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Abstract

Shadev mappingis atechniqueor doingreal-timeshadaving. Re-
centwork hasshavn that shadev mappinghardware canbe used
asa seconddepthtestin additionto the z-test. In this paper we
explorethecomputationapower providedby this seconddepthtest
by examiningthe problemof renderingobjectsdescribedas CSG
(Constructive Solid Geometry)expressions.We provide an algo-
rithm thatasymptoticallyimprovesthe numberof renderingpasses
requiredto displaya CSGobjectby afactorof n by exploiting the
two-sideddepthtest. Interestingly a matchinglower boundcanbe
proveddemonstratinghatour algorithmis optimal.

Keywords: Constructve solid geometry Graphicshardware, Z-
buffer, Shadev mapping

CR Categories: 1.3.3 [ComputerGraphics]: Picture/ImageGen-
erationl.3.5 [ComputerGraphics]: ComputationalGeometryand
ObjectModelling F.2.2[Analysisof AlgorithmsandProblemCom-
plexity]: NonnumericalAlgorithmsandProblems

1 Introduction

In recentyears,the increasedpower of graphicsrenderinghard-
warehasled to the useof the graphicspipelinefor generapurpose
streamcomputationsOneof the earlyexamplesof thiswastheuse
of hierarchicalz-buffering for visibility calculationgdGreeneetal.
1993], and subsequentlyn programmablevertex shaderdPeery
et al. 2000; Lindholm et al. 2001; Proudfootet al. 2001]. Other
usef thegraphicipelineasagenerapurposestreancomputing
enginehave beendemonstrateth computationageometry[Hof IlI
etal. 1999;Mustafetal. 2001;Krishnanetal. 2002],robotics[Hof
etal. 2000], numericalanalysis[LarsemndMcAllister 2001],and
raytracing[Purcelietal. 2002].

In a recentdevelopment, work by Everitt et al. [2002] has
shavn thatthe shadev mappinghardware (supportedn the nVidia
GeForce3and newer architecturesfanbe usedto performorder
independentransparenc They demonstratethis by using the
shadev mappingphasein the pipelineto Iter out fragmentsthat
have a z-valuelessthan (or greaterthan)valuesstoredin a depth
texture. This operation,combinedwith the standardz-test, pro-
videsatwo-sideddepthteston fragmentsThis featureis exploited
in atechniquethey call depthpeelingthatcan“peel” off layersof
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a sceneone by one. Interestinglyenough the ideaof usingtwo-
sideddepthteststo implementdepthpeelingwas proposedearlier
by Mammen[1989], who usedtheideaof virtual pixel maps The
key obserationby Everitt etal. wasthatexistingshadev mapping
hardwarecanbe usedto simulatethis test.

Our Contrib utions In this paper we studythe computational
power of thetwo-sideddepthtestin thecontext of renderingobjects
representedsCSGtrees.

We shawv thatthe two-sideddepthtestcanbe usedto render
CSGitreeswith afactorof n (numberof primitivesin theCSG
expressionfewer passeshanthe bestknowvn OpenGL-based
algorithms(seeSection2 for moredetails).
OuralgorithmcanrenderarbitraryCSGobjects,anddoesnot
requirethe explicit precalculatiorof levels that prior results
did.

We useno externalstorageor readbacksall computationsre
performeddirectly onthe GPU.

Our algorithmworks by performinga topolagical sweepover
thearrangemenof theobjects;this techniqguemaybeof inde-
pendeninterest.

Paper Outline  Therestof the paperis organizedasfollows. We
discussprior work in Section2. We de ne the problemof render
ing a CSGtreein Section3, andpresentour solutionfor a single
productin Section4. The solutionis extendedto arbitrary CSG
expressiondn Section5. We discussimplementatiordetailsand
presenburalgorithmperformanceén Section6 andwe concludein
Section?.

2 Prior Work

Therehasbeenextensve work on the problemof renderingsolid
objectsde ned in termsof CSGtrees. A generalsuney of CSG
methodss beyondthe scopeof this paper We will focussolelyon
methodghatmake useof the graphicshardware.

