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Abstract
We consider the problem of verifying the identity of a distribution: Given the description
of a distribution over a discrete support p = (p1,pa,...,Pn), how many samples (independent

draws) must one obtain from an unknown distribution, ¢, to distinguish, with high probability,
the case that p = ¢ from the case that the total variation distance (L; distance) ||p — g||1 > €7
We resolve this question, up to constant factors, on an instance by instance basis: there exist
universal constants ¢, ¢’ and a function f(p,€) on distributions and error parameters, such that
our tester distinguishes p = ¢ from ||p — ¢||1 > € using f(p, €) samples with success probability
> 2/3, but no tester can distinguish p = ¢ from ||p — ¢||1 > ¢ € when given ¢ - f(p, €) samples.
The function f(p,€) is upper-bounded by a multiple of HPL#, but is more complicated, and is
significantly smaller in some cases when p has many small domain elements, or a single large
one. This result significantly generalizes and tightens previous results: since distributions of
support at most n have Ly /3 norm bounded by y/n, this result immediately shows that for such

distributions, O(y/n/e?) samples suffice, tightening the previous bound of O(%) for this
class of distributions, and matching the (tight) known results for the case that p is the uniform
distribution over support n.

The analysis of our very simple testing algorithm involves several hairy inequalities. To
facilitate this analysis, we give a complete characterization of a general class of inequalities—
generalizing Cauchy-Schwarz, Holder’s inequality, and the monotonicity of L, norms. Specif-

ically, we characterize the set of sequences of triples (a,b,¢); = (a1,b1,¢1),...,(ar, by, c.) for
which it holds that for all finite sequences of positive numbers (z); = z1,... and (y); = y1,...,
c;
T
i,,bi
I (se) =n
i=1 \ j

For example, the standard Cauchy-Schwarz inequality corresponds to the triples (a,b,c); =
(1,0, %), (0,1, %), (%, %, —1). Our characterization is of a non-traditional nature in that it uses
linear programming to compute a derivation that may otherwise have to be sought through trial
and error, by hand. We do not believe such a characterization has appeared in the literature,
and hope its computational nature will be useful to others, and facilitate analyses like the one

here.

* A preliminary version of this work appeared at the IEEE Symposium on Foundations of Computer Science, 2014.
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1 Introduction

Suppose you have a detailed record of the distribution of IP addresses that visit your website. You
recently proved an amazing theorem, and are keen to determine whether this result has changed the
distribution of visitors to your website (or is it simply that the usual crowd is visiting your website
more often?). How many visitors must you observe to decide this, and, algorithmically, how do you
decide this? Formally, given some known distribution p over a discrete (though possibly infinite)
domain, a parameter € > 0, and an unknown distribution ¢ from which we may draw independent
samples, we would like an algorithm that will distinguish the case that ¢ = p from the case that the
total variation distance, dy,(p,q) > €. We consider this basic question of verifying the identity of
a distribution, also known as the problem of “identity testing against a known distribution”. This
problem has been well studied, and yielded the punchline that it is sometimes possible to perform
this task using far fewer samples than would be necessary to accurately learn the distribution from
which the samples were drawn. Nevertheless, previous work on this problem either considered
only the problem of verifying a uniform distribution (the case that p = Unif[n]), or was from the
perspective of worst-case analysis—aiming to bound the number of samples required to verify a
worst-case distribution of a given support size.

Here, we seek a deeper understanding of this problem. We resolve, up to constant factors, the
sample complexity of this task on an instance-by-instance basis—determining the optimal number
of samples required to verify the identity of a distribution, as a function of the distribution in
question.

Throughout much of theoretical computer science, the main challenge and goal is to characterize
problems from a worst-case standpoint, and the efforts to describe algorithms that perform well “in
practice” are often relegated to the sphere of heuristics. Still, there is a developing understanding
of domains and approaches for which one may provide analysis beyond the worst-case (e.g. random
instances, smoothed analysis, competitive analysis, analysis with respect to various parameteriza-
tions of the problems, etc.). Against this backdrop, it seems especially exciting when a rich setting
seems amenable to the development and analysis of instance optimal algorithms, not to mention
that instance optimality gives a strong recommendation for the practical viability of the proposed
algorithms.

In the setting of this paper, having the distribution p explicitly provided to the tester enables our
approach; nevertheless, it is tantalizing to ask whether this style of “instance-by-instance optimal”
property testing/estimation or learning is possible in more general distributional settings. The
authors are optimistic that such strong theoretical results are both within our reach, and that
pursuing this line may yield practical algorithms suited to making the best use of available data.

To more cleanly present our results, we introduce the following notation.

Definition 1. For a probability distribution p, let p~ ™ denote the vector of probabilities obtained
by removing the entry corresponding to the element of largest probability. For € > 0, define p_ to
be the vector obtained from p by iteratively removing the smallest domain elements and stopping
before more than € probability mass is removed.

Hence p—** is the vector of probabilities corresponding to distribution p, after the largest

domain element and the smallest domain elements have been removed. Our main result is the
following:



Theorem 1. There exist constants c1,co such that for any € > 0 and any known distribution p,
for any unknown distribution q, our tester will distinguish ¢ = p from ||p — q||1 > € with probability
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2/3 when run on a set of at least ¢1 - max {6, =

} samples drawn from ¢, and no tester can

€’ €

do this task with probability at least 2/3 with a set of fewer than co - max {1 “0_622/3} samples.

In short, over the entire range of potential distributions p, our tester is optimal, up to constant
factors in € and the number of samples. The distinction of “constant factors in €’ is needed, as
|[P—e/16]l2/3 might not be within a constant factor of ||p_c||y/3 if, for example, the vast majority of
the 2/3-norm of p comes from tiny domain elements that only comprise an € fraction of the 1-norm
(and hence would be absent from p_., though not from p_, /16).1

Because our tester is constant-factor tight, the subscript and superscript and the max in the
1

sample complexity max 4 =, w all mark real phenomena, and are not just artifacts of the
€ €

analysis. However, except for rather pathological distributions, the theorem says that O( Hp‘elf/ ) is

the optimal number of samples. Additionally, note that the subscript and superscript only reduce
the value of the norm: ||[p=™|y/3 < |[p—ell2/3 < |lp—c/16ll2/3 < I[pll2/3, and hence O(||p||2/s3/€?) is

2/3 is concave, for distributions

always an upper bound on the number of samples required. Since x
p of support size at most n the Ly/3 norm is maximized on the uniform distribution, yielding that
|[pll2/3 < v/n, with equality if and only if p is the uniform distribution. This immediately yields a
worst-case bound of O(y/n/€%) on the number of samples required to test distributions supported
on at most n elements, tightening the previous bound of O(W) from [5], and matching the

tight bound on the number of samples required for testing the uniform distribution given in [13].

While the algorithm we propose is extremely simple, the analysis involves sorting through several
messy inequalities. To facilitate this analysis, we give a complete characterization of a general class

of inequalities. We characterize the set of sequences of triples (a, b, ¢); = (a1,b1,¢1), ..., (ar, by, cy)
for which it holds that for all finite sequences of positive numbers (z); = z1,... and (y); = v1,. ..,
i
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This is an extremely frequently encountered class of inequalities, and contains the Cauchy-
Schwarz inequality and its generalization, the Holder inequality, in addition to inequalities rep-
resenting the monotonicity of the L, norm, and also clearly contains any finite product of such
inequalities. Additionally, we note that the constant 1 on the right hand side cannot be made
larger, for all such inequalities are false when the sequences x and y consist of a single 1; also, as
we show, the class of valid inequalities is unchanged if 1 is replaced by any other constant in the
interval (0, 1].

'In the language of the abstract, Theorem 1 defines a function f(p,€) characterizing the sample complexity of
testing the identity of p, tight up to a factor of 16 in the error ¢ and some constant ci/c2 in the number of samples.
Interestingly, since the function f(p,€) grows at least inversely in € as € goes to 0, we can merge the two constants
into a single multiplicative constant in the error ¢ and say that the right number of samples for testing the identity
of p to within € must lie between f(p, 162—; -€) and f(p,€). This is a cleaner result, in some sense; however, of the two
parameters—the accuracy € and the sample size k—it is often perhaps more important to have precise control of the
accuracy, so we wanted to emphasize that while our results are constant-factor-tight, the constant, 16, in front of e
is explicit, and can be made small.



Example 1. The classic Cauchy-Schwarz inequality can be expressed in the form of Equation 1

as (Z; Xj> i (Z] Yj>1/2 (Z] w/Xij)_l > 1, corresponding to the triples (a,b,c); = (1,0,3),

(0,1, %), (%, %, —1). This inequality is tight when the sequences X and Y are proportional to each
other. The Holder inequality generalizes Cauchy-Schwarz by replacing % by A € [0, 1], yielding the

inequality defined by the triples (a,b,c); = (1,0,\), (0,1,1 —X), (A\,1 — A, —1).

Example 2. A fundamentally different inequality that can also be expressed in the form of Equa-
tion 1 is the fact that the L, norm is a non-increasing function of p. For p € [0,1] we have the

inequality (Zj Xf) (ZJ Xj>_p > 1, corresponding to the two triples (a,b,c); = (p,0,1),(1,0,—p).

This inequality is tight only when the sequence (X); consists of a single nonzero term.

