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1. Introduction

Let A € R™*", b € R™ and ¢ € R". Consider the primal-dual pair of linear programming
problems:

(P) Minimize cla
subject to @ € P={x: Ae =05, > 0}.
(D) Maximize b’y
subject to (y,z) € D = {(y,z): Aly+2z=¢, 2 >0}

Define

P_|_+:{§13:A33:b, 33>0}7
D-I—-I— :{(’y72)§AT’y—|—Z =cC 2 >0}7
St =Py x Dy ={(z,y,2) 1@ € Pry, (y,2) € Dyy )

We assume throughout that the rank of the matrix A is m.

This paper studies a class of primal-dual interior point algorithms which originated
from a fundamental analysis by Megiddo [18] on the central trajectory for the problems
(P) and (D). The central trajectory is defined as the set S..,, = {(®(p), y(p), z(y)) : p >
0} of solutions (@(p), y(x), 2(x)) to the system of equations with a parameter g > 0:

Xz=ype, Ae=b, ATy+z2=c, >0 and z> 0. (1)

Here X = diag(x) € R™*" denotes a diagonal matrix with the coordinates of a vector
= (v1,72,...,7,)", and e = (1,...,1)T € R". By definition, (z(n),y(1), z(1)) € St
for every p > 0. It was shown by Megiddo [18] that, as the parameter p > 0 tends to
zero, (p) € Pyt and (y(u), z(p)) € Diy converge to optimal solutions of (P) and (D),
respectively. We also refer to the book [7] by Fiacco and McCormick, who described the
trajectory in terms of a logarithmic penalty function, and discussed some properties of the
trajectory. Thus, optimal solutions of (P) and (D) can be approximated by tracing the
trajectory See, until the parameter y becomes sufficiently small. The first polynomial-
time algorithm based on this idea was given by Kojima, Mizuno and Yoshise [11].

We describe a generic primal-dual interior point method (abbreviated to the GPD
method), which provides a general framework for many existing primal-dual interior
point algorithms [4; 9; 11; 12; 13; 16; 17; 21; 22; 23; 32; 33]. The GPD method generates
a sequence {(x*, y* z%)} C S, ;. Assuming we have obtained the kth iterate (2", y*, 2¥),
we will show how the method computes the (k + 1)th iterate (*+! y*+! k1) ¢ G, .
Let f* = (2F)Tz%/n. If (2F, y*, 2%) lies on the central trajectory S..,, then z¥zF = p
(: = 1,2,...,n) for some y; hence f* = u. We can easily verify that nf* = (2%)T2*
coincides with the duality gap e@* — bT y*: hence

(25)T2F  cTak — bTyt

/= - . (2)

n n

We now consider the Newton direction (Az, Ay, Az) at the current iterate (2", y*, 2¥) €
S, for approximating a point (&(u),y (1), 2(x)) with g = 3f* on the central trajectory



Seen, where 8 € [0,1] denotes a parameter to be specified later. More precisely, the
direction (Ax, Ay, Az) is given as a unique solution of the Newton equation

ZFAx + X*Az = pBffe — XF2F,
AAwx = 0, (3)
ATAy + Az = 0.

Finally, we choose step lengths a, and ay to generate a new iterate (x+1, y*+l 2F+1)
such that

a:k"'l = iEk + apAa: - P_|__|_7 (4)
(yk+1,zk+1) — (yk,zk) —I—ozd(Ay,Az) c D-I—+-

The GPD method depends on three parameters: a search direction parameter 3,
a primal step length «, and a dual step length «4. If we choose an initial solution
(2%, 9% 2°%) € S, and assign appropriate values to these parameters at each iteration of
the GPD method, we obtain a particular primal-dual interior point algorithm, which we
abbreviate as a PD algorithm.

The parameter 3 determines a target point (z(3f%),y(3/%), 2(3f%)) on the central
trajectory S.., which we want to approximate by the new iterate (&F+! y*+1 2F+1) ¢
Si4. When we take 8 = 1, the target point (2(f*), y(f*), 2(f*)) € Seen minimizes the
Euclidean distance || Xz — X*2%|| from the current iterate (¥, y*, 2¥) € S, to points
(z,y,z)on Seen. Thus, the resulting Newton direction (Ax, Ay, Az) = (Az°, Ay°, Az°)
may be regarded as a “centering” direction. On the other hand, when we take § = 0,
the system (1) with g = Bf* = 0 turns out to be the necessary and sufficient Karush-
Kuhn-Tucker optimality condition for the problems (P) and (D):

Xz2=0, Ax =b, ATy+z=c, >0 and 2> 0.

