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Abstract. A complementarity problem with a continuous mapping f from
the n-dimensional Fuclidean space R™ into itself can be written as the system of
equations

F(z,y)=0 and (z,y) > 0.

Here F is the mapping from R?" into itself defined by

F(iB,y) = (9013/179623/27 s Tp¥n, Y — f(iI})) for every (iB,y) Z 0.

Under the assumption that the mapping f is a FPy-function, we study various aspects
of homotopy continuation methods that trace a trajectory consisting of solutions
of the family of systems of equations

F(z,y)=1t(a,b) and (z,y)>0

until the parameter ¢t > 0 attains 0. Here (a,b) denotes a 2n-dimensional constant
positive vector. We establish the existence of a trajectory which leads to a solution
of the problem, and then present a numerical method for tracing the trajectory.
We also discuss the global and local convergence of the method.

*Parts of this research were done while the first author was visiting at the IBM Almaden Re-
search Center. Partial support from the Office of Naval Research under Contract N00014-87-C-0820
is acknowledged.

TDepartment of Information Sciences, Tokyo Institute of Technology, Oh-Okayama, Meguro, Tokyo
152, Japan. Supported by Grant-in-Aids for Co-operative Research (63490010) of The Ministry of
Education, Science and Culture

{IBM Research Division, Almaden Research Center, San Jose, CA 95120-6099, USA, and School of
Mathematical Sciences, Tel Aviv University, Tel Aviv, Israel.

$ Department of Systems Science, Tokyo Institute of Technology, Oh-Okayama, Meguro, Tokyo 152,
Japan.



1. Introduction

Let R" denote the n-dimensional Fuclidean space. We use the notation R} for the
nonnegative orthant {& € R : & > 0} and R’ for the positive orthant {x € R" : 2 >
0} of R". The complementarity problem C P[f] with respect to a continuous mapping
f: R — R" (see, for example, Cottle [1], Karamardian [6], Kojima [7], Lemke and
Howson [15], etc.) is defined to be the problem of finding a z € R** such that z =
(z,y) >0, y= f(x) and 2,4, =0 (¢ =1,2,---,n). Under the nonnegativity condition
z = (x,y) > 0, the complementarity condition x;y; =0 (¢ = 1,2,---,n) can be rewritten
as the condition that the inner product @ -y = &7y is equal to zero. We say that the
C P[f] is linear if the mapping f is a linear mapping of the form f(x) = Mx + ¢ for
some n X n matrix M and g € R", and nonlinear otherwise. A feasible solution is a
z = (x,y) € R* satisfying the nonnegativity condition z = (@, y) > 0 and the equality
y = f(«). To distinguish a solution of the C'P[f] from a feasible solution, we often call
a solution of the C'P[f] a complementary solution. We use the symbols S, [f] for the
set of all the feasible solutions, and Sy, [f] for the set of all the strictly positive feasible
solutions:

Self]l = {z=(zy) e B  y=f(2)},
Silf] = {z=(=,y) € S4[f] : (x,y) > 0}.

This paper studies homotopy continuation methods for nonlinear complementarity
problems, which were originally developed for linear programs (Gonzaga [3], Kojima,
Mizuno and Yoshise [12], Monteiro and Adler [20], Renegar [23], Vaidya [26], etc.), and
then extended to linear complementarity problems (Kojima, Mizuno and Yoshise [13],
Megiddo [17]) and nonlinear complementarity problems (Kojima, Mizuno and Noma [10;
11]). See also Jarre [5], Mehrotra and Sun [18], Monteiro and Adler [21], Ye [27] for
extensions to quadratic programs. A common basic idea of the algorithms in this class
is tracing the path of centers (or analytic centers) of polytopes which leads to solutions.
This idea was proposed by Sonnevend [25], and the first polynomial time algorithm in
this class was given by Renegar [23]. We also refer to Megiddo [17] who generalized the
idea to linear complementarity problems and, in particular, to linear programs in the
primal-dual setting.

We describe an outline of the homotopy continuation method for the C'P[f]. Let
X = diag @ denote the n x n diagonal matrix with the coordinates of a vector ® € R".
Define the mapping F from R3" into R} x R" by

F(z)=(Xy,y— f(x)) forevery z = (x,y) >0 (1)
to rewrite the C'P[f] into the system of equations:

F(z)=0 and z = (2,y) > 0. (2)
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Let ¢ = (a,b) € R}, x R". Consider the family of systems of equations with a nonneg-
ative real parameter ¢:
F(z)=tc and z = (x,y) > 0. (3)

Obviously, the system (3) with the parameter ¢t = 0 coincides with the system (2) or the
CP[f]. Let

C={te:t>0}.

Under certain assumptions, the system (3) has a unique solution z(t) for each positive ¢
such that z(t) is continuous in the parameter ¢; hence the set

FHC)={z€ Ry : F(z) =tc forsome ! >0} = {z(t):t> 0}

forms a trajectory, a one-dimensional curve. Furthermore, z(t) leads to a solution of the
system (2) as ¢ tends to 0. Suppose that we know a point z(!) € F~'(C) in advance.
Thus, if we start from the known point z(¢!) and trace the trajectory F~'(C) until the
parameter ¢ attains zero, we get a solution of the system (2) or a complementary solution

of the C'P[f].

There are several questions arising from the continuation method described above.
Theoretically, we have to establish the existence of a trajectory consisting of solutions
of the system (3). We have to study the limiting behavior of the trajectory as the
parameter ¢ approaches zero. In addition, we need to show how to prepare an initial
point z(t') € F7'(C) as well as how to trace the trajectory F~'(C') numerically. Global
and local convergence of the method should be discussed too. These questions have been
answered partially for some special cases.

We first consider the case where f is a linear mapping, f(x) = M« + ¢, with a
positive semi-definite matrix M, i.e., @ - (Ma) > 0 for every @ € R". As a special case
of (3), consider the family of systems of equations with a nonnegative real parameter ¢:

F(z)=1(e,0) and z = (x,y) > 0. (4)

Here e = (1,---,1) € R". Suppose that the set Sy, [f] of all the strictly positive feasible
solutions of the C'P[f] is nonempty. Then the set of the solutions z of the system (4) with
the positive t’s forms a trajectory {z(¢) : t > 0} which converges to a complementary
solution of the C'P[f] as t tends to zero (Megiddo [17]). In this case the trajectory can
be regarded as a generalization of the path of centers of a system of linear inequalities.
The algorithm given by Kojima, Mizuno and Yoshise [13] computes a complementary
solution of the C'P[f] by tracing the path of centers numerically.

The system (4) can be rewritten as
y=Mxz+q, Xy=te and z = (2,y) > 0.

Hence the solution z(t) of the system (4) is restricted to running in the relative interior
Sy [f] of the fixed feasible region Sy[f]. This lacks the flexibility in choosing an initial



point. Theoretically, we can construct an artificial problem which has an initial point
2% € S, ;[f] sufficiently close to the path of centers (See Section 6 of [13]). However the
magnitude of such a theoretical initial point is too large for implementation on computers
(Lustig [16], Mizuno, Yoshise and Kikuchi [19]). The family of systems of equations (3)
gives us more freedom in choosing initial points than the family (4).

