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Abstract

One of the main shortcomings of the traditional methods for combining the-
ories is the complexity of guessing the arrangement of the variables shared by
the individual theories. This paper presents a reformulation of the Nelson-Oppen
method that takes into account explicit equality propagation and can ignore pairs
of shared variables that the theories do not care about. We show the correctness
of the new approach and present care functions for the theories of uninterpreted
functions and the theory of arrays. The effectiveness of the new method is illus-
trated by experimental results demonstrating a dramatic performance improve-
ment on benchmarks combining arrays and bit-vectors.

1 Introduction

The seminal paper of Nelson and Oppen [12] introduced a general framework for com-
bining first-order theories in a modular fashion. Using the Nelson-Oppen framework,
decision procedures for two individual theories can be used as black boxes to create a
decision procedure for the combined theory. Although the Nelson-Oppen combination
method as originally formulated requires stably-infinite theories, it can be extended to
handle non-stably-infinite theories using an approach based on polite theories [[15} [11].

The core idea driving the method (and ensuring its correctness) is the exchange of
equalities and disequalities over the interface variables between the theories involved
in the combination. Interface variables are the problem variables that are shared by
both theories (or an extended set of variables in the polite combination framework),
and both theories must agree on an arrangement over these variables. Most modern
satisfiability modulo theories (SMT) solvers perform the search for such an arrange-
ment by extensive use of theory propagation and then using an efficient SAT solver
to guess the rest of the arrangement, backtracking and learning lemmas as necessary
[k 3L 6.

In some cases, if the theories that are being combined have additional proper-
ties, such as convexity and/or complete and efficient equality propagation, there are
more efficient ways of obtaining a suitable arrangement [13l]. But, in general, since
the number of shared variables can be substantial, guessing an arrangement over the
shared variables can have an exponential impact on the running timeﬂ Trying to min-
imize the burden of non-deterministic guessing is thus of the utmost importance for

UIf the two theories can decided in time O(7; (n)) and O(7Z3(n)), the combination can be decided in
0(2" x (Ti(n) + T (n)-
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a practical and efficient combination mechanism. For example, a recent model-based
theory combination approach [7], in which the solver keeps a model for each theory,
takes the optimistic stance of eagerly propagating all equalities that hold in the model
(whether or not they are truly implied), obtaining impressive improvements over the
current state-of-the art.

In this paper we tackle the problem of minimizing the amount of non-deterministic
guessing by equipping the theories with an equality propagator and a care function.
The role of the theory-specific equality propagator is, given a context, to propagate
equalities and disequalities over the interface variables. The care function, on the
other hand, provides information about which variable pairs among the interface vari-
ables are important for maintaining the satisfiability of a given formula. With the
information provided by these two functions we can, in many cases, drastically reduce
the search space for finding a suitable arrangement. We present a reformulation of
the Nelson-Oppen method that uses these two functions to decide a combination of
two theories. The method can easily be adapted to the combination method for po-
lite theories, where reducing the number of shared variables is even more important
(the polite theory combination method requires extending the set of interface variables
significantly).

The paper is organized as follows. In Section 2] we introduce the background and
some necessary notation. We then proceed to present the new combination method and
prove its correctness in Section [3] The care functions for the theories of uninterpreted
functions and arrays are presented in Section[d and Section [5|respectively. We present
experimental results in Section[6] and conclude in Section

Due to space limitations, proofs of some of the results in this paper are omitted.
The full paper with proofs is available from the authors as a technical report

2 Preliminaries

We start with a brief overview of the syntax and semantics of many-sorted first-order
logic. For a more detailed exposition, we refer the reader to [10, [19]].

Syntax. A signature ¥ is a triple (S,F,P) where S is a set of sorts, F is a set of
function symbols, and P is a set of predicate symbols. For a signature £ = (S,F,P),
we write £ for the set S of sorts, £F for the set F of function symbols, and ZF for the
set P of predicates. Each predicate and function symbol is associated with an arity, a
tuple constructed from the sorts in S. Functions whose arity is a single sort are called
constants. We write ] UX, = (S; USy, Fi UF,, P UP,) for the unimﬂ of signatures
Y = (S1,F,P) and X = (52, F,,P,). Additionally, we write 1 C X, if §; C Sy,
F1 CF,, P; C P,, and the symbols of X have the same arity as those in X,.