Hence the Newton direction (Ax, Ay, Az) = (Az", Ay", Az") from the current point
(x*,y*, 2¥) aims at optimal solutions & of (P) and (y, z) of (D). We call the direction
(Az", Ay", Az®) an “affine scaling direction” [15; 25] since, as in the primal affine scaling
algorithm [3; 2; 30], it does not involve any centering direction. In general, each direction
(Azx, Ay, Az) with a # € [0,1] can be represented as a convex combination of the
centering direction (Ax°, Ay°, Az°) and the affine scaling direction (Ax", Ay*, Az")
such that

(Az, Ay, Az) = (1 — p)(Az", Ay", Az") + Az, Ay°, Az°).

The parameters «, and ¢y determine step lengths in the primal and dual spaces,
respectively. Kojima, Mizuno and Yoshise [11] showed that if the same step length

&, = ¢4 = «is chosen in the primal and dual spaces, then the new duality gap
(bt T2kl = eThtt — pTyhtt = eT(2F + aAx) — bT (y* + Ay) satisfies

c'(@" +adz) - b (y" + aAy) = (1 —a(l - §))(c"2" - bTy"). (5)

See Lemma 3.1. It follows from this equality that



(i) B has to be less than or equal to 1 in order for the duality gap not to increase,
(ii) the smaller 3 and the larger «, the larger the reduction in the duality gap.

Theoretically, we can choose any 5 € [0,1]. On the other hand, in order to keep the new
iterate (&1, y**1 25+1)in S, we need to take the step lengths a, and oy smaller than

&, = max{a: ®" + aAx >0} and &; = max{a: 2" + adz > 0},
respectively. Hence, if we choose o, = o4 = a, it is bounded from above by
& = min{é,, G4} = max{a:@" 4+ adx >0, 2"+ adz > 0}.

The bounds &,, &4 and & depend on the location of the current iterate (x*, y*, 2*) and
the value of the search direction parameter 3. It is known that we can guarantee a large
& when the current point (", y*, z*) € Sy, is not too far from the central trajectory
Seen. See Lemma 3.3. In fact, many of the existing PD algorithms [4; 9; 11; 12; 22; 21;
23] generate a sequence {(2",y*, 2¥)} in a prescribed horn neighborhood of the central
trajectory See,, so that the bound & remains larger than some positive constant.

Kojima, Mizuno and Yoshise [11] used 3 = 1/2 and a, = a3 = a to generate a
sequence {(z*,y*, 2zP)} C S,y which eventually moves into a prescribed neighborhood
of the central trajectory Se.,. The algorithm runs in O(nL) iterations. In other papers,
Kojima Mizuno and Yoshise [12] and Monteiro and Adler [24] improved the complexity
O(nL) to O(y/nL). Their algorithms assign in advance small neighborhoods to the
central trajectory Se.,, and generate sequences {(x*, y*, 2*)} € S, in the neighborhood
by taking artificial initial solutions (2% y°, z°) in the neighborhood and the parameters
f=1-=6/y/nand ap = oy = 1 for some positive number § < 1. Their theoretical
improvements, however, do not lead directly to improvements in the practical efficiency
of PD algorithms. In fact, from (5) we see that the duality gap reduces at least linearly
with a ratio of (1 — §/+/n) in every iteration. Hence, the convergence of the duality gap
to zero is too slow in practice when n is large.

In view of the above, a smaller search direction parameter § seems necessary to
increase the efficiency of the GPD method. Lustig [14] discussed a region in the space
of the search direction and step length parameters in which the GPD method converges
globally. Mizuno, Todd and Ye [21] proposed an O(nL) iteration PD algorithm where
they took # = (' in every iteration with an arbitrary fixed 3’ € (0,1) and a larger
neighborhood of the central trajectory S.., than the ones used in [11; 12; 23]. If 3’ were
of the form n™? for some positive number p, we could prove that their PD algorithm
would require O(nP*' L) total iterations.

In all the PD algorithms mentioned so far, the same step length « is chosen in the
primal and dual spaces, so that the new iterate (&*+! y**+! 2**1) ¢ S, remains in a
certain horn neighborhood of the central trajectory S..,. The notion of a neighborhood
plays a key role in gaining sufficient reduction in the duality gap at each iteration to ensure
the polynomial-time convergence. There has been another development in PD algorithms,
namely, an O(y/nL) iteration PD potential reduction algorithm given by Kojima, Mizuno
and Yoshise [13]. They have taken a search direction parameter 3 = n/(n + y/n) and



a step length « such that in each iteration there is at least a constant reduction in the
primal-dual potential function of Todd and Ye [29], rather than the duality gap. Kojima,
Megiddo, Noma and Yoshise [9] generalized the PD potential reduction algorithm in a
unified way to a wider class of primal-dual potential reduction algorithms including a
globally convergent affine scaling PD algorithm. Ye [32; 33] investigated the range of the
search direction parameter [ which guarantees the polynomial-time convergence of the
PD potential reduction algorithm.