We consider now more general nonlinear cases. If the system (3) has a solution for
every t > 0, we must have

tbe Bii[fl={uv e R":u=y— f(x) for some (x,y) > 0}

for every t > 0. Hence it is necessary to take a vector b € R" such that tb € B, [f] for
every t > 0. When we describe a numerical method in Section 5, we will assume b > 0 to
meet this necessary condition. In fact, by the definition of the sets Sy [f] and By y[f],
we see that if the C' P[f] has a strictly positive feasible solution, i.e., S; [f] # 0, then
there exists an (&,y) > 0 such that 0 = y — f(&); hence

Ry C{u e R} :u=y— f(z) forsomey € R}, } C BL[f].

This ensures that tb € B,y[f] for every ¢ > 0. It should be noted that even in this
case, we can start from any ®' € R}, in the @-space by taking appropriate y' € R,
and ¢ = (a,b) € R}, such that @ = (x{y{, 23y}, --,xLy,) and b = y' — f(z') > 0.
This flexibility in choosing initial points is very important especially when we apply the
continuation method with the use of the family (3) to nonlinear problems where finding
a feasible solution is generally as difficult as solving them.

Kojima, Mizuno and Noma [10; 11] presented two conditions to ensure the existence
of a trajectory consisting of solutions of the family of systems of equations (3):

Condition 1.1. (Kojima, Mizuno and Noma [10])
The mapping f is a uniform P-function, i.e., there exists a positive number ~ such that

max (z; — ) (fi() — fi(y)) = vll@ — y||* for every @,y € R".

Condition 1.2. (Kojima, Mizuno and Noma [11])

(i) The mapping f is a monotone function, i.e.,

(x—y) - (f(z)— f(y)) >0 for every &,y € R".

(ii) The set S;4[f] of all the strictly positive feasible solutions of the C'P[f] is nonempty.



Remark 1.3. When f is a linear mapping from R" into itself with an n xn matrix M, it
is monotone if and only if M is a positive semi-definite matrix, and a uniform P-function
if and only if M is a P-matrix, i.e., all the principal minors of M are positive (Fiedler
and Ptéak [2]). Tt is well-known that the Karush-Kuhn-Tucker optimality conditions for
linear and convex quadratic programs can be formulated as a positive semi-definite linear
complementarity problem.

Conditions 1.1 and 1.2 above can be unified as follows:

Lemma 1.4. If Condition 1.1 or 1.2 holds then Condition 1.5 does.
Condition 1.5.

(i) fis a Po-function, i.e., for every &,y € R" with & # y, there is an index ¢ such
that

vi—y; #0 and (z; —yi)(fi(z) — fily)) = 0.
(ii) The set S;y[f] of all the strictly positive feasible solutions is nonempty.
(iii) The set
F(D) = {z = (e,y) € B : F(z) € D)
is bounded for every compact (i.e., bounded and closed as a subset of R*") subset

D Of Ri X B_|__|_[f]

Remark 1.6. As we have already seen, R} C By [f] follows from (ii) of Condition 1.5.
Hence, Condition 1.5 implies that the set

FYD)={z=(x,y) € R : F(z) € D}

is bounded for every bounded subset D of RY". We will often use this fact later.

After listing in Section 2 some symbols and notation, which will be used throughout
this paper, we give a proof of Lemma 1.4 in Section 3. In Section 4 we show some basic
properties of the mapping F : RY" — R’ x R" defined by (1). Specifically, we establish
under Condition 1.5 the existence of the unique trajectory F~'(C) leading to solutions
of the C'P[f]. This result is an extension of the results given by Kojima, Mizuno and
Noma [10; 11]. In Section 5 we present an algorithm for tracing the trajectory. This
algorithm is a modification and extension of the primal-dual algorithm given by Kojima,
Mizuno and Yoshise [12] for linear programs. See also the papers [13; 20; 21]. Although
we can apply the algorithm to linear complementarity problems, the main emphasis will
be placed on nonlinear cases. In Section 6 we show the global convergence property of
the algorithm. In Section 7 we discuss the local convergence property of the algorithm
under a nondegeneracy condition, and present a modified algorithm which has a locally
quadratic convergence property.



2. Symbols and Notation

R"™ : the n-dimensional Euclidean space.

R} = {& € R" : 2 > 0} : the nonnegative orthant of R".

R}, = {z € R" : & > 0} : the positive orthant of R".

e= (1,---,1) € R".

f @ a continuous mapping from R" into itself.

X = diagx : the n x n diagonal matrix with the coordinates of a vector @ € R".
F(z)= (Xy,y — f()) for every z = (®,y) € R?".

CP[f] (the complementarity problem) :

Find a z = (z,y) € R*" such that F(z)=0, z > 0.

Selfl = {z=(=,y) € R : y = f(x)} : the feasible region of the C'P[f].

5++[f] {z=(=,y) € RQ+ y = f(z)}.
]—{ueR” U=y — f()forsome z=(x,y) > 0}.

u E U:e-u=1}.
={ueclU:c-u<t} (t>0).
B3¢c(0, 1), € (0, oo) : constant scalars such that (1 + ¢)3 < 1.

C R3% U {0} : a closed convex cone whose interior contains the half-line C'.
= {
)

3. Proof of Lemma 1.4

First we deal with the case where the mapping f satisfies Condition 1.1. The statement
(i) of Condition 1.5 directly follows from the definition of a uniform P-function. It has
been shown in [10] that F maps R3" onto R’ x R™ homeomorphically. In particular there
exists an (&,y) € R3" such that F(z,y) = (e,0). Recall that e = (1,---,1) € R". Since
Ty =1 (i=1,2,---,n), we have (&,y) € R, ; hence (@,y) € Sy [f]. Thus we have
shown (ii) of Condition 1.5, i.e., S44[f] # 0, or equivalently, 0 € B, [f]. By a similar
argument, we can easily show that By [f] = R". If D is a compact subset of R} x R",
then F~'(D) is also compact since F is a homeomorphism. Thus, (iii) of Condition 1.5
is satisfied.

Now we consider the case where the mapping f satisfies Condition 1.2. The state-
ments (i) and (ii) of Condition 1.5 follow immediately. To show (iii) of Condition 1.5,
assume, on the contrary, that the set

E=F(D) = {(x,y) € R} : F(a.y) € D}



is unbounded for some compact subset D of R} x By y[f]. Then we can take a sequence
of points {(x*,y*) € F: k=1,2,---} such that

lim (2, y) = o
and

lim (y* — f(2")) = u for some w € B, ,[f].

k—o0

Since By [f] is an open subset of R, we can find a w € By [f] such that
y'— fa") za

for every sufficiently large k. By the definition of the set By [f], thereis an (&, y) € R,
satisfying ¢ — f(2) = @. Furthermore, (X*y*, y* — f(2*)) lies in the bounded set D for
every k, where X* = diag *. So we can find positive numbers  and ¢ such that

eyt <pandz-(yf — fl@)—a+9) < (k=1,2,---).