We assume the standard notions of a X-term, X-literal, and X-formula. In the fol-
lowing, we assume that all formulas are quantifier-free, if not explicitly stated oth-
erwise. A literal is called flat if it is of the form x =y, x #y, x = f(¥1,---,n)s

2 All proofs are included in an appendix for the benefit of SMT reviewers.

3In this paper, we always assume that function and predicate symbols from different theories do not
overlap, so that the union operation is well-defined. On the other hand, two different theories are allowed
to have non-disjoint sets of sorts.



pV1y..y¥n)sor 7 p(¥i,...,¥n), where x,y,y1,...,y, are variables, f is a function sym-
bol, and p is a predicate symbol.

If ¢ is a term or a formula, we will denote by varss(®) the set of variables of
sort ¢ that occur (free) in ¢. We overload this function in the usual way, varss(9)
denoting variables in ¢ of the sorts in S, and vars(¢) denoting all variables in ¢. We
also sometimes refer to a set ® of formulas as if it were a single formula, in which case
the intended meaning is the conjunction /A ® of the formulas in the set.

Semantics. Let X be a signature, and let X be a set of variables whose sorts are in
¥S. A X-interpretation 4 over X is a map that interprets each sort 6 € X5 as a non-
empty domain AGEI each variable x € X of sort G as an element x”* € Ag, each function
symbol f € XF of arity 6| X --- X G, X T as a function 7 1Ag, X - X Ag, — Ag, and
each predicate symbol p € P of arity 61 X --- X G, as a subset p? of Ag, X - X Ag,.

A X-structure is a Y-interpretation over an empty set of variables. As usual, the
interpretations of terms and formulas in an interpretation A are defined inductively
over their structure. A X-formula ¢ is satisfiable iff it evaluates to true in some X-
interpretation over vars(0).

Let 4 be an Q-interpretation over some set V of variables. For a signature £ C Q,
and a set of variables U C V, we denote with 4>Y the interpretation obtained from A4
by restricting it to interpret only the symbols in ¥ and the variables in U.

Theories. We will use the definition of theories as classes of structures, rather than
sets of sentences. We define a theory formally as follows (see e.g. [18]] and Definition
2 in [15])).

Definition 1 (Theory). Given a set of X-sentences Ax a X-theory Tay is a pair (X,A)
where ¥ is a signature and A is the class of X-structures that satisfy AX.

Given a theory T = (X,A), a T-interpretation is a X-interpretation 4 such that
4% ¢ A. A X-formula ¢ is T-satisfiable iff it is satisfiable in some T-interpretation
A. This is denoted as 4 Fr ¢, or just 4 F ¢ if the theory is clear from the context.

As theories in our formalism are represented by classes of structures, a combina-
tion of two theories is represented by those structures that can interpret both theories
(Definition 3 in [[15]).

Definition 2 (Combination). Let Ty = (£1,A) and T» = (£,,A3) be two theories. The
combination of T and T is the theory Ty T, = (£,A) where X=X, UX; and A = {X-
structures A | A0 € Ay and 270 € A, }.

Given decision procedures for the satisfiability of formulas in theories 77 and 7>,
we are interested in constructing a decision procedure for satisfiability in 77 & 75 using
as black boxes the known procedures for 77 and 7,. The Nelson-Oppen combination
method [12} [18] [19] gives a general mechanism for doing this. Given a formula ¢
over the combined signature ¥ UX,, the first step is to purify ¢ by constructing an
equisatisfiable set of formulas ¢; U ¢, such that each ¢; consists of only X;-formulas.
This can easily be done by finding a pure (i.e. X;- for some i) subterm ¢, replacing

“In the rest of the paper we will use the calligraphic letters 4, B, ... to denote interpretations, and the
corresponding subscripted Roman letters Ag, Bg, ... to denote the domains of the interpretations.



it with a new variable v, adding the equation v = ¢, and then repeating this process
until all formulas are pure. The next step is to force the decision procedures for the
individual theories to agree on whether variables appearing in both ¢; and ¢, (called
shared or interface variables) are equal. This is done by introducing an arrangement
over the shared variables [[15} [18]].