Goldfeatheret al. [1986] presentedan algorithm for render
ing a CSG tree of convex objects(and subsequentlyj1989] for
non-comex objects)usingan extensionof the Pixel-Planeggraph-
ics hardware [Fuchsand Poulton1981]. This algorithmwas re-
ned and implementedon modern graphicshardware by Wie-
gand[1996]. The runningtime of the algorithm, expressedsthe
numberof renderingpassesequired,is essentiallyguadratidn the
numberof primitives (the runningtime alsoincludesa quadratic

termthatdepend®n the convexity of the objects).

The Trickle algorithm, developedby Epsteinet al. [1989] and
later re ned by Rossignacand Wu [1992], takes a different ap-
proachusing “depth-intenal buffers” (which essentiallyprovide
the functionality of a two-sidedtest)to do the rendering. Their
approachrequiresthree depth buffers, the two-sided depth test
andtwo color buffers, andthusis not readily adaptablgo current
OpenGL-basedrchitectures.Although they do not analyzetheir
algorithmin termsof renderingpasseswe believe that their ap-
proach(for eachproduct)requiresnumberof passegroportional
to thedepthcompleity from the givenviewpoint.



Stewart et al. [1998] presentedan improvementto the Gold-
featheret al.algorithmthattakesinto accountthe fact that objects
may be disjoint andthuscanbe renderedn parallel. If the depth
compleity of a collectionof n primitivesis k, thenthe modi -

cationproposeddy Stevart etal.requiresO(kn) renderingpasses.

In the casewhenthe primitives are sufciently disjoint in screen
space(andthusk < n), this algorithmis superior Erhartand
Tobler [2000] provide a modi cation to this algorithmthat yields
more accurateresults(in termsof depthtests). However, in the
worstcasetheir algorithmagain requiresO(n?) passes.

Morerecently Stewvartetal. [2000;2002] presentmprovements
thatcomputea CSGproductin a constaninumberof passesvhen
all the primitives are corvex. They usea universal sequencdo
modelthe depthorderingof the primitiveswithout having to com-
pute an explicit front-to-backordering. The caveatwith this ap-
proachis that a quadraticnumberof objectsarerenderedn each
pasg(becauserimitivesareduplicated).

All of thealgorithmsabove computea unionof objectsby meg-
ing the partial depthbuffers obtainedfor eachproduct. This meg-
ing stepis performedvia the useof readbacksandis thusslow.

3 CSG Trees and Normalization

A threedimensionalobjectcan be describedasthe resultof per
forming setoperationdJ ;\ ; n) on a groundsetof shapegcalled
primitiveg. A CSGtreecanbeusedto de ne anobjectby de ning
thesequencef operationghatareperformed.

The CSGtreeis usuallyassumedo be in a canonicalform to
aidin rendering.A CSGtreeis saidto bein sum-of-poductsform
if the expressionit de nes canbe written asa union of intersec-
tions/subtractionga sum of products). Sucha treeis saidto be
normalized Goldfeatheetal. [1986] provide analgorithmfor nor-
malizinga CSGtree;we usetheirtechniqueandtherestof thepa-
perassumesvithout lossof generalitythatthe CSGtreehasbeen
normalized.

Given a normalizedCSGtree and a procedureto computethe
productof a setof primitives, unionscan be computedeasily by
meging the resultsof individual productsin the depthbuffer. The
abore mentionedalgorithmsmake useof this obsenation,andthus
focuson the problemof renderinga CSGtreedenotedby a single
product.For clarity of presentationywe will explaintheworking of
our algorithmon a singleproduct,andsubsequentlyve will shav
how the sameideascanbe extendedo rendera sumof products.

3.1 Notation and Preliminaries

We denotea normalizedCSGexpressiomasP [ [ Pm,where
eachP; is aproductof primitives. A singleproductis agenerakx-
pressiorinvolving intersection@ndcomplementation€Considera
singleproductP = (((01\ 02) no3)\ 04). P canberewritten
aso; \ 02\ 03\ 04. Thuseachproductis theintersectionof a
setof (possiblycomplementeddbjects.For a productP, let U(P)
denotethe setof uncomplementedbjectsandC (P ) denotethe set
of complementedabjects. In this example,U(P) = fo1;02; 049
andC(P) = fosg.

