CS256/Spring 2008 — Lecture #4
Zohar Manna
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Example: Proving a Congruence

For temporal formulas ¢ and 1, show

OOeNnS Oy = S(@0eAOY)

We have to show

COeNnOOg=>O(0eAOY)

and

SOeno Oy <= O(0eAOy)

= The left-to-right entailment is valid:
Consider arbitrary o and j such that

(0, 7)) EC Oe A O Oy
Thus

dk1 > 4. (0,k1) EO e

and

ko > 5. (0, k) EJ 9
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Example: Proving a Congruence (Cont’d)

OOenoOy = O(Oendy)

Unraveling the definition of [], we get
dk1 > 5. VE} > k1. (0,K}) Fo

and

ko > j. VK5 > ko. (0,k5) E.
This implies that

k=max{kqy,ko}

3> VK >k
(o, k") Ep and (o, k") E.

S0

dk > 5. (o, k) FE(Oe AOY).
That is,

(0,)) EO(Oe A Y).

< The right-to-left entailment is valid. 4-3
All implications in the first part hold in
reverse, so the entailment is valid.



Example: Proving an Equivalence /
Disproving a Congruence

For temporal logic formulas ¢ and 1, show

S~ OO Qe OOv

We shall prove: (1) & = O S s valid;
Thus & @ — O S s valid.

(2) O & p— O s valid.
3) &S p= ¢ isnot valid.
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(1)

o= O S @ s valid:

Consider arbitrary o and j such that

(0, ) EO @

Then 3i > 4. (0,i) E.

Hence di > 4. Jk:0 <k <i. (0,k)Fe.

By def. i > j. (0,1) ES .

Therefore  (o,7) EO & .
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(2)

(3)

&S p— O s valid:

Consider arbitrary o such that

(0,00 EO O e
Then 3i > 0. (0,1) ES .
Hence 3¢ >0.3dk:0< k <1i. (0,k)Ep.

Hence (k =14) 3k > 0. (0,k) Ep.

Therefore (0,0) EO o

O S ¢ = O is not valid. Counterexample:

Take : p (propositional symbol)

o= (s0:p, $1:7Pp, $2:7D, 83.7P, ...)
and j =1

Then (0,1) EO S p,
but (0,1) B &
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Rigid and Flexible Variables

Variables in the vocabulary are partitioned into:

Rigid Variables:

Rigid variable has the same value

in all states of a sequence o

Flexible Variables:
The values of a flexible variable

may be different in different
states of a sequence o.

e system variables are generally flexible
(except for variables declared as in in an
SPL program)

e auxiliary variables (used in specification) are
usually rigid
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Example:

“every value placed in x is eventually
copied to z”

Vu. (z=u = O(z=u))

u is a rigid auxiliary variable
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Temporal Logic: Quantification

Definition:
Model o’ @ s, s7, s5, ... is a u-variant
of

g . S0, S1, S2, -
if for every 7 > 0O

s;- agrees with s; on the interpretation
of all variables y € V—{u}

Example:

o (x:0,y:1,[2:0)), (x:1,y:2,]2:1)),

(x:2,9y:3,

z: 4

s a z-variant of

o: (x:0,y:1,|z:0)), (z:1,y:2,/2:0),

(x:2,9y:3,
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Semantics of Quantification

For temporal formula :

e (0,7)E Ju.p <=
(o', 7) Ep for some o/, a u-variant of o

o (0,j) EVu.p <—
(o', 7) Ep for all o/, a u-variant of o
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Examples

Let x, y be flexible variables

o F3y. Oy = =°)

for o (x:1,y:2), (x:2,y:3), (x:3,y:4), ...

Take a y-variant

We have  (¢7,0) E [(y = z2)

Therefore, (0,0) E Jy. [(y = z2)

4-11

o (x: 1l |ly:1), (x:2,|y:4), (x:3,|y:9), ...



Let x be a flexible variable

Examples

u be a rigid variable

o ¥ Iu. J(u=z2)

Consider o: {(x: 1, u:0), (x:2, u:0), (x:3, u:0), ...

Since u is rigid, every u-variant must be of the form

o (z:1,[ua

(with w having the same value in all states)

>7 <x 27

Uu.

a

), (3,

There is no u-variant ¢’ such that

(¢/,0) E Q(u = :1:2)

Therefore, (o,0) ¥ Ju. (u = z2)

U.

a

Vo
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Examples

Let u be a rigid variable.

OMu.p) # Yu. $p

ie., OMu. p) <« Vu. O poisnot valid

Take p : x 7% u with x flexible

o (x:0, u:2), (x:1, u:2), (x:2, u:2), ...

o left side: O (Vu.(x # w))

There is no position j such that

(0,j)) EVu.z#*u (take u = x)
Therefore (0,0) F < Vu.(x #=uw))
ie,|lo B OVu(x #= u))
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e right side: Vu. & (x #= u)

Take an arbitrary u-variant of o

ol {x:0,[ural), (x:1,[ual), (x:2,[ulal),...

and consider two cases

case a = 0O case a 7= O
(6l,1) Fx#u (cl,0) Ex#u
U U

(00,0) E O£ u)  (00,0) E Ol # u)

(0,0) E Vuv<>(:c = u)

o FEVu. O(x # u)

1.e.