Here we will use a more general definition of an arrangement that allows us to
restrict the pairs of variables that we are interested in. We do so by introducing the
notion of a care graph. Given a set of variables V, we will call any graph G = (V,E)
a care graph, where E C V x V is the set of care graph edges. If an edge (x,y) € E is
present in the care graph, it means that we are interested in the relationship between
the variables x and y. Given two care graphs G| = (Vi,E}) and G, = (V»,E,), we
denote the union graph as G UG, = (V| UVa, E| UE»)

Definition 3 (Arrangement). Given a care graph G = (V,E) where sorts of variables
in V range over a set of sorts S, with Vo = varss(V), we call 8g an arrangement over
G if there exists a family of equivalence relations

Z::{EGQVGXVG | GES} 5

such that the equivalence relations restricted to E induce 3¢, i.e. 3G = Ugcs0s »
where each O is an individual arrangement of Vs (restricted to E):

ds={x=y | (xy) EENE}U{x#y | (x,y) EEGNE} ,
where Eg denotes the complement of Eg (i.e. Vg X Vs \ Eg).

If the care graph G is a complete graph over V, we will denote the arrangement simply
as Oy.

The Nelson-Oppen combination theorem states that ¢ is satisfiable in 71 & 7> iff
there exists an arrangement dy of the shared variables V = vars(¢;) Nvars(¢,) such
that ¢; U dy is satisfiable in 7;. However, as mentioned earlier, some restrictions on the
theories are necessary in order for the Nelson-Oppen method to be complete. Suffi-
cient conditions for completeness are: the two signatures have no function or predicate
symbols in common, and the two theories are stably-infinite over (at least) the set of
common sorts Z? N Z§. Stable-infiniteness was originally introduced in a single-sorted
setting [13]]. In the many-sorted setting stable-infiniteness is defined with respect to a
subset of the signature sorts (see [[19]).

3 New Combination Method

In this section we present a new method for combining two signature-disjoint theories.
The method is based on Nelson-Oppen, but it makes equality propagation explicit
and also includes a care function for each theory, making way for a more efficient
mechanism of determining equalities and dis-equalities among the shared variables.

Another notable difference from the original method is that we depart from view-
ing the combination problem as symmetric. Instead, as in the method for combining
polite theories [[15, [11], one of the theories is designated to take the lead in selecting
which variable pairs are going to be part of the final arrangement.

We first define the equality propagator and the care function, and then proceed to
presenting and proving the combination method.
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3.1 Equality Propagation

Definition 4 (Equality Propagator). For a X-theory T we call a function L5 [-] an
equality propagator for T if, for every set V of variables, it maps every set ¢ of flat
X-literals into a set of equalities and dis-equalities between variables:

PrIVIG) ={xi =yi.02=y2,. ., xm =Yy} U{z1 # W1, 22 A W2yo o2 #E Wa} s
where vars(P7[V](9)) CV and

1. for each equality x; =y; € BT [V](0) it holds that ¢ Er x; = yi; and

2. for each dis-equality z; # w; € BT [V](0) it holds that § Fr z; # wi;

3. P7[V] is monotone, i.e. 0 Cy = PL[V](0) C B [V](w).

An equality propagator, given a set of theory literals, returns a set of entailed equal-
ities and dis-equalities between the variables in V. It does not need to be complete (i.e.
it does not need to return all entailed equalities and dis-equalities), but it will be useful
to have it propagate at least a basic set of equalities.

When combining two theories, the combined theory can provide more equality
propagation than just the union of the individual propagators. The following construc-
tion defines an equality propagator that reuses the individual propagators in order to
obtain a propagator for the combined theory. This is achieved by allowing the propa-
gators to incrementally exchange literals until a fixpoint is reached.

Definition 5 (Combined Propagator). Let Ty and T, be two theories over the signatures
Yy and ¥y, equipped with equality propagators Bz, [-] and By, [-], respectively. Let
T=T1®Thand ¥ =% UXL,.

Assume we are given a set of variables V and a set ¢ of flat X-literals partitioned
into a set §| of Xi-literals and a set ¢, of Xr-literals. We define the combined propa-
gator B7 [-] for the theory T as

BrvI©) = BrVIeBnIVD9) =wivw;

where (W],V3) is the least fixpoint of the following operator

Br VI w1, w2) = (B3, V101 Uw2), BLIVI(02Uw1)) -

The fixpoint exists as the propagators are monotone and the set V' is finite. More-
over, the value of the propagator is easily computable by iteration from (0,0). Also,
it’s clear from the definition that the combined propagator is at least as strong as the

individual propagators, i.e. Bz [V](01) € B7[V](¢1) and Bz [V](02) € B7 [V](02).
3.2 Care Functions

Definition 6 (Care Function). For a E-theory T we call a function €[] a care function
for T with respect to a T-equality propagator 37 [-] when for every set V of variables
and every set ¢ of flat X-literals

1. C[V] maps ¢ to a care graph G = (V,E).



2. If U dg is T-satisfiable for an arrangement dg, then for any arrangement dy
such that 8y O P [V](¢Udg), it holds that ¢ U dy is also T-satisfiable.