We show that the cases where Equation 1 holds are exactly those cases expressible as a product
of inequalities of the above two forms, where two arbitrary combinations of x and y are substituted
for the sequence X and the sequence Y in the above examples:

Theorem 2. For a fized sequence of triples (a,b,c); = (a1,b1,c1),...(ar, by, c), the inequality
¢
I, ( Jaz;”y;”> > 1 holds for all finite sequences of positive numbers (x);,(y); if and only if
it can be expressed as a finite product of positive powers of the Holder inequalities ( jx;‘/y?/)
1" 1 1= / _ " / _ 1/ A
(Zj zf y? ) > Zj a:;-\a +(1-Na y;\b +{A-Ab , and the L, monotonicity inequalities (Z] a;?y?) <
; ajg\“y]’-\b, for A € [0,1].

We state this theorem for pairs of sequences (z);, (y);, although an analogous statement (The-
orem 3 stated in Section 2) holds for any number of sequences and is yielded by a trivial extension
of the proof of the above theorem. Most commonly encountered instances of inequalities of the
above form, including those involved in our identity testing result, involve only pairs of sequences.
Further, the result is nontrivial even for inequalities of the above form that only involve a single
sequence—see Example 3 for a discussion of a single sequence inequality with surprising properties.

Our proof of Theorem 2 is algorithmic in nature; in fact, we describe an algorithm which, when
given the sequence of triples (a,b,c); as input, will run in polynomial time, and either output
a derivation of the desired inequality as a product of a polynomial number of Hélder and L,
monotonicity inequalities, or the algorithm will output a witness from which a pair of sequences
(x)j, (y); that violate the inequality can be constructed. It is worth stressing that the algorithm
is efficient despite the fact that the shortest counter-example sequences (z);, (y); might require a
doubly-exponential number of terms (doubly-exponential in the number of bits required to represent
the sequence of triples (a, b, c);—see Example 3).

The characterization of Theorem 2 seems to be a useful and general tool, and seems absent
from the literature, perhaps because linear programming duality is an unexpected tool with which
to analyze such inequalities. The ability to efficiently verify inequalities of the above form greatly
simplified the tasks of proving our instance optimality results; we believe this tool will prove useful
to others and have made a Matlab implementation of our inequality prover/refuter publicly available
at http://theory.stanford.edu/~valiant/code.



1.1 Related Work

The general area of hypothesis testing was launched by Pearson in 1900, with the description of
Pearson’s chi-squared test. In this current setting of determining whether a set of k samples was
drawn from distribution p = p1, ps, ..., that test would correspond to evaluating ), p%_(Xi — kp;i)?,
where X; denotes the number of occurrences of the ith domain element in the samples, and then
outputting “yes” if the value of this statistic is sufficiently small. Traditionally, such tests are
evaluated in the asymptotic regime, for a fixed distribution p as the number of samples tends to
infinity. In the current setting of trying to verify the identity of a distribution, using this chi-squared
statistic might require using many more samples than would be necessary even to accurately learn
the distribution from which the samples were drawn (see, e.g. Example 6).

Over the past fifteen years, there has been a body of work exploring the general question of
how to estimate or test properties of distributions using fewer samples than would be necessary to
learn the distribution in question. Such properties include “symmetric” properties (properties whose
value is invariant to relabeling domain elements) such as entropy, support size, and distance metrics
between distributions (such as L; distance), with work on both the algorithmic side (e.g. [6, 4, 10,
11, 12, 3, 8]), and on establishing lower bounds [14, 18]. Such problems have been almost exclusively
considered from a worst-case standpoint, with bounds on the sample complexity parameterized by
an upper bound on the support size of the distribution. The recent work [16, 17| resolved the
worst-case sample complexities of estimating many of these symmetric properties. Also see [15] for
a recent survey.

The specific question of verifying the identity of a distribution was one of the first questions
considered in this line of work. Motived by a connection to testing the expansion of graphs,
Goldreich and Ron [9] first considered the problem of distinguishing whether a set of samples
was drawn from the uniform distribution of support n versus from a distribution that is least
e far from the uniform distribution, with the tight bound of @(g) on the number of samples
subsequently given by Paninski [13]. For the more general problem of verifying the identity of an
arbitrary distribution, Batu et al. [5], showed that for worst-case distributions of support size n,
O(%) samples are sufficient.

In a similar spirit to this current paper, motivated by a desire to go beyond worst-case anal-
ysis, Acharya et al. [1, 2] recently considered the question of identity testing with two unknown
distributions (i.e. both distributions p and ¢ are unknown, and one wishes to deduce if p = ¢ from
samples) from the standpoint of competitive analysis. They asked how many samples are required
as a function of the number of samples that would be required for the task of distinguishing whether
samples were drawn from p versus ¢ in the case where p and g were known to the algorithm. Their
main results are an algorithm that performs the desired task using m?®/2 polylog m samples, and a
lower bound of Q(m"/%), where m represents the number of samples required to determine whether
a set of samples were drawn from p versus ¢ in the setting where p and ¢ are explicitly known.
One of the main conceptual messages from Acharya et al.’s results is that knowledge of the under-
lying distributions is extremely helpful—without such knowledge one loses a polynomial factor in
sample complexity. Our results build on this moral, in some sense describing the “right” way that
knowledge of a distribution can be used to test identity.

The form of our tester may be seen as rather similar to those in [1, 2, 7], which considered
testing whether two distributions were close or not when both distributions are unknown. The
testers in those papers and the tester proposed here consist essentially of summing up carefully
chosen expressions independently evaluated at the different domain elements and comparing this



sum to a threshold, which is somewhat simpler than what has been pursued by many other lines
of research. The moral here is perhaps that combining all your data in “clean” ways can lead to
“clean” and powerful results, at least provided one has the right analysis tools. The lower bounds
from [7] rely on Theorem 4 from the present paper, which uses Hellinger distance to introduce a
flexible class of lower bounds, needed for the tight results there and here.

1.2 Organization

We begin with our characterization of the class of inequalities, as we feel that this tool may be
useful to the broader community; this first section is entirely self-contained. Section 3.1 contains the
definitions and terminology relevant to the distribution testing portion of the paper, and Section 3.2
describes our very simple instance-optimal distribution identity testing algorithm, and provides
some context and motivation for the algorithm. Section 4 discusses the lower-bounds, establishing
the optimality of our tester.

2 A class of inequalities generalizing Cauchy-Schwarz and the
monotonicity of L, norms

In this section we characterize under what conditions a large class of inequalities holds, showing
both how to derive these inequalities when they are true and how to refute them when they are
false. We encounter such inequalities repeatedly in the analysis of our tester in Section 3.

The basic question we resolve is: for what sequences of triples (a,b,c); is it true that for all
sequences of positive numbers (z);, (y); we have

Cq
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We note that the constant 1 on the right hand side cannot be made larger, for all such inequalities
are false when the sequences x and y consist of a single 1; also, as we will show later, if this inequality
can be violated, it can be violated by an arbitrary amount, so if any right hand side constant works,
for a given (a, b, c);, then 1 works, as stated above.

Such inequalities are typically proven by hand, via trial and error. One basic tool for this

1/2 1/2
is the Cauchy-Schwarz inequality, (Zj Xj) (Z] Y]> > >.;v/X;Yj, or the slightly more
general Holder inequality, a weighted version of Cauchy-Schwarz, where for A € [0,1] we have

A 1-A
(Zj Xj> (Z] Yj> >3 XJ’-\YJ.I_)‘. Writing this in the form of Equation 2, and substituting
arbitrary combinations of x and y for X and Y yields families of inequalities of the form:

(Zxal bl> <Z$a2 bg) ( j\al"r(l >\)a2yj\b1+(1 A)b2> Z 1’
J J

and we can multiply (positive powers of) inequalities of this form together to get further cases
of the inequality in Equation 2. This inequality is tight when the two sequences X and Y are
proportional to each other.



A
A second and different basic inequality of our general form, for A € [0,1], is: (Z] Xj> <

> ;X J’-\, which is the fact that the L, norm is a decreasing function of p. (Intuitively, this is a slight
generalization of the trivial fact that #2+y? < (z+y)?, and follows from the fact that the derivative
of 2 is a decreasing function of z, for positive x). As above, products of powers of 2 and y may

be substituted for X to yield a more general class of inequalities: j :U?“y;‘b (Z ; a:?y;?) > 1, for
A € [0,1]. Unlike the previous case, these inequalities are tight when there is only a single nonzero
value of X, and the inequality may seem weak for nontrivial cases.

The main result of this section is that the cases where Equation 2 holds are ezxactly those cases
expressible as a product of inequalities of the above two forms, and that such a representation
can be efficiently found. While we have been discussing inequalities involving two sequences, these
results apply to inequalities on d sequences, for any positive integer d. For completeness, we restate
Theorem 2 in this more general form. The proof of this more general theorem is similar to that of
its two-sequence analog, Theorem 2.

Theorem 3. For d + 1 fized sequences (a)1; = ai1...,01,, ..., (@)di = ad1,---,0dr, and
N\ Ci
(€)i =ci1,..., ¢, the inequality [];_, (Z] ( Z:l 1:ij’)> > 1 holds for all sets of d finite sequences

of positive numbers (x) ; if and only if it can be expressed as a finite product of positive powers of
s : " d _a \\ d a/ ' S 4 Xa+(1-Na}
the Hélder inequalities (Ej (szl iL‘kj>> (ZJ (szl xk]>> >3 (szl ), ] ), and
’ A ’
the L,, monotonicity inequalities (ZJ (szl xZ’})) <> (Hi:l xz‘;k>7 for A € 10,1].