Therefore,

SCNMup) & YVu. O(x #=u)

1s not valid.
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Conjunction and Disjunction Characters

e For first-order logic:

A has conjunction character

V has disjunction character

e For Temporal Logic:
[] and [5] have conjunction character

> and <& have disjunction character

U, W,S5,B  have conjunction character
w.r.t. the first argument
and disjunction character
w.r.t. the second argument

e For Quantifiers:

V has conjunction character

1 has disjunction character
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Congruences

Vu.(p ANY) = Yu.p A Yu.p

Ju.(pVY) = Ju.p V Ju.yp

1 (Vu.p) ~ VYu.[Jp

S (3uap) ~ Ju. Oy

oU (Fu.y) =~ Fu.(eUY) (u not free in )
(Vu.p) Uy =~ Yu.(pUY) (u not free in 1)
oW (Fu.p) =~ FJu.(pW) (u not free in )
(Vu.p) Wy = Yu.(pWah) (u not free in 1)
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Expressibility

There are properties that cannot be specified by a quantifier-
free temporal logic formula.

Example:

Specify the property
“x assumes the value O only, if ever, at even positions”

i.e., “at positions 0, 2,4,...7
e cannot be expressed in quantifier-free TL

e can be expressed in (quantified) TL

Quantitying over flexible boolean variable b:

B A [0« -0Ob) A Oz =0 — b)].
volb A b~ =0Ob) — O(x=0—0b)]

Why not
r=0Ax=0—- 0O O(x=0)]7
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Temporal vs First-Order

TL formula
O — Olr A Oql)

can be transformed into FOL formula

t1 <to A r(ts) A

(Vt1 > 0) (3t3)(to <tz A q(t3))

|

p(t1) — (3t2) [

where tq, tp, t3 are integers.
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Temporal Logic + Programs

P-Validity
Given a program P:

e [or a state formula g¢:

I g (q is state valid)

if ¢ holds in all states

Example:

EF =1 — x>0

P [E g (q is state valid over P
q is P-state valid)

if ¢ holds over all P-accessible states

Recall : State s; is a P-accessible state if it is in some

computation o : sg, s1, S2, ..., Sj, ... 0f P.
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Example

local z: integer where x = 1

[ /o: loop forever do | [ mg: loop forever do
1 await z =1 | m1: await x = 2
I by, x =2 1 | mo. x =1

PIEFEF xz=1Vx=2
P |E at_£2—>x:1

Recall: at_/¢5 stands for [¢o] € «
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P-Validity (Con’t)
P IF q

4 )

set of all states )
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P-Validity (Con’t)
Given a program P:
e For a temporal formula ¢:
Fo (s valid)
if ¢ holds in the first state of every

model (i.e., every infinite sequence
of states)

Example:

ECp vV O -p
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P-Validity (Con’t)

PEy (pisvalid over P, ¢ is P-valid)
if © holds in the first state of
every P-computations

Example:

local z: integer where x = 1

[ /o: loop forever do | [ mg: loop forever do |
(1. await ¢ =1 | m1: await x = 2
I by, x =2 | L mo: x =1 |

PEOO@=1) A O (x=2)
P E at_t1 = at_do
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P-Validity (Con’t)
PEp

4 )

set of all models 3¢
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P-Validity (Con’t)

general program P
IF g P IF q
state valid P-state valid
state “q holds in “q holds in
formula all states” all P-accessible
q states”
r=1—ox>0 r=1VvVzr=2
F o PEoy
valid P-valid
temporal “p hold.s.in “p hold.s.in
formula first position first position
of every of every
90 2 : 7
sequence P-computation
COdpV < —p at_l1 = > at_Lo
Similarly,

P-satisfiability, P-equivalence,
P-congruence

4-25




P-Validity (Con’t)

For state formula g:

EFq «— FL]q
PIkFqgq «— PE[]q
IEq — P IE g but not vice-versa

For temporal formula :

Fo — P Fe butnot vice-versa
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Specification of Properties

e property I of P = set of models

e /] is specified by temporal formula p
if for every model o, o € Il iff o Ep

e P has property I[ if

{ P-computations} C {Il-models}
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Classification of TL formulas

Reason for classification:
each class is associated with a proof principle for verifying
that a given program satisfies a property specifiable by a

formula in the class.

Broad classification: Safety — Progress
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Safety

all finite prefixes of a computation satisfy a certain

requirement.

“no bad things will happen”

violation can be detected in finite time

satisfaction of a safety property does not depend on
the fairness conditions:

a safety formula ¢ holds on all P-computations iff ¢
holds on all P-runs,

i.e., a safety property cannot distinguish P-computations
and P-runs.

topic of textbook
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Progress (liveness)

e “something good will happen eventually”

e always depends on fairness conditions in non-trivial

cases, because the set of P-runs
includes the sequence
T T T

S — 81 — S2 — ...

i.e., the idling transition is the only
transition ever taken
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