Definition 7 (Trivial Care Function). For any X-theory T and a set of variables V, the

trivial care function €[] is the one that maps a set of variables to a complete graph
(i.e. €[V](9) = (V,V xV)).

Notice that €[] trivially satisfies the conditions of Definition [6] with respect to any
equality propagator.

Definition 8 (Combined Care Function). Let T and T, be two theories over the sig-
natures £y and Xy, equipped with care functions €y, [-] and g, [-] with respect to the
equality propagators B, [-] and Bz, [, respectively. Let T =T © T and L =X UZ,.

Assume we are given a set of variables V and a set ¢ of flat X-literals partitioned
into a set O of Xi-literals and a set 0> of X-literals. We define the combined care

function €[] for the theory T as €r[V](0) = €, [V](01) UCx [V](2).

Lemma 1. The combined care function €r[-] is indeed a care function for theory T
with respect to the combined propagator B [-].

3.3 Combination Method

Let 7; be a X;-theory, for i = 1,2 and let S = X§ NX5. Further, assume that each T; is
stably-infinite with respect to S; and decidable, and that each 7; is equipped with a care
function &[] operating with respect to an equality propagator Pz [-]. We designate
€, [-] as the active care function. We are interested in deciding the combination theory
T =T, & T, over the signature ¥ = ¥ UX,. The combination method takes as input a
set ¢ of X-literals and consists of the following steps:

Purify: The output of the purification phase is two new sets of literals, ¢; and ¢, such
that ¢1 U ¢> is equisatisfiable (in 7') with ¢ and each literal in ¢; is a flat X;-literal,
for i = 1,2. This step is identical to the first step in the standard Nelson-Oppen
combination method.

Arrange: Let V = vars(¢;) Nvars(d,) be the set of all variables shared by ¢; and ¢,.
We now non-deterministically choose a variable arrangement d¢, over the care
graph produced by the active care function: G, = €7, [V](92).

Check: We check the following formulas for satisfiability in 77 and 75 respectively

o1 UPBr V(91U USg,) G2 UPBT[VI(91Ud2UBg,) -

If both formulas are satisfiable we output satisfiable, otherwise we output unsat-
isfiable.

Example 1. Consider the case of combining two theories Ty and T, equipped with
trivial care functions. Assume that ¢ and O, are the output of the purification phase,
and let V be the set of variables shared by ¢, and 0.

Since €1, [-] is a trivial care function, we will choose a full arrangement dy over
the set V of shared variables. Since equality propagators only propagate equalities



and dis-equalities over V, and all relationships between variables in 'V are already
included in 8y, the combined propagator will return &y and we will then check ¢; U dy
and O, Uy for satisfiability.

This shows that our method can effectively simulate the standard Nelson-Oppen
combination method. We now show the correctness of the method.

Theorem 1. Let T; be a ¥;-theory, stably-infinite with respect to the set of sorts S;, and
equipped with a care function Cr,[-]| operating with respect to an equality propagator
Prl ] fori=1,2. Let L=%,UXy, T =T1 & T> and let ¢ be a set of flat X-literals,
which can be partitioned into a set O1 of ¥,-literals and a set Oy of Xy-literals, with
V =vars(¢1) Nvars(4z). If L3 NE5 = S1 NSy, then following are equivalent

1. ¢ is T-satisfiable;

2. there exists an arrangement dg, over the care graph G, = €, [V](02) such that
the following sets are Ti- and T,-satisfiable respectively

01 UPT[VI(91Ud2UBg,) , G2 UPT V(91 Ud2USg,) -

Moreover;, T is stably-infinite with respect to S1 US>, and has combined care function
Cr[-] that operates with respect to the combined theory propagator L7 [-].

Proof. (1) = (2) : Suppose ¢ = ¢; U, is T-satisfiable in a T-interpretation 4. Let
dg, be the arrangement over G, satisfied by 4. Since the combined propagator only
adds formulas that are entailed, it is clear that 4 satisfies both sets of formulas, which
proves one direction.