Hence, for every sufficiently large k, we have

0 < (2"—2a) - (f(=") - f(x)) (by (i) of Condition 1.2)
= (@' —2) (¥~ (4 —fl=") —a+9g) by y—u=f(z))
= 2ty —ayt -2t (Y - feY) —atr Y+ (v - f2h) -aty)
< 2fyf—zyf 2t gty - fleh)—a+@)
(since " >0 and y* — f(z")—a>0)
< p—z-y—a2" g+

Thus we have obtained

oy ety <+
for every sufficiently large k. Since (2*,y*) € R (k =1,2,--), the inequality above
ensures that the bounded set {(z,y) € R : @ -y +a -y < n+ (} contains (z*,y")
for every sufficiently large k. But this contradicts the fact that limy_.. ||(2*, y*)|| = .
This completes the proof of Lemma 1.4.

4. The Existence of the Trajectory F~'(C)

In the remainder of the paper we assume Condition 1.5. The main assertion of this
section is Theorem 4.4, which establishes that the set F~'(C') consisting of the solutions
of the system (3) for all positive ¢ forms a trajectory leading to solutions of the C' P[f].
This result will give a theoretical basis to the homotopy continuation method described



in Section 5. To prove the theorem, we need three lemmas. The first two lemmas ensure
the existence and uniqueness of a solution of the system of equations

F(2) = (a,) and = = (2,9) € RV 8
for every (a,b) € R}, x By([f], where

Biilfl={u€R" :u=y— f(x) for some (z,y) € RY,}.
Lemma 4.1. The mapping F is one-to-one on Ri”_l_.

Proof: Assume on the contrary that F(z',y') = F(«?* y?) for some distinct (', y'), (22, y?) €
R . Then

fl@') - f(@®)=y' —y® and zly! =27y >0 (1 =1,2,---.n).
Since the mapping f is a Fy-function, we can find an index k£ such that

vy # g and 0 < (o —2p)(fu(@') — ful@?)) = (2g — 25) (s — v2).

We may assume without loss of generality that z; > x7. Then the inequality above

implies that y; > y7. This contradicts the equality zjy} = xy? > 0. y
Lemma 4.2. The system (5) has a solution for every (a,b) € R} x By ([f].

Proof:  Let (a,b) € R} x By [f]. It follows from b € B [f] that y — f(z) = b
for some (&,y) € RY,. Let @ = (#1901, 2292, -, #,3n) € R} . Now we consider the
family of systems of equations with the parameter ¢ € [0, 1]:

F(z,y)=((1—t)a+ta,b) and (x,y)c R (6)

Let £ < 1 be the supremum of #’s such that the system (6) has a solution for every
t € [0,1]. Then there exists a sequence {(&*, y* t¥)} of solutions of the system (6) such
that limy_., t* = 7. Since the right-hand side ((1—=t)a+ta,b) of the system (6) lies in
the compact convex subset D = {((1 —t)a +ta,b) : t € [0,1]} of R} x By [f] for all
t €10, 1], (iii) of Condition 1.5 ensures that the sequence {(2*,y*)} is bounded. Hence
we may assume that it converges to some (@&,y). By the continuity of the mapping
F, the point (&, y,1) satisfies the system (6). Hence if ¢ = 1 then the desired result
follows. Assume on the contrary that ¢ < 1. Then we have z,y; = (1 —¢)a; + ta; > 0
for every ¢ = 1,2,---,n. Hence (#,y) € RY,. It follows from Lemma 4.1 that the
mapping F' is a local homeomorphism at (&,y). (See the domain invariance theorem
in Schwartz [24].) Hence the system (6) has a solution for every ¢ sufficiently close to
t. This contradicts the definition of . §



Lemma 4.3.

(i) BY C Byi[f].
(ii) F maps R, onto R x Byy[f] homeomorphically.

Proof: ~ As we have already seen in Section 1, the assertion (i) follows from (ii) of
Condition 1.5. We will show the assertion (ii). By the definition, we immediately see
F(R) C R, x Byi[f], and R}, x By, [f] C F(R?,) by Lemma 4.2. Hence F
maps Rﬁ_”_l_ onto R, x By, [f]. By Lemma 4.1, the continuous mapping F' is one-to-one
on the open subset R, of R*". Thus (ii) follows from the domain invariance theorem
(see Schwartz [24]). g

We remark here that if a continuous mapping f satisfies Condition 1.1 then F maps
R onto R x R" homeomorphically (Kojima, Mizuno and Noma [10]). Now we are
ready to establish the existence of the trajectory F~'(C') consisting of solutions of the
system (3) for all positive ¢.

Theorem 4.4. Let ¢ = (a,b) € R}, x R}, and C' = {lc:t > 0}.

(i) For everyt > 0, the system (3) has a unique solution z(t), which is continuous in
t; hence the set F~'(C') = {z(t) : t > 0} forms a trajectory.
(i) For every t° > 0, the subtrajectory {z(t): 0 < t < 1} is bounded; hence there is at
least one limiting point of z(t) ast — 0.
(iii) Fvery limiting point of 2(t) ast — 0 is a complementary solution of the C P[f].
(iv) If f is a linear mapping of the form f(x) = Ma + q, then z(t) converges to a
solution of the CP[f] ast — 0.

Proof: By (i) of Lemma 4.3, we first observe that
tec € C C R:L__I_ X Ri C R:L__I_ X B_|__|_[f]

for every ¢t > 0. Hence the assertion (i) follows from (ii) of Lemma 4.3. If we take
D ={te:0 <t <"}, wesee by Remark 1.6 that the set

F'(D)={2z€RY, :F(z)e D} ={2(t): 0 <t <1}

is bounded. Thus we obtain (ii). By the continuity of the mapping F, if 2z is a limiting
point of z(t) as t — 0, we have F(z) = 0 and 2z > 0; hence z is a complementary
solution of the C'P[f]. Thus we have shown (iii). Finally, to see the assertion (iv),
we will utilize some result on real algebraic varieties. We call a subset V of R™ a real
algebraic variety if there exist a finite number of polynomials ¢; (¢ = 1,2,---, k) such
that

V={e e R":g(x)=00=12,---,k)}.
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We know that a real algebraic variety has a triangulation (see, for example, Hironaka
[4]). That is, it is homeomorphic to a locally finite simplicial complex. Let

V={(e,y,t) € R :y=Ma +q+1tb, vy, =ta; (i =1,2,---,n)}.

Obviously, the set V is a real algebraic variety, so it has a triangulation. Let z = (&, y)
be a limiting point of z(¢) as t — 0. Then the point v = (&, y,0) lies in V. Since the
triangulation of V' is locally finite, we can find a sequence {t¥ > 0} and a subset o of
V' which is homeomorphic to a one-dimensional simplex such that

lim =0, lim z(")=2, 2z(t*) € (p=1,2,--- ).

pP—00 pP—00
But we know that VAR coincides with the one-dimensional curve {(z(¢),t) : ¢ > 0}.
Thus, the subset {(2(¢),) : tP** <t < {*} of the curve must be contained in the set o
for every p, since otherwise o is not arcwise connected. This ensures that z(¢) converges
tozast — 0.