Further, there exists an algorithm which, given d+1 sequences (a)i1; =a11...,a10, ..., (@)di=
ad1,---,adr, and (c); = c1,..., ¢ describing the inequality, runs in time polynomial in the input
description, and either outputs a representation of the desired inequality as a product of a poly-
nomial number of positive powers of Hélder and L, monotonicity inequalities, or yields a witness
describing d finite sequences of positive numbers () ; that violate the inequality.

The second portion of the theorem—the existence of an efficient algorithm that provides a
derivation or refutation of the inequality—is surprising. As the following example demonstrates, it
is possible that the shortest sequences x,y that violate the inequality have a number of terms that
is doubly exponential in the description length of the sequence of triples (a, b, ¢); (and exponential in
the inverse of the accuracy of the sequences). Hence, in the case that the inequality does not hold,
our algorithm cannot be expected to return a pair of counter-example sequences. Nevertheless,
we show that it efficiently returns a witness describing such a construction. We observe that the
existence of this example precludes any efficient algorithm that tries to approach this problem by
solving some linear or convex program in which the variables correspond to the elements of the
sequences ., y.

Example 3. Consider for some € > 0 the single-sequence inequality
-1 3 —2—¢ 3 -1
_9 -1 0 1 2
(X)) (o) () () () =
J J J J J

which can be expressed in the form of Equation 1 via the triples (a,b,c); = (—2,0,—1), (—1,0,3),
(0,0,—2 —¢), (1,0,3), (2,0,—1). This inequality is true for e = 0 but false for any positive e.



However, the shortest counterexample sequences have length that grows as exp(%) as € approaches
0. Counterexamples are thus hard to write down, though possibly easy to express—for example,
letting n = 64/¢, the sequence = of length 2+ n consisting of n, %, followed by n ones violates the
inequality.?

In the following section we give an overview of the linear programming based proof of Theorem 2,
and then give the formal proof in Section 2.2. In Section 2.3 we provide an intuitive interpretation
of the computation being performed by the linear program.

2.1 Proof Overview of Theorem 2

Our proof is based on constructing and analyzing a certain linear program, whose variables ¢;
represent log > y x;“y;” for each i in the index set of triples (a,b,c);. Letting r denote the size of
this index set, the linear program will have r variables, and poly(r) constraints. We will show that if
the linear program does not have objective value zero then we can construct a counterexample pair
of sequences (x);, (y); for which the inequality is contradicted. Otherwise, if the objective value is
zero, then we will consider a solution to the dual of this linear program, and interpret this solution
as an explicit (finite) combination of Holder and L, monotonicity inequalities whose product yields
the desired inequality in question. Combined, these results imply that we can efficiently either
derive or refute the inequality in all cases.

Given (finite) sequences (z);,(y);, consider the function ¢ : R*> — R defined as {(a,b) =
log Zj x;‘yg We will call this 2-dimensional function ¢(a,b) the norm graph of the sequences
(x)4, (y);, and will analyze this function for the remainder of this proof and show how to capture

many of its properties via linear programming. The inequality in question, [], ( y x?’y?l)cz >
1, is equivalent (taking logarithms) to the claim that “for all valid norm graphs ¢’ we have
Zz’ C; K(ai, bz) > 0.

The Hoélder inequalities explicitly represent the fact that norm graphs ¢ must be convex, namely
for each X € (0,1) and each pair (a’,b'), (a”,b") we have M(a’, V') 4+ (1 — \)l(a”,b") > L(Xd’ + (1 —
A)a”, A6+ (1 — A\)b"). The L, monotonicity inequalities can correspondingly be expressed in terms
of norm graphs ¢, intuitively as “any secant of the graph of ¢ (interpreted as a line in 3 dimensions)
that intersects the z-axis must intersect it at a nonnegative z-coordinate,” explicitly, for all (a’, V')
and all A\ € (0,1) we have M(a’,b") < £(Aa’, \V').

Instead of modeling the class of norm graphs directly, we instead model the class of functions
that are convex and satisfy the secant property, which we call “linearized norm graphs”: let £
represent this family of functions from R? to R, namely, those functions that are convex and
whose secants through the z-axis pass through-or-above the origin. As we will show, this class £
essentially captures the class of functions £ : R> — R that can be realised as £(a,b) = log > y a:?y?
for some sequences (z);,(y);, provided we only care about the values of ¢ at a finite number
of points (a;,b;), and provided we only care about the r-tuple ¢(a;,b;) up to scaling by positive
numbers. In other words, the inequality ), ¢; - £(a;,b;) > 0 holds for all norm graphs if and only
if it holds for all linearized norm graphs, showing that products of positive powers of Hoélder and
L, monotonicity inequalities (used to define the class of linearized norm graphs) exactly capture

2Showing that counterexample sequences must be essentially this long requires technical machinery from the proof
of Theorem 2, however one can glean intuition by evaluating the inequality on the given sequence—n, %, followed by
n ones.



all norm graph inequalities. In this manner we can reduce the very complicated combinatorial
phenomena surrounding Equation 2 to a linear program.
The proof can be decomposed into four steps:

1) We construct a homogeneous linear program (“homogeneous” means the constraints have no
additive constants) which we will analyze in the rest of the proof. The linear program has r
variables (¢);, where feasible points will represent valid r-tuples ¢(a;, b;) for linearized norm graphs
¢ € £. As will become important later, we set the objective function to minimize the expression
corresponding to the logarithm of the desired inequality: min) , ¢; - ¢;. Also, as will become
important later, we will construct each of the constraints of the linear program so that they are
positive linear combinations of logarithms of Hélder and L, monotonicity inequalities when the (¢);
are interpreted as the values of a norm graph at the points (a;, b;).

2) We show that for each feasible point, an r-tuple (¢);, there is a linearized norm graph ¢ : R> — R
that extends ¢; = ¢(a;, b;) to the whole plane, where, further, the function ¢ is the maximum of a
finite number of affine functions (functions of the form aa + b+ 7).

3) For any desired accuracy € > 0, we show that for sufficiently small § > 0 there is a (regular, not
linearized) norm graph ¢’ such that for any (a,b) € R? the scaled version 6 - #(a,b) approximates
the linearized norm graph constructed in the previous part, ¢(a,b), to within error e.

Namely, any feasible point of our linear program corresponds to a (possibly scaled) norm graph.
Thus, if there exists a feasible point for which the objective function is negative, Y. ¢;-¢; < 0, then
we can construct sequences (z);, (y); and a corresponding norm graph ¢'(a,b) = log Zj x?y? for
which (because ¢ can be made to approximate ¢ arbitrarily well at the points (a;, b;), up to scaling)
we have Y. ¢; - £'(a;,b;) < 0, meaning that the sequences (z);, (y); violate the desired inequality.
Thus we have constructed the desired counterexample

4) In the other case, where the minimum objective function of the linear program is nonnegative,
we note that because by construction we have a homogeneous linear program (each constraint
has a right hand side of 0), the optimal objective value must be 0. The solution to the dual
of our linear program gives a proof of optimality, in a particularly convenient form: the dual
solution describes a nonnegative linear combination of the constraints that shows the objective
function is always nonnegative, > . ¢; - ¢; > 0. Recall that, by construction, if each ¢; is interpreted
as the value of a norm graph at point (a;,b;) then each of the linear program constraints is a
positive linear combination of the logarithms of certain Hélder and L, monotonicity inequalities
expressed via values of the norm graph. Combining these two facts yields that the inequality
> ¢i - €(a;,b;) > 0 can be derived as a positive linear combination of the logarithms of certain
Holder and L, monotonicity inequalities. Exponentiating yields that the desired inequality can be
derived as the product of positive powers of certain Holder and L, monotonicity inequalities, as
desired.

The following section provides the proof details for the above overview.

2.2 Proof of Theorem 2

Given r triples, (a1,b1,¢1),. .., (ar, by, ¢), consider the linear program with r variables denoted by
l1,...,¢, with objective function min)_, ¢; - ¢;. For each index k € [r] we add linear constraints
to enforce that the point (ax,bg, ) in R? lies on the lower convex hull of all the points (a;, b;, £;)
and the extra point (2ay,2bg, 2¢;). Recall that the parameters (a;,b;) are constants, so we may
use them arbitrarily to set up the linear program. Explicitly, for each triple, pair, or singleton



from the set {(a;,b;) : @ # k} U {(2ax,2b;)} that have a unique convex combination that equals
(ak,by), we add a constraint that the corresponding combination of their associated z-values (some
¢; or 20 respectively) must be greater than or equal to ¢;. The total number of constraints is
thus O(r*). We note that these are homogeneous constraints—there are no additive constants.
Intuitively, we are expressing all our constraints on the linearized norm graph in this convex hull
form; the Holder inequalities are naturally convexity constraints, but we bring the L, monotonicity
inequalities under the same tent by adding these fictitious points (2ay, 2by, 20)).

We now begin our proof of one direction of Theorem 2—that if the above linear program has
objective function value 0, then the desired inequality can be expressed as the product of a finite
number of Holder and L, monotonicity inequalities. As a first step, we establish that each of the
above constraints can be expressed as a positive linear combination of these two types of inequalities:

Lemma 1. Fach of the above-described constraints can be expressed as a positive linear combination
of the logarithms of Hélder and L, monotonicity inequalities.