(2) <= (1) : Assume that there is a Tj-interpretation 4; and a T»-interpretation 4
(and assume wlog that both interpret all the variables in V') such that

A Fr 0t UBT[V]I(01UdUdg,) , A Fp d2UPT[V](91UPUSg,) -

Let 8y be the arrangement over the complete care graph satisfied by 4;, which means
that 8y 2 P7[V](d1 A 02 ASg,) 2 B7[V](92 A8c,). By construction of 8y and the
property of the care function, we know there is a 7>-interpretation B, such that B, Fr,
02 A dy. Since dy is a complete arrangement over all the shared variables and we also
have that 4; Fr, 01 A dy, we can now appeal to the correctness the standard Nelson-
Oppen combination method to obtain a T -interpretation ( that satisfies ¢1 U0r = 0.
The proof that the combined theory is stably-infinite can be found in [[L1], and the
fact that the combined care function works was shown in Lemmal/[ll O

The extension of the method to the case of polite theories is straightforward and is
presented in Appendix

4 Theory of Uninterpreted Functions

The theory of uninterpreted function over a signature Leys is the theory Toys = (Zeus, A),
where A is simply the class of all Xg¢-structures. Conjunctions of literals in this the-
ory can be decided in polynomial time by congruence closure algorithms (e.g. [16]).
We make use of insights from these algorithms in defining both the equality propagator
and the care function. For simplicity, we assume Yy contains no predicate symbols,
but the extension to the case with predicate symbols is straightforward.



Equality Propagator. Let ¢ be a set of flat literals, let V be a set of variables, and let
~. be the smallest congruence relation over terms in ¢ containing { (x,7) | x=t € ¢ }.
We define a dis-equality relation £, as the smallest relation satisfying

XeveX Ny~ Y N £y €= x#cy .
Now, we define the equality propagator as

Poue[VI0) ={x=y | x,yeVAx~y}U{x#y | x,yeVAx#:y} .

It is easy to see that P[] is indeed an equality propagator. Moreover, it can easily
be integrated into decision procedures based on congruence closure.

Example 2. Given the set { x=2z,y= f(a),z# f(a) }, the equality propagator would
return Poe[{ x,y H={x=x,y=y,x#y,y#x }.

Care Function. We now define the care function for the theory of uninterpreted
functions. The definition is based on the fact that during congruence closure, we only
care about equalities between pairs of variables that occur as arguments in the same
position of the same function symbol.

Again, let V be a set of variables and let ¢ be a set of flat literals, such that ¢ only
contains function symbols from F = {f1, f2, ..., f»}. For each function symbol f € F
of arity 6y X G X -+- X Oy — O, let Ey = Uf.‘zlEJ’} with E} being the set of all pairs of
variables from V that occur as the i-th argument of function f in two terms occurring
in ¢ that are not already equivalent according to ~, i.e.:

E}:{(xi,y,-)erV | fOeny oy Xige oy Xk) e FOV1y ey Vige ooy Vk) |-

Now, let E = Jscp Ey, and define the care function mapping ¢ to the care graph G as
Ceus [[Vﬂ (q)) =G= <VaE>~

Example 3. Given the set of literals O = { xr = f(x), yr = f(y) } withV = {x,x¢,y,y¢},
the care function would return €ous[V](0) = G = (V,{(x,y)}). The reason why the
pair (x¢,y¢) does not need to be an edge in the care graph is as follows. If 8¢ includes
x =y, then the propagator will discover that xy = yy. On the other hand, if 8¢ includes
x #y, we can accept any relationship between xy and yy.

Theorem 2. Let Toys be the theory of uninterpreted functions with equality over the
signature Xens. Cont[-] is a care function for Teus with respect to the equality propa-

gator ;‘Be:uf [H]

S Theory of Arrays

The extensional theory of arrays T, operates over the signature X,,, that contains the
sorts {array,index,elem} and function symbols read : array x index — elem and write :
array X index x elem — array, where read represents reading from an array at a given
index, and write represents writing a given value to an array at an index. Semantics of
the theory are well known, and we refer the reader to [[17] for details. The flat literals of
the theory are of the form x =read(a,i), a = write(b,i,x),x =y, x #y,a = b, where x,y



are variables of sort elem, 7 is an index variable of sort index, and @ and b are variables
of sort array. Note that we do not allow dis-equalities a # b between array variables.
This is not an issue as these can always be rewritten as read(a,k) # read(b,k) for a
fresh index variable k.

