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Abstract. A random graph model based on Kronecker products of prob-
ability matrices has been recently proposed as a generative model for
large-scale real-world networks such as the web. This model simultane-
ously captures several well-known properties of real-world networks; in
particular, it gives rise to a heavy-tailed degree distribution, has a low
diameter, and obeys the densification power law. Most properties of Kro-
necker products of graphs (such as connectivity and diameter) are only
rigorously analyzed in the deterministic case. In this paper, we study the
basic properties of stochastic Kronecker products based on an initiator
matrix of size two (which is the case that is shown to provide the best
fit to many real-world networks). We will show a phase transition for the
emergence of the giant component and another phase transition for con-
nectivity, and prove that such graphs have constant diameters beyond
the connectivity threshold, but are not searchable using a decentralized
algorithm.

1 Introduction

A generative model based on Kronecker matrix multiplication was recently pro-
posed by Leskovec et al. [10] as a model that captures many properties of real-
world networks. In particular, they observe that this model exhibits a heavy-
tailed degree distribution, and has an average degree that grows as a power
law with the size of the graph, leading to a diameter that stays bounded by a
constant (the so-called densification power law [12]). Furthermore, Leskovec and
Faloutsos [11] fit the stochastic model to some real world graphs, such as Internet
Autonomous Systems graph and Epinion trust graphs, and find that Kronecker
graphs with appropriate 2 x 2 initiator matrices mimic very well many properties
of the target graphs.

Most properties of the Kronecker model (such as connectivity and diameter)
are only rigorously analyzed in the deterministic case (i.e., when the initiator
matrix is a binary matrix, generating a single graph, as opposed to a distribution
over graphs), and empirically shown in the general stochastic case [10]. In this
paper we analyze some basic graph properties of stochastic Kronecker graphs
with an initiator matrix of size 2. This is the case that is shown by Leskovec
and Faloutsos [11] to provide the best fit to many real-world networks. We give
necessary and sufficient conditions for Kronecker graphs to be connected or to
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have giant components of size ©(n) with high probability®. Our analysis of the
connectivity of Kronecker graphs is based on a general lemma (Theorem 1) that
might be of independent interest. We prove that under the parameters that the
graph is connected with high probability, it also has a constant diameter with
high probability. This unusual property is consistent with the observation of
Leskovec et al. [12] that in many real-world graphs the effective diameters do
not increase, or even shrink, as the sizes of the graphs increase, which is violated
by many other random graph models with increasing diameters. Finally we show
that Kronecker graphs do not admit short (poly-logarithmic) routing paths by
decentralized routing algorithms based on only local information.

1.1 The Model and Overview of Results

In this paper we analyze stochastic Kronecker graphs with an initiator matrix
of size 2, as defined below:

Definition 1. A (stochastic) Kronecker graph is defined by

(i) an integer k, and

(i1) a symmetric 2 x 2 matriz 0: 0[1,1] = «,0[1,0] = 0[0,1] = 3,0[0,0] = ~,
where 0 < v < B < a<1. We call § the base matrix or the initiator matriz.

The graph has n = 2% vertices, each vertex labeled by a unique bit vector of
length k; given two vertices u with label uius . .. ug and v with label vivs . . . v, the
probability of edge (u,v) existing, denoted by Plu,v], is [[; 0[u;, vs], independent
on the presence of other edges.

In particular, when o« = 3 = +, the Kronecker graph becomes the well studied
random graph G(n,p) with p = o. Leskovec and Faloutsos [11] showed that
the Kronecker graph model with 2 x 2 initiator matrices satisfying the above
conditions is already very powerful in simulating real world graphs. In fact, their
experiment shows that the matrix [.98,.58;.58,.06] is a good fit for the Internet
AS graph. When the base matrix does not satisfy the condition stated in the
above definition (i.e., when a > v > 8 or 8 > « > 7), Kronecker graphs appear
to have different structural properties, and require different analytic techniques.
We can prove some of our results in these regimes as well; however, due to lack
of space and since this setting of parameters is less appealing as a generative
model for the web, we omit the results in this paper; more detail can be found
in our technical report [13].

We analyze basic graph properties of the stochastic Kronecker graph model.
In particular, we prove that the necessary and sufficient condition for Kronecker
graphs to be connected with high probability is +~v>1lora==1,7v=0
(Section 2.2); the necessary and sufficient condition for Kronecker graphs to have
a glant component of size ©(n) with high probability is (a + 8)(8+ ) > 1, or
(a+B)(B+~)=1and a+ 3> 3+ (Section 2.3); if §+ v > 1, the diameters
of Kronecker graphs are constant with high probability (Section 3); and that no
decentralized search algorithm can find a path of length o(n{!=®)1°82 ¢) between
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a given pair of vertices in Kronecker graphs, unless the graph is deterministic
(Section 4).