Remark 4.5. One of the referees suggested another proof of the assertion (iv) of the
theorem using the well-known result that every real algebraic variety contains only finitely
many connected components. Indeed, for every € > 0, the algebraic variety VN{(e,y,t) €
R* 1 |[(=,y,t) — v]|* < €*} has finitely many connected components. It follows that
z(t) must be within distance € of v for all sufficiently small ¢ > 0.

5. A Numerical Method for Tracing the Trajectory F~'(C)

In the previous section, we have shown the existence of the trajectory F~'(C) leading
to solutions of the C'P[f] for every ¢ € Riy x Ry and C = {te : t > 0}. In general,
the trajectory F~'(C) is nonlinear, so that exact tracing is difficult even if we know an
initial point on the trajectory. Of course, exact tracing is not necessary since our aim
is only to get an approximate solution of the C' P[f]. We will control the distance from
the trajectory in such a way that || F'(z) — te|| tends to zero as the right-hand side of the
system (3) tends to zero along the half-line C' = {tc € R" : t > 0}. For this purpose,
we will introduce a “cone-neighborhood” U of the half-line C'. To develop a numerical
method that traces the trajectory F~'(C), we further assume in the remainder of the

paper:
Condition 5.1.

(i) The mapping f associated with the C'P[f] is continuously differentiable.
(ii) ¢ = (a,b) € RZ" and ||c|| = 1; hence the half-line C' = {tc: ¢ > 0} lies in R",.
(iii) U C R¥ U {0} is a closed convex cone whose interior int U contains the half-line
C.
(iv) We know a point 2! = (&', y') such that F(z') € U in advance.
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It is always possible to choose ¢ = (@, b), U and (@', y') satisfying (ii), (iii) and (iv) of
Condition 5.1. For example, choose ' > 0, y' > 0 and b’ > 0 such that b’ = y* — f(=').
Let @' = (z1yi,23y3, -, xlyl). Let ¢ = (a',b")/||(a’,b")||, and p be a positive number
such that ¢; > p (¢ = 1,2,---,2n). Define U = {u : ||u—te|| < tp for some t > 0}. Then
the set of ¢ = (a,b), U and (&', y') satisfies Condition 5.1.

The lemma below shows some properties of the neighborhood U of the half-line C',
which will be utilized in the succeeding discussions.

Lemma 5.2.

(i) The set Uy ={u €U :c-u =1} is bounded.
(i1) There exists a positive number 7 such that ||u— (c¢-u)e|| < (¢ u)7T for each w € U.
(iii) There is a positive number o such that if ||u — te|| < to for some t > 0 then
u €int U.

Proof: (i) One can easily see that the set {u € R%" : ¢ - w = 1}, which contains the
set Uy, is bounded because ¢ € RY", .

(ii) Since the set Uy = {u € U : ¢- u = 1} is bounded, there is a positive number 7
such that the ball B = {u € R* : ||u — ¢|| < 7} contains the set U;. Let u € U.
Obviously ¢ - u > 0 because ¢,u € RZ". If ¢ - w > 0 then the point u/(c - u) belongs
to the set U1 C B; hence the inequality

lu—(c-u)e|| < (c-u)r
follows. Now suppose that w € U and ¢-u = 0. Then w = 0 because ¢ € RY, and
u € R%". Hence the inequality above holds trivially.
(iii) By Condition 5.1, the point ¢ lies in the interior int U of the cone U. Hence,
we can find a positive number ¢ such that int U contains the ball B' = {u € R*" :
|lu — ¢|| < o}. Suppose that ||w — te|| < to for some t > 0. Then w/t belongs to the
ball B’. Since U is a cone, we have w € int U.

The set F~'(U) will serve as an admissible region in which we will generate a sequence
{zF € R}, to approximate the trajectory F~'(C), such that limy_..c- F(z") = 0.
Such a sequence {z*} leads to complementary solutions of the C'P[f] as we will see in
the theorem below.

Theorem 5.3. Suppose {z¥ € F~'(U)} is a sequence such that limy_., ¢- F(z*) = 0.
Then the sequence {2*} is bounded and any limiting point of the sequence is a comple-
mentary solution of the C P[f].
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Proof: Since F(2*) € U (k=1,2,--- ) holds from the assumption, we see by Lemma
5.2 that

|F(z) = (c- F(z"))e|| < (¢- F(z"))r (k=1,2,---).
Hence lim;_., F(z*) = 0. Furthermore, the sequence {F(z*)} is bounded. By Re-

mark 1.6, so is the sequence {z*}. Therefore we see from the continuity of the mapping
F that F(z) = 0 for any limiting point z of the sequence {z*}.

Assuming that we are at some point 2 € F~'(U) N R e, z € FY(U - {0}),
we show how to generate a new point z € F~'(U) such that ¢- F(z) < ¢- F(z). This
process corresponds to one iteration of the algorithm described below. Let 5 € (0, 1) and

¢ > 0 be fixed such that )
(14+¢)8<1. (7)
Let 3 € (0,3], and = ¢- F(z) > 0. We apply a Newton iteration with a step length

0 € (0,1] to the system of equations: F(z) = fie, at the point z. That is, we solve the
Newton equation, the system of linear equations in the variable vector Az

DF(z)Az = F(z) — fte. (8)

Here DF(z) denotes the Jacobian matrix of the mapping F' at 2. We call Az the
Newton direction. The step length 6 will be determined later by an inexact line search
such that

¢ F(z—0Az2) < ((1—0)+0(1+ ).

Thus we define a new point z € R** by z = z — 0 Az. The lemma below ensures that the
2n x 2n coefficient matrix on the left hand side of the system (8) is nonsingular whenever

(z,y) € RY'.. Hence the system (8) consistently and uniquely determines the Newton
direction Az = DF(z)"Y(F(z) — Bte).

Lemma 5.4.

(i) The Jacobian matriz D f(x) is a Po-matriz at every @ € R", i.e., for every nonzero
u € R, there is an index © such that

u; 0 and u;,[Df(x)u]; > 0.

(ii) The Jacobian matriz DF(z) is nonsingular at every z = (x,y) € RY,.

Proof: (i) Let ® € R" and 0 # w € R". We consider a sequence {& + (1/k)u : k =
1,2,---}. For every k = 1,2,---, there is an index ¢ such that

1 1 1
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Since the index set {1,2,---,n} is finite, we can find an index ¢ such that the relation
above holds for this ¢ and infinitely many k’s. For such ¢ and &, we have

zu%0mM1MDﬂ¢ML+d%M%ZQ

Here o(h)/h — 0 as h — 0. Taking the limit as & — oo, we obtain
u; #0 and w;[Df(2)u]; > 0.
(ii) Let z = (@,y) € RY",. The Jacobian matrix DF(z) is written as

DF(z) = ( D) )I()

where X = diage, Y = diagy, and I stands for the n x n identity matrix. To see
that the matrix DF'(z) is nonsingular, assume on the contrary that

DF(z)(u):O

v

or

Yu+ Xv=0 and —Df(z)ut+v=0

for some nonzero (u,v) € R*. It follows that
u#0 and Df(z)u=—-X"Yu.

Hence

w#0 and w[Df(z)uli =20 (i=1,2,---,n).