Proof. Consider, first, the case when the convex combination does not involve the special point
(2ag, 2bg). We consider the case of a triple of points (a1, b;1), (ai2, bi2), (ai3, bi3), as the pair and
singleton cases are subsumed by it. Thus there are nonnegative constants A1, Ao, A3 with A1 + Ao +
Az = 1 for which Aq(a;1,bi1) + A2(ase, bio) + A3(ass, bis) = (ak, by) and we want to conclude a kind
of “three-way Holder inequality”, that A1€(a;1, bi1) + Ael(ase, bi2) + Asl(ass, bis) > A(ak, by), for any
norm graph /. If two of the three \’s are 0 (without loss of generality Ay = Az = 0) then \; =1
and (a;1,b;1) = (ak, by) making the inequality trivially ¢(ax, bx) > ¢(ak,by). If only one of the \’s
is 0, without loss of generality A3 = 0 and A\ + A2 = 1, making the desired inequality a standard
Hoélder inequality,

Al(agn, bin) + (1 — A1)l(aso, biz) > f()qau + (1 = A1)aiz, A1 + (1 — >\1)b12)~ (3)
In the case that all three \’s are nonzero, we derive the result by replacing \; with A\; = ﬁ in
Equation 3, multiplying the inequality by A1 + A2, and adding the Holder inequality

(A1 + Az)f(j\lan + (1 = A)aig, Adrbin + (1 — 5\1)@‘2) + A3l(aiz, big) > L(ag, by). (4)

Finally, we consider the case where (2ay, 2by, 2¢(ay, b)) is used; we only consider the triple case
as the other cases are easily dealt with. Thus we have that a convex combination with coefficients
A1+ A2+ A3 = 1 of the points (a1, bi1), (a2, bi2), (2ax, 2b) equals (ag, bx). We thus must derive the
somewhat odd inequality A1€(a;1, bi1) + Nol(aia, bio) + 2 38(ak, b)) > N ag, br). As above, substitute
A =5 +/\ for A1 in Equation 3 and multiply by A1 + Ag; this time, add to it Aq + Ao times the L,
monotonicity inequality

1—2)3
A1+ A2

2)\3 1-— 2)\3 ) (5)

<
btk b) g()\ + A2 k’/\1+)\2

Everything is seen to match up since the points at which the ¢ functions on the right hand sides
of Equations 3 and 5 are evaluated are equal (since (1 — 2A3)ar = A1a1; + A2ag; from the original
interpolation). O

Given the above lemma, the proof of one direction of Theorem 2 now follows easily—essentially
following from step 4 of the proof overview given in the previous section.



Lemma 2. If the objective value of the linear program is non-negative, then it must be zero, and
ci

the inequality Hl< ]:E;“y?l) can be expressed as a product of at most O(r*) Hélder and L,

monotonicity inequalities.

Proof. Recall that since the linear program is homogeneous (each constraint has a right hand
side of 0), the optimal objective value cannot be larger than 0, and hence if the objective value
is not negative, it must be 0. The solution to the dual of our linear program gives a proof of
optimality, in a particularly convenient form: the dual solution describes nonnegative coefficients
for each of the primal inequality constraints, such that when we add up these constraints scaled by
these coefficients, we find ), ¢; - £; > 0—a lower bound on our primal objective function. Recall
that, by construction, if each ¢; is interpreted as the value of a norm graph at point (a;,b;), then
Lemma 1 shows that each of the linear program constraints is a positive linear combination of the
logarithms of certain Holder and L, monotonicity inequalities expressed via values of the norm
graph. Combining these two facts yields that the inequality ). ¢; - €(a;,b;) > 0 can be derived as
a positive linear combination of the logarithms of certain Holder and L, monotonicity inequalities.
Exponentiating yields that the desired inequality can be derived as the product of positive powers
of Holder and L, monotonicity inequalities, as claimed. ]

We now flesh out steps 2 and 3 of the proof overview of the previous section to establish the
second direction of the theorem—mnamely that if the solution to the linear program is negative, we
can construct a pair of sequences (x);, (y); that violates the inequality. We accomplish this in two
steps: first extending a feasible point of the linear program to a function £(a,b) : R? — R defined
on the entire plane that is convex and has the secants through-or-above the origin property, and
satisfies £(a;, b;) = ¢;, where /; is the assignment of the linear program variable corresponding to
a;, bz

Lemma 3. For any feasible point (£); of the linear program, we can construct a linearized norm
graph £(a,b) : R? — R, which will be the mazimum of v affine functions z;(a,b) = aza + Bib + i
with ~v; > 0, such that the function is convex, and for any i € [r|, {(a;,b;) = ¢;.

Proof. We explicitly construct ¢ as the maximum of r linear functions. Recall that for each index k
we constrained (ag, by, £) to lie on the lower convex hull of all the points (a;, b;, ¢;) and the special
point (2ay, 2by, 2¢x). Thus through each point (ay, by, ¢x) construct a plane that passes through or
below all these other points; define ¢(a, b) to be the maximum of these r functions. For each k € [r]
we have £(ag, br) = {j, since the kth plane passes through this value, and every other plane passes
through or below this value. The maximum of these planes is clearly a convex function. Finally, we
note that each plane passes through-or-above the origin since a plane that passes through (ag, by, fx)
and through-or-below (2ag, 2bk, 2¢x) must pass through or above the origin; hence for all i € [r],
vi 2 0. O

We now show that we can use the function ¢(a,b) of the above lemma to construct sequences
(x);, (y); that instantiate solutions of the linear program arbitrarily well, up to a scaling factor:

Lemma 4. For a feasible point of the linear program, expressed as an r-tuple of values (£);, and
any € > 0, for sufficiently small § > 0 there exist finite sequences (z);, (y); such that for all i € [r],

|0; — 5log2x?iy?"| <e.
J

10



Proof. Consider the linearized norm graph ¢(a,b) of Lemma 3 that extends ¢(a;, b;) to the whole
plane, constructed as the maximum of r planes z;(a,b) = aza + B;b + 7, with ~; > 0.

Consider, for parameter ¢; to be defined shortly, the sequences (z);, (y); consisting of ¢; copies
respectively of /% and e%/9. Hence, for all a,b we have that

5log2x?y§ = qa + ;b + dlogt;.
J

Since ; > 0, if we let t; = round(e:/ %) we can approximate v; arbitrarily well for small enough 4.
Finally, we concatenate this construction for all i. Namely, let (z);, (y); consist of the concatenation,
for all 4, of t; = round(e”/?) copies respectively of e*/% and ¢%/%. The values of 3 y :c?yé? will be
the sum of the values of these r components, thus at least the maximum of these r components,
and at most r times the maximum. Thus the values of § log y :E?y? will be within d logr of § times
the logarithm of the max of these components. Since each of the » components approximates the
corresponding affine function z; arbitrarily well, for small enough §, the function J log Zj m?y? is
thus an e-good approximation to the function ¢, and in particular is a e-good approximation to
¢(a;, b;) when evaluated at (a;, b;), for each i. O

The following lemma completes the proof of Theorem 2:
Lemma 5. Given a feasible point of the linear program that has a negative objective function value,
¢
there exist finite sequences (), (y); which falsify the inequality []; ( y x;“y;”) > 1.

Proof. Letting v > 0 denote the negative of the objective function value corresponding to feasible
point (¢); of the linear program, define e = ﬁ, and let d. and sequences (z);, (y); be those

guaranteed by Lemma 4 to satisfy |¢; — dclog Zj azg”y?ﬂ < €, for all ¢ € r. Multiplying this
expression by ¢; for each i, summing, and using the triangle inequality yields

Z cili — O Z c;log Z x?iy?i <,
i i j
and hence ), ¢;log ) j x;“y;” < 0, and the lemma is obtained by exponentiating both sides. O

2.3 Intuition behind the LP

We provide a pleasing and intuitive interpretation of the computation being performed by the
linear program in the proof of Theorem 2. This interpretation is most easily illustrated via an
example, and we use one of the inequalities that we encounter in Section 3 in the the analysis of
our instance-optimal tester.

Example 4. The Jth component of Lemma 6 consists of showing the inequality

3/2

2 1 2
SNoa2 ) (a2 (Y] (6] =1
J J J 7

where in the notation of the lemma, the sequence x corresponds to A and the sequence y corresponds
to p. In the notation of Theorem 2, this inequality corresponds to the sequence of four triples

11



(ai, bi, i) = (2, —%,2), (2,—%, —1),(1,0,-2), (0, %, %) How does Theorem 2 help us, even without

going through the algorithmic machinery presented in the proof ?

Consider the task of proving this inequality via a combination of Hélder and L, monotonicity
inequalities as trying to win the following game. At any moment, the game board consists of some
numbers written on the plane (with the convention that every point without a number is interpreted
as having a 0), and you win if you can remove all the numbers from the board via a combination
of moves of the following two types:

1. Any two positive numbers can be moved to their weighted mean. (Namely, we can subtract 1
from one location in the plane, subtract 3 from a second location in the plane, and add 4 to
a point % of the way from the first location to the second location.)

2. Any negative number can be moved towards the origin by a factor A € (0,1) and scaled by %
(Namely, we can add 1 to one location in the plane, and subtract 2 from a location halfway
to the origin.)

Thus our desired inequality corresponds to the “game board” having a “2” at location (2, —%), a

“~17 at location (2, — %), “-27 at location (1,0), and a “3” at location (0, ) And the rules of
the game allow us to push positive numbers together, and push negative numbers towards the origin
(scaling them). Our visual intuition is quite good at solving these types of puzzles. (Try it!)