Besides Kronecker graphs, we also define a general family of random graphs
G(n, P), which generalizes all random graph models where edges are indepen-
dent, including Kronecker graphs and G(n,p).

Definition 2. A random graph G(n,P), where n is an integer and P is an
n X n matriz with elements in [0,1], has n vertices and includes each edge (i, )
independently with probability P[i, j].

Throughout this paper we consider undirected G(n, P): P is symmetric and
edges are undirected. We prove two useful theorems about connectivity and
searchability in this model, which may be of independent interest; namely, we
show that if the min-cut size of the weighted graph defined by P is at least
clnn (c is a sufficiently large constant), then with high probability G(n, P) is
connected (Section 2.1), and prove a monotonicity property for searchability in
this model (Section 4).

2 Connectivity and Giant Components

We first state a sufficient condition for connectivity of general random graphs
G(n, P) (Section 2.1), then use this condition to analyze connectivity and giant
components of Kronecker graphs (Section 2.2, 2.3).

2.1 Connectivity of G(n, P)

We give a sufficient condition of the matrix P for G(n, P) graphs to be con-
nected. Let V' be the set of all vertices. For any 5,5’ C V, define P(i,S) =

Yjes Pl jls P(S,5") = Yies jess Plis d-

Theorem 1. If the min-cut size of the weighted graph defined by P is clnn (c
is a sufficiently large constant), i.e. VS C V, P(S,V \ S) > clnn, then with high
probability G(n, P) is connected.

Proof. A k-minimal cut is a cut whose size is at most k times the min-cut size.
We use the following result about the number of k-minimal cuts due to Karger
and Stein [5]: In any weighted graph, the number of k-minimal cuts is at most
O((2n)%).

Consider the weighted graph defined by P. Denote its min-cut size by t. We
say a cut is a k-cut if its size is between kt and (k + 1)t. By the above result
there are at most O((2n)2%+2) k-cuts. Now consider a fixed k-cut in a random
realization of G(n, P): the expected size of the cut is at least kt, so by Chernoff
bound the probability that the cut has size 0 in the realization is at most e~*t/2,
Taking the union bound over all k-cuts, for all k = 1,2,...,n2, the probability
that at least one cut has size 0 is bounded by

Z efkt/20((2n)2k+2)

k=1,...,n2



For t = cIlnn where ¢ is a sufficiently large constant, this probability is o(1).
Therefore with high probability G(n, P) is connected.

Note that G(n,p) is known to be disconnected with high probability when
p < (1—€)Inn/n, i.e., when the min-cut size is (1—¢) In n. Therefore the condition
in the above theorem is tight up to a constant factor. Also, extrapolating from
G(n,p), one might hope to prove a result similar to the above for the emergence
of the giant component; namely, if the size of the min-cut in the weighted graph
defined by P is at least a constant, G(n, P) has a giant component. However,
this result is false, as can be seen from this example: n vertices are arranged on
a cycle, and P assigns a probability of 0.5 to all pairs that are within distance
¢ (a constant) on the cycle, and 0 to all other pairs. It is not hard to prove that
with high probability G(n, P) does not contain any connected component of size
larger than O(logn).

2.2 Connectivity of Kronecker Graphs

We define the weight of a vertex to be the number of 1’s in its label; denote the
vertex with weight 0 by 0, and the vertex with weight k£ by 1. We say a vertex
u is dominated by vertex u', denoted by u < o/, if for any bit i, u; < u}. Recall
that Plu,v] is as defined in Definition 1.

The following lemmas state some simple facts about Kronecker graphs. Lemma
1 is trivially true given the condition o > 3 > «. The proof of Lemma 2 is omit
due to the lack of space and can be found in our technical report [13].

Lemma 1. For any vertex u, Yv, Plu,v] > P[0, v]; VS, P(u,S) > P(0,S). Gen-
erally, for any vertices u < v, Vv, Plu,v] < P[u’,v];VS, P(u,S) < P(v/, S).

Lemma 2. The expected degree of a vertex u with weight [ is (a+ 3) (B+~)*~".

Theorem 2. The necessary and sufficient condition for Kronecker graphs to be
connected with high probability (for large k) is 8+~v>1ora=p=1,7=0.

Proof. We first show that this is a necessary condition for connectivity.

Case 1. If 3+ v < 1, the expected degree of vertex 0 is (8 + v)* = o(1), with
high probability vertex O is isolated and the graph is thus disconnected.

Case 2. If B4+~ =1 but 8 < 1, we again prove that with constant probability
vertex O is isolated:

k k
Pr[0 has no edge] = H(l — P[0,v]) = H (1- ﬁ“”yk_“’)(ff) > H e=2(w)B "
v w=0 w=0
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Now we prove it is also a sufficient condition. When o = 5 = 1, = 0, the graph
embeds a deterministic star centered at vertex 1, and is hence connected. To
prove 8+ > 1 implies connectivity, we only need to show the min-cut has size
at least clnn and apply Theorem 1. The expected degree of vertex 0 excluding



self-loop is (B + )* — 4% > 2ck = 2clnn given that 3 and + are constants
independent on k satisfying 5 + v > 1, therefore the cut ({0}, V \ {0}) has size
at least 2¢Inn. Remove 0 and consider any cut (S, V'\ .S) of the remaining graph,
at least one side of the cut gets at least half of the expected degree of vertex
0; without loss of generality assume it is S i.e. P(0,S) > cInn. Take any node
win V'\ S, by Lemma 1, P(u,S) > P(0,S5) > clnn. Therefore the cut size
P(S,V\S) > P(u,S) >clnn.

2.3 Giant Components

Lemma 3. Let H denote the set of vertices with weight at least k/2, then for
any vertex u, P(u, H) > P(u,V)/4.

Proof. Given u, let [ be the weight of u. For a vertex v let ¢(v) be the number of
bits where u, = v, = 1, and let j(v) be the number of bits where u, = 0,v, = 1.
we partition the vertices in V' \ H into 3 subsets: S1 = {v : i(v) > 1/2,5(v) <
(k—=1)/2},52 = {v :i(v) <1/2,j(v) > (k—=1)/2},S3 = {v:i(v) <1/2,j(v) <
(k—1)/2}.

First consider S;. For a vertex v € S, we flip the bits of v where the corre-
sponding bits of u is 0 to get v'. Then i(v") = i(v) and j(v') > (kK —1)/2 > j(v).
It is easy to check that Plu,v’] > Plu,v], v' € H, and different v € S; maps to
different v’. Therefore P(u, H) > P(u,S1).

Similarly we can prove P(u, H) > P(u, S3) by flipping the bits corresponding
to 1s in u, and P(u, H) > P(u,S3) by flipping all the bits. Adding up the three
subsets, we get P(u,V \ H) < 3P(u, H). Thus, P(u, H) > P(u,V)/4.

Theorem 3. The necessary and sufficient condition for Kronecker graphs to
have a giant component of size ©(n) with high probability is (a+ B)(B+ ) > 1,
or(a+p)(B+y)=1anda+ 3> 5+17.

Proof. When (a + 8)(8 +v) < 1, we prove that the expected number of non-
isolated nodes are o(n). Let (o + B)(8 + ) = 1 — e. Consider vertices with
weight at least k/2 + k%/3, by Chernoff bound the fraction of such vertices is at
most exp(—ck*3/k) = exp(—ck'/?) = o(1), therefore the number of non-isolated
vertices in this category is o(n); on the other hand, for a vertex with weight less
than k/2 4+ k%/3, by Lemma 2 its expected degree is at most

a+p

k2/3 —¢’ o(logn)
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Therefore overall there are o(n) non-isolated vertices.

When a4+ 8 =08+~ =1,1e. a =3 =+ = 1/2, the Kronecker graph is
equivalent to G(n, 1/n), which has no giant component of size ©(n) [4].

When (a + 8)(8 +7) > 1, we prove that the subgraph induced by H =
{v : weight(v) > k/2} is connected with high probability, hence forms a giant
connected component of size at least n/2. Again we prove that the min-cut size of
H is clnn and apply Theorem 1. For any vertex u in H, its expected degree is at



least ((ac+ 3)(8+7))*/? = w(lnn); by Lemma 3 P(u, H) > P(u,V)/4 > 2clnn.
Now given any cut (S,H \ S) of H, we prove P(S,H \ S) > clnn. Without
loss of generality assume vertex 1 is in S. For any vertex u € H, either P(u,S)
or P(u,H \ 5) is at least clnn. If 3u such that P(u,H \ S) > clnn, then
since u < 1, by Lemma 1 P(S,H\ S) > P(1,H\ S) > P(u,H\ S) > clan;
otherwise Yu € H, P(u,S) > clnn, since at least one of the vertex is in H \ S,
P(S,H\ S) > clan.

Finally, when (a+8)(8+7) = 1 and a+5 > B+, let Hy = {v : weight(v) >
k/2 + k'/6}, and we will prove that the subgraph induced by H; is connected
with high probability by proving its min-cut size is at least ¢clnn (Claim 1), and
that |Hy| = ©(n) (Claim 2), therefore with high probability H; forms a giant
connected component of size ©(n). The proofs of these claims is omit due to the
lack of space and can be found in our technical report [13].

3 Diameter

We analyze the diameter of a Kronecker graph under the condition that the
graph is connected with high probability. When @ = 8 = 1,y = 0, every vertex
links to 1 so the graph has diameter 2; below we analyze the case where 5+~ > 1.
We will use the following result about the diameter of G(n,p), which has been
extensively studied in for example [6,2, 3].

Theorem 4. [6, 2] If (pn)?~1/n — 0 and (pn)?/n — oo for a fived integer d,
then G(n,p) has diameter d with probability approaching 1 as n goes to infinity.

Theorem 5. If 3+ > 1, the diameters of Kronecker graphs are constant with
high probability.

Proof. Let S be the subset of vertices with weight at least %k‘ We will prove
that the subgraph induced by S has a constant diameter, and any other vertex
directly connects to S with high probability.

Claim 8. With high probability, any vertex u has a neighbor in S.
Proof (Proof of Claim 3. ). We compute the expected degree of u to S:
k S k I6] . ¥ .
P(u,S) > ") BINETI = (B4 )k ( ) J k—j
ws)z ¥ (evi-oen T (5)iFrg

J
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The summation is exactly the probability of getting at least %kz HEADs in

k coin flips where the probability of getting HEAD in one trial is %,

probability is at least a constant. Therefore P(u,S) > (8 +v)¥/2 > clnn for
any u; by Chernoff bound any u has a neighbor in S with high probability.

so this

Claim 4. |S| - min, yes Plu,v] > (8 +7)*.



Proof (Proof of Claim 4. ). We have

min Plu,v] > ﬁ%ky%wk
u,vES
and .
5 ()~ (&) (@)
= B ~ N E N2k LBk Yk
5+,y]€ (7(ﬁi7)e)6+w (7(517)6)ﬁ+7 BBy P

Therefore |S| - min, ,es Plu,v] > (8 + 7)*.

Given Claim 4, it follows easily that the diameter of the subgraph induced
by S is constant: let 3 + v = 1 + € where € is a constant, the diameter of
G(IS], (B + 7)¥/|S]) is at most d = 1/e by Theorem 4; since by increasing
the edge probabilities of G(n, P) the diameter cannot increase, the diameter
of the subgraph of the Kronecker graph induced by S is no larger than that of
G(1S], (B+7)*/|S]). Therefore, by Claim 3, for every two vertices u and v in the
Kronecker graph, there is a path of length at most 2 + 1/¢ between them.

4 Searchability

In Section 3 we showed that the diameter of a Kronecker graph is constant with
high probability, given that the graph is connected. However it is yet a question
whether a short path can be found by a decentralized algorithm where each
individual only has access to local information. We use a similar definition as
used by Kleinberg [7-9].

Definition 3. In a decentralized routing algorithm for G(n, P), the message is
passed sequentially from a current message holder to one of its neighbors until
reach the destination t, using only local information. In particular, the message
holder u at a given step has knowledge of:

(i) the probability matriz P;

(i) the label of destination t;

(iii) edges incident to all visited vertices.

A G(n, P) graph is d-searchable if there exists a decentralized routing algo-
rithm such that for any destination t, source s, with high probability the algorithm
can find an s-t path no longer than d.

We first give a monotonicity result on general random graphs G(n, P), then
use it to prove Kronecker graphs with o < 1 is not poly-logarithmic searchable.
It is possible to directly prove our result on Kronecker graphs, but we believe
the monotonicity theorem might be of independent interests. More results on
searchability in G(n, P) using deterministic memoryless algorithms can be found
in [1]. The proof of Theorem 6 can be found in our technical report [13].

Theorem 6. If G(n,P) is d-searchable, and P < P' (¥i,j, P[i,j] < P'[i,]]),
then G(n, P') is d-searchable.



Theorem 7. Kronecker graphs are not nt!=®1°82¢_seqrchable.

Proof. Let P be the probability matrix of the Kronecker graph, and P’ be the
matrix where each element is p = n-(1-a)logzae We have P < P’ because
mazx; jPli,j] < of < e(1m0)k = p-(-a)logze — 4 If the Kronecker graph
is n(1=®)1og2 ¢_gearchable, then by Theorem 6 G(n,p) where p = n~(1=@)logz € jg
also n(1=®) 1082 ¢_searchable. However, G(n, p) is not %—searchable. This is because
given any decentralized algorithm, whenever we first visit a vertex u, indepen-
dent on the routing history, the probability that u has a direct link to ¢ is no
more than p, hence the routing path is longer than the geometry distribution
with parameter p, i.e. with constant probability the algorithm cannot reach ¢ in

1/p steps.
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