This contradicts (i). g

Remark 5.5. From (ii) of Lemma 4.3 and (ii) of Lemma 5.4, we see that F' maps R,
onto R}, x B, [f] diffeomorphically.

Recall that 3 € (0,1) and ¢ > 0 are constants satisfying (7), and that Az is a unique
solution of the Newton equation (8) at z € F~'(U) with the parameter 3 € (0, /).
Assume for the time being that z = z — #Az € F~'(U) for every sufficiently small
nonnegative §. Ideally, we want to choose the step length 0 such that

F(3) = F(z—04Az)el,
¢c-F(2) = min{e-F(z—0Az):0¢€0,1]}.

13



However, the computation of the exact value of the ideal step length 0 is generally
impossible in a finite number of steps. In the algorithm presented below, we will use an
inexact line search: Find the smallest nonnegative integer ¢ such that

F(z—\'Az) € U, (9)

c F(z—x'Az) < (1—\")+X(1+¢)8)1L (10)

Here y € (0,1) denotes a constant and v/ stands for the £’th power of Y.

Now we are ready to describe the algorithm.

A'LGI[U7 67 X? ¢]'

Step 0. Let t'! =¢- F(2') and k = 1.

Step 1. Let z = 2% and ¢ = t*.

Step 2. Compute the direction Az by solving the Newton equation (8).

Step 3. Let ( be the smallest nonnegative integer satisfying (9) and (10). Define

2=z Az and (' =¢. F(2M).
Step 4. Replace k by k4 1. Go to Step 1.

If it happens that t* = 0 for some k in the algorithm above, then ¢ - F(2¥) = 0; hence
F(z%) = 0. In this case we may stop the algorithm because we have obtained z* as a
complementary solution of the C'P[f]. So it is implicitly assumed in the algorithm above
that t* > 0 for every k.

6. Global and Monotone Convergence

Let {(2%,t*)} be a sequence generated by the ALG1[U, 3, x, ¢]. We will show in Theorem
6.2 that limj_., t* = 0; hence, by Theorem 5.3, the sequence {z*} is bounded and any
limiting point of the sequence is a complementary solution of the C'P[f]. For this purpose
we prove the lemma below:

Lemma 6.1. Suppose that z € F~'(U) andt =c¢- F(z) > 0. Let 3 € (0,1) and ¢ > 0
be constants satisfying (7), and let Az be the solution of the Newton equation (8) at z
with the parameter 3 € (0, 5] .

(i) Define

0 = max{0€[0,1] : z—0Az€ R}, (11)
e(d) = F(z—0Az)—F(z)+0DF(z)Az for every 6 € [0,0%]. (12)
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Then

iy le(0)/0 = o. (13)
F(z—-0Az) = (1-0)F(z)+0(Btc+e(0)/0) for every 0 € (0,07],(14)
c-F(z—0Az) < (1-0)t+0(pt+]e)|/0) for everyd € (0,0°]. (15)

(ii) Define
0 =sup{0' € (0,0%] : ||e(9)]|/0 < [min{o, ¢}]Bt for every 0 € (0,0']}.  (16)
Then

0<0<0-<1 (17)
and
le()]I/0 < [min{o, ¢}]5t, (18)
F(z—-0Az) € int U, (19)
c-F(z—0Az) < (1—0)+0(1+)8)1 (20)

for every 6 € (0,0).

Proof: (i) It should be noticed that 8* € (0, 1]. The relation (13) follows directly from
the continuous differentiability of the mapping F'. By the definition,

F(z—0Az)=F(z)—-0DF(z)Az + e() for every § € [0,07].
Since Az is the solution of the Newton equation (8), we also have
F(z)—0DF(z)Az = (1 —0)F(z) 4 0ptc for every 6 € [0,07].

Hence the equality (14) follows from these two equalities. Taking the inner product of
each side of (14) and the vector ¢, we have that

c-F(z—0Az) = (1—0)c-F(z)+0(5t|c|]]* +c-e(0)/9)
< (L=0)t+0(5i+ |le(9)]/0)

for every 6 € (0,60*]. Thus we have shown the inequality (15).

(ii) The inequality (17) follows from the definitions (11), (16) of #*, § and the relation
(13). The inequality (18) is obvious by the definition (16) of 0, too. Let # € (0,0). By
Lemma 5.2, the point (Bte 4+ e(6)/0) lies in int U. Since the point F(z — §Az) is a
convex combination of the point F(z) in the convex set U and the point (Stc+e(0)/0)
in int U, it lies in int U. Thus we have shown (19). The inequality (20) follows from
(15) and (18).

Lemma 6.1 guarantees that we can consistently find the smallest nonnegative integer
{ satisfying (9) and (10) at Step 3 of ALG1[U, 3, x,8]. We are now ready to prove the
global and monotone convergence property of ALG1[U, 3, x, ¢].
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Theorem 6.2. Let 3 € (0,1) and ¢ > 0 be constants satisfying (7). Suppose that
B3€(0,3] and x € (0,1). Let {(2",t*)} be a sequence generated by the ALG1[U, 3, x, ¢].

(i) The sequence {t*} is monotone decreasing and converges to zero as k — oo.

(ii) The sequence {z*} is bounded and its limiting points are complementary solutions

of the CP[f].

Proof: In view of Theorem 5.3, it suffices to prove the assertion (i). By applying
Lemma 6.1 at each z = 2", we see that t* > t**1 (k = 1,2,---). Hence the sequence
{t*} is monotone decreasing. Since each t* is nonnegative, there exists a nonnegative
number £ to which the sequence converges. If £ = 0, we obtain the desired result.

Assume on the contrary that > 0. Define the compact subset
V=4{uclU:i<c-u<t'}

of R, (see Lemma 5.2). Then we see by (ii) of Lemma 4.3 that the set F~(V) which
contains the sequence {z*} is a compact subset of k3", since V. C R, C R%, x B44[f].
Taking a subsequence if necessary, we may assume that the sequence {z*} converges
to some 2 € F7'(V). Then it is easily seen that = ¢ - F(2). Now, applying Lemma
6.1 to the point z, we can find a positive number 0 such that for every 0 € (0, é),

F(:—0Az) € int U,
c- F(2—04Az) < (1—0)+0(1+¢)p)i.
Here Az denotes the Newton direction determined by the equation (8) with 2 = z and
t = 1. On the other hand, the Jacobian matrix DF(z) is nonsingular and continuous
at z = z (see (ii) of Lemma 5.4). This implies that the Newton direction generated at
the k’th iteration, AzF converges to Az. Therefore, for a nonnegative integer ¢ such
that y* € (0, 0), we have
F(zF—\'Az") ¢ intU and
c F(zF—\'Az) < (1= \)+x'(1+0)p)t"
for every sufficiently large k. Let £* be the nonnegative integer determined at Step 3 of
the k’th iteration in ALG1[U, 3, x, ¢]. Then, for every sufficiently large k, we see that
(F < (; hence
A< (=X (1 4+ 6)B) ¢
< (=X +e)8) 1

This contradicts the fact that the sequence {t*} converges to f.
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7. Local Convergence

We will assume the condition below in addition to Conditions 1.5 and 5.1 throughout
this section, which is divided into two subsections, 7.1 and 7.2. Subsection 7.1 is devoted
to a locally linear convergence property of ALG1[U, 3, x,¢]. In Subsection 7.2 we will
modify ALGL[U, 3, x, ¢] to get a locally quadratic convergence.