The introduction of the potential function in the GPD method has opened up the
possibilities of taking a larger step length a because the new iterate (&1, y*+1 2F+1) ¢
St4 is not required anymore to be in a given neighborhood of the central trajectory
S.en. Ye [32] discussed the use of different step lengths in the primal and dual spaces for
primal-dual potential reduction algorithms. Theoretically, however, it is not clear how
large a step length o we can take even if we perform a line search along a search direction
to gain a big reduction in the potential function.

McShane, Monma, and Shanno [17] proposed taking 3 = 1/n and different step
lengths o, and ¢y in the primal and dual spaces such that

o, = &, and ay = 04y (6)

for 8 = 0.9995. They reported that the GPD method using this choice of the parameters
solved the NETLIB set of test problems very efficiently. See also [16].

The authors feel that there still remain the following differences between the theoreti-
cal PD algorithms [4; 9; 11; 12; 13; 22; 21; 23] which enjoy the global and/or polynomial-
time convergence and the practically efficient implementations [16; 17] of PD algorithms:

(i) Values of the search direction parameter § in the practically efficient implementa-

tions are smaller than those in the theoretical algorithms.

(ii) Most of the theoretical algorithms use the same step length « in the primal and
dual spaces, while the practical implementations take different step lengths «, in
the primal space and «ay in the dual space given by (6).

(iii) The different step lengths a, and a4 are usually much larger than the common step
length « used in the theoretical algorithms.

(iv) The PD potential reduction algorithm [9; 13] requires a line search to get a larger
reduction in the potential function.

(v) There has been no proof for the global convergence of the practical implementation

[16; 17).

The goal of the present paper is to fill these gaps. We propose two sets of rules for
controlling the parameters 3, o, and a4 in the GPD method. The first, Rule G, ensures
global convergence (Theorem 3.2), while the second, Rule P, ensures polynomial-time
complexity (Theorem 4.1). Both rules depend only on the step lengths &, and &4 from
the current iterates to the boundaries of the primal and dual feasible regions, respectively.
They rely neither on any neighborhood of the central trajectory S.., nor on the potential
function. These rules allow taking large steps without performing any line search.



Under Rule G, we choose constants 3, @,0, 6" and o* in advance so that
0<f<1,0<w<1,0<0<0"<1 and 0 < . (7)

These constants can depend arbitrarily on n. At each iteration we choose a search

direction parameter 3 € [0, 5]. We have two independent conditions for choosing step
length parameters o, and ¢y. One is

0 S ayp S (9*6(p, 0 S (6 %] S (9*6(d,

cTahtt — plyhtt B cl(xb + a,Ax) — bT(yk + ag Ay) <1_—c &
clak — bTyk - clok — bTyk > 1lTw

and the other is B
0 <0 <0,

o — o — O if & > o, (9)
P ST T 062 /af otherwise.

In a practical implementation of the GPD method, (8) should be preferred over (9). We
can easily check whether there exist some «, and a4 satisfying (8) by calculating a pair
(v, ag) which minimizes the duality gap

c(a" 4+ a,Az) — b (y" + 0y Ay) (10)
subject to the constraints
0<aq, <0, and 0 < ay < 0%q,.

We take the same step length «, = ay = a determined by (9) only when the minimizer
(v, q) does not satisfy the last inequality of (8). Theoretically, however, the global
convergence of the GPD method using Rule G holds even if we always use the same step
length «. It should be noted that the same step length « always satisfies a < &; hence,
the resulting new iterate (&1, y*+1 25+1) lies in Sy ,.

As a simple illustrative example of Rule G, we may take
B=p= % 0=10"" 0=0=0"=0.9995 and o* = 107"
In this case the conditions (8) and (9) turn out to be
a, = 0.9995¢,, ag = 0.99954,,

cka-I—l _ bT,yk-l—l CT(QZk + OépAQZ) o bT(,yk + OédAy) (11)
Tk _ T,k Tk _ Bl % < 0.9999,
cle"—by cle"—b'y

and

[ 0.99956 if & > 1074,

G =M= a= { 99954%  otherwise, (12)

respectively.



If we take the same step length «, = oy = « in the primal and dual spaces, we
know from (5) that the duality gap (10) decreases as the step length « increases. If,
however, we take different step lengths a, and «ay4, then the duality gap (10) does not
necessarily decrease with either o, or ory. We show in the Appendix that the duality gap
may increase with a, (or ag). Furthermore, the step length a, = 66, (or ag = 0dy), used
by McShane, Monma and Shanno [17] in the implementation of the GPD method, is not
always well-defined because &, (or &) can be infinite. Therefore, the last inequality of
the condition (8) (or (11)) works as a reasonable safeguard against such a difficulty.

The condition (8) in Rule G is moderate and flexible. One can expect that there
exist step lengths o, and oy satisfying (8) whenever we take w sufficiently small and the
current iterate (2%, y*, z*) € S, is not too close to the boundary of Sy . In fact, we
know from the definition of & = min{d&,, &4} and (5) that if we take o = 6*& then

0<a<0,, 0<a< b,

T( ok p Tk B
c' (" + aAx) bT(y + aAy) <1—0a(1—f).
cTak — pTyk

Hence, if & > w/(6*(1 — 3)), then the same step length o, = oy = a = 6*& satisfies (8).
If, in addition, the duality gap (10) decreases in both «, and a4, we may take a, = 0*&,
and ay = 0*&4 as in (6) used in [17].