Equality Propagator. Let ¢ be a set of flat literals and V a set of variables. We
define =, (and corresponding dis-equality closure #,) to be the smallest equivalence
relation over the terms in ¢ containing { (x,7) | x =1 € ¢ }, that additionally satisfies
the following closure rules.

1. Congruence closure rules:

i~, jAx~,read(a,i) = x~,read(a,j) , (CCR1)
a~,bN\x=,read(a,i) = x=~,read(b,i) , (CCR2)
iR, jAa=, write(b,i,x) = a =, write(b, j,x) , (CCW1)
X, yNar, write(b,i,x) = a =, write(b,i,y) , (CCW2)
b=, cNar,write(b,i,x) = a =, write(c,i,x) . (CCW3)

2. Array closure rules:
a =, write(b, j,y) = y~,read(a,j) , (WR)

x =, read(a,i) Na =, write(b, j,y) Ni #, ] = x=,read(b,i) , (RWI1)
x =, read(b,i) Na =, write(b, j,y) Ni #, ] = x=~,read(a,i) . (RW2)

3. Dis-equality closure rule:
x%ax//\y%ayl/\xl 75)7/ € = x ?éayl .

In all the above rules, we require that if the hypotheses are satisfied, then the con-
clusions must also hold in the equivalence relation, even if this means adding new
terms to the domain of the relation. Since all the terms are flat, and we have a finite
number of variables, the resulting relation will be finite. We now define the equality
propagator as

Parr[VI0) = {x=y | x,yeVAxr,y}U{x#y | x,yEVAxF#,y} .

It is not hard to see that each of the closure rules is sound with respect to T, and that
PBarr[-] is monotone, and thus fulfills the requirements for a propagator.

Care Function. Given a set ¢ of flat literals, we define a parameterized family of
equivalence relations ~; over the variables of sort array in ¢, where the parameter /
can be any set of variables of sort index from ¢. For each /,J, let ~; be the smallest
equivalence relation that satisfies

a,b = a~pb ,
a =, write(b,i,x) = a~yy b ,

a~ybANb~jc = ar~pyyc .



Relation ~; collects all the array variables that differ at not more than finitely many
indices.

The care function depends on whether the set V contains any variables of the array
sort or not, and whether all the index variables from ¢ are in V.

First we consider the case when V does not contain any array variables, but con-
tains all variables of sort index from ¢. Let E be the set of all pairs of variables from
V that occur as the index argument of a read and might (if set equal) cause two terms
to become equal, i.e.:

E = {(i,j) VXV | a~ybAread(a,i) #,read(b,j) } U
{(,j))eV XV |a~bNi€lNxr=,read(a,j)} .

Now, we define the care function as €or [V](0) = G = (V,E).

Example 4. Consider the following constraints involving arrays and bit-vectors of
size m, where X, denotes unsigned bit-vector multiplication:

/\ (read(ak,ik) =read(agi1,ix+1) N ik = Xx mek-i-l) . (D)
k=1

Considering that all the read applications are over arrays that are not related by ~,
our care graph will in fact be empty and we do not need to guess an arrangement.

In the case when V contains array variables, or V does not contain all of the vari-
ables of sort index, there is no clear technique for reducing the care graph. Therefore
we settle for using the trivial care function in this case, i.e. Carr[V](0) = (V,V x V).
Fortunately, this appears to match well with how the theory of arrays is used in prac-
tice: index and element variables are typically shared, and only rarely are array vari-
ables shared.

Theorem 3. Let T,,, be the theory of arrays. Carr[-] is a care function for Taypy with
respect to the equality propagator B []-

6 Experimental Evaluation

We implemented the new method in the Cvc3 solver [2]], and in the discussion below,
we denote the new implementation as Cvc3+C. We focused our attention on the com-
bination of the theory of arrays and the theory of fixed-size bit-vectors (QF_AUFBV).
This seemed like a good place to start because there are many benchmarks which gen-
erate a non-trivial number of shared variables, and additional splits on shared bit-vector
variables can be quite expensive. This allowed us to truly examine the merits of the
new combination method.

