the first case is computing the “best” order-
ing — from our greedy result above we know that the ex-
pected value obtained by an adaptive policy for the best or-
dering must be within a factor of 7 ofADAPT . Below,
we give a polynomial-time algorithm for computing a set
of itemsS for which val(S)(1 − µ(S)) ≥ ADAPT/9.5,
thereby giving a 9.5-approximation in the fixed set model as
well as showing that an optimal ordered policy foranyor-
dering of the items can be no further than a factor of 9.5
away fromADAPT (since a feasible ordered policy is al-
ways just to insert the items inS).

We now consider the computation of a setS whose value
times probability of fitting is at leastADAPT/9.5. Define:

• m1 = max{vi Pr[si < 1] : i ∈ I}

• m2 = max{val(S)(1− µ(S)) : S ⊆ I}

Note thatm1 can be determined easily andm2 can be
approximated to within any relative error by running the
standard knapsack approximation scheme with mean sizes.
Both values correspond to the expected benefit of insert-
ing an item or a set of items, considering the probability
that the set fits in the knapsack. Our set of items is the bet-
ter of the two:FIXED = max{m1,m2}.

We now compareADAPT to FIXED.

Lemma 8. For any setL ⊆ IL of light items,

val(L) ≤
(

1 +
4µ(L)
1− σ2

)
m2.



Proof. We proceed by induction on|L|. If µ(L) ≥ (1 −
σ)/2, choose a minimalK ⊆ L, such thatµ(K) ≥ (1 −
σ)/2. Since the items have mean size at mostσ, K will not
exceed mean size(1 + σ)/2. By induction,

val(L \K) ≤
(

1 +
4(µ(L)− µ(K))

1− σ2

)
m2

and since m2 ≥ val(K)(1 − µ(K)), for
µ(K) ∈ [ 1−σ

2 , 1+σ
2 ] we get µ(K)m2 ≥

val(K)µ(K)(1 − µ(K)) ≥ 1
4 (1 − σ2)val(K), and

val(L) = val(L \ K) + val(K) ≤
(
1 + 4µ(L)

1−σ2

)
m2.

The last case isµ(L) < (1 − σ)/2. Then we can see di-
rectly thatval(L) ≤ m2

1−µ(L) ≤ (1 + 4µ(L)
1−σ2 ) m2.

Theorem 2. For an optimal adaptive policy, the expected
value of items inserted successfully in the knapsack is

ADAPT ≤ 9.5 FIXED.

Proof. Fix an optimal adaptive policy and letS′ = H ′ ∪L′

denote the set of heavy and light items that the policy at-
tempts to insert. LetS = H ∪ L denote the items success-
fully inserted. By Lemma 7, we have

E[val(H)] ≤ E[|H ′|]m1 ≤
(

E[µ(H ′)]
σ

)
m1.

For light items, we use Lemma 8:

E[val(L)] ≤
(

1 +
4E[µ(L)]
1− σ2

)
m2.

We chooseσ =
√

5− 2 which yields

E[val(S)] ≤ (1+(2+
√

5)(E[µ(H ′)]+E[µ(L′)])) FIXED.

Lemma 2 says thatE[µ(S′)] = E[µ(H ′)] + E[µ(L′)] ≤ 2
which provesADAPT ≤ (5 + 2

√
5) FIXED. 3

6. A (5 + ε)-Approximate Adaptive Policy

In this section we describe an adaptive policy that is
within a factor of5 + ε of an optimal adaptive policy. For
any constantε > 0, the policy requires polynomial time to
decide which item to insert next into the knapsack, given
the set of items already inserted and their instantiated sizes.
Throughout this section, we assume that probability distri-
butions are discrete, and that we are given a valueB such
that it requires at mostB bits to represent any item value,
instantiated item size, or probability value obtained by eval-
uating the cumulative distribution for some item size. The
running time of our algorithm is polynomial inn andB.

3 We can only approximatem2 within (1 + ε), but since the constant
factor is5 + 2

√
5 ≈ 9.472 < 9.5, we can find a9.5-approximate

fixed set in polynomial time.

The greedy algorithm gives a4
1−σ -approximation policy

if all items are light (Lemmas 3,4). In this section, we de-
scribe a(1 + ε′)-approximate policy if all items are heavy,
for any constantε′ > 0. Our solution chooses the better of
these two policies, achieving an expected value of, say,m.

ThenADAPT ≤
(

4
1−σ + (1 + ε′)

)
m ≤ (5+ε)m, for ap-

propriately chosen constantsσ andε′.
We now focus on computing a(1 + ε)-approximate pol-

icy for heavy items, for any constantε > 0. Let us think
of an adaptive policy as a decision tree, where at a depth-d
node we have a choice from among|IH | − d items to in-
sert next (and this decision will be made based on remain-
ing capacity). We first claim that by restricting our policy
to have at most a constant depth (depending onε), we only
forfeit a small (e.g.,ε-fraction) amount of expected value.
Hence, our decision tree will contain at most a polyno-
mial number of nodes, and we can exhaustively compute
an approximately-optimal adaptive policy for each node in
a bottom-up fashion — at each depth-d node in the decision
tree, our algorithm for determining the appropriate item to
insert next will make a polynomial number of calls to algo-
rithms at depth leveld + 1.

Let us define the functionfS,k(c) to give the maximum
expected value one can achieve ifc units of capacity have al-
ready been used, we have already inserted items in the set
S into the knapsack, and we may only insertk more items
into the knapsack. Our approximation algorithm relies on
the following crucial result:

Lemma 9. For any constantε > 0, any valuec ∈ [0, 1],
any set of heavy itemsS and anyk = O(1), there exists a
polynomial-time algorithm (which we callAS,k,ε) that com-
putes an item inIH\S to insert into the knapsack that con-
stitutes the beginning of an adaptive policy obtaining ex-
pected value in the range[fS,k(c)/(1+ ε), fS,k(c)]. The al-
gorithm also approximates the value of this policy, return-
ing a valuegS,k,ε(c) ∈ [fS,k(c)/(1 + ε), fS,k(c)].

Consider the implications of this lemma (which we prove
shortly). According to Lemma 2,E[µ(SH)] ≤ 2, whereSH

denotes the (random) set of heavy items placed in the knap-
sack by an optimal adaptive policy. Since the expected size
of every heavy item is at leastσ, we haveE[|SH |] ≤ 2/σ
and by Markov’s inequality,Pr[|SH | ≥ 2

σ2 ] ≤ σ. There-
fore, letting ADAPTH denote the expected value from
heavy items obtained by an optimal adaptive policy, and let-
ting Vk denote the value obtained beyond thekth item, we
see that

ADAPTH = f∅,n(0)
≤ f∅,k(0) + E[Vk | |SH | ≥ k] Pr[|SH | ≥ k]
≤ f∅,k(0) + ADAPTH · σ
≤ f∅,k(0)/(1− σ).



Sincek = 2
σ2 = O(1), Lemma 9 applies and allows us to

compute a(1 + ε′)-approximation to the value off∅,k(0),
as well as a corresponding policy, for any constantε′ > 0.
By selectingε′ andσ appropriately, we can approximate the
optimal policy for heavy items to within a(1 + ε) factor for
any constantε > 0.

Proof of Lemma 9.We use induction onk, taking k = 0
as a trivial base case. Assume the lemma now holds for
some value ofk, so for every heavy item setS we have
a polynomial-time algorithmAS,k,ε′ , whereε′ is such that
(1+ε′)2 = 1+ε. We describe how to construct the algorithm
AS,k+1,ε for evaluatinggS,k+1,ε(c) by making only a poly-
nomial number of “recursive” calls toA·,k,ε′ . Since we per-
form at most a constant number of levels of induction (re-
call the final value ofk is constant), each of which makes
only a polynomial number of function calls at the preceding
level, the overall running time ofAS,k+1,ε will be polyno-
mial (albeit with potentially very high degree), and all val-
ues ofε required by the recursive computations will also be
constant.

The algorithm AS,k+1,ε must decide which item in
IH\S to insert next into the knapsack, givenc units of oc-
cupied capacity, in order to launch a(1 + ε)-approximate
policy. To do this, we approximate the expected value we
get with each itemi ∈ IH\S and take the best item. To es-
timate the expected value if we start with itemi, we
might try to use random sampling: sample a large num-
ber of instances of the sizesi of item i, and for each
use the algorithmAS∪{i},k,ε to approximate the ex-
pected valuefS∪{i},k(c + si) obtained by the remainder
of an optimal policy starting withi. However, this ap-
proach does not work due to the “rare event” problem
often encountered with random sampling. Ifsi has ex-
ponentially small probability of taking very small val-
ues for whichfS∪{i},k(c + si) is very large value, we
will likely miss this contribution to the aggregate ex-
pected value. To remedy this, we approximatefS∪{i},k(c)
by a piecewise constant function̂f(c) with a polyno-
mial number of breakpoints denoted0 = c0 . . . cp = 1.
Initially we compute f̂(c0) = gS∪{i},k,ε′(0) by a sin-
gle invocation ofAS∪{i},k,ε′ . We then use binary search to
compute each successive breakpointc1 . . . cp−1: after com-
puting cj−1 we setcj to be the minimum value ofc such
thatgS∪{i},k,ε′(c) < f̂(cj−1)/(1 + ε′).

The maximum number of steps required by the binary
search will be polynomial inB andn, since any aggregate
sum ofn item sizes requirespoly(n, B) bits to represent,
and each iteration of binary search fixes one of these bits.
Each step of the binary search makes one call toAS∪{i},k,ε′

to evaluategS∪{i},k,ε′(c) for some value ofc. Note that even
thoughfS∪{i},k(c) is a nonincreasing function ofc, its ap-
proximationgS∪{i},k,ε′(c) may not be nonincreasing. How-

ever, if we ever evaluategS∪{i},k,ε′(c) and notice its value is
larger thangS∪{i},k,ε′(c′), wherec′ < c is a point at which
we formerly evaluated the function (or similarly, if we no-
tice thatgS∪{i},k,ε′(c) < gS∪{i},k,ε′(c′) andc′ > c), then
it suffices to usegS∪{i},k,ε′(c′) instead ofgS∪{i},k,ε′(c) —
this still yields a(1+ ε′)-approximation tofS∪{i},k(c), and
allows us to binary search properly.

Each breakpoint of̂f marks a drop ingS∪{i},k,ε′ by at
least a(1 + ε′) factor. The value ofg can drop by(1 + ε′)
at most a polynomial number of times before it eventually
reaches zero. We can argue this inductively, by adding to our
inductive hypothesis the claim thatg evaluates to a quan-
tity represented by a polynomial number of bits. Sincef̂
is a (1 + ε′)-approximation togS∪{i},k,ε′ , which is in turn

a (1 + ε′)-approximation tofS∪{i},k, we know thatf̂(c)
lies in the range[fS∪{i},k(c)/(1 + ε), fS∪{i},k(c)]. Assum-
ing i is the correct first item to insert into the knapsack, we
can computegS,k+1,ε(c) as:

gS,k+1,ε(c) = vi Pr[si ≤ 1− c]

+
p∑

j=1

gS∪{i},k,ε′(c + cj−1) Pr[si ∈ [cj−1, cj ]]

Maximizing over all potential first itemsi ∈ IH\S gives the
final value ofgS,k+1,ε(c), which is a(1 + ε)-approximation
to fS,k+1(c). Note that any value ofgS,k+1,ε(c) must be
representable by a polynomial number of bits as long as the
same is true ofgS,k,ε′(c) (since we only carry the induc-
tion out for a constant number of levels). In total, the algo-
rithm AS,k+1,ε above makes only a polynomial number of
calls toA·,k,ε′ .

7. Complexity results

In this section, we state several complexity-theoretic re-
sults concerning the stochastic knapsack problem. Since
classical knapsack is a special case of our problem (with all
item sizes deterministic), finding the optimal solution is cer-
tainly NP-hard. However, it is interesting to ask whether the
stochastic knapsack has a greater degree of complexity than
NP. We prove that some natural questions concerning op-
timal adaptive policies are actually PSPACE-hard. Regard-
ing the question of finding the maximum expected value
achieved by an adaptive policy, we prove PSPACE-hardness
only in the more general case where item values are also
random (and actually equal to the respective item size).
Several interesting questions remain, namely whether it is
PSPACE-hard to maximize the expected value achieved by
an adaptive policy in the setting with deterministic values,
and also whether it is possible to prove hardness (even NP-
hardness) of approximation for some constant factor> 1.

The proofs of PSPACE-hardness are based on the sim-
ilarity between stochastic knapsack and Arthur-Merlin



games [1], or “games against nature” [10], which are
both equivalent to PSPACE. Executing an adaptive pol-
icy can be seen as a game where Merlin chooses the
item to insert, while Arthur responds by selecting a ran-
dom size for that item. Merlin is trying to prove that a cer-
tain kind of solution exists. Once this solution is found,
Arthur accepts. (And we say that the policysucceedsin this
case.) If the knapsack overflows, Arthur rejects. The prob-
ability of acceptance is exactly the probability of success
of the optimal adaptive policy. We prove that some ver-
sions of the stochastic knapsack problem are in fact power-
ful enough to simulate any Arthur-Merlin game.

For all our results, we show a reduction from the follow-
ing PSPACE-complete problem described in [4], Fact 4.1:

Problem: MAX-PROB SSAT

Input: Boolean 3-cnf formula Φ with variables
x1, y1, . . . , xk, yk.

RegardΦ(x1, y1, . . . xk, yk) as a function from{0, 1}2k

to {0, 1} and define:

P (Φ) = Mx1Ay1 . . .MxkAykΦ(x1, y1, . . . xk, yk)

whereMx f(x) = max{f(0), f(1)}
andAy g(y) = (g(0) + g(1))/2.

Output:

• YES, if P (Φ) = 1.

• NO, if P (Φ) ≤ 1/2.

This is a “promise problem”, in the sense that any in-
stance is guaranteed to have eitherP (Φ) = 1 or P (Φ) ≤
1/2. The formula can be seen as encoding a certain Arthur-
Merlin game. We define a stochastic knapsack instance
which models this Arthur-Merlin game. The reduction is in-
spired by the standard reduction from 3-SAT to Knapsack.

Theorem 3. For a knapsack instance and a fixed ordering
of itsn itemsO, let p̂O denote the maximum over all adap-
tive policies, allowed to insert items only in the orderO,
of the probability that the knapsack is filled exactly up to
its capacity. Then it is PSPACE-hard to distinguish whether
p̂O = 1 or p̂O ≤ 1/2.

Proof. We prove that there is a polynomial-time reduction
from MAX-PROB SSATto Stochastic Knapsacksuch that
p̂O = P (Φ). Suppose thatΦ hasm clauses, each with at
most 3 literals. We define a sequence of items correspond-
ing to the pairs of variables(x1, y1), (x2, y2), etc. Select-
ing a particular item will correspond to a choice of value
for xi, and generating a random size will correspond to a
choice of value foryi. Item sizes will be random variables,
whose values we write as numbers in base-b representa-
tion. We chooseb as a constant large enough so that the
digits can never overflow (b = 16 suffices for all the reduc-
tions in this section). The size representation consists of two

“blocks”: [V ARS | CLAUSES] whereV ARS hask dig-
its andCLAUSES hasm digits. For eachi ∈ {1, 2, . . . k},
we define two items,Ii(0) andIi(1). Each has two possi-
ble sizes, occurring with probability1/2, size(Ii(xi), 0) or
size(Ii(xi), 1) :

size(Ii(xi), yi) = [V ARS(i) | CLAUSES(i, xi, yi)]

whereV ARS(i) has a1 in the i-th digit and zeros other-
wise, andCLAUSES(i, a, b) has1’s marking the clauses
satisfied by settingxi = a, yi = b. We also define two
“fill-in” items Fj(0), Fj(1) for each clausej, with

size(Fj(x)) = [0 | CLAUSE(j)],

whereCLAUSE(j) has a1 in thej-th digit and zeros oth-
erwise. The fixed orderingO is

(I1(0), I1(1), I2(0), I2(1), . . . , F1(0), F1(1), . . .)

and we set the knapsack capacity to

C = [1111111111 | 33333333333333333333].

We leave it to the reader to verify that the maximum
probability that a policy fills the knapsack exactly up to its
capacity isp̂O = P (Φ). This follows from the correspon-
dence between adaptive policies and strategies to set thexi

variables, while theyi variables are set randomly. At the
end, an optimal policy uses the fill-in itemsFj to increase
each digit in the block ofCLAUSES to 3, which is pos-
sible if and only if each digit is at least1 after the variable
itemsIi have been inserted (i.e., each clause has been satis-
fied).

Theorem 4. For a knapsack instance, let̂p be the maxi-
mum probability that an adaptive policy fills the knapsack
exactly to its capacity. Then it is PSPACE-hard to distin-
guish whether̂p = 1 or p̂ ≤ 3/4.

Proof. We already know that the problem is PSPACE-hard
if a fixed ordering is imposed on the items. We show how
to remove this restriction here. Consider the knapsack in-
stance generated in the previous proof, which has proba-
bility of success either̂pO = 1 or p̂O ≤ 1/2. We extend
the item sizes by a new block calledFLAGS with k digits
which will enforce that the optimal policy must consider the
itemsI1, I2, I3, . . . in this order. The fill-in itemsFj receive
a zeroFLAGS block - the adaptive policy cannot gain any-
thing by inserting them earlier anyway.FLAGS will have
a digit for each indexi and each itemIi(x) will be mod-
ified in this way: we define two new items for each item,
parametrized byfi = 0, 1, and two new random sizes for
each previously possible size, parametrized byri = 0, 1.
The new item sizes will besize(Ii(xi, fi), yi, ri)) =

[V ARS(i) | FLAGS(i, fi, ri) | CLAUSES(i, xi, yi)]



whereV ARS andCLAUSES are defined as before, and

FLAGS(i, fi, ri) = [0000000rifi000000]

wherefi is thei-th least significant digit andri is the(i+1)-
th least significant digit. (The items fori = k don’t have any
ri digit.) EveryIi(xi, fi) item can therefore take 4 different
values. Finally, we extend the knapsack capacity to

C = [1111111111 | 1111111111 | 333333333333333].

Consider a YES instance, in which casep̂O = 1. Then
an optimal policy which inserts items in the standard order
I1, I2, I3, . . ., can always choose a suitable value offi+1 to
ensureri + fi+1 = 1, which achieves the target value for
FLAGS. Therefore an optimal policy succeeds with prob-
ability p̂ = p̂O = 1.

Now consider a NO instance, wherep̂O ≤ 1/2. A policy
may ignore the standard ordering and try to insert an item
Ii(xi, fi) after Ii+1(xi+1, fi+1). Let’s say that “the policy
cheats” if this happens (which is a random event in general).
In such a case, since the digitri is generated randomly, and
the only other non-zero entry in this position isfi+1, which
has been chosen already, the final entry in this position will
be1 only with probability1/2. Therefore in the event that a
policy cheats, it can succeed with conditional probability at
most1/2. Suppose that the optimal ordered policyPO suc-
ceeds with probabilitŷpO ≤ 1/2. Then the cheating policy
can achieve maximum probability of success if it cheats ex-
actly whenPO would fail (with prob.1− p̂O), and the total
probability of success iŝp ≤ p̂O + (1− p̂O)/2 ≤ 3/4.

Theorem 5. For a more general knapsack problem, where
item values are also random and possibly correlated with
the respective item sizes, letp̂(V ) be the maximum prob-
ability that an adaptive policy inserts successfully a set of
items of total value at leastV . Similarly, definêpO(V ) for
ordered policies with a given ordering of itemsO. Then
it is PSPACE-hard to distinguish whether̂p(V ) = 1 or
p̂(V ) ≤ 3/4, and PSPACE-hard to distinguish whether
p̂O(V ) = 1 or p̂O(V ) ≤ 1/2, for any fixed ordering of
items.

Proof. In the setting with random values, we can define
each to be equal to the size of the respective item. Then
the maximum value any policy can achieve is equal to the
capacity, and the maximum probability that this value is at-
tained isp̂(C) = p̂ (from Theorem 4), or̂pO(C) = p̂O

(from Theorem 3). Consequently, deciding betweenp̂ = 1
andp̂ ≤ 3/4 is PSPACE-hard, as well as deciding between
p̂O = 1 andp̂O ≤ 1/2 for any fixed ordering of items.

Note. The threshold values are not important. The success
probabilities for NO instances can be made exponentially
small by standard methods, here as well as in the preced-
ing theorems. We omit the details.

Theorem 6. For a knapsack instance with random values,
possibly correlated with item sizes, it is PSPACE-hard to
maximize the expected value achieved by any adaptive pol-
icy, or by any adaptive policy with a fixed ordering of items.

Proof. We use the reduction from the proof of Theorem 5.
In case of a YES instance, the expected value achieved by
the optimal adaptive policy isC, becauseC is achieved with
probability1, and it is the maximum possible value for any
policy. In case of a NO instance, the probability of achiev-
ing C is less than3/4; with probability at least1/4, the pol-
icy achieves at most valueC − 1. Thus the expected value
in this case cannot be larger thanC − 1/4. The same holds
(with C − 1/2 instead), if we restrict ourselves to policies
using the standard ordering of items.
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