Every objecto is a collectionof alternatingiront andbackfaces
(or layers [Goldfeatheret al. 1989]) as seenfrom the viewpoint.
Thedepthd(P) of aproductP is the maximumnumberof layers
in P (with respecto theviewpoint).

4 Rendering A Product

ConsidemproductP . Ouralgorithmworksby traversingthelayers
of the primitivesin P in a front-to-backorder It is easyto see
that only the front facesof uncomplementegrimitives and back

facesof complementegrimitivescontrikuteto thevisible portions
of P. Hence,only thesefaces(termedappropriate primitives are
considerecdby our algorithmin the front-to-backtraversal. Once
a pixel in P is found, no further updatesare madefor this pixel.
Thusthealgorithmmaintainsa FRONT of all pixels(with associated
depthvaluesin thez-buffer) for whichmembershign P hasnotyet
beendeterminedIn eachstep,

1. Wetestwhich pixelsin the FRONT satisfymembershipn P .

2. If thepixel fails the membershigestthenits depthis updated
to the depthof the next facein the front-to-backordering—
thisis calledadvancingthe FRONT .

3. If the pixel passeshe membershigest,a maskis appliedto
ensurdts depthvalueis notupdatedn subsequergdteps.

After thealgorithmhastraversedall layersthe z-buffer holdsthe
depth eld of P. We thenrenderall the objectswith depthtestset
to EQUALto obtainP . We illustratethe working of the algorithm
in Figurel.

Testing Product member ship Assumethat a point p is in
the productandits depthis storedin the z-buffer. Goldfeatheret
al. [1986] madethe obsenationthat(a) if a primitive o occursun-
complementedh a product,the numberof layersof that primitive
(both front and back) that have depthgreaterthanp mustbe odd,
andsimilarly (b) the numberof layers(with depthgreaterthanp)
mustbe evenif the objectoccurscomplemented.

Letf (o; p) denotehenumberof front face<of o of depthgreater
thanthedepthof p. Similarly letb(o; p) denotethenumberof back
facesof o satisfyingthe samedepthcondition. Sinceall objects
aresimpleandthushave no self-intersectionseachfront faceof o
is followed immediatelyby a backfaceof o, andthusf (o; p)
b(o;p) f(o;p) + 1. For anuncomplementedbject,b(o; p)

f (0;p) = 1landfor acomplementedbject,b(o;p) f(o;p) = 0.
For ageneralproductP , we cansummarizehejPj equationsn a
singleconditionasfollows:

b(o; p)
02C(P)

f (o; p)+ b(o; p)
02C(P) 02U(P) 02U (P)

f(o;p) = jU(P)]

It is not dif cult to shav thatonly pointsin the nal productwill
satisfythe abore equation. Moreover, this equationis crucial be-
causaet allows usto checkmembershigor a pointp in two render
ing passeginsteadof n). We usethe stencil buffer to implement
this test. We group togetherthe back (front) facesof U(P) and
C(P) in asingle passto increment(decrement}he stencilbuffer.
Pixelswhosestencilvalueis jU(P)j have passedhe membership
test,andare masled with a suitablevalueto preventfuture depth
updates.

Advancing the Front TheFRONT is maintainedasdepthval-
uesin the z-buffer. The initial front is obtainedby renderingthe
appropriate primitiveswith thedepth-tessetto LESS. To advance
thefront, we copy the depthbuffer to a shadav buffer, andinvoke
the depthpeelingsubroutineto passonly thosefragmentswhose
depthis greaterthanthevaluein the shadav buffer usingthealpha
test. We refer the readerto [Everitt 2002] for detailsof the depth
peelingalgorithm. This test,coupledwith the normalz-test(depth
testsetto LESS), providesfragmentswhosedepthvalueis imme-
diatelybehindthecurrentfront. In our casewe selectvely advance
the FRONT usingthe stencilmask. Obsere the crucial role of the
seconddepthtestprovided by the depthpeelingroutine. Without
this, we would be unableto implementthe two-sideddepthtest,
a Zvalue < b, andwould notbeableto adwancethefrontin a
singlerenderingpass.

Thefull algorithmis asfollows. The sentinelN is usedto mask
pointswhich have beendeterminedo bein the product: the front
is notupdatedor thesepixels.