The answer, as illustrated in Figure 1 is to first realize that 3 of the points lie on a line, with
the “—2” halfway between the “3 7 and the “27. Thus we take 1 unit from each of the endpoints and
cancel out the “—2”. No three pomts are collinear now, so we need to move one point onto the line
formed by the other two: “—17, being negative, can be moved towards the origin, so we move it until
it crosses the line formed by the two remaining numbers. This moves it % of the way to the origin,
thus increasmg it from “—17” to “=3’ 5”; amazingly, this number, at position %(27 —%) = (%7 —%) is
now 3 of the way from the remammg “1 7 at (0, %) to the number “17 at (2, —%), meaning that we

I
2/3@ 2/3@ 2/3@2}\ 2/3— Success! —
)
A N
0 2 0 0 0
N\
L s e (&) ‘\J
2/3 2 -2/3 1) 23 @ -2/3

0 1 2 0 1 2 0 1 2 0 1 2

Figure 1: Depiction of a successful Sequence of “moves’ in the game corresponding to the inequality

(Z Zyj_2/3> (Z 2yj_1/3) (Z; x]) (Z 2/3> > 1, showing that the inequality is true.
The first diagram illustrates the initial configuration of positive and negative weights, together
with the “Holder-type move” that takes one unit of weight from each of the points at (0,2/3) and
(2,—2/3) and moves it to the point (1,0), canceling out the weight of —2 that was initially at (1,0).
The second diagram illustrates the resulting configuration, together with the “L, monotonicity
move” that moves the —1 weight at location (2, —1/3) towards the origin by a factor of 2/3 while
scaling it by a factor of 3/2, resulting in a point at (4/3,—2/9) with weight —3/2, which is now
collinear with the remaining two points. The third diagram illustrates the final “Hoélder-type move”
that moves the two points with positive weight to their weighted average, zeroing out all weights.

12



can remove the final three numbers from the board in a single move, winning the game. We thus
made three moves total, two of the Holder type, one of the L, monotonicity type. Reexpressing
these moves as inequalities yields the desired derivation of our inequality as a product of powers of
Holder and L, monotonicity inequalities.

The above example demonstrates how transformative it is to know that the only possible ways
of making progress proving a given inequality are by two simple possibilities, thus transforming
inequality proving into winning a 2d game with two types of moves. As we have shown in The-
orem 2, this process can be completed automatically in polynomial time via linear programming;
but in practice looking at the “2d game board” is often all that is necessary, even for intricate
counterintuitive inequalities like the one above.

3 An instance-optimal testing algorithm

In this section we describe our instance-by-instance optimal algorithm for verifying the identity
of a distribution, based on independent draws from the distribution. We begin by providing the
definitions and terminology that will be used throughout the remainder of the paper. In Section 3.2
we describe our very simple tester, and give some intuitions and motivations behind its form.

3.1 Definitions

We use [n] to denote the set {1,...,n}, and denote a distribution of support size n by p = p1,...,pn,
where p; is the probability of the ith domain element. Throughout, we assume that all samples are
drawn independently from the distribution in question.

We denote the Poisson distribution with expectation A by Poi(\), which has probability density
function poi(A,i) = 672)‘2. We make heavy use of the standard “Poissonization” trick. That is,
rather than drawing k samples from a fixed distribution p, we first select k¥’ <— Poi(k), and then
draw k' samples from p. Given such a process, the number of times each domain element occurs
is independent, with the distribution of the number of occurrences of the ith domain element
distributed as Poi(k - p;). The independence yielded from Poissonization significantly simplifies
many kinds of analysis. Additionally, since Poi(k) is closely concentrated around k: from both the
perspective of upper bounds as well as lower bounds, at the cost of only a subconstant factor, one
may assume without loss of generality that one is given Poi(k) samples rather than exactly k.

Much of the analysis in this paper centers on L, norms, where for a vector ¢, we use the standard

notation ||g||. to denote (>, qf)l/c. The notation ||g||% is just the bth power of ||g||.. For example,

2/3 2/3
||QHQ/3 = Zz q; -

As in Definition 1, we use p_. to denote the vector of probabilities p>s = ps, ps+1, - . . defined by
sorting the probabilities p; < ps < ... and letting s be the maximum integer such that ). p; <e.
Additionally, we use p~ ™2 to denote the vector of probabilities with the maximum probability
omitted. Hence the frequently used notation p— ™ is the vector of probabilities obtained from p
by both removing the largest entry, and iteratively removing the smallest entries but stopping just
before € weight is removed from the small entries.

13



3.2 An optimal tester

Our testing algorithm is extremely simple, and takes the form of a simple statistic that is similar to
Pearson’s chi-squared statistic, though differs in two crucial ways. Given a set of k samples, with
X, denoting the number of occurrences of the ith domain element, and p; denoting the probability
of drawing the ¢th domain element from distribution p, the Pearson chi-squared statistic is given
as » p%(Xi — kp;)?. Adding a constant does not change the behavior of the statistic, and it will
prove easier to compare with our statistic if we subtract k from each term, yielding the following:

(Xi — kpi)® — kp;

Z Di ' ©)

(2
In the Poissonized setting (where the number of samples is drawn from a Poisson distribution of
expectation k), if the samples are drawn from distribution p, then the expectation of this chi-squared
statistic is 0 because in that case X is distributed according to a Poisson distribution of expectation
kp;, and hence has variance kp;. Our testing algorithm is, essentially, obtained by modifying this
statistic in two ways: replacing the second occurrence of kp; with X; (which has expectation kp;
when drawing samples from p and thus does not change the statistic in expectation), and changing

the scaling factor from 1/p; to 1/ p?/ 3

Xi — kpi)® = X,
S ”

Note that this statistic still has the property that its expectation is 0 if the samples are drawn from
distribution p. The following examples motivate these two modifications.

Example 5. Let p be the distribution with py = p2 = 1/4, and where the remaining half of its
probability mass composed of n/2 domain elements, each occurring with probability 1/n. If we draw
k = n?/3 samples from p, the contribution of the n/2 small elements to the variance of Pearson’s
statistic (Equation 6) is ~ %(n*1/3n2) = Q(n¥3), and the standard deviation would be Q(n*/3). If
the k samples were not drawn from p, and instead were drawn from distribution q that is identical
to p, except with p1 = 1/8 and py = 3/8, then the expectation of Pearson’s statistic would be
O(n*3), though this signal might be buried by the Q(n*/) standard deviation due to the small
domain elements.

The above example illustrates that the scaling factor 1/p; in Pearson’s chi-squared statistic
places too much weight on the small elements, burying a drastic change in the distribution (that
could be detected with O(1) samples). Thus we are motivated to consider a smoother scaling
factor. There does not seem to be any intuition for the 2/3 exponent in our statistic—it comes
out of optimizing the interplay between various inequalities in the analysis, and is cleanly revealed
by our inequality prover of Secti;an 2. Intuitive reasoning from the perspective of the tester seems

2

, whereas intuitive reasoning from the perspective of the lower

/

to lead to a scaling factor of pi
bounds seems to lead to a scaling factor of pf % Both intuitions turn out to be misleading, and the

. 2/3
correct scaling of p;”~ was unexpected.

The following example illustrates a second benefit of our statistic of Equation 7 over the chi-
squared statistic, resulting from changing kp; to X;:

14



Example 6. Let p be the distribution with p1 = 1 — 1/n, and where the remaining 1/n probability
mass is evenly split among n domain elements each with probability 1/n?. If we draw 100-n samples,
we are likely to see roughly 100 £+ 10 of the “rare” domain elements, each exactly once. Such
domain elements will have a huge contribution to the variance of Pearson’s chi-squared statistic—
a contribution of Q(n?). On the other hand, these domain elements contribute almost nothing to
the variance of our statistic, because the contribution of such domain elements is ((X; — kp;)? —

Xi)pz._Q/3 ~ (X2 - Xi)pi_g/?’, which is 0 if X; is 0 or 1 and with overwhelming probability, none of
these “rare” domain elements will occur more than once. Hence our statistic is extremely robust to

seeing rare things either 0 or 1 times, and this significantly reduces the variance of our statistic.

We now formally define our tester and prove Theorem 1. The tester essentially just computes the
statistic of Equation 7, though one also needs to shave off a small O(e) portion of the distribution
p before computing it, and also verify that not too much probability mass lies on this supposedly
small portion that was removed.

Throughout the remainder of the paper, we will assume, without loss of generality, that the
domain elements of p are sorted in increasing order of probability. Let s be the largest integer such
that >, pi < ¢/8, and for each domain element 7 let X; be the number of times element ¢ occurs
in the sample. Note that p>s is by definition the same as p_./g as defined in Definition 1, though
it will be easier to work explicitly with s in the proofs.

AN INSTANCE-OPTIMAL TESTER

Given a parameter ¢ > 0 and a set of k samples drawn from ¢, let X; represent the number of
times the ith domain element occurs in the samples. Assume wlog that the domain elements
of p are sorted in increasing order of probability, and let s be the largest integer such that

Siepi < /8
—2/3 —max|(1/3
LIt ZiZs,i#argmaXpi [(XZ - k;pi)Q - X’L] D; / > 4k’|pzsma ||2§37 or

2. If >, Xi > %ek, then output “DIFFERENT”, else output “SAME”

For convenience, we restate Theorem 1, characterizing the performance of the above tester.

Theorem 1. There exist constants c1,cy such that for any € > 0 and any known distribution p, for
any unknown distribution q, our tester will distinguish ¢ = p from ||p— q||1 > € with probability 2/3
1 HP:S?T:,-(HQB

o =2 } samples drawn from q, and no tester can do

when run on a set of at least ¢1 ~max{

this task with probability at least 2/3 with a set of fewer than cy - max {1, “0_6622/3} samples.
In general, the “yes” case of the theorem, where g = p, can be relaxed to a “tolerant testing”

1 IpZ 26 12/3

o e

condition ||p—g|1 < O(%) where k = ¢1 - max } is the number of samples used. This

kind of tolerant testing result is true for any tester, because statistical distance is subadditive on
product distributions, so a change of 7 in the distribution p can induce a change of at most ¢ on the
distribution of the output of any testing algorithm that uses k samples. A more refined analysis of
our tester (or a tester tailored to the tolerant regime) yields better bounds in some cases. However,
the problem of distinguishing ||p — q|||1 < €1 from ||p — q|||1 > €2 enters a very different regime
when €; is not much smaller than ez, and many more samples are required. (These problems are
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very related to the task of estimating the distance from ¢ to the known distribution p.) For any
constants €1 < €2, it requires @(logn) samples to distinguish |[p — q|||1 < €1 from ||p — ¢||}i > €
when p is the uniform distribution on n elements, many more than the y/n needed here [16, 17].

Before proving the theorem, we provide some intuition behind the form of the sample complexity,

1 pZ2*lays . . 1 . . 2
max {6, —5— . The maximum with ¢ only very rarely comes into play: the % norm of a

vector is always at least its 1 norm, so the max with 1 only takes over from |[p_*|| s3/€® if p is
of the very special form where removing its max element and its smallest € mass leaves less than €
probability mass remaining; the max expression thus prevents the sample size in the theorem from
going to 0 in extreme versions of this case.

The subscript and superscript in |[p—"**||5/3 each reduce the final value, and mark two ways
in which the problem might be “unexpectedly easy”. To see the intuition behind these two mod-
ifications in the vector of probabilities, note that if the distribution p contains a single domain
element p,, that comprises the majority of the probability mass, then in some sense it is hard
to hide changes in p: at least half of the discrepancy between p and ¢ must lie in other domain
elements, and if these other domain elements comprise just a tiny fraction of the total probability
mass, then the fact that half the discrepancy is concentrated on a tiny fraction of the distribution
makes recognizing such discrepancy easier.

On the other hand, having many small domain elements makes the identity testing problem
harder, as indicated by the Ly,3 norm, however only “harder up to a point”. If most of the Lg/3
norm of p comes from a portion of the distribution with tiny L1 norm, then it is also hard to “hide”
much discrepancy in this region: if a portion of the domain consisting of €/3 total mass in p has
discrepancy € between p and ¢, then the probability mass of these elements in ¢ must total at least
%e by the triangle inequality, namely at least twice what we would expect if ¢ = p; this discrepancy
is thus easy to detect in O(%) samples. Thus discrepancy cannot hide in the very small portion of
the distribution, and we may effectively ignore the small portion of the distribution when figuring
out how hard it is to test discrepancy.

In these two ways—represented by the subscript and superscript of p— ™** in our results—the

HP||2/3
T)

identity testing problem may be “easier” than the simplified O( bound. But our correspond-

ing lower bound shows that these are the only ways.

3.3 Analysis of the tester

The core of the proof of the algorithmic direction of Theorem 1 is an application of Chebyshev’s
inequality: first arguing that if the samples were drawn from a distribution ¢ with |[p—q||1 > €, then
the expectation of the statistic in question is large in comparison to the variance, and if the samples
were drawn from p, then the variance is sufficiently small so as to not overlap significantly with the
likely range of the statistic in the case that ||p — ¢||1 > €. In order to prove the desired inequalities
relating the expectation and the variance, we reexpress these inequalities in terms of the two
sequences of positive numbers p = p1,pa, ..., and A = Ay, Ag, ..., with A; := |p; —¢;|, leading to an

Ci
expression that is the sum of five inequalities essentially of the canonical form [, (Z j p?i A?i) > 1.

The machinery of Section 2 thus yields an easily verifiable derivation of the desired inequalities as
a product of positive powers of Hélder type inequalities, and L, monotonicity inequalities. For the
sake of presenting a self-contained complete proof of Theorem 1, we write out these derivations
explicitly below.
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We now begin the analysis of the performance of the above tester, establishing the upper bounds
of Theorem 1. When ||p — q||1 > €, we note that at most half of the discrepancy is accounted for
by the most frequently occurring domain element of p, since the total probability masses of p and ¢
must be equal (to 1), and thus > ¢/2 discrepancy must occur on the remaining elements. We split
the analysis into two cases: when a significant portion of the remaining €/2 discrepancy falls above
s then we show that case 1 of the algorithm will recognize it; otherwise, if |[p<s — q<s|[1 > (3/8)¢,
then case 2 of the algorithm will recognize it.

We first analyze the mean and variance of the left hand side of the first condition of the tester,
under the assumption (as discussed in Section 3.1) that a Poisson-distributed number of samples,
Poi(k) is used. This makes the number of times each domain element is seen, X;, be distributed
as Poi(kgq;), and makes all X; independent of each other. It is thus easy to calculate the mean and
variance of each term. Explicitly, defining A; = p; — ¢; we have

B (I~ kp)? = Xl = 2 ab
X;+Poi(kq;)
and
Var (X, = kp)? = Xilp; %] = [282(pi = 802 + 43 (i — A A2 p;?
X< Poi(kq;)

Note that when p = ¢, the expectation is 0, since A; = 0. However, in the case that a significant
portion of the e deviation between p and ¢ occurs in the region above s, we show that for suitable
k, the variance is somewhat less than the square of the expectation, leading to a reliable test for
distinguishing this case from the p = ¢ case.

The motivation for the convoluted steps in the derivations in the following lemma comes entirely
from the general inequality result of Theorem 2, though as guaranteed by that theorem, the resulting
inequalities can all be derived by elementary means without reference to the theorem.

As defined in the tester, let s be the largest integer such that ) ;. p; < €/8, where we take the
elements of p to be sorted by probability. The following lemma shows that the variance of case 1
of our estimator can be made arbitrarily smaller than the square of its expectation, which we will
use for a Chebyshev bound proof in Proposition 1 below.

— max(1/3 — max
{ HZ?;(!/‘;)/B ) sz(i/g)!2/3} and if at least €/8 of the discrepancy

|A;| > €/8, then

Lemma 6. For anyc > 1, if k = ccmax

falls above s, namely >

1> s, 9Farg max p;
2

ST R A+ 4R — AN p < 0 ST azy

1>s,iFarg max p; 1> s, iFarg max p;
Proof. Dividing both sides by k*, the left hand side has terms proportional to (p; — A;)/k and its
square. We bound such terms via the triangle inequality and the definition of k as (p; — A;)/k <
1/3
(pim)(ﬂ + |Ai|ps(6/81)/3> /c. Expanding, yields the left hand side divided by k* bounded as

— max

>s ||2/3 HPZS H2/5
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the sum of 5 terms:

Z 2 [ o3 (¢/8)* A s (e/8)3 A2y ~4/3 2 (e/8)?

2 i — max 4/3 (247 2/3
izs,#argmaxmc I P>s ||2/3 H >smaXH2§3 ” >;naXH2§3
LA A2, (¢/8) AR " (¢/8)
c (24 H >maX||2 H >;naX||;§§

We bound each of the five terms separately, using the fact that - < =~ and sum the constants
2(14+2+4+1)+4(1+1) to yield 16 on the right hand side.

2
L. CaUChy_SChwa‘rz yields ZiZs,i;éargmaxpi Azzp;Z/S > (Zizs,i;éargmaxpi |Al’> /(Z p2/3>

2/3
1> s, iFarg max p; p;

AV

(£)?/llp _maXHZ /3 Squaring this inequality and noting that, by definition, >

max|(2/3
2

~1/3
2. We bound 1/3 = m ZiZS,iyéargmaxpl AV |p5 = W Zi257i¢argmaxpi |Al|pz
Multiplying this 1nequality7by the square of the Cauchy-Schwarz inequality of the previous case:

—2/3 — max —max|4/3 — max :
(Sissstorgmanss 2207 7) " > IAZ T4/ lpz 2[4 and the bound [|AZP*|[{ > (£)? yields the

2 bounds the first term as desired.

desired bound on the second term.
3. Simplifying the third term via p, 4 3p§/ P < pi_2/ ? lets us bound this term as the product of

—2/3 max max|(2/3
AZp; 2 > || AS 2 |lps o2

the Cauchy-Schwarz inequality of the first case: >
and the bound ||AZ (|7 > (§)2.

4. Here and in the next case we use the basic fact that for 8 > a > 0 and a (nonnegative)
vector z we have ||z||3 < |[|2]|o (With equality only when z has at most one nonzero entry). Thus

_ 3/2
Yoiss i-£arg max p; AZpZ 1/3 < (Zps#argmam A4/3pl 2/9) , which Holder’s inequality bounds by

—2/3 2/3\1/2 o . .
<Zi23,i#arg max p; A2pz / ) (Zz>s iZarg max p; pz/ ) - Multiplying this inequality by the Cauchy-

Schwarz inequality of the first case: [|AS nax |2 /P> max||§?§ < D> s itarg maxp; A?pi_Z/g’ and the
bound (§)? < [|AZ*||} yields the desired bound on the fourth term.

D. The norm inequality from the previous case also yields

12>8,iFarg max p;

3/2 3/2
—4/3 —8/9 - —2/3
Z A?pi / < Z Azzpi / < Ps 1/ Z Azzpi /
1> s, iFarg max p; 1>, iFarg max p; 1>s,iFarg max p;
Multiplying by the square root of the Cauchy-Schwarz bound of the first case, |[AS (|1 /]|pS ™ |;g <

_9/3\1/2
(Zizs’#argmaxpi A2p. 2/3> and the bound § < [|AS*[|; yields the desired bound on the fifth

1L
term.
O
We now prove the upper bound portion of Theorem 1.

Proposition 1. There exists a constant c; such that for any € > 0 and any known distribution
p, for any unknown distribution q on the same domain, our tester will distinguish ¢ = p from

[lp — qll1 > € with probability 2/3 using a set of k = ¢1 - max {1 Hpe/;f”wg} samples.
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Proof. We first show that if p = ¢ then the tester will recognize this fact with high probability.
Consider the first test of the algorithm, whether > .o . 0 naxp, [(Xi — kpi)? — X, p; RlAEN

4k||p ;maXHl/ 3. As calculated above, the expectation of the left hand side is 0 in this case, and the

2/3
variance is 2/€2Hp> max”;;g'

greater than 2v/2 standard deviations from its mean with probability at most 1/8, and thus the
first test will be accurate with probability at least 7/8 in this case.

For the second test, whether ). X; > l%ek, recall that s was defined so that the total prob-
ability mass among elements < s is at most €/8. Denote this total mass by m. Thus ) . X;
is distributed as Poi(mk), which has mean and variance both mk < %. Thus Chebyshev’s in-

Thus Chebyshev’s inequality yields that this random variable will be

— 2
equality yields that the probability that this quantity exceeds %ek is at most <(3/16)%) <

2
(%) = g Hence provided k > %, this probability will be at most 1/8. For the sake of

what follows, we actually make k at least twice as large as this, setting ¢; > 29 so that, from the
1 ||p76/16||2/3 2 %

definition of k, we have k = ¢; - max q ¢, =

We now show that when |[p — ¢||1 > € the tester will correctly recognize this too. Note that
at most half of the discrepancy can come from the most probable element of p, since the total
probability masses of p and ¢ are equal (to 1). There are two cases. If ||(p—q) 2|1 > 2¢, namely
if most of the remaining at least €/2 discrepancy occurs for elements < s, then since Hp<5\|1 < %e
by assumption, the triangle inequality yields that ||g<s||1 > %e. Consider the second test in this
case. Analogously to the argument above, Chebyshev’s inequality shows that this test will pass
except with probability at most %. Hence since k& > % from the previous paragraph, we have that

the algorithm will be successful in this case With probability at least 7/8.

In the remaining case, ||(p—q)> (|1 > %€, and we apply Lemma 6. We first show that the num-
— max — max/(1/3 — max

ber of samples k = ¢; Hp‘iﬁ is at least as many as needed for the lemma, c-max{ le/g( /”82)/3 ’ llp> (6/8)!2/3 %,
provided ¢; > 128¢. The second component of the maximum is trivially bounded since by definition
I[p=s" a3 = \|p:§7§‘x| l2/3 < HP:;??@ l2/3. To bound the first component, we let r (analogously

to s) be defined as the largest integer such that ) ._ p; < €/16. Since ), p; > €/8, the dif-
ference of these expressions yields » 7  p; > €/16. Since each p; in this last sum is at most ps,
—-1/3 2/3 c

> ps '/ for such i, which yields 335 pY/® > s Thus =255 =
1/3

2/3 — max —max||1/3

Zizm#argmaxpi ;" > —S73 mps . Multiplying by the inequality ||p_ 6/16||2/3 > ||p” o8 ||2/3 yields the
bound.

We thus invoke Lemma 6, which shows that, for any ¢ > 1, the expectation of the left hand
side of the first test, Zizs’i#argmaxpi [(XZ — kp;)? — Xi] pi_2/3, is at least y/¢/16 times its standard
deviation; further, we note that the triangle-inequality expression by which we bounded the stan-
dard deviation is minimized when p = ¢, in which case, as noted above, the standard deviation

is v/2 2k||p> maxH;g Thus the expression on the right hand side of the first test, 4k||pS ma"H;g,

always at least \/c/16 — 2v/2 standard deviations away from the mean of the left hand side. Thus
for ¢ > 512, Chebyshev’s inequality yields that the first test will correctly report that p and ¢ are
different with probability at least 7/8.

Thus by the union bound, in either case p = q or ||p — q||1 > ¢, the tester will correctly report
it with probability at least %. O

we have that p;

is
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4 Lower bounds

In this section we show how to construct distributions that are very hard to distinguish from a
given distribution p despite being far from p, establishing the lower bound portion of Theorem 1.
Explicitly, we will construct a distribution over distributions, that we will call @), such that most
distributions in Q. are far from p, yet k samples from a randomly chosen member of Q). will be
distributed very close to the distribution of k£ samples from p. Analyzing the statistics of such
sampling processes can be enormously involved (see for example the lower bounds of [16], which
involve deriving new and general central limit theorems in high dimensions).

In this paper, however, we show that the statistics of k£ samples from a randomly chosen dis-
tribution from ()¢ can be captured much more directly, by a product distribution over univariate
distributions that are a “coin flip between Poisson distributions.” Thus we can analyze this process
dimension-by-dimension and sum the distances. That is, if d; is the distance between what happens
for the ith domain element given k samples from p versus k samples from the product distribution
“capturing” ()¢, we can sum these up to bound the probability of distinguishing p from Q. by >, d;.
However, this is not good enough for us since the actual probability of distinguishing these two
cases for an ideal tester is more like the Lo norm of these d; distances instead of the L1 norm—to

achieve a tight result we need something like />, d? instead of 3, d;.
To accomplish this, we analyze all distances below via the Hellinger distance,

Hip.) = \}5\/2(\/17@-— V@,

Hellinger distance has two properties perfectly suited for our task: its square is subadditive on
product distributions (meaning it combines via the Ly norm instead of the L; norm), and the
Hellinger distance (times v/2) bounds the statistical distance.

We first prove a technical but ultimately straightforward lemma characterizing the Hellinger
distance between the “coin flip between Poisson distributions” mentioned above and a regular
Poisson distribution. We then show how a product distribution of these coin flip distributions
forms a powerful class of testing lowerbounds, Theorem 4, which has already found use in [7]. We
then assemble the pieces using some inequalities, to show the lowerbound portion of Theorem 1.

Let Poi(A=%e¢) denote the probability distribution with pdf over nonnegative integers i: %poi()d—
€) + 3poi(X — €), which is only defined for ¢ < A.

Lemma 7. H(Poi()\), Poi(A+¢€)) <c- % for constant c.

Proof. Assume throughout this proof that e < %\&, for otherwise the lemma is trivially true.

; A i A T\ 2
We bound H(Poi(\), Poi(A£¢))® = § 3,0 (wﬁ” - \/ ! [e’ —et e “z.SA‘EVD term-

— i —A—e [ —Ate\_)?
by-term via the inequality |v/a—v/b| < Lf‘. Welet a = <A and b = : [e Ote)* 4 e (A=) ]

Vb 1! il 1!
for some specific 4, and sum over i later.
_ . — i —A—e¢ i —Ate\_\t
We bound the numerator of L\/Eb' by noting that |a — b| = | ;!’\ — 3 i(!A+e) — 3 i(!)‘ J
is bounded by %62 times the maximum magnitude of the second derivative with respect to x of
i . ()2
poi(x,i) for x € [\ — €, A + €]. Explicitly, %e T = poz(w,z)%.

la—b]
NG

since € < %ﬁ, there is an absolute constant ¢ such that for any = € [A — €, A + ¢ we have

For the denominator of we will first bound it in the case when A > 1, in which case
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poi(z,i) < ¢+ b= £c[Poi(A — €) + Poi(A +€)]. Let z* be the value of x in the interval [\ — €, A + €]
where poi(z,4) is maximized.Thus the denominator v/b is at least |/ 1poi(z*, ).
We combine the bounds of the previous two paragraphs to conclude the case A > 1. Thus

_ )2
we have % < ‘[ €2/ poi(x* )maxxe[/\ At ‘(Z i% '|. Since A\ — € > % in our case, this last
expression is thus bounded as co€? /poi(z* )% for some constant co. We thus sum the square

of this expression, over all i > 0, to obtam our bound on the (square of the) Hellinger distance.
Since poi(x*,i) dies off exponentially outside an interval of width O(v/A), we may bound the sum
over all ¢ as just a constant times the sum over an interval of width v/ centered at z*. We note
that poi(z*,7) is bounded by a constant multiple of f’ since we are considering ¢ within ,\f)\ of

x*, which is w1th1n A of A by definition, we have that ¢ is bounded by a constant times A, as is
(i — A)2. Thus, in total for the square of the Helhnger dlstance we have VA terms that are each

22
,1) @ i% J”) < cget IA‘* =35~ Azf for some constant c3. Multiplying by

bounded as <62€2 poi(x*

the number of terms, v\, yields the desired bound.
For the case A < 1, we note that the second derivative of poi(x,i) is globally bounded by a

constant, bounding the numerator of L\;Ebl by O(€?). To bound the denominator, we note that, for

A < 1, the value b = 1 [ A CS <) i )} is Q(1) for i = 0, it is Q(X) for i = 1, and it is

>\+e()\_
4! ]

Q()\?) for i = 2, thus yielding a bound of O( 64) on each of the first three terms in the expression
for H?. For i > 3 we have, for z € (0, 2)\] that dgpoz(x i) = poi(x,i) (i—z)P—i _ O(’\l i 2) Thus

2

the numerator of % is bounded by €? times this. To bound the denominator, we have that
b > Lpoi(\ +€,i) = Q(%), leading to a combined bound of L\;I;b' = O(eQAi/2_2%), which is

bounded as O(%%) since ¢ > 3 and A < 1. Summing up the square of this over all ¢ > 3 clearly
yields O(%) the desired bound.

Thus in all cases the square of the Hellinger distance is O(f\—z), yielding the lemma.

This lemma is a crucial ingredient in the proof of the following general lower bound.

Theorem 4. Given a distribution p, and associated values €; such that €; € [0,p;] for each domain
element i, define the distribution over distributions Q. by the process: for each domain element i,

randomly choose q; = p; te€;, and then normalize q to be a distribution. Then there exists a constant
4 —1/2
c such that it takes at least ¢ (Z ;—g) samples to distinguish p from Q¢ with success probability

1

2/3. Further, with probability at least 1/2 the L1 distance between a random distribution from Q.
and p is at least min{(}_; sarg maxc; € €)r3 D€}

The lower bound portion of Theorem 1 follows from the above theorem by appropriately choosing
the sequence ¢;.

Proof of Theorem 4. Consider the following related distributions, which emulate the number of
times each domain element is seen if we take Poi(k) samples: first randomly generate q; = p; + ¢;
without normalizing, and then for each ¢ draw a sample from Poi(g; - k); compare this to, for each
i, drawing a sample from Poi(p; - k). We note that with probability at least 3, we have >G>
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further, with probability at least % a Poisson distribution with parameter at least k will yield a

sample at least k. Thus with probability at least % . % = %, the number of samples from the first
Poisson process emulating Q). will be at least k; with probability % the number of samples from the
simpler second Poisson process emulating p will be at least k. Thus no matter which of the two
distributions we start with, this process will leave us with at least k samples with probability at
least i; further, in this case if we then choose a random subset of k£ of the samples, this simulates
a draw of k£ samples from p or the appropriately normalized version of ¢ respectively.

If it were possible to distinguish p from Q. in k& samples with probability 2/3, then we could
distinguish the two just-descried Poisson processes with probability % + 6%4. However, these two
Poisson processes are both product distributions, and we can thus compare them from the fact
that the squared Hellinger distance is subadditive on product distributions. For each component
i, the squared Hellinger distance is H(Poi(kp;), Poi(k[p; & €]))? which by Lemma 7 is at most
cle;—; Summing over ¢ and taking the square root yields a bound on the Hellinger distance
of k (01 > %)1/2, which thus bounds the L; distance. Thus when k satisfies the bound of the
theorem, the statistical distance between a set of k samples drawn from p versus drawn from a
random distribution of Q. is bounded as O(c), and thus for small enough constant ¢ the two cannot
be distinguished.

We now analyze the second part of the theorem, bounding the distance between a distribution
q + Q. and p. We note that the total excess probability mass in the process of generating ¢ that
must subsequently be removed (or added, if it is negative) by the normalization step is distributed
as y_, +¢;, and thus by the triangle inequality, the L, distance between ¢ and p is at least as large
as a sample from ) . €, — >, +¢;|. We thus show that with probability at least 1/2, a random value
from |, ;| is at most either max; ¢; or 13, €;.

Consider the sequence ¢; as sorted in descending order. We have two cases. Suppose €; >
%Zl €;. Consider the random number |), +¢;|, where without loss of generality the plus sign is
chosen for €;. With probability at least 1/2, the sum of the remaining elements will be < 0; further,
by the assumption of this case, this sum cannot be smaller than —2¢;. Thus the sum of all the
elements has magnitude at most €; with probability at least 1/2.

In the other case, €1 < %ZZ €¢;. Consider randomly choosing signs s; € {—1,+1} for the
elements iteratively, stopping before choosing the sign for the first element j for which it would
be possible for (3, ; si€;) £ ej‘ to exceed 3. €. Since by assumption e < 23, ¢;, we have
j > 2. Without loss of generality, assume ), <jsi€ > 0. We have > <jSi€i < %ZZ €, and
(by symmetry) with probability at most 1/2 the sum of the remaining elements with randomly
chosen signs will be positive. Further, since sje; + so€ea + ... + sj_1€6j1 + ¢ > %Zl €;, we have
51€1 + Sg€2 + ...+ Sj_1€j_1 — Zizj € > —% >, €i, for otherwise if this last inequality was “<” we
could subtract these last two equations to conclude €; + Ziz ;€ > >, €, which contradicts the
facts that sy > s; and j > 2. Thus a random choice of the remaining signs starting with s; will
yield a total sum at most %ZZ €;, with probability at least 1/2, as desired. O

We apply this result as follows.

Corollary 1. There is a constant ¢ such that for for all probability distributions p and each o > 0,

. . ’ min{p-oqo?/?’}4 —1/2 .. .
there is no tester that, via a set of ¢ - Z#m # samples can distinguish p from
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distributions with L1 distance %Z#m min{pi,apf/g'} from p with probability 0.6, where m is the
index of the element of p with mazimum probability.

Note that for sufficiently small «, the min is superfluous and the bound on the number of
—max”2/3

5/3) which more

——<¢ = and the L; distance bound becomes lal|p
a2|[p=max]|,)3 ?

intuitively rephrases the result in terms of basic norms, for this range of parameters.

samples becomes

Proof. We apply Theorem 4, letting ¢; = min{pi,ap?/ 3} for i # m, and €, = max;,, ¢; to show
min{p;,« 2/3}4 12
TMPLoP; T samples where
p;

¢ is the constant from Theorem 4. Also from Theorem 4, with probability at least 1/2, the distance

that p and Q. cannot be distinguished given a set of v/2¢c- <Zl “m

between p and an element of Q. is at least the min of 3, ., min{p;, ap?/?)} and 1 >, min{p;, apf/?’},

which we trivially bound by % > 2m min{p;, ap?/ 3}. We derive a contradiction as follows. If a tester
with the parameters of this corollary existed, then repeating it a constant number of times and
taking the majority output would amplify its success probability to at least 0.9; such a tester could
be used to violate Theorem 4 via the procedure: given a set of samples drawn from either p or
Qe, run the tester, and if it outputs “Q)¢” then output “Q.”, and if it outputs “p” then flip a coin
and with probability 0.7 output “p” and otherwise output “Q.”. If the distribution is p then our
tester will correctly output this with 0.9-0.7 > 0.6 probability. If the distribution was drawn from
Q. then with probability at least 1/2 the distribution will be far enough from p for the tester to
apply (as noted above, by Theorem 4) and report this with probability 0.9; otherwise the tester
will report “Q).” with probability at least 1 — 0.7 = 0.3. Thus the tester will correctly report “Q.”
with probability at least % = 0.6 in all cases, the desired contradiction. O

We now prove the lower-bound portion of Theorem 1.

Proposition 2. There exists a constant cy such that for any € € (0,1) and any known distribution
p, no tester can distinguish for an unknown distribution g whether ¢ = p or ||p — q|l1 > € with

€’ €

probability > 2/3 when given a set of samples of size cg - max {1 ||p_52”2/3}

Proof. We note, trivially, that the distributions of the vectors of k samples from two distributions
that are e far apart are themselves at most ke far apart; thus for appropriate constant co, at least
cy- % samples are needed to distinguish such distributions, showing the first part of our max bound.

For the rest, we apply Corollary 1. Letting m be the index at which p; is maximized, consider
the value of a for which %Z#m min{p,-,apf/g} = ¢, and let s be the largest integer such that

Y icsPi < €, where we assume p; is sorted in ascending order. We note that for i > s the min

is never p;, or else (since p; are sorted in ascending order and the inequality p; < ap?/ 3 gets

stronger for smaller p;), the sum would be at least Zig ¢ P; which is greater than e by definition

of s. Thus azgjpf/?’ = ZZ”;;I min{pi,ap?/g} < Digm min{pi,ap?/?’} = 2¢, which yields a <
_ —2/3

2/lp5 Iy

quantities can only increase if we replace one by a weighted geometric mean of both of them) as ¢’ -

e. The lower bound on k from Corollary 1 is thus bounded (since the min of two

min{piap?*pt\ 2 ~1/2 ~1/2
(Zi#m W) :C’-(E#m min{p?, o*p;/ 3}) > c’-(a3 > it min{pi,ap?/g}) ,

p;
max‘ ’—2/3

We bound this last expression by bounding o? by the cube of our bound a < 2Hp£ 5 2/3

€
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and then plugging in the definition %ZZ “m min{pi,ap?/ 3} = ¢ to yield a lower bound on k of

ax‘

12y ISl

d - (16||p£§nax||;/2364) = 7' ——"= . A constant number of repetitions lets us amplify the
accuracy of the tester from the 0.6 of Corollary 1 to the 2/3 of this theorem. 0
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