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Abstract. The analytic center w of an n-dimensional polytope P = {x € R" :
a’z —b; >0 (i =1,2,...,m)} with a nonempty interior P, is defined as the unique
minimizer of the logarithmic potential function F'(x) = — Y7, log(al® — b;) over Pi;.
It is shown that one cycle of a conjugate direction method, applied to the potential
function at any v € P,,; such that ¢ = \/('v —w)TV2F(w)(v —w) < 1/6, generates a

point & € P,,; such that \/(;iz — w)TV2F(w)(& —w) < 23/né.

1. Introduction

Let P denote a polytope of the form {® € R" : alx > b; (i = 1,2,...,m)}. The symbol
P.,¢ stands for its interior {& € R" :alx > b; (1 = 1,2,...,m)}. We assume throughout
that P;,; is nonempty and bounded. Let F' denote the logarithmic potential function on
Pint;

F(z) = — Z}Og(aiT;p —b;) for every @ € Py .
=1

The analytic center w of the polytope P (Sonnevend [11]) is defined as the unique min-
imizer of the potential function F' over the interior P,; of P. We denote the gradient
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vector and the Hessian matrix at each & € P,,; by VF(x) and V?F (), respectively. By
a simple calculation, we see that

m m T

2
Z ;‘Fﬂ?—bi and V*F(x Z a:—b)

=1 =1

Assuming there exist n linearly independent a;’s, the Hessian matrix V2F' (&) is pos-
itive definite at every & € P;,,;. Hence, the potential function F' is strictly convex over
Py, and if Py, # 0, the analytic center w of the polytope P is the unique solution of
the system of equations VF (@) = 0. Furthermore, at any fixed @ € P,,;, we can define
a norm over R" by

€]l = VE V2R (2)E . (1)

We use the norm ||& — w||, to measure the distance from any @ € P;,; to the analytic
center w as in the papers by Renegar [10] and Vaidya [15].

Consider the linear program

Minimize e
subject to al@x >b (1=1,2,...,m).

Here, ®,c € R", a; € R", and b; € R. We assume that the linear program has a bounded
nonempty set of optimal solutions. Denote by A* the optimal value of the objective
function. It follows that for every A > A* the interior S;,:(A) of the parametric level set

S()\):{;peR”:cTazg)\, a;fpa:Zbi (t=1,2,...,m)}

is nonempty and bounded. For each A > A*, let w, denote the analytic center of S(\).
It is well known that the set {wy : A > A*}, consisting of all the analytic centers, forms
a smooth curve which runs through the interior of the feasible region and converges to
an optimal solution of the linear program as A tends A*. The curve is called the central
trajectory or the path of centers. Thus, if we numerically trace the central trajectory
till A gets sufficiently close to A*, then we obtain an approximate optimal solution of
the linear program (Sonnevend [11]). Renegar [10] embodied this idea in his polynomial-
time algorithm for linear programs using Newton’s method for approximating the analytic
center of a polytope. Since then, the approximation of the central trajectory by Newton
method has played a major role in many interior point algorithms developed for linear
programs (e.g., Freund and Tan [2], Gonzaga [3], Megiddo [7], Kojima, Mizuno and
Yoshise [5], Monteiro and Adler [8], Renegar [10], Tanabe [13; 14], Vaidya [16]) and
their extensions to convex quadratic programs (e.g., Monteiro and Adler [9]) and linear
complementarity problems (e.g., Kojima, Mizuno and Yoshise [6]).

The following theorem provides a theoretical basis for the polynomial-time conver-
gence of Renegar’s algorithm:



Theorem 1.1. (Theorem 3.2 of Renegar [10]) If ||[v — w]|, = ¢ < 1, then the point &* =
v — V2F(v) 'V F(v), generated by one Newton iteration for minimizing the potential
function F' at the point v, satisfies

. (14 €)%
[&" — wl, < - (2)

Vaidya [15] also investigated the behavior of a Newton-type method for approximating
the analytic center. Our research is motivated by the following questions: (i) Do con-
jugate direction and conjugate gradient methods (see, for example, Cohen [1], Hestenes
[4], and Stoer [12]) work as effectively as Newton’s method for approximating the ana-
lytic center? (ii) Can these methods be utilized effectively in interior point algorithms,

replacing Newton’s method? Here we begin answering these questions. Let v € int P,
and let d',d?,....d" be n V*F(v)-orthonormal vectors;

(3)

ld']; = (d)"V?F(v)d' =1 (i=12....n)
(d)'V2F(v)d' =0 if 1<i<j<n.