(a) (b)

Figurel: An illustration of the algorithmfor a singleproduct. (a) A productP = A\ B

() (d)

C. Theoriginal primitivesaredottedandthe

appropriateprimitivesaredrawn solid. P is shaded.(b) The initial contentsof the front (dashed).(c) The front after a single stepof the

algorithm.(d) Final step:pixelsmarkedsolid arein P

Algorithm 1 Algorithm for a singleproductP

Initialize z-buffer to rst front.

Initialize stencilbuffer with 0

while stencilbuffer contains0 do
Testpoints on front for membershipin P
Setstencilbufferto N (> n) for pixelspassingtest
Setstencilbuffer to O for pixelsnot passingtest
Advancefront

endwhile

5 Computing Unions of Products

We now describethe computationof a sum of products. Let the
productsbe Py; P2;::: Pm. The computationproceedsncremen-
tally. Assumethatwe have correctlycomputedP, [ :::[ Pi 1. At
the startof thei" step,the z-buffer containsthe depthvaluesfor
Pi[ :::[ Pi 1 (denotedby D; 1) andthe color buffer contains
the appropriatevalues(denotecby Ci 1).

We rst copy the contentof the z-buffer into a secondshadev
buffer buf. Then,we computethedepth eld for P; usingthealgo-
rithm describedn the previous section. This setsthe color buffer
appropriatelyaswell. We now needto meigethetwo depth elds,
retainingthe minimumvalueat eachpixel. Let thedepthandcolor
eld for P; be denotedby di andc; respectiely. Thusthe new
deptheld Di = min (D; 1;d;). Thenew color eld is

_ G 1 ifDi 1< di;
Ci = .
Gi otherwise

Thisis accomplishedn two phasesln the rst phasewe iden-
tify thosepixelswhered; > D; ; andtagthemappropriatelyusing
the stencilbuffer to be updatedn the next phase.This is accom-
plishedby settingthe shadev testto passfragmentsvhosedepthis
greaterthanD; ; andsettingthe depthtestto EQUAL. The sten-
cil functionis setto clearthe stencilbitsif thedepthtestpassegi.e
the fragmentdepthis equalto thatin d;). Intuitively, this encodes
thetwo-sidedtestD; 1 < d = di, whered is thefragmentdepth.
Now, renderingthe facesof P; hasthe effect of clearingthe sten-
cil buffer in all pixelsfor which the minimumdepthis achieved by
D; ii.eall pixelsforwhichD; = D; . Notethatthisis precisely
the setof pixelsfor which the currentdepthbuffer contentsarein-
correct. The contentsof the color buffer canbe updatedo re ect
Pi[ :::[ Pi inthisphasedy goingthroughoneextrarenderingof
thefacesof P; at placeswvherethe stencilbuffer is notcleared.

In the secondphase,updatethe depthbuffer to thatin D; 1
wherever the stencil bits are clearedin the previous phase. We
setthe shadav testto passfragmentswhosedepthis at most( )
Di 1. Thedepthtestis setto GREATER. By renderingall objects
inP1[ :::[ Pi 1,thistwo-sideddepthtestpassesnly fragments
whosedepthvalueis Di 1. This completesthe z-huffer update,
andit now containsD;. The unionalgorithmcanbe summarized
asfollows:

Initialize shadev buffer buf to 1.
fori =1tom do
ComputeproductP;

Setshadaov testto greater

Setdepthtestto equal

Setstencilbuffer to 0 on depthpass
RenderP; andupdatedepthandcolor buffer

Setshadav testto lessor_equal
Setdepthtestto greater
Setstenciltestto equalto 0

Copy depthbuffer to shadev buffer buf
endfor

Running Time Analysis Thetotalnumberof renderingpasses
is the numberof passegaken to computeeachproduct, plus m
passego gomputethe unign. Thereforethe total numberof passes
ism+ 2 ,d(Pi) = O(C ;d(Pi)). Thisrunningtime is asymp-
totically superiorto all prior techniquesy a factorof n, wheren
is (on averageXhe numberof primitivesappearingn eachproduct.
Moreover, in our algorithm,we only renderwhile thereare pixels
whosecorrectdepthis yetto be determinedThereforejn practice,
our algorithmtakesmuchfewer passeshanpredictedby theabove
worst-caseexpression. In contrast,the runningtimes of the pre-
vious algorithmsis “worst-case”:the numberof renderingpasses
requiredin ary runis alwaysthe (same)worst-case.

6 Implementation Details

All our code was implemented using C++/OpenGL on a
1.8Ghz/1GBPC running Red Hat 7.3. The graphicscardis an



nVidia GeForce4Ti4600. Our systemperformsno readbackand
usesno intermediatesoftware buffers, while beingableto handle
arbitrary sumsof products.For the purposeof this study we con-
sideredfour objectsdescribedby CSGtrees:they aredepictedin

the right-mostlines of Figure 2. In orderto evaluatethe perfor

manceof our schemewe usedtwo variantsof our algorithm; BA-

SIC is thealgorithmdescribedabore,andCONV is amodi cation

that processesorvex objectsmore ef ciently (however the over

all algorithmstructureremainsthe same).We compareboththese
methodgo the algorithmusedby Stewart et al. [2002], which we
referto asSCS All runningtimesarereportedin framesper sec-
ond. Table1 summarizeshe natureof the inputsandthe running
timesobtained.

Object #Products/ CSGRendering
#Primitives | BASIC | CONV | SCS
GRID 1/26 26 57 32
HELIX 1/4 38 38 | 48
CUBE 2/4 7 211 1.23
HOLLOW 3/6 12 40 ] 0.6

Table 1: Performanceof our algorithmson some CSG models,
in comparisonto earlier work. Running times are reportedin
frames/secondAn asteriskdenotesartifactsin the solutionanda
doubleasteriskdenotesanincorrectanswer

The table indicatestwo things: rstly that our algorithms
(BASIC,CONV) obtain (overall) signi cantly betterframe rates
thanSCS Moreover, therearefar fewer artifactsin our approach:
this is possibledueto the fewer numberof EQUAL testswe per
formin the z-buffer.

Figure 2 demonstratethe working of our systemon the above
models. For eachobject, the lefthand-mosimagedisplaysall the
primitive objectsinvolvedin the CSG operations.As we go from
left to right, eachimagedisplaysthe portion of the nal answer
renderedat thatlayer In the caseof HOLLOW, the original CSG
objectswould not bevisible in adirectsuperimpositionandsowe
renderthe setof primitive astwo distinct gures (thetwo left-most
ones)or easeof viewing. We alsoemphasiz¢hatwe placeno con-
vexity restrictionson our primitives; HELIX containsnoncorvex
objects.

7 Conclusions

In this paper we demonstrat¢hatthe two-sideddepthtest,asreal-
izedby usingtheshadav buffer, is apowerful operatoiin thegraph-
ics pipeline. We studiedthe speci ¢ problemof renderingobjects
representedsCSGtreesandprovidedanalgorithmthatasymptot-
ically improvesthe numberof renderingpassesy a factorof n.

It is likely that thereare mary other problemsfor which speci c

aspect®f thegraphicshardwareprovidesatremendousdwantage.
In generalwith theincreasingpower of graphicshardware theoret-
ical studiesthatattemptto ascertairthe potentialandthe limits of

this pipelineasa generabpurposestreamenginewill beinvaluable.
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Applicationof the Two-SidedDepthTestto CSGRendering Guhaetal.

(a) GRID: Thedesiredoutputis the at sheetwith the 25 spheresubtractedrom it.
Only two layersarenecessaryo computethe product.

(b) HELIX: Notethatin this exampletwo of the objectsarenon-cowex (thetwo helices).Thedesiredoutputis the subtractiorof the
two helicesandtheinnerpipefrom the outerpipe.

(c) CUBE: In this example,the booleancombinationdesiredis the union of oneof the cylinderswith the productconsistingthe yellow sphere
andthe greencubeminusthefront-facingcylinder

(d) HOLLOW PIPE:In thisexample for easeof viewing we shav the original objectsin thetwo left-most gures. Theoutputshouldbeahollow
pipeformedby the subtractiorof theinnertube(coloredin pink) from the outertube(in red)

Figure2: Examplesof CSGrenderingproducedby our algorithm. In eachexample,the left-most gure depictsall the primitivesprior to
ary booleanoperationsEachsubsequengure depictsthe renderedutputafter successie stepsof the algorithm,andtheright-most gure
shavsthe nal answer