Now, suppose that some step lengths «, and ag do not satisfy (8) with a small .
Then, & = max{a : & + aAz > 0, z + aAz > 0} must be smaller than ©/(8*(1 — 3))
because otherwise the common step length a = 6*& would satisfy the condition (8) as
we have observed above. Hence, we know that the current iterate (2", y*, 2¥) lies near
the boundary of Sy ;. Then, Rule G tells us to take a common step length « of the order
of &*. In such a case, however, it might be better in practice to try another direction
(Az, Ay, Az) with a larger 3 so as to move away from the boundary, although Rule G

certainly ensures the global convergence.

Under Rule G we can even take = 0 in every iteration. In this case we have a
globally convergent affine scaling PD algorithm.

A remark on generalizing Rule G. In the GPD method using Rule G described
above, after choosing a search direction parameter 3 € [0, 3], we try to find a new
iterate (&1, y**1 25*1) € S, “along the search directions Az in the primal space and
(Ay, Az) in the dual space” so as to decrease the duality gap at least by a constant
factor 1 — w. See (8). This part can be generalized significantly by eliminating the
restriction “along the search directions ... in the dual space.” That is, we can take

k—l—l7 Zk-l—l)

a new iterate (z*+! y anywhere in S, as long as the condition

cka-I—l _ bT,yk-I—l -1 -
—w
cTak — bTyk —

is fulfilled. The global convergence of the GPD method using Rule G (Theorem 3.2) and

its proof remain valid under this generalization. This generalization makes it possible




to incorporate various techniques to increase the practical efficiency of the interior point
algorithms such as higher order predictor methods [1; 19; 25; 26] and multidimensional
searches [5; 21]. Also, we can incorporate some techniques [8; 34; 35] developed for
accelerating the local convergence of the GPD method.

We now describe Rule P. Let
0<fB<05, 05<h " <landl<a" <. (13)

We can allow 3*, §* and o* to depend on n as long as 1/(1 — %), 1/8* and 1/a* are
polynomial in n. At each iteration, we take parameters 3, o, and oy such that

B*<3<05, 05<0< 0", (14)
0é if &> o,

06* /o™ otherwise.

a=a,=ai= (15)

For example, Rule P allows us to take

1
Br=p==,0"=0=09995 and o” =107".

n
Then, the common step length « is given as in (12).

Obviously, Rule P is a special case of Rule G. Compared with Rule G and (6) used
by McShane, Monma and Shanno [17] in the implementation of the GPD method, Rule
P is restrictive in the sense that it always requires taking a common step length in the
primal and dual spaces. In Section 4 we establish the polynomial-time convergence of

the GPD method using Rule P.

In [4; 9; 12; 13; 22] PD algorithms were presented for the complementarity problem,
rather than pairs of primal and dual linear programs. All the results obtained there
can be easily adapted to the primal-dual pair of linear programs (P) and (D). See the
concluding remarks of [13]. Many interior point algorithms have been proposed which
work on the primal-dual pair of problems (P) and (D) but are not covered by the GPD
method. Among others, we refer to the following:

(i) An O(n®L) algorithm using a sequence [20].
(ii) An O(\/nL) iteration potential reduction algorithm [31]. See also [6].
(iii) A potential reduction algorithm for the linear complementarity problem with Py

matrices [10].

We also mention that Tanabe’s centered Newton method [27; 28] is closely related to the
GPD method.

2. Notation

We summarize below the notation which we use throughout.



(2F, y", 2%) : the kth iterate of the GPD method.

fk (a:k)Tzk cka o bTyk

(Ae, Ay?Az) : the segrch direction at the kth iterate.
» =sup{a:z® +adz > 0}.

¢ =supia:z¥ +adz >0}

= min{d,, &q}.

SR

: a common step length in the primal and dual spaces; 0 < a < &.
«, : a step length in the primal space; 0 < o, < &,,.

aq  a step length in the dual space; 0 < ay < &y.

B €10,1] : a search direction parameter.

B, @, 0, 0%, o B*: constants fixed in Rules G and P. See (7) and (13).
6 : a parameter used in Rules G and P. See (9), (14) and (15).

(e, y,2) = min{% c7=12,...,n; forevery (@,y,2) € Si4.
™ = x(xk y*, 2").

In general, the superscript k stands for the kth iterate. The values of &, &,, dq,
B, o, o, ag and 0 can vary from one iteration to another, but we usually omit their
dependence on k.

3. Global convergence of the GPD method using Rule G

Throughout this section, we assume that the parameters 3, @, 0, §* and o associated
with Rule G satisfy (7). We also assume (2*, y*, 2¥) € S, , and that 3 € [0, 3]. We begin
by proving the equality (5) which we have used in our discussion in the Introduction.
The following results were essentially due to [11].

Lemma 3.1. Assume that we take a common step length o = o, = g < &. Then,

claftt — Ty = (1 — a(l - 8))(cT2* —bTy*) > 0,
fHr=0—all=p)f >0
0<l—a(l-p)<l

Proof: By (4), (&1, y*+1 281y € S, and a < &, we have

Tkt — plyht

0 <« x

k—l—l)Tzk—I—l

28 a2 Az 4+ (M) T Az) + o? AT Az

=
— (a:k + ozAa:)T(zk +aAz)
(
(cTa" —bTy) + a((zF) Az + (2")TAz) + o’ AxT Az,



Here (Ax, Ay, Az) is a solution of the system (3) of linear equations. Hence the
second and third terms in the last line above can be rewritten as

(2T Az + (M) T Az) = el (ZFAx + XFAz)
el (Bffe — X*2F)
= a(npft - (a)=")
A L)
and
?AxT Az = of Az’ (—ATAy) = —*AyTAAx =0,
respectively. Thus we have shown the first relation of the lemma. The second relation

follows from the first and the definition (2) of f*. Since ¢’&* — bTy* > 0, we obtain
the last inequality of the lemma.

The theorem below establishes the global convergence of the GPD method using
Rule G.

Theorem 3.2. Suppose that (2°,y°, 2%) € Sy1. Let {(2",y"*, 2%)} C Syi be a sequence
generated by the GPD method using Rule G. Then, the duality gap ¢Ta* —b"y* converges
to 0 as k tends to infinity.

The remainder of this section is devoted to proving the theorem. We need to introduce
a quantity 7 (@, y, ) to measure a deviation from the central path S.., at each (x,y, z) €

S_|__|_§

Ljzj
xlz/n

(e, y,2) = min{ j=12 ... ,n} for every (®,y,2) € S44. (16)

Obviously, 7 is a continuous function in (@, y, 2) € Sy4. It is easily verified that

0<m(x,y,z) <1 for every (z,y,2) € 54y,
(e, y,2) =1 if and only if (&, y,2) € Seen.
We may say that m(@,y,z) decreases from 1 to zero as (®,y,z) € S;; moves away

from the central path S.., and approaches the boundary of S;y. Thus, 1 — 7(@,y, 2)
represents a deviation from S..,. For simplicity of notation, we use 7* for =(2*, y*, 2¥).

Remark. Kojima, Mizuno and Yoshise [11] and Lustig [14] used 1/x, which they denoted
by 7, to measure a deviation from the central path S..,. See also [9] for some other
quantities to measure a deviation from the central path S.., and their relation to .

It follows from the Newton equation (3), which is satisfied by (Az, Ay, Az), that

Y AzjAz; = Az Az =0, (17)

J=1

ZfA:L'j + :L'fAzj = [fF - :L'fzf for every j = 1,2,...,n. (18)



These inequalities will be utilized in the lemmas below. The next Lemmais a modification
of Lemma 5 in [21]

Lemma 3.3.

o (1 2(71"“)2 (1 2(71"“)2
“ me{? (ﬂQ—Qﬂrk—l-Wk)n}me{? n }

Proof: 1t follows from (18) that, for every j =1,2,...,n,

k kok\ 2
Gf —:L'jzj)
2

(zFAz;)(afAz;) < ( .

which implies
(B — wheh

k&
4:1;jzj

AJ}]‘AZ]‘ S
Using (17) and the inequality above, we have that

—AJ}ZAZZ = Z AJ}]‘AZ]‘

IN
™
s
=

ol
%N??‘

IA

AN
e a0 M
[~]=
SN
S
2=
“N??‘\_?;
[\]

|

DO
)
=
B

_'_
o
S
~—

hence

(19)
On the other hand, by the definition of &, we can find an index ¢ such that

0 = (:L'f + dA:z;i)(zf + aAz;)
= a4 A Az 4 2f A + 62 AriA
=l +a(pfh —afzf) + 6* Az (by (18))
= (L—a)af= +apf* + a*Avidz,

If & < 1/2, the equality above implies

0o > (1—d)xfzf—l—d2AxiAzi
1
> §xfzf—l—éz2A:1;iAzi
2mm vizi g =1,2,....n a’Ax;Az;

Y

1
5#“ fF 4+ @Az Az



Hence we see that

1 ﬂ'kfk
~D > . L ‘
@ =mi { 47 —QAJ}ZAZZ }
Substituting the inequality ( 9) in the inequality above, we obtain the first inequality
of the lemma. Since 0 < 7" <1l and 0< 3< 3 < 1,

0 < (B—a")247%1 -
— 62—267Tk‘|‘77k
< B-prf4at
= 1-(1-8)(1—-7"
< 1.

Thus the second inequality of the lemma follows.

Lemma 3.4. Assume that o = o, = ag < &, and thal

1—@—(1—d)<7)220.

PEA > (1 Ca—(1-4) (g)Q) Ly L (a—@ (g)z) B¢

for every 3 =1,2,....n

Then

Proof: Let j be fixed. Then,

0 < (:ch + &ij)(zf + aAz))
= :L'fzf + d(zfA:L'j + :L'fAzj) + &QijAzj

= 2l a(sft =t + &P Ax Az (by (18))
Hence .
AriAs > _:1;]2] —I—Oz(f; — xkzh )
By the definition of 7%, we also see :1; > 7k f5 Tt follows that
:L'f"'lzf"'l = (:L'f + OéAl’]‘)(Zk + OéAZ]‘)
= 2l a(BfF — 22 + oP Axy Az (by (18))

D4 (D) (bt —alar - )
)z)ka(a—a( ))ﬂf’“
s (eol2))o

> xfzf—l—oz(ﬂf —:1;

_ (1_a_ a4
R

Y
22 R



Lemma 3.5. Define

* /1 — A o=
ﬁ:min{l, o™, u} and v = ———— (20)

60~ a*(1—3)

Assume that 7% < 0.5 and & < k. Take a common step length a = o, = o according
to (9). Then
> (1 — a1 — B)r*,

Proof: By the assumption, a = 4% /a* < & < k < 1. It follows that

« 2
1—oz—(1—oz)<7) >1—d—(1-4a)=0,
o
2 2
oz—ol(i) —a— 2 >0 (21)
o o

Let 5 be fixed. By the inequalities above and Lemma 3.4, we see that

:L'f"'lzf"'l > (1 —a—(1-a) (%) 2) T4 (oz —a (%)2) BrE.

By Lemma 3.1, f*! = (1 — a(1 — 3))f*. Hence

ittt Y(8)

= =Gy
where 1 : [0,1] — R and x : [0,1] — R are functions such that

w0 = (1ma—a-a(5) )+ (a-a(§))e
W@ = 1-a(l-g
We now prove that o(3) >

©
' (E)x(&) = X&) ()
X(6)?

whenever the assumptions of the lemma are satisfied. By Lemma 3.1, the denominator

x(£)? is positive for every ¢ € [0, 3]. Evaluating the numerator ¥'(£)y (&) — x'(£)¥ (&)
for each ¢ € [0, 5], we have

P (Ex(E) = X()P(E)

_ (a_@ (g)j (1—a(l =)

(0) by showing that

€)= >0 for every ¢ € [0, )
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|
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(by0<a<a<k<1,0<7fand 0<¢)

> a(l—g)(l—a)—oz(ﬂ'k—l—oz) (by (21) and 0 < £ < 1)
o
> all———a—7"—«
o
1 3« . . k
> oz<§—A) (since @ <k <1 and 7" <0.5)
o
1 6*a
> oz(§—3 *oz) (since /& = baj/a” < 07a/a”)
o

> 0. (since & < & < (Oé*\/l - 5) /(607) < a™/(607))

Thus, we have shown ¢/(£) > 0 for all £ € [0, 3]. Hence

Bl _k+1
i
e 2 #(0)
2
(l—a— — )(%))ﬂ'k
- l -«
> (1 ) (since l —a>1—a)
> (1 ) (since a = 0&% [a™ < 0*4*/a™ )
oz@* E ) -
> (11— Vs (since 1 = g >1—7)
= (1- 6) 7)
Hence, we have shown
pRtl R+l .
Ll 2 (el - )
This inequality holds for every j = 1,2,...,n. From the definition
k+1 k1
L W(wk+17yk+17zk+1) = min{]fkiﬁ 1 =1,2,... 771}

of 7**1, we obtain
"> (1 = ~ya(l — ) 7~
On the other hand, 0 < a(1 — ) < 1 by Lemma 3.1. We also see

a(l-=p) < « (since 0 <3< B <1)
< 0;0:2 (since a = 042 [a™ < 07&* [a*)
oa*(1 -3 =
< % (since & < k < (oz*\/l - ﬂ) /(607))
< L (since a*(1 — 3)/0* = 1/7)

36~



Finally, using the inequality
(1=78) 2> (1-8*
with 0 < € = (1 — 8) < min{1,1/(2y)}, we obtain
P> (1= qa(l— A7t > (1 - a(l - B)"'x".

Now we are ready to prove Theorem 3.2.
Proof of Theorem 3.2:

We need to designate the dependence of «, o, g, &, B and 8, which are used in Rule G,
on the iteration explicitly in the proof below. So we will write o, o/;, ak &k gF
and 6*. Since the duality gap c¢Ta* — bTy* decreases monotonically, the duality gap
apparently converges to 0 if we can take different step lengths o/; and of satisfying (8)
for infinitely many k’s. Hence, we only have to deal with the case where the same step
length o* = o/; = ok is chosen according to (9) for every k > k and some k. Assume

that &* > k or 7% > 7 for some 7 € (0,0.5], where & is defined by (20). If we denote

— 2
1 27? 272 a*y/1 —
5:min{1, l, /432} = min T , (@), (*ﬂ) )
n

n 60~

Y

|

we see by Lemmas 3.3 that (&%)? > ¢. Hence
el phtl _ bTyk-H

cTxk — bTyk

= 1—(1-p8"a (by Lemma 3.1)
< 1—-(1-p)0 (min{&k, (Oz*)Q}) (by ¥ < 3,0 <0 <0 and (9))
< 1—-(1-p)0 (min{oz*, (&) }) (since &% > (&%)?/a* if a* > &%)

< 1-(1-/) (min{a*, ai}) . (by (&%) > &)

If the inequality above holds for infinitely many &’s, the duality gap ¢ @ —b" y* converges
to 0. So we may further restrict ourselves to the case where

lim 7% = 0, &F <k and 7% < 0.5 for every k > ( and some { > k.

k—o0

Applying Lemma 3.5, we now obtain

7_‘_k-l—l Z (1 . Oék(l . 6k>)2wﬂ_k



for every k > (. It follows that

£4r—1
ﬂ_£+r > H (1 o Oék(l o 6k>)2wﬂ_£
k=¢
f4r—1 2y
- (T a-aru-)
k=¢

(ﬁ-l-r—l el phtl _ bTyk-H

2y
‘
T by Lemma 3.1
k= clah — bTyk ) ( Y )

2y

cTwﬁ-I—T _ bT,yf-I—T ,

pu— ﬂ'
cTapl — bTyf

for every r = 1,2,... . Thus, we obtain

Fﬁ—l—r(cwa o bT,yf)Z'y
{

- Z (CTwﬁ—I—T . bTyﬁ—I—T)Z'y

for every r = 1,2, ... . Since lim,_., 7'*" = 0, we can conclude from the inequality above
that the duality gap e¢T@* — bTy* converges to 0 as k tends to infinity. This completes
the proot of Theorem 3.2.

4. Polynomial-time convergence of the GPD method with Rule P

Throughout this section, we assume that the parameters %, o and 6* associated with

Rule P satisfy (13).

Theorem 4.1. Let € > 0. Suppose that (x°,y°,2°) € Sy4. Define

B (cTa:O—bTyo)
n = log | ———,

€

1_0* * *
o = min{—( Q)Oéﬁ , 71'0},

. ) Oé* 0.2
& = ming —, .
2 na*

Let {(x*,y*, z%)} C Sy be a sequence generated by the GPD method using Rule P. Then

(i) 7" >0 forall k=0,1,2,...,
(ii) cTa" —bly" <eifr>2p/a.

From (i), the generated sequence {(x*,y*, 2*)} lies in a neighborhood {(z,y,z2) €
Syt w(x,y,2) > o} of the central trajectory S, although Rule P does not explicitly
require the sequence to remain in any prescribed neighborhood of S..,,. lf welet § = 1—o0,
the neighborhood {(#,y,z) € Siy : m(®,y,2) > o} coincides with the neighborhood



NZ(B) = {(z,y,2) € Sy : || X2z — el < Bu,p = &' z/n} introduced by Mizuno,

Todd and Ye [21]. Once we know that the sequence lies in the neighborhood N'Z(53), we
can deduce the computational complexity of the algorithm from the results of [21]. But
we will show the entire proof of Theorem 4.1.

The theorem also shows that if all the quantities 1/(1 — 6*), 1/3*, 1/a* and 1/7°
are polynomial in n, then the GPD method with Rule P computes approximate optimal
solutions @” of (P) and (y”, 2") of (D) with the duality gap not greater than e, within time
polynomial in n. Specifically, when they are of the order O(1) we obtain the following
corollary.

Corollary 4.2. In addition to the assumption in Theorem 4.1, suppose that 1/(1 — 0*),
1/6%, 1/a and 1/7° are all O(1). Then, the duality gap ¢"@" —b"y" becomes not greater
than € in O(nn) iterations.

Preparing an artificial initial point (2%, y°, 2%) € S,y such that
log(eTa® — bTy") = O(L) and 7° = 7(2°, 9", 2°) = O(1),

and setting € > 0 such that loge = —O(L), we can prove under the conditions of Corollary
4.2 that the GPD method using Rule P enjoys the O(nL) iteration complexity, where L
denotes the input size of the problem (P). But the details are omitted here. See Kojima,
Mizuno, and Yoshise [12] and Monteiro and Adler [23] for such an artificial initial point.

We need the following lemma to prove Theorem 4.1.
Lemma 4.3. Let o € (0,(1 — 0%)a*37/2] be a constant. If 7% > o then 7*t! > 0.

Proof: By Lemma 3.1, (1 — &(1 — #)) > 0. By assumption (14), 8 < 0.5, so & <
1/(1 = 3) < 2. We also know o < & by the assumption. Hence,

A a\? o o
& & &
2
> (1—2)(?—@) (since a0 < &)
& &
o 2
- (-
&) \é&
> 0. (since & <2 and a < &)

Thus we can apply Lemma 3.4, and obtain

PEHA > (1 Ca—(1-4) (%)2) ok k4 (a—@ (%)2) B¢

for y =1,2,...,n. By Lemma 3.1, we also know that

=0 —al =)



It follows from the two relations above and 7% > o that

BHL_k+1  _ rktl
T z; of

> (1ma-a-a (5) )2 - —at-gpest+ (a-a(5) ) or

> (—ozﬁ —(1—4) (g)) oft + (a —& (g)) Bt

If & > a* then a = 6&; hence

BHL _k+1  rk+l
T2 of

(-9@5 —(1- a)e?) off + (Gd _ ow?) Bk
((0 = 3)06— 0%) o f* + (1 — 0)063f*
> 0% ff+(1—0)0a"8f" (since 3 < 0.5 <8 and o* < &)

Y

1 —0)*
> 9. # (1= 0)0a7 B fF
pince o =008 (1= 000,
= (1—-0.50)(1 - 0)ha~3f*
> 0. (since § < 6" < 1)
On the other hand, if & < o* then o = #4?/a*; hence
B b plt
~ 9 AN 2 ~ 9 AN 2
. (_ﬁef B (e_a) )Ufk+ (901 _&(e_o:) )W
(8% (8% (8% (8%
OA[ 2 OA[ 2
> —(Ba” +0)0 (—) off 4+ (a" —0a™)0 (—) BfF (since a* > &)
(8% (8%
OA[ 2 OA[ 2
> 20 (—) off 4+ (1 —0)a"0 (—) Bf* (since 0 < B3, 0, a* < 1)
(8% (8%
OA[ 2
= (=204 (1 =0)a*p)d (—*) fr
(8%
> 0. (since o < ( 2)oz b < ( 2)oz 6)

Thus we have shown the inequality

BHL_k+1  _ rktl
T z; off ™ >0

both for the case of & > «a* and for the case of & < «*. This inequality holds for
7 =1,2,...,n. Therefore,

R R
E+1 _ - Nt B
s —mm{ = .j-l,Z,...,n}>a.



Proof of Theorem 4.1

As in the proof of Theorem 3.2, we will use the symbols 5%, &%, o* and #* instead of
B, &, a and 8, respectively. By Lemma 4.3 and the definition of o, we obtain (i). By
the assumption (13) on the parameters o*, 5* and %, we have

o <
- 2

1
< —.
1
By Lemma 3.3, we have

&2 > min lQ(ﬂ_k)z > min EE :2;'2.
4’ 4’

n

Hence, the step length o determined by (15) satisfies

a® = min{@k&k w}

a*
(gk A kN2
> min{@ka*, ﬂ} (since &% > (&%)?/a” if a* > &%)
a*
20k 2
> min{@ka*, 7 } (since (ézk)z > 20°/n)
a*n
* 2
> min{a—, ? } (since 0% > 0.5)
27 a*n

Thus we have shown o* > &. To prove (ii), assume that » > 25/a&. Then
CTwT—I—l . bT,yT—I—l
= (cTa® —bly") I1 - " (1 — %)) (by Lemma 3.1)

k=1

< ("2 —b"y") J](1 —0.5&)  (since 8% < 0.5 and & < of)
k=1
= (e —bTy")(1 — 0.5a)".

Hence
log(cTa™™ —bTy™™) < log(c'2" — b y") + rlog(l — 0.5a)
< log(c'x® — bTy") — 0.56r
< log(c"2® — bTy°) — 0.54 - %7
< log(ea’ —b'y%) —y
= log(c"a® — bTy°) — log (CTwO Z bTyO)

Il
—
)
02
o



Thus the assertion (ii) follows. This completes the proof of Theorem 4.1.

Appendix. Inconsistency of the step length control rule (6).

We will show by an example that the step length control rule (6) used by McShane,
Monma and Shanno [17] in the implementation of the GPD method is theoretically
incomplete. We consider linear programming problems (P) and (D) with n = 2, m =1,
A= (1,-1),b=—-09 and ¢ = (1,1)T. Let &* = (0.1,1) € P4y and (y* 2F) =
(0,1,1) € Dyy. Take B =1/n = 0.5 as in [17]. Then the Newton direction calculated as
the solution of the system (3) turns out to be

Az = (41/440,41/440)7
Ay = —9/11,
Az = (9/11,-9/11)7.

Since Az > 0, we have &, = co. Hence the primal step length o, = 0¢é, determined by
(6) is infinite. We also see ¢? Az > 0, so that the duality gap c¢Ta*+! — b7 y**! given in
(10) increases monotonically as the primal step length «, increases.
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