Condition 7.1.

(i) At each complementary solution z = (&, y) of the CP[f], the set of the columns
I, (« € I4(y)) and [Df(2)]; (j € I4(x)) forms a basis of R". Here I, denotes
the ¢’th column of the n x n identity matrix I, [Df(«)]; the j'th column of the
n x n Jacobian matrix Df(x) of the mapping f, I.(y) = {7 : y; > 0}, and
Ii(@)={j 2 > 0.

(ii) The Jacobian matrix D f(«) of the mapping f is Lipschitz continuous on each
bounded subset F C R, i.e., there is a positive constant A such that

|IDf(z®) — Df(z")|| < Al|z* — 2'|| for every &', &* € F,

where || A|| denotes the matrix norm max {||Aw]| : w € R", ||w]| = 1} for every
n X n matrix A.

We note that (i) of Condition 7.1 implies the strict complementarity, i.e., x; = 0 if and
only if y; >0 (¢ = 1,2,---,n). By using the well-known implicit function theorem, we
can also derive the local uniqueness of each solution of the C'P[f] from (i) of Condition
7.1. Furthermore we will see in Lemma 7.3 below that the C'P[f] has a unique solution.

7.1 Locally Linear Convergence

Now we state the locally linear convergence of ALGL[U, 3, x, ¢].

Theorem 7.2. Let 3 € (0,1) and ¢ > 0 be constants satisfying (7). Suppose that
B3€(0,3] and x € (0,1). Let {(2*,t*)} be a sequence generated by the ALGI[U, 3,x, ¢].

Then there is a positive number K such that

L < (14 @)Bt"  for every k > K.
We will prove a series of lemmas which leads us to Theorem 7.2.

Lemma 7.3.
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(i) The Jacobian matrix DF(z) of the mapping F is nonsingular at every z = (x,y) €

R U F~Y(0).
(ii) The CP[f] has a unique solution.

(iii) There are positive constants & and n such that

IDF(z)]| < ¢
IDF(z)7| <
for every z € F~(U(tY)) and
|1F(2%) = F(=")]| Ell=* =21,

nl|F(z*) — F(z')|

[l

for every 21,22 € F~Y(U(t)).

(iv) There is a positive constant k such that
|F(z*) — F(z') = DF(z')(z* — 2')|| < s]|2* — 2|
for every 21,22 € F~Y(U(t)).

Here U(t') = {u € U :c-u < '}

Proof: (i) Recall the definition (1) of the mapping F' : R:* — R} x R".

Ri”_l_ U F_I(O) then we have either
z=(x,y) € RY,

or
F(z)=0, z = (z,y) € R

If 2z ¢

Note that z is a complementary solution of the C'P[f] in the latter case. We have shown

in Lemma 5.4 that the Jacobian matrix DF(z) is nonsingular at every z € R2" . Now

suppose that F'(z) = 0 and z € R}". By (i) of Condition 7.1, we can easily verify that

if DF(z)w = 0 for some w € R* then w = 0; hence DF(z) is nonsingular.

(ii) By Theorem 4.4, we know that the C'P[f] has a complementary solution. On the
other hand, by applying the implicit function theorem (see, for example, Ortega and
Rheinboldt [22]) to the system (3) at each complementary solution z of the C'P[f]
and { = 0, we see that the unique trajectory F~'(C), whose existence is ensured by
Theorem 4.4, converges to z as t — 0. Hence the solution of the C'P[f] must be

unique.
(iii) Let z* be the unique solution of the C'P[f]. Since

U(t') U C R U{0} C (R, x Byg[f)u{o},
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we know F~H(U(t')) C R%" U{z"}. Noting (ii) of Lemma 4.3 and extending shghtly the
argument in (ii) above, we can show that F' is a homeomorphism between F~'(U(t!))
and U(t'). On the other hand, the set U(#') is compact by Lemma 5.2. Therefore
the set F~'(U(t')) is compact, too. Let W be the convex hull of the compact set
F~'(U(t")). Then W is also compact and W C R2" U{z*}. We have seen by (i) above
that the Jacobian matrix D F'(z) is nonsingular at every z in the set RZ" U{z*}. Thus,
by the continuity of the Jacobian matrix DF(z), there exist pOSlthG numbers ¢ and
n such that (21) Holds for every z € W and that (22) holds for every z € F~'(U(t!)).
Since the sets W and U(t') are convex, the inequalities (23) and (24) follow from (21),
(22) and Theorem 3.2.3 of [22] .

(iv) It follows from (ii) of Condition 7.1 that the Jacobian matrix DF(z) is Lipschitz
continuous on the bounded convex set W, i.e., there is a positive number & such that

|DF(2?) — DF(2")|| < 2k||2® — 2| for every 2!, 2% € W.

The assertion (iv) follows from Theorem 3.2.12 of [22].

Lemma 7.4. Let z € F7'(U(tY)), t = ¢- F(2) > 0, and let Az be the solution of the
Newton equation (8) at z with the parameter 3 € (0,3]. Define e(0) and 0 by (12) and
(16), respectively. Then

le(0)|| < & (n(r +1— B)t0)*  for every 0 € [0,0]. (25)

Proof: Let 0 € [0,0). Since Az is the solution of the Newton equation (8), we have

IDF(z)~ (F(2) — pie)|

< [[DF)(IF(z) —tel + (1 = B)tlle])

< n(|F(z) —te| + (1 = p)t) (by Lemma 7.3 and [l¢[| = 1)
< np(rt+ (1 —=p)t) (by Lemma 5.2).

|Az]

Thus we have seen that

[Az]| <n(r+1-p)t. (26)
On the other hand, by the relation (19), (20) in Lemma 6.1 and the continuity, we see
for every 0 € [0, 6] that
F(z—-0Az) ¢ U,
c- F(z—-0Az) < (1-0)+0(1+¢)3)t <t < th

hence

z—0Az e FY(U(HY)).
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Therefore, by the definition (12) of e(f) and (iv) of Lemma 7.3, we have
le()] < x[l0.A=]*.

The desired inequality follows from (26) and the inequality above.

For each t > 0 and 8 € (0, 3], define

é(t, p) = min{ fminio, o} ,1} .

k(n(r+1—p))*t

For every /3 € (0, 3], let

_ ' d _ m _ _ Bmin{o, ¢}
s(f)=max{t' >0:0(t,5)=1 for every t € (0,t']} = P (27)

Here 7 and o are the positive constants that were introduced in Lemma 5.2.

Lemma 7.5. Let z € F7'(U(tY)), t = ¢- F(2) > 0, and let Az be the solution of the
Newton equation (8) at z with the parameter 3 € (0,3]. Then

F(z—0Az) € U, (28)
c-F(z—0Az) < (1—0)+0(1+¢)3)1 (29)

for every 0 € [O,é(f,ﬂ)].