In order to evaluate our method against the current state-of-the-art, we compared
to Boolector [4], Yices [9]], Cvc3, and MathSAT [5], the top solvers in the QF AUFBV
category from the 2009 SMT-COMP competition (in order) Additionaly, we included
the Z3 solver [[8] so as to compare to the model-based theory combination method [7].
All tests were conducted on a dedicated Intel Pentium E2220 2.4 GHz processor with
4GB of memory. Individual runs were limited to 15 minutes.

Shttp://wuw.smtcomp.org/2009/
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Table 1: Experimental results.

Boolector Yices MathSAT Z3 Cvc3 Cvc3+C
crafted (40) | 2100.13| 40(6253.32(34 | 468.73 30| 112.88| 40| 388.29| 9| 14.22| 40
matrix (11) 1208.16| 10| 683.84| 6| 474.89| 4| 927.12| 11| 831.29|11| 45.08| 11

unconstr (10) 3.00| 10 0] 706.02| 3| 54.60| 2| 185.00| 5| 340.27| 8
copy (19) 11.76| 19 1.39(19|1103.13| 19| 4.79| 19| 432.72(17| 44.75| 19
sort (6) 691.06| 6| 557.23| 4| 82.21| 4| 24894 3| 44.89| 6| 44.87| 6

delete (29) | 3407.68| 18]1170.93]10 2626.20| 14]1504.46| 10(1766.91(17|1302.32| 17
member (24) 2807.78| 24| 185.5424| 217.35| 24| 112.23| 24| 355.41 24| 320.80| 24
10229.57 (127 [8852.25(97 [5678.53 | 98 2965.02 (109 4004.51 (89 2112.31 125

Benchmarks. We crafted a set of new benchmarks based on Example[]from Section
[] taking n = 10, ..., 100, with increments of 10, and m = 32,...,128, with increments
of 32. We also included a selection of problems from the QF AUFBV division of the
SMT-LIB libraryE] Since most of the benchmarks in the library come from model-
checking of software and use a flat memory model, they mostly operate over a sin-
gle array representing the heap. Our method is essentially equivalent to the standard
Nelson-Oppen approach for such benchmarks, so we selected only the benchmarks
that involved constraints over at least two arrays. We anticipate that such problems
will become increasingly important as static-analysis tools become more precise and
are able to infer separation of the heap (in the style of Burstall, e.g. [14]). All the
benchmarks and the Cvc3 binaries used in the experiments are available from the au-
thors” website[]

Results. The combined results of our experiments are presented in Table |1, with
columns reporting the total time (in seconds) that a solver used on the problem in-
stances it solved (not including time spent on problem instances it was unable to
solve), and the number of solved instances. Compared to Cvc3, the new implementa-
tion Cvc3+C performs uniformly better. On the first four classes of problems, Cvc3+C
greatly outperforms Cvc3. On the last three classes of problems, the difference is
less significant. After examining the benchmarks, we concluded that the multitude of
arrays in these examples is artificial — the many array variables are just used for tem-
porary storage of sequential updates on the same starting array — so there is not a great
capacity for improvement using the care function that we described. A scatter-plot
comparison of Cvc3 vs Cve3+C is shown in Figure [I(a)] Because the only difference
between the two implementations is the inclusion of the method described in this pa-
per, this graph best illustrates the performance impact this optimization can have.
When compared to the other solvers, we find that whereas Cvc3 is not particularly
competitive, Cvc3+C is very competitive and in fact, for several sets of benchmarks,
performs better than all of the others. This again emphasizes the strength of our results
and suggests that combination methods can be of great importance for performance
and scalability of modern solvers. Z3 appears to be the most robust of the other solvers
on the benchmarks where we saw a dramatic improvement by Cvc3. We assume this is
due to their model-based combination mechanism which has some similar advantages.

Onttp://combination.cs.uiowa.edu/smtlib/
"http://cs.nyu.edu/ dejan/smt2010/
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Overall, on this set of benchmarks, Boolector solves the most (solving 2 more than
Cvc3+C). However, Cvc3+C is significantly faster on the benchmarks it solves. Figure
[I(b)| shows a scatter-plot comparison of Cvc3+C against Boolector.
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oal  AEE &+ ol +HA T g
A4 T 4 PR
s -+ + -+
01 7 10 100 01 7 10 100
Cvc3 Boolector

(a) (b)

Figure 1: Comparison of Cvc3, Cvc3+C and Boolector. Both axes use a logarithmic
scale and each point represents the time needed to solve an individual problem.