We are concerned with a conjugate direction method for approximating the analytic
center.

Conjugate Direction Method (One Cycle).
Step 0: Let y° = v and k = 1.

Step 1: Define y* € Py, by F(y*) = min{F(y*~' + vd") : v € R}.
Step 2: If £ = n, then stop. Otherwise, set £k = k£ + 1 and go to Step 1.

Our main result is:
Theorem 1.2. If ¢ = ||[v — wl, < 1/6, then ||[y" — wl|, < 23/ne.

In the remainder of this note we prove this theorem. As by-products, we derive
several interesting properties of the potential function and its quadratic approximation.
In particular, we will see in Corollary 2.5 that an inequality slightly stronger than (2)
holds under the assumption of Theorem 1.1.

2. Basic analysis

2.1 Symbols and notation

We begin by introducing the notation. Let
fle) = F(e) — F(w) for every @ € Py; .
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Obviously, the gradient and the Hessian of the function f at every @ € P,,; coincide with
those of the potential function F', respectively. By the definition of the analytic center w
of the polytope P, we have

f(w) =0 and f(x) > 0 for every & € P, .
We also call f a potential function.
Define a quadratic approximation of the potential function f at every y € P,,; by

g,(x) = f(y) + VF(y) (2 — y)
+ iz —y)"VF(y)(x —y) forevery x € R". (4)

In particular, we have

¢(®) = q(x*) + Lz — ")V F(v)(x — ") for every ® € R". (5)

2

Here, * = v — (V2F(v)) 'V F(v) denotes the point generated by one Newton iteration
for minimizing the potential function f at a point v € P,,; (see Theorem 1.1).

For each @ € P,,;, define an n x m matrix U, by

U a; as A,
.=
ale — b, ale —b," "alx—b,)’

and for each pair , y € P, define the m x m diagonal matrix R by

RY — diag aly—b, aly—b, aly —b,
z afe b ale b, "alx—b,)"

With this notation, we can rewrite the norm ||€||, of € € R™ defined by (1) as
€]l = VEVIF(x)E = |ULE|l (zecP).

This equality is used very often without any reference. Also, it is easy to verify the
following equalities for every pair {®,y} C P

VF(z) = —U,e, (6)
ViF(x) U UL (7)
U, = U.R,, (8)
e—Rje = Ug(y —x). 9)



2.2 Some properties of the quadratic approximation

In this subsection we present three lemmas. The first one estimates the difference between
the norms ||&||, and ||€]||» of & € P,y when y and @ are close. The second and the third
ones evaluate the errors in the gradient vector Vg, and the Hessian matrix V3¢, of the
quadratic approximation ¢, of the potential function f, respectively.

Lemma 2.1. [f§ € R", {®,y} C P, and |x — yl|, < ¢, then

(1=l < [[&lly < (L + )lI€]l. - (10)

Proof: For every i (i = 1,2,...,m), let r; denote the i’th diagonal element (ala —
b;)/(aty — b;) of the diagonal matrix R). By (9) and the assumption,
é(l —r)?=le—Rje|’ = |Uj(y —2)|* = |z —y|; < .
This implies that
SU=r)<é and l—e<m<lte (i=1,2....m). (11)
i=1

On the other hand, we know by (8) that U;‘ff = R;”Ugf. Hence, taking the Euclidean

norm of both sides of this equality, we obtain
(1= OIULEl < U €Il = | RJU &I < (1 +)|ULE] -

Thus, the desired inequalities in (10) follow. g

Lemma 2.2. I[f§ € R, {&,y} C Piu, and cither || —y||, < ¢ or ||& — yl||. < ¢, then

€

2
el -

(Vay(e) — VF(@)"€] < ;

Proof:  As in the proof of Lemma 2.1, we denote the :’th diagonal element (ala —
b;)/(aTy — b;) of the diagonal matrix R by r; (1 =1,2,....,m). If |l -y, <
then the inequalities in (11) hold. Since RY = (R)™", we see by symmetry that if
|z — y||l» < ¢, then the inequalities

i 1\ 1 .
Z(l——) <e¢& and 1—-e<—<1l+4¢ (i=1,2,...,m) (12)

=1 T i



hold. We can easily verify that

(Vay(@) = VF(=))"¢
Fly)+VF(y)(@—y) = VF(2))"¢g (

e+ Rle+ Rle) U'g

IA

H—26+f¥6+fdeHU§ﬂ

> ) el

=1

IA

2 =i

_ (iu - >—) l€ll, = (i (1- 1)) Il

In either case ((11) or (12)) the desired inequality follows.

Lemma 2.3. [f§€ € R" {x,y} C P and ||& — y||, < ¢, then

€7 (V2q,(x) — V2F(2))€] < (2 + e)el €)% .

Proof: By the definition (4) of the quadratic function ¢, and (7),

£V, ()6 = |UEIP = |I€]; and &VF(x) = |[UE|* =

By Lemma 2.1,

€7 (V2q,(x) — V2F () €]
1€ll; — &1z

IA A

max{(2 — e)e, (2+ e)e}||€]|
(2 + e)ellg]ly -

2.3 Minimization of the quadratic approximation

U,e+U,U (@ —y)+U.e) 5‘ (by (6) and (7))

max{|(1 — )*I&1l; = [1&ll51, 1(1+ )*1€]l; —

(V
(-

- ( Uye+U,( e+R$)+U1W 4 (by (8) and (9))
(-2

I€]1% -

The following lemma shows a relation between the minimizer &/ of the potential function

f and the minimizer &7 of its quadratic approximation ¢, over any affine subspace S that

intersects Pi.



Lemma 2.4. Suppose S is an affine subspace of R™ which intersects Py,;, and let y € Py
be any point. Let &/ be the minimizer of the potential function f over S 0 P, and let
x? be the minimizer over S of the quadratic approximation q, of f at y € Py. Under
these conditions, if cither ||[&/ —y||, < ¢ or ||®’ —yll.s < ¢, then |27 —2/||, < /(1 —e).

Proof: From the definition of 7 and 7,
(2 —2)'VF(@)=0 and (2—2)"Vg(z?) =0

for any @ and z in S. In particular, these inequalities hold for & = &% and z = z/.
Hence,

(2! —2/)'VF(@) =0 and (27 —a/)'Vg,(2)=0. (13)
Therefore,
le? — 2|} = (U (=" —2')|”

= (' —2)Y'UU(z* — )

= (2" =)'V F(y)(" —a') (by (7))
(@7 — /)" (Vgy(x7) = Vg, (x7)) (sce (4))

= (2" —a)!(VF(2!) - Vg, (7)) (by (13))

< 1 ‘ |z? — 2’|, (by Lemma 2.2)).

Using Lemma 2.4, we can strengthen the inequality (2) given in Theorem 1.1.
Corollary 2.5. Under the assumptions of Theorem 1.1, ||[&* — w||, < (14 €)e?/(1 — ¢).

Proof: If we apply Lemma 2.4 to the case where S = R and y = v, then &/ = w
and x? = «*, and hence ||2* — w||, < €?/(1 — €). On the other hand, by Lemma 2.1,
|le* — w|lw < (14 ¢)]|e* — w|,. Thus the desired inequality follows. g

2.4 Neighborhoods of the analytic center

We define an ellipsoidal neighborhood E(¢) of the analytic center w by
Ble)={z:|lz—w|. <} ={w+s:[[€]lo =1 and 0 < s < e},
and the level set L(c) of the potential function f by
Lic)={z: f(z) < ¢}

for each ¢ > 0. The following lemma shows a relation between the neighborhood F(¢) of
the analytic center w of the polytope P and the level set L(c):
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Lemma 2.6. For every e € [0, 1],
E(e) C L(26%/3) C E(V2e) .

Proof: By Lemma 5.1 of [15],

53
8¢) — $6°€"VF <
for every 6 € [0,1) and every € € R* with ||€||, = 1. Since &' V2F(w)€ = ¢'U,UTE,

it follows that ,

) &3
f(w+5€)—§ Sm

for every 6 € [0,1) and every & € R" with |||, = 1. This inequality will be used later.
Now, if

(14)

r=w+sE€c k), 0<s<e<]1 and [[§|l.=1,
then

@) = flw+sE)

<

(by (14))

< S+

(since s <e< 1)
< =

This implies that @ € L(2¢*/3). Thus, we have shown the first inclusion relation
E(e) C L(2¢*/3) of the lemma.

We now prove the second inclusion relation L(2¢2/3) C E(v/2¢). It suffices to show
that if

@ =wt st ¢ B(V2) and €l =1.
then
r=w+sE g L(24/3) .

Since s > v/2¢ and f is a strictly convex function attaining its minimum value 0 at the
analytic center w of the polytope P, we have

flw +58) > flw + V2eE) .
On the other hand, by (14) and 0 < e < 1/6,

2¢? (\/56)3 2
f(w+\/§6€)27—m226 /3.

Hence, ® & L(2¢*/3). g



3. Proof of the main Theorem

By applying Lemma 2.4 with S = B*, &/ = w and &7 = x*, we first observe that

2
" — wll, <

: 15
- (15)
We also see by Lemma 2.6 that v € E(e) C L(2¢*/3), which implies f(y") = f(v) <
2¢?/3. Tt follows from the construction of the sequence (see the Conjugate Direction
Method described in Section 1) that

F6h) < ') < T ien yhE L) (k=01 )

Hence, for every £ =0,1,....,n,

1
ly" —v|l, < ——|ly* —wv|. (by Lemma 2.1)

1 —e
< (It~ wll e - wll.)
< i (\/§6+ 6)

(by y* € L(2¢%/3), Lemma 2.6 and v € E(c) )
< 3e (since 0 <e<1/6).

Thus, we have shown that
ly* —v|l, <3¢ (k=0,1,...,n). (16)

Recall that d',d?,...,d" are n V2F(v)-orthonormal vectors satisfying (3).

Lemma 3.1. Ify =2 + 5", \id’, then for every fired j (5 =1,...,n), the minimum
of the quadratic approximation ¢, of the potential function f at v € P,y on the line
{y+ad’ : a € R} is attained at * + > it Ad’.

Proof: By (5) and (3),

n T n
a(y+ad’) = qu<w*>+%(ZAfdi+“dj) Vi (v) (ZM“““)

= @) +3 (Zn: A+ +0é)2) :

1#]
Thus, the minimum of ¢,(y + ozdj) with respect to o € R is attained at o« = —X;. g

9



Let w; (¢ =1,2,...,n) be real numbers such that
i=1

For each k (k= 1,2,...,n), let vy denote the step length from y*~! taken at Step 1 of
the Conjugate Direction Method along the direction d;

y' =y +udt (17)

Then each y* (k=1,2,...,n) can be rewritten as

y'=v

k k n
yk:yo‘l’zyidZ :;13*—|—Z(,u2—|—1/2)d2—|— Z IuZdZ .
=1 i=1 i=k+1
For each k (k= 1,2,...,n), let g* be the minimizer of ¢, on the line {yg*'4+ad* : o € R}.
By Lemma 3.1,

k-1 n
V=2 + Y (mt+v)d + Y md =y* — (u+v)d".
=1 i=k+1
Hence,
ly" =272 = 1> (i + vo)d’|I2
=1

n

= Dl +wi)d'3 (by (3))

1=

AN
3
SN
S
(WS
2
S—’
[\]
N~—
[\]
ey
o
)
S
[S—
D
S—’
<
=
o,
—
:
2
b
.
S—’

AN
N
"
—_
| Ne)
2
o [\]
2
~—
[\]

Since 0 < ¢ < 1/6,

9
ly" — |l < Vi (1_736) & < 18y/me. (18)

Consequently,
ly" —wll. < (149l —wle (by lv—wl < ¢ and Lemma 2.1)
< (+9(ly" =2l + 2" = wl.)
< (1+¢) (18\/562 + 16—_26) (by (15) and (18))
< I (18\/ﬁ—|— g) ¢ (since 0 < e < 1/6)
< 23y/né.
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4. Concluding remarks

Our main theorem (Theorem 1.2) suggests a modification of Renegar’s polynomial-time
algorithm [10] for linear programs. Specifically, we can replace Newton’s method, which
is used to trace the central trajectory in Renegar’s algorithm, by the Conjugate Direction
Method. Such a modification does not, however, seem so attractive. The authors are
not satisfied with the fact that in the Conjugate Direction Method the search directions
d',d?,...,d" are chosen as conjugate directions with respect to a fixed Hessian matrix
V2F(v) of the potential function F' at v. Only the line search from y*~! is performed
along the direction d* using the potential function f at each iteration of the method.
In standard applications of conjugate gradient methods to nonlinear minimization, the
search direction d* is computed adaptively rather than fixed in advance. Our ultimate
goal is to see whether conjugate gradient methods can be effectively incorporated in
interior point algorithms. Thus it would require more effort to establish a similar result
for conjugate gradient methods rather than the Conjugate Direction Method given in
Theorem 1.2
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