Proof:  Define e(#) and § by (12) and (16), respectively. If é(f,ﬂ) < 0 then the
relations (28) and (29) follow from (19), (20) in Lemma 6.1 and the continuity. Thus
it suffices to show that (¢, 3) < . We may assume § < 1. Suppose that

le(0)]1/6 < [min{e, ¢}]pL. (30)

Then from the definition (16) of § and the continuity of e(f) it follows that § = 6*.
Just as we derived (19) from (18) in the proof of Lemma 6.1, we see from (30) that

F(z—-0"Az) €int U.
This contradicts the definition (11) of #* since #* = § < 1. Thus we have shown that
e(@)]/6 > [min{o, $})5E
By the inequality (25) in Lemma 7.4 and the inequality above, we have

[min{o, ¢}]51 < w (n(r +1 = B)I)* 6;
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Lemma 7.6. Let z € F7'(U(tY)), t = ¢- F(2) > 0, and let Az be the solution of the

Newton equation (8) at z with the parameter 5 € (0,5]. Ift < s(3) then

F(z—-A4z) € U,
c-F(z—Az) < (14 9¢)5tL.

Proof: By the definition (27) of s(3) and Lemma 7.5, the relations (28) and (29) hold
for every 0 € [0,1].

We are now ready to prove Theorem 7.2. We have already shown in Theorem 6.2 that
the sequence {t*} converges to zero as k — oo. Let K be a positive integer such that
t* < s(3) for every k > K. Then, by Lemma 7.6, the inequality in the theorem holds for
every k > K. This completes the proot of Theorem 7.2.

7.2 A Modification of ALG1[U, 3, x, ¢] and Its Locally Quadratic Convergence

The integer K in Theorem 7.2 depends on the positive number 3, but we can take any
positive value of 3 € (0, 3] although K may diverge as 3 tends to zero. This suggests
that the sequence {t*} converges to zero at least super-linearly if we suitably decrease the
value of the parameter 3 as the iteration proceeds. In fact, we can modify the algorithm
so that the sequence converges to zero quadratically.

Let z € F7Y(U(t')) and t = ¢ - F(z) > 0. In the remainder of the section we denote
the solution of the Newton equation (8) at z with the parameter 3 € (0, 3] by Az(B).
We will be concerned with the following two sets of relations:

F(i—x‘iAZ(B)) € U, ) ) (31)
c-F(z-x'Az(8) < ((1-x)+x(1+¢)3)1, (32)

and
F(z—-Az(p™) € U, (33)
c-F(z—Az(f") < (14¢)8™. (34)

Here \’ and 3™ represent the (’th power of y € (0,1) and the m’th power of 3 € (0,1),
respectively. Now we are in position to state a modification of ALGL[U, 3, x, ¢] whose
local convergence will be investigated later.

A'LG2[U7 B? X? ¢]'

Step 0. Let t'! =¢- F(2') and k = 1.
Step 1. Let z = 2% and ¢ = t*.
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Step 2. Let Az(f) be the direction determined by the Newton equation (8) with the
parameter 3 = 3. Let £ be the smallest nonnegative integer satisfying the relations
(31) and (32). If £ = 0 then go to Step 4.

Step 3. Define

Go to Step 5.
Step 4. Let m be the largest positive integer such that the relations (33) and (34) hold
for all m =1,2,---,m. Define

2F =z — Az (B™).
Step 5. Let t**! = ¢ . F(z*!). Replace k by k + 1. Go to Step 1.

Let {(2*,#%)} be a sequence generated by ALG2[U, 3, , ¢]. Then, in a way similar to
the proof of Theorem 6.2, we can show that the sequence {(2",t*)} converges to (2*,0).
Here z* is the unique solution of the C'P[f] (see (ii) of Lemma 7.3). Furthermore,

ALG2[U, B, x, ¢] has a locally quadratic convergence property as we will see in Theorem
7.8 below.

Lemma 7.7. Let z € F™'(U(1Y)) and { = ¢ - F(z) > 0. Suppose that 1 < s(3), where
5:(0,3] — Ryy is defined by (27). Then the relations (31) and (32) hold for { = 0,
i.e., the relations (33) and (34) hold for m = 1. Let m be the largest positive integer such
that the relations (33) and (34) hold for m =1,2,--- ,m. Then

c- F(i _ AZ(BT?L)) < 5(77(7_ + 1))2(1 + ¢){2

Bmin{o, ¢}
Proof: Let m be the largest integer such that
L<s(B™)

for every m = 1,2,---,mm. Then m > 1 since ¢ < s(3). From Lemma 7.6, we see that
the relations (33) and (34) hold for m = 1,2,---,n
hand, it follows from the definition of m that

m. Hence m < m. On the other

t > s(pm™th
B min{o, ¢}
k (n(r + 1= 7))

or equivalently
. 2
K (77(7' +1-— ﬂm"'l)) t
ST Bmin{o, 4}
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Since m < m, we have

s
Bmin{o, ¢}

Therefore we obtain

¢ F(z - Az(5") < (146)5"
Kl + 1) (1+0)
pmin{o, ¢}

Theorem 7.8. Let {(2*,1%)} be a sequence generated by the ALG2[U, 3, x, #]. Then the
convergence of the sequence {(2*,1%)} to (2*,0) is locally quadratic. More precisely,

sz-l-l —z"|| < KE? (UET+1))3 (1+9)
- f min{o, ¢}

for every sufficiently large k. Here z* is the unique solution of the C'P[f].

12" — 27| (36)

Proof: As we have noted above, the sequenceﬁ{(zk, t*)} converges to (z*,0) as k — oo.
Let K’ be a positive integer such that t* < s(3) for every k > K'. Then, the inequality
(35) (for every k > K') follows directly from Lemma 7.7. Furthermore, we have

|24+ || F (25 (by (24) and F(2) =0)
n([[F(2) =t el + [t e|l)

n(rt* ' 4+ 1*1) (by Lemma 5.2 and [lef = 1)
77(7_ + 1)tk+1

f(n(r+ 1)) (1+¢)

-7

VAN VANVAN

IA

(t)* (by (35))

A min{o, ¢}
£(n(r+1)° (14 ¢) SRV2 (since tF — o F(2%) and llell =
< S B2 p foince = e B and o] =1 )
R4 D 04 0) a0 e 0 e oo
< MU LDyt 2 (by Pl=t) = 0 and (23)

for every k > K’. Thus we have shown (36).
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8. Concluding Remarks

We have formulated the complementarity problem C P[f] as a system of equations with
a nonnegativity condition on a variable vector z € R™:

F(z)=0 and z >0, (37)

and proposed a homotopy continuation method, ALG1[U, 3, x, ¢], founded on a one-
parameter family of systems of equations:

F(z)=tec and z > 0.

Here m = 2n. Supposing that the C'P[f] satisfies Condition 1.5 and (i) of Condition 5.1,
we have seen that the system above enjoys the following properties:

(a) We can choose a ¢ > 0, a closed convex cone U C RT, U{0} and a point z' € F~'(U)
such that (ii), (iii) and (iv) of Condition 5.1 hold.

(b) Ry, C F(RY,).

(c) F maps R, onto F(RY, ) diffeomorphically.

(d) the set F~'(D) is bounded for every bounded subset D of R

Generally, ALG1[U, 3, v\, ¢] computes an approximate solution of the system (37) if
all the conditions above are satisfied. This may remind the readers of applications of

ALG1U, B, x, @] to some other problems which are converted into systems of the form
(37).

The algorithms ALG1[U, 3,x, ¢| and ALG2[U, 3, x,¢] as well as their global and
local convergence results in this paper can apply to linear complementarity problems
satisfying Condition 1.5. We could modify the ALGL[U, 3, x, ¢] to derive the path-
following algorithm ([13; 21]) which solves linear complementarity problems with positive
semi-definite matrices in O(y/nl) iterations. Furthermore we could prove the globally
linear convergence of the modified algorithm when it is applied to linear complementarity
problems with P-matrices. These results on the positive semi-definite and P-matrix
cases, which were presented in the original version of the paper [8] but cut in the revised
version, will be further extended to a wider subclass of linear complementarity problems
with Pp-matrices in the paper [9] where we explore a unified approach ([14]) to both the
path-following algorithm ([13; 21]) and the potential reduction algorithm ([14]) for linear
complementarity problems.

Acknowledgment

The authors are grateful to Prof. Takuo Fukuda who suggested using the powerful result
on real algebraic varieties given in the paper Hironaka [4] for the proof of (iv) of Theorem
4.4.

24



References

[1] R. W. Cottle, “Nonlinear programs with positively bounded Jacobians,” SIAM J.
Appl. Math. 14 (1966) 147-158.

[2] M. Fiedler and V. Ptak, “On matrices with non-positive off-diagonal elements and
positive principal minors,” Czechoslovak Math. J. 12 (1962) 382-400.

[3] C. C. Gonzaga, “An algorithm for solving linear programming problems in O(n”L)

operations,” in: Progress in Mathematical Programming: Interior-Point and Related

Methods, N. Megiddo, Ed., Springer-Verlag, New York, 1989, pp. 1-28.

[4] H. Hironaka, “Triangulation of algebraic sets,” in: Proceedings of Symposia in Pure
Mathematics Vol. 29, R. Hartshorne, Ed., American Mathematical Society, Provi-
dence, Rhode Island, USA, 1975, pp. 165-185.

[5] F. Jarre, “On the convergence of the method of analytic centers when applied to con-
vex quadratic programs,” DFG-Report No. 35, Institut fir Angewandte Mathematik
und Statistik, Universitat Wiirzburg, Am Hubland, 8700 Wirzburg, West-Germany,
1987.

[6] S. Karamardian, “The complementarity problem,” Math. Programming 2 (1972) 107-
129.

[7] M. Kojima, “A unification of the existence theorems on the nonlinear complementar-
ity problem,” Math. Programming 9 (1975) 257-277.

[8] M. Kojima, N. Megiddo and T. Noma, “Homotopy Continuation Methods for Com-
plementarity Problems,” Research Report RJ 6638, IBM Research Division, Almaden
Research Center, San Jose, CA 95120-6099, 1989.

[9] M. Kojima, N. Megiddo, T. Noma and A. Yoshise, “A Unified Approach to Interior
Point Algorithms for Linear Complementarity Problems,” in preparation.

[10] M. Kojima, S. Mizuno, and T. Noma, “A new continuation method for complemen-
tarity problems with uniform P-functions,” Math. Programming 43 (1989) 107-113.

[11] M. Kojima, S. Mizuno, and T. Noma, “Limiting behavior of trajectories generated by
a continuation method for monotone complementarity problems,” Math. of Operations
Research, to appear.

[12] M. Kojima, S. Mizuno, and A. Yoshise, “A primal-dual interior point algorithm for
linear programming,” in: Progress in Mathematical Programming: Interior-Point and
Related Methods, N. Megiddo, Ed., Springer-Verlag, New York, 1989, pp. 29-47.

[13] M. Kojima, S. Mizuno, and A. Yoshise, “A polynomial-time algorithm for a class of
linear complementarity problems,” Math. Programming 44 (1989) 1-26.

[14] M. Kojima, S. Mizuno and A. Yoshise, “An O(y/nL) Iteration Potential Reduction
for Linear Complementarity Problems,” Math. programming, to appear.

[15] C. E. Lemke and J. T. Howson, Jr., “Equilibrium points of bimatrix games,” STAM
J. Appl. Math. 12 (1964) 413-423.

25



[16] 1. J. Lustig “An experimental analysis of the convergence rate of an interior point
algorithm,” Technical Report SOR 88-5, Program in Statistics and Operations Re-
search, Dept. of Civil Engineering and Operations Research, School of Engineering
and Applied Science, Princeton University, Princeton, New Jersey 08544, 1988.

[17] N. Megiddo, “Pathways to the optimal set in linear programming,” in: Progress in
Mathematical Programming: Interior-Point and Related Methods, N. Megiddo, Ed.,
Springer-Verlag, New York, 1989, pp. 131-158.

[18] S. Mehrotra and J. Sun, “A method of analytic centers for quadratically constrained
convex quadratic programs,” Technical Report 88-01, Dept. of Industrial Engineering
and Management Sciences, Northwestern University, Evanston, 1L 60208, 1988.

[19] S. Mizuno, A. Yoshise, and T. Kikuchi, “Practical polynomial time algorithms for
linear complementarity problems,” J. Operations Research Soc. of Japan 32 (1989)
75-92.

[20] R. D. C. Monteiro and I. Adler. “Interior path following primal-dual algorithms.
Part I: Linear programming,” Math. Programming 44 (1989) 27-41.

[21] R. D. C. Monteiro and 1. Adler, “Interior path following primal-dual algorithms.
Part II:Convex quadratic programming,” Math. Programming 44 (1989) 43-66.

[22] J. M. Ortega and W. G. Rheinboldt, [terative Solution of Nonlinear Equations in
Several Variables, Academic Press, Orlando, Florida, 1970.

[23] J. Renegar, “A polynomial-time algorithm based on Newton’s method for linear
programming,” Math. Programming 40 (1988) 59-94.

[24] J. T. Schwartz, Nonlinear Functional Analysis, Gordon and Breach Science Publish-
ers, New York, 1969.

[25] G. Sonnevend, “New algorithms in convex programming based on a notion of ‘cen-
tre’ (for systems of analytic inequalities) and on rational extrapolation,” in: Trends
in Mathematical Optimization, ISNM Vol. 84, K. H. Hoffmann and J. Zowe, Ed.,
Birkhauser, Basel, 1988, pp. 311-327.

[26] P. M. Vaidya, “An algorithm for linear programming which requires O(((m +n)n*+
(m 4 n)*?n)L) arithmetic operations,” AT&T Bell Laboratories, Murray Hill, New
Jersey 07974, 1987.

[27] Y. Ye, “Further development on the interior algorithm for convex quadratic program-
ming,” Integrated Systems Inc., Santa Clara, CA 95054, and Dept. of Engineering-
Economic Systems, Stanford University, Stanford, CA 94305, 1987.

26



