CS256/Spring 2008 — Lecture #3
Zohar Manna

TEMPORAL LOGIC(S)|

Languages that can specify the behavior of a reactive
program.

Two views:

(1) the program generates a set of sequences of states

e the models of temporal logic are
infinite sequences of states

e LTL (linear time temporal logic)

[Manna, Pnueli] approach
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Temporal logic: underlying assertion language
(2) the program generates a tree, where the branching
points represent nondeterminism in the program Assertion language £:

. first-order language over

[ 5 > a. > € .
‘.the] I.n()delb of temporal logic are interpreted typed symbols
infinite trees ] )
(functions and relations over

e CTL (computation tree logic) concrete domains)

[Clarke, Emerson| at CMU
Also CTL*. Example: z>0 — z+ 1>y
z,y € ZT

o ° formulas in £ called:
/ \. state formulas or assertions
°
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Temporal logic: underlying assertion
language (Con’t)

A state formula is evaluated over a single state to yield a

truth value.

For state s and state formula p
slEp if spl=T
We say:
p holds at s

s satisfies p
s is a p-state

Example:

For state s : {x : 4, y : 1}
slkFaxz=0Vy=1
sFz=0Ay=1

sl Jz.0 =22

TEMPORAL LOGIC (TL)

A formalism for specifying sequences of states
TL = assertions + temporal operators

e assertions (state formulas):

First-order formulas
describing the properties of a single state

e temporal operators
Fig 0.15
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Temporal logic: underlying assertion
language (Con’t)

p is state-satisfiable if

s e p for some state s

p is state-valid if

s IE p for all states s

p and g are state-equivalent if

slEp iff s lEq forall states s

Example: (z,y : integer)

state-valid: z>y < z+1>y

state-equivalent: r=0 - y=1
and
r#=0Vy=1

Future Temporal Operators

Op Henceforth p
p o - Eventually p
pUq — pUntilgq

pWgq — p Waiting-for (Unless) g
Op - Nextp

Past Temporal Operators

Ep — Sofarp
S&p  — Oncep
pSq p Since q
pBq - pBack-togq
®p — Previously p
©p — Beforep

Fig. 0.15. The temporal operators
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future temporal operators‘ ‘past temporal operators

— past —|— futwe ——— &q — Oncegq 5 q :
0
presTent Elp — Sofarp %M
pSq — p Since q qppppzT)
©Ca — Brentualy g o T pBg — pBaktog [CpV pSgq
Op — Henceforth p IT) ppp - op Previoulsl'y » : p :
pUa  — pUntilg IT) PPPDPY (false at position 0)
pWq — p Wait-for (Unless) ¢ CIp V pUq ©r (truoB;th;(C)s]i)tion 0)
Op — Nextp #
Temporal Logic: Syntax Temporal Logic: Semantics

Temporal formulas are evaluated over a model

e Every assertion is a temporal formula (an infinit f states)
an infinite sequence of states

e If p and g are temporal formulas (and w is a variable), 0. 80, $1, $25 ---
so are:

-p pvVq PpPAqg p—q peg .
e The semantics of temporal logic formula p

Ju.p Va.p at a position 7 > 0 in a model o,

(0,5)Ep

“formula p holds at position j of model o”,

Op Op pUg pWaqg Op

Op Sp pSq  pBg Op O p is defined by induction on p:
Example:
O >0 Sy=2) A I
T
PUG—= 4 ()




Temporal Logic: Semantics (Con’t) Temporal Logic: Semantics (Con’t)

For state formula (assertion) p

(i.e., no temporal operators) o (0,))Edp <

forall k > 4, (o,k) Ep
e (0,j) Fp <= sjlEp

For a temporal formula p: e (0,))FEOP =
for some k > j, (o,k) Ep

b (Uaj) F-p <— (U)j) '7{ p

p
o () Epvg < (0j) Fp or (0,5) Fq 0 ; %
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Temporal Logic: Semantics (Con’t) Temporal Logic: Semantics (Con’t)
i (U7j)'=pZ/{q — ° (U,j)FEp —
f k>3 k) Egq,
orsome k = j, (o, k) Fa. forallk, 0 < k < j, (o,k)Ep
and for all 4, j < i < k, (0,%) Ep ’
p p P q p p p p
0 j k 0 J
e (0,j))FpWq — .
, , e (NFOP
(0,) EpUq or (o,j) FOp © ,
for some k, 0 < k < j, (o,k)Ep
e (0,))FOp
(0,j+1)Ep ,
p 0 k j
0 J J+1

3-15



Temporal Logic: Semantics (Con’t)

e (0,5))FpSq —
for some k, 0 < k < j, (0,k) Eq
and for all 4, k < i < j, (0,i) Ep

e (0,j))EpBq <+—
(0,7)EpSq or (0,j)EED
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Simple Examples
Given temporal formula ¢, describe model o,
such that
(0,0)Fo
p— g 7
if initially p then eventually ¢
O — ) M
every p is eventually followed by a ¢
0O q Oqiq
every position is eventually followed by a g,
le.,
infinitely many ¢’s
3-19

Temporal Logic: Semantics (Con’t)

e (0))FOP
j>1and (0,57—1)Ep

p

0 Jj—1 J

e (HFOP =
either j = 0 orelse (o,j—1)Ep
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Simple Examples (Con’t)
Q D q O q q q ......
eventually permanently g,
ie.,
finitely many —q’s
OCr—00q
if there are infinitely many p’s
then there are infinitely many g¢’s
(ﬂp) W q ap ...... -p q P
q precedes p (if p occurs)
Ok — Op) o
once p, always p
O(g — &) S A

every q is preceded by a p



Nested Waiting-for Formulas

(1 W 2 W g3 Waa|

stands for
q1 W (@2 W (g3 W qa))

intervals of continuous g;

TR BB BB
o 1

e possibly empty interval

91--°91 93---93 4a
0 T

e possibly infinite interval

m m q3q3q3 - gz
0O 7 —
321
Definitions

e For temporal formula p, sequence o and position
Jj =0

(0,7) Ep: p holds at position j of o
o satisfies p at j
7 is a p-position in o.

e For temporal formula p and sequence o,
ockp iff (0,0)Ep

o Ep: p holds on o
o satisfies p

Abbreviation:

p=gq for O(p— q) “p entails ¢”

Example:
p=<4q
stands for

O — $a)

Past/Future Formulas

Past Formula —
formula with no future operators

Future Formula —
formula with no past operators

A state formula is both a past and
a future formula.
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Satisfiable/Valid
For temporal formula p,
e p is satisfiable if o Ep for some sequence (model) o

e p is valid if o Ep for all sequences (models) o

p is valid iff —p is unsatisfiable

Example: (x : integer)
& (x = 0) is satisfiable
$(x=0) v O(z £ 0) is valid
O (x = 0) A (z # 0) is unsatisfiable




Equivalence
For temporal formulas p and g:

p is equivalent to g, written p ~ ¢

if p < ¢ isvalid
(i.e., p and g have the same truth-value at the first
position of every model)

Example:

p ~ . forany o,
(0,0) Egiff (¢,0) E.

pvalid:  for any o, (0,0) Ee.

Therefore,
p,p valid = ¢ ~ .

@ unsatisfiable: ~ for any o, (0,0) ¥ ¢.

For the same reason,
p, ¥ unsatisfiable = ¢ ~ .
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Congruence

For temporal formulas p and g:
p is congruent to q, written p ~ ¢q

if O(p < q) is valid
e = forany o, j, (0,5) Fe iff (0,7) EY

Example:
T= []T
T % first T may be true in the second

state, but first is not

Cp % O S p because =, but <~

Note
A=~ B iff A= Band B = A are valid
A~ B iff A— Band B — A are valid

first
Characterizes the first position.
firstt =T

(0,7) Efirst: truefor j =0
false for j > 0

Then

e T ~ [T ~ first
e T, []T, first are valid

Assume V={integer x}

first: 2 O(x=0Vx#0)
T:(zx=0Vz#0)
OTr:O(x=0VvVz#0)

For arbitrary o
(0,0)E first (0,0)ET (0,0)ET
(0,7) ¥ first (o,7)FET (o,7)ET forj>0
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Congruences

“conjunction character” — match well with A
“disjunction character” — match well with Vv

] and [5] have conjunction character

& and & have disjunction character

U, W, S, Bfirst argument has
conjunction character

second argument has
disjunction character

OrArg) =~ OpAQg
Olve) = OpvOa
pU(qVr) = (pUq)V (pUT)
(pApUr = (pUr)A(qUrT)
pW(Vvr) = (pWqV(Wr)

(AOWr = (Wr)A(@Wr)



Expansions
Op =~ (p A OOp)
Op = (Vv OOP
pUqg = [aV (p A OpUQ))]
Cp =~ (p A © Ep)
SOp = (Vv O
pSq ~ gV (p A O(PSA)]

3-29

Next and Previous Values of Exps

When evaluating x at position j > 0
T refers to s;[x]
z T  refers to s i+1(x]

_ - ijl[x] ifj>0
T refers to {so[w] itj =0

Example:
o: {z:0), (x:1), (x:2), ...
satisfies

t=0AGEt=2+4D)A000@E&=2"+1)

Strict Operators

(present not included)

[————] o [—

50 sji—1 T sj41
8j
Op =~ QOp Cp ~ ©0Ep
Or = OO Sp =~ OOp
pUq ~ QOUq) pSq ~ O(®Sq)

pWaq = Q(®Wq) pBqg =~ ©(®Bq)
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Temporal Logic: Substitutivity

The ability to substitute equals for equals in a formula
and obtain a formula with identical meaning.

e For state formula ¢(u)

if p ~ q then ¢(p) ~ ¢(q)

Example:

Consider state formula ¢(u): r A u

Since Cp ~ OSp
then rANODp ~ rAOSp.




Temporal Logic: Substitutivity (Con’t)

This does not hold if ¢(u) is a temporal
formula.

Example:

Consider temporal formula ¢(u): Hu

Op~ OOp P

but OOpx OSSP

e For temporal formula ¢(u)
if p & q then ¢(p) = ¢(q)

Example:
Consider the temporal formula ¢(u): qUw

Since Op = ~Op
therefore qU(dp) = qU(—<> —p)
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