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Abstract

Shadow mappingis atechniquefor doingreal-timeshadowing. Re-
centwork hasshown that shadow mappinghardwarecanbe used
asa seconddepthtest in addition to the z-test. In this paper, we
explorethecomputationalpowerprovidedby thisseconddepthtest
by examiningthe problemof renderingobjectsdescribedasCSG
(Constructive Solid Geometry)expressions.We provide an algo-
rithm thatasymptoticallyimprovesthenumberof renderingpasses
requiredto displaya CSGobjectby a factorof n by exploiting the
two-sideddepthtest. Interestingly, a matchinglower boundcanbe
proveddemonstratingthatouralgorithmis optimal.

Keywords: Constructive solid geometry, Graphicshardware,Z-
buffer, Shadow mapping
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1 Intr oduction

In recentyears,the increasedpower of graphicsrenderinghard-
warehasled to theuseof thegraphicspipelinefor generalpurpose
streamcomputations.Oneof theearlyexamplesof thiswastheuse
of hierarchicalz-buffering for visibility calculations[Greeneet al.
1993], andsubsequentlyin programmablevertex shaders[Peercy
et al. 2000; Lindholm et al. 2001; Proudfootet al. 2001]. Other
usesof thegraphicspipelineasageneralpurposestreamcomputing
enginehavebeendemonstratedin computationalgeometry[Hoff III
etal.1999;Mustafaetal.2001;Krishnanetal.2002],robotics[Hoff
et al. 2000],numericalanalysis[LarsenandMcAllister 2001],and
ray tracing[Purcellet al. 2002].

In a recent development,work by Everitt et al. [2002] has
shown thattheshadow mappinghardware(supportedin thenVidia
GeForce3andnewer architectures)canbe usedto performorder-
independenttransparency. They demonstratethis by using the
shadow mappingphasein the pipelineto �lter out fragmentsthat
have a z-valuelessthan(or greaterthan)valuesstoredin a depth
texture. This operation,combinedwith the standardz-test,pro-
videsa two-sideddepthteston fragments.This featureis exploited
in a techniquethey call depthpeelingthatcan“peel” off layersof
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a sceneoneby one. Interestinglyenough,the ideaof usingtwo-
sideddepthteststo implementdepthpeelingwasproposedearlier
by Mammen[1989], who usedtheideaof virtual pixel maps. The
key observationby Everitt etal. wasthatexistingshadow mapping
hardwarecanbeusedto simulatethis test.

Our Contrib utions In this paper, we study the computational
powerof thetwo-sideddepthtestin thecontext of renderingobjects
representedasCSGtrees.

� We show that the two-sideddepthtestcanbe usedto render
CSGtreeswith afactorof n (numberof primitivesin theCSG
expression)fewer passesthanthebestknown OpenGL-based
algorithms(seeSection2 for moredetails).

� OuralgorithmcanrenderarbitraryCSGobjects,anddoesnot
requirethe explicit precalculationof levels that prior results
did.

� Weusenoexternalstorageor readbacks;all computationsare
performeddirectlyon theGPU.

� Ouralgorithmworksby performinga topological sweepover
thearrangementof theobjects;this techniquemaybeof inde-
pendentinterest.

Paper Outline Therestof thepaperis organizedasfollows. We
discussprior work in Section2. We de�ne theproblemof render-
ing a CSGtreein Section3, andpresentour solutionfor a single
productin Section4. The solution is extendedto arbitrary CSG
expressionsin Section5. We discussimplementationdetailsand
presentouralgorithmperformancein Section6 andweconcludein
Section7.

2 Prior Work

Therehasbeenextensive work on the problemof renderingsolid
objectsde�ned in termsof CSGtrees. A generalsurvey of CSG
methodsis beyondthescopeof this paper. We will focussolelyon
methodsthatmakeuseof thegraphicshardware.

Goldfeatheret al. [1986] presentedan algorithm for render-
ing a CSG tree of convex objects(and subsequently[1989] for
non-convex objects)usinganextensionof thePixel-Planesgraph-
ics hardware [Fuchsand Poulton1981]. This algorithm was re-
�ned and implementedon modern graphicshardware by Wie-
gand[1996]. The runningtime of the algorithm,expressedasthe
numberof renderingpassesrequired,is essentiallyquadraticin the
numberof primitives (the running time also includesa quadratic
termthatdependson theconvexity of theobjects).

The Trickle algorithm,developedby Epsteinet al. [1989] and
later re�ned by Rossignacand Wu [1992], takes a different ap-
proachusing “depth-interval buffers” (which essentiallyprovide
the functionality of a two-sidedtest) to do the rendering. Their
approachrequiresthree depth buffers, the two-sideddepth test
andtwo color buffers,andthusis not readily adaptableto current
OpenGL-basedarchitectures.Although they do not analyzetheir
algorithm in termsof renderingpasses,we believe that their ap-
proach(for eachproduct)requiresnumberof passesproportional
to thedepthcomplexity from thegivenviewpoint.



Stewart et al. [1998] presentedan improvementto the Gold-
featheret al.algorithmthat takesinto accountthe fact that objects
may be disjoint andthuscanbe renderedin parallel. If the depth
complexity of a collection of n primitives is k, then the modi�-
cationproposedby Stewart et al.requiresO(kn) renderingpasses.
In the casewhen the primitivesaresuf�ciently disjoint in screen
space(and thus k < n), this algorithm is superior. Erhart and
Tobler [2000] provide a modi�cation to this algorithmthat yields
more accurateresults(in termsof depthtests). However, in the
worstcase,their algorithmagain requiresO(n2) passes.

Morerecently, Stewartetal. [2000;2002]presentimprovements
thatcomputea CSGproductin a constantnumberof passeswhen
all the primitives are convex. They usea universalsequenceto
modelthedepthorderingof theprimitiveswithout having to com-
pute an explicit front-to-backordering. The caveat with this ap-
proachis that a quadraticnumberof objectsarerenderedin each
pass(becauseprimitivesareduplicated).

All of thealgorithmsabovecomputeaunionof objectsby merg-
ing thepartialdepthbuffersobtainedfor eachproduct.This merg-
ing stepis performedvia theuseof readbacks,andis thusslow.

3 CSG Trees and Normalization

A threedimensionalobjectcanbe describedas the resultof per-
forming setoperations([ ; \ ; n) on a groundsetof shapes(called
primitives). A CSGtreecanbeusedto de�ne anobjectby de�ning
thesequenceof operationsthatareperformed.

The CSGtree is usuallyassumedto be in a canonicalform to
aid in rendering.A CSGtreeis saidto bein sum-of-productsform
if the expressionit de�nes canbe written asa union of intersec-
tions/subtractions(a sum of products). Sucha tree is said to be
normalized. Goldfeatheretal. [1986]provideanalgorithmfor nor-
malizingaCSGtree;weusetheir technique,andtherestof thepa-
perassumeswithout lossof generalitythat theCSGtreehasbeen
normalized.

Given a normalizedCSGtreeanda procedureto computethe
productof a setof primitives,unionscanbe computedeasilyby
merging theresultsof individual productsin thedepthbuffer. The
abovementionedalgorithmsmakeuseof thisobservation,andthus
focuson theproblemof renderinga CSGtreedenotedby a single
product.For clarity of presentation,wewill explain theworkingof
our algorithmon a singleproduct,andsubsequentlywe will show
how thesameideascanbeextendedto renderasumof products.

3.1 Notation and Preliminaries

We denotea normalizedCSGexpressionasP1 [ � � � [ Pm , where
eachPi is aproductof primitives.A singleproductis ageneralex-
pressioninvolving intersectionsandcomplementations.Considera
singleproductP = ((( o1 \ o2) n o3) \ o4). P canberewritten
aso1 \ o2 \ o3 \ o4 . Thuseachproductis the intersectionof a
setof (possiblycomplemented)objects.For aproductP , let U(P)
denotethesetof uncomplementedobjectsandC(P) denotetheset
of complementedobjects. In this example,U(P) = f o1 ; o2 ; o4g
andC(P) = f o3g.

Everyobjecto is acollectionof alternatingfront andbackfaces
(or layers [Goldfeatheret al. 1989]) as seenfrom the viewpoint.
Thedepthd(P) of a productP is themaximumnumberof layers
in P (with respectto theviewpoint).

4 Rendering A Product

ConsideraproductP . Ouralgorithmworksby traversingthelayers
of the primitives in P in a front-to-backorder. It is easyto see
that only the front facesof uncomplementedprimitivesandback

facesof complementedprimitivescontributeto thevisibleportions
of P . Hence,only thesefaces(termedappropriateprimitives) are
consideredby our algorithm in the front-to-backtraversal. Once
a pixel in P is found, no further updatesaremadefor this pixel.
ThusthealgorithmmaintainsaFRONT of all pixels(with associated
depthvaluesin thez-buffer) for whichmembershipin P hasnotyet
beendetermined.In eachstep,

1. We testwhichpixelsin theFRONT satisfymembershipin P .

2. If thepixel fails themembershiptestthenits depthis updated
to the depthof the next facein the front-to-backordering–
this is calledadvancingtheFRONT .

3. If thepixel passesthemembershiptest,a maskis appliedto
ensureits depthvalueis notupdatedin subsequentsteps.

After thealgorithmhastraversedall layersthez-buffer holdsthe
depth�eld of P . We thenrenderall theobjectswith depthtestset
to EQUALto obtainP . We illustratetheworking of thealgorithm
in Figure1.

Testing Product member ship Assumethat a point p is in
the productandits depthis storedin the z-buffer. Goldfeatheret
al. [1986] madetheobservationthat(a) if a primitive o occursun-
complementedin a product,thenumberof layersof thatprimitive
(both front andback)that have depthgreaterthanp mustbe odd,
andsimilarly (b) the numberof layers(with depthgreaterthanp)
mustbeevenif theobjectoccurscomplemented.

Let f (o; p) denotethenumberof front facesof o of depthgreater
thanthedepthof p. Similarly let b(o; p) denotethenumberof back
facesof o satisfyingthe samedepthcondition. Sinceall objects
aresimpleandthushave no self-intersections,eachfront faceof o
is followed immediatelyby a backfaceof o, andthusf (o; p) �
b(o; p) � f (o; p) + 1. For anuncomplementedobject,b(o; p) �
f (o; p) = 1 andfor acomplementedobject,b(o; p) � f (o; p) = 0.
For a generalproductP , we cansummarizethejP j equationsin a
singleconditionasfollows:

X

o 2 C ( P )

b(o; p) �
X

o 2 C ( P )

f (o; p)+
X

o 2 U ( P )

b(o; p) �
X

o 2 U ( P )

f (o; p) = jU (P ) j

It is not dif�cult to show thatonly pointsin the �nal productwill
satisfythe above equation.Moreover, this equationis crucial be-
causeit allowsusto checkmembershipfor apointp in two render-
ing passes(insteadof n). We usethe stencilbuffer to implement
this test. We group togetherthe back (front) facesof U(P) and
C(P) in a singlepassto increment(decrement)thestencilbuffer.
Pixelswhosestencilvalueis jU(P)j have passedthemembership
test,andaremasked with a suitablevalueto prevent future depth
updates.

Advancing the Front TheFRONT is maintainedasdepthval-
uesin the z-buffer. The initial front is obtainedby renderingthe
appropriateprimitiveswith thedepth-testsetto LESS. To advance
thefront, we copy thedepthbuffer to a shadow buffer, andinvoke
the depthpeelingsubroutineto passonly thosefragmentswhose
depthis greaterthanthevaluein theshadow buffer usingthealpha
test. We refer the readerto [Everitt 2002] for detailsof the depth
peelingalgorithm.This test,coupledwith thenormalz-test(depth
testsetto LESS), providesfragmentswhosedepthvalueis imme-
diatelybehindthecurrentfront. In ourcase,weselectively advance
theFRONT usingthestencilmask. Observe thecrucial role of the
seconddepthtestprovided by the depthpeelingroutine. Without
this, we would be unableto implementthe two-sideddepthtest,
a � Zvalue < b, andwould not beableto advancethefront in a
singlerenderingpass.
The full algorithmis asfollows. The sentinelN is usedto mask
pointswhich have beendeterminedto be in theproduct: the front
is notupdatedfor thesepixels.
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Figure1: An illustrationof thealgorithmfor a singleproduct. (a) A productP = A \ B � C. Theoriginal primitivesaredottedandthe
appropriateprimitivesaredrawn solid. P is shaded.(b) The initial contentsof the front (dashed).(c) The front after a singlestepof the
algorithm.(d) Final step:pixelsmarkedsolidarein P

Algorithm 1 Algorithm for asingleproductP
Initialize z-buffer to �rst front.
Initialize stencilbuffer with 0
while stencilbuffer contains0 do

Testpoints on fr ont for membershipin P
Setstencilbuffer to N (> n) for pixelspassingtest
Setstencilbuffer to 0 for pixelsnot passingtest
Advancefr ont

endwhile

5 Computing Unions of Products

We now describethe computationof a sumof products. Let the
productsbeP1 ; P2 ; : : : Pm . Thecomputationproceedsincremen-
tally. AssumethatwehavecorrectlycomputedP1 [ : : : [ Pi � 1 . At
the startof the i th step,the z-buffer containsthe depthvaluesfor
P1 [ : : : [ Pi � 1 (denotedby D i � 1) andthecolor buffer contains
theappropriatevalues(denotedby Ci � 1).

We �rst copy the contentof the z-buffer into a secondshadow
buffer buf. Then,we computethedepth�eld for Pi usingthealgo-
rithm describedin the previous section.This setsthe color buffer
appropriatelyaswell. We now needto mergethetwo depth�elds,
retainingtheminimumvalueat eachpixel. Let thedepthandcolor
�eld for Pi be denotedby di and ci respectively. Thus the new
depth�eld D i = min (D i � 1 ; di ). Thenew color �eld is

Ci =

(
Ci � 1 if D i � 1 < di ;
ci otherwise:

This is accomplishedin two phases.In the�rst phase,we iden-
tify thosepixelswheredi > D i � 1 andtagthemappropriatelyusing
the stencilbuffer to be updatedin the next phase.This is accom-
plishedby settingtheshadow testto passfragmentswhosedepthis
greaterthanD i � 1 andsettingthedepthtestto EQUAL. Thesten-
cil functionis setto clearthestencilbits if thedepthtestpasses(i.e
the fragmentdepthis equalto that in di ). Intuitively, this encodes
thetwo-sidedtestD i � 1 < d = di , whered is thefragmentdepth.
Now, renderingthe facesof Pi hastheeffect of clearingthesten-
cil buffer in all pixelsfor which theminimumdepthis achievedby
D i � 1 i.eall pixelsfor whichD i = D i � 1 . Notethatthisis precisely
thesetof pixelsfor which thecurrentdepthbuffer contentsarein-
correct. The contentsof the color buffer canbe updatedto re�ect
P1 [ : : : [ Pi in thisphaseby goingthroughoneextra renderingof
thefacesof Pi atplaceswherethestencilbuffer is not cleared.

In the secondphase,updatethe depthbuffer to that in D i � 1

wherever the stencil bits are clearedin the previous phase. We
setthe shadow test to passfragmentswhosedepthis at most(� )
D i � 1 . Thedepthtestis setto GREATER.By renderingall objects
in P1 [ : : : [ Pi � 1 , this two-sideddepthtestpassesonly fragments
whosedepthvalue is D i � 1 . This completesthe z-buffer update,
andit now containsD i . The union algorithmcanbe summarized
asfollows:

Algorithm 2 Algorithm for aunionof productsP1 ; : : : ; Pm

Initialize shadow buffer buf to 1.
for i = 1 to m do

ComputeproductPi

Setshadow testto greater
Setdepthtestto equal
Setstencilbuffer to 0 ondepthpass
RenderPi andupdatedepthandcolorbuffer

Setshadow testto lessor equal
Setdepthtestto greater
Setstenciltestto equal to 0
RenderP1 ; : : : ; Pi � 1 andupdatedepthbuffer
Copy depthbuffer to shadow buffer buf

end for

Running Time Anal ysis Thetotalnumberof renderingpasses
is the numberof passestaken to computeeachproduct,plus m
passesto computetheunion. Thereforethetotal numberof passes
is m + 2

P
i d(Pi ) = O(

P
i d(Pi )) . This runningtime is asymp-

totically superiorto all prior techniquesby a factorof n, wheren
is (onaverage)thenumberof primitivesappearingin eachproduct.
Moreover, in our algorithm,we only renderwhile therearepixels
whosecorrectdepthis yet to bedetermined.Therefore,in practice,
ouralgorithmtakesmuchfewerpassesthanpredictedby theabove
worst-caseexpression. In contrast,the running times of the pre-
vious algorithmsis “worst-case”:the numberof renderingpasses
requiredin any run is alwaysthe(same)worst-case.

6 Implementation Details

All our code was implemented using C++/OpenGL on a
1.8Ghz/1GBPC running Red Hat 7.3. The graphicscard is an



nVidia GeForce4Ti4600. Our systemperformsno readbacksand
usesno intermediatesoftwarebuffers, while beingableto handle
arbitrary sumsof products.For thepurposeof this study, we con-
sideredfour objectsdescribedby CSGtrees: they aredepictedin
the right-mostlines of Figure 2. In order to evaluatethe perfor-
manceof our scheme,we usedtwo variantsof our algorithm;BA-
SIC is thealgorithmdescribedabove,andCONV is amodi�cation
that processesconvex objectsmoreef�ciently (however the over-
all algorithmstructureremainsthesame).We compareboth these
methodsto thealgorithmusedby Stewart et al. [2002], which we
refer to asSCS. All runningtimesarereportedin framespersec-
ond. Table1 summarizesthenatureof the inputsandthe running
timesobtained.

Object #Products/ CSGRendering
#Primitives BASIC CONV SCS

GRID 1/26 26 57 32
HELIX 1/4 38 38 48��

CUBE 2/4 7 21 1.23�

HOLLOW 3/6 12 40 0.6��

Table 1: Performanceof our algorithmson someCSG models,
in comparisonto earlier work. Running times are reportedin
frames/second.An asteriskdenotesartifactsin the solutionanda
doubleasteriskdenotesanincorrectanswer.

The table indicates two things: �rstly that our algorithms
(BASIC,CONV) obtain (overall) signi�cantly better frame rates
thanSCS. Moreover, therearefar fewer artifactsin our approach:
this is possibledueto the fewer numberof EQUAL testswe per-
form in thez-buffer.

Figure2 demonstratesthe working of our systemon the above
models.For eachobject,the lefthand-mostimagedisplaysall the
primitive objectsinvolved in the CSGoperations.As we go from
left to right, eachimagedisplaysthe portion of the �nal answer
renderedat that layer. In thecaseof HOLLOW, theoriginal CSG
objectswould not bevisible in a directsuperimposition,andsowe
renderthesetof primitive astwo distinct�gures (thetwo left-most
ones)for easeof viewing. Wealsoemphasizethatweplacenocon-
vexity restrictionson our primitives; HELIX containsnonconvex
objects.

7 Conc lusions

In this paper, we demonstratethatthetwo-sideddepthtest,asreal-
izedby usingtheshadow buffer, is apowerful operatorin thegraph-
ics pipeline. We studiedthespeci�c problemof renderingobjects
representedasCSGtreesandprovidedanalgorithmthatasymptot-
ically improves the numberof renderingpassesby a factorof n.
It is likely that therearemany otherproblemsfor which speci�c
aspectsof thegraphicshardwareprovidesa tremendousadvantage.
In general,with theincreasingpowerof graphicshardware,theoret-
ical studiesthatattemptto ascertainthepotentialandthe limits of
thispipelineasageneralpurposestreamenginewill beinvaluable.
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Applicationof theTwo-SidedDepthTestto CSGRendering- Guhaetal.

(a) GRID: Thedesiredoutputis the�at sheetwith the25 spheressubtractedfrom it.
Only two layersarenecessaryto computetheproduct.

(b) HELIX: Notethatin thisexampletwo of theobjectsarenon-convex (thetwo helices).Thedesiredoutputis thesubtractionof the
two helicesandtheinnerpipefrom theouterpipe.

(c) CUBE: In this example,thebooleancombinationdesiredis theunionof oneof thecylinderswith theproductconsistingtheyellow sphere
andthegreencubeminusthefront-facingcylinder

(d) HOLLOW PIPE:In thisexample,for easeof viewing weshow theoriginalobjectsin thetwo left-most�gures. Theoutputshouldbeahollow
pipeformedby thesubtractionof theinnertube(coloredin pink) from theoutertube(in red)

Figure2: Examplesof CSGrenderingsproducedby our algorithm. In eachexample,the left-most�gure depictsall theprimitivesprior to
any booleanoperations.Eachsubsequent�gure depictstherenderedoutputaftersuccessive stepsof thealgorithm,andtheright-most�gure
shows the�nal answer.