7 Conclusion

We presented a reformulation of the classic Nelson-Oppen method for combining the-
ories. The most notable novel feature of the new method is the ability to leverage the
structure of the individual problems in order to reduce the complexity of finding a com-
mon arrangement over the interface variables. We do this by defining theory-specific
care functions that determine the variable pairs that are important for a specific com-
bination problem. We proved the method correct, and presented care functions for the
theories of uninterpreted functions and arrays.

The new method is asymmetric as only one of the theories takes charge of creating
the arrangement graph over the interface variables. Since many theories we combine
in practice are parametrized by other theories, the non-symmetric approach has an
intuitive appeal. We draw intuition for constructing the care functions and the proofs
of correctness directly from the decision procedures for specific theories, leaving room
for new care functions backed by better decision algorithms.

Another benefit of the presented method is that it can be seen as orthogonal to the
the previous research on combinations of theories. For example, it would be easy to
combine our method with a model-based combination approach—instead of propagat-
ing all equalities between shared variables implied by the model, one could restrict
propagation to only the equalities that correspond to edges in the care graph, gaining
advantages from both methods.

We also presented an experimental evaluation of the method, comparing the new
method to a standard Nelson-Oppen implementation and several state-of-the art solvers.
Compared to the other solvers on a selected set of benchmarks, the new method
performs competitively, and shows a robust performance increase over the standard
Nelson-Oppen implementation.
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Figure 2: Additional scatter-plot comparisons. Both axes are in logarithmic scale and
each point represents the times needed to solve an individual problem.

A Proofs

A.1 Proof of Correctness for the Combined Care Function

Lemma 1. The combined care function €r[-] is indeed a care function for theory T
with respect to the combined propagator B7 [[-]-

Proof. Assume we are given a set V of variables and a set ¢ of flat X-literals. Note that
it is always possible to partition such a ¢ into a set ¢; of X;-literals and a set ¢, of X;-
literals. Let G| = €7, [V](91), G2 = €7, [V](02), and G = €7 [V](0) = G; UG,. Then,
let g be an arrangement such that ¢ U § is satisfiable in a T-interpretation 4 (wlog
assume that 4 interprets all variables in V). Let 8¢, and dg, be the restrictions of the
arrangement 3¢ to G| and Gy, respectively (i.e. the largest arrangements over G and
G, respectively that are subsets of dg). Now, for i = 1,2, since ¢; Udg, C ¢ Ud¢, and
since 4 =1 ¢ Udg, we know that ¢; U dg, is T;-satisfiable.
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Let 8y be an arrangement such that 8y O P7[V](0Udg). Then by, property
3 of equality propagators, we can conclude that 8y 2 Bz [V](¢1 Udg,) and &y 2
P5[V](92U8g,). Finally, using the fact that €, [-] and &z,[-] are both care func-
tions, we have that ¢; Udy and ¢, Udy are Ti- and Tr-satisfiable, respectively. It
follows (by the correctness of the standard Nelson-Oppen procedure) that ¢ U 8y is
T -satisfiable. O

A.2  Proof of Correctness for Coyz[]

We next show that the above function does indeed define a care function in terms of
Definition [f] First, we introduce some notation and a well-known proposition that
will be helpful in the proof. For a set of formulas ¢, let £(¢) denote the smallest
equivalence relation over the terms occurring in ¢ containing { (x,y) | x=y € ¢ }. For
an equivalence relation E, let E* denote the congruence closure of E.

Proposition 1. A ser ¢ of flat literals is t EU F -satisfiable iff for each dis-equality x #
YEO (x,y) € E(9)".

Theorem 2. Let Tous be the theory of uninterpreted functions with equality over the
signature Yeys. Cout[] is a care function for Toys with respect to the equality propa-

gator Poue [

Proof. Let ¢ be a set of flat literals, V a set of variables, let G = Ceus[V](9), and
assume that for some arrangement g over G, 0 U d¢ is satisfiable. Then, suppose
we are given an arrangement Oy (induced by equivalence relation Ey) with &y D
Paus [V] (0 ASc) D dg. We must show that ¢ Ay is satisfiable.

Let E; = E(0Udg)*. We know by proposition 1| above, that for each x # y €
OUdg, (x,y) € E1. Now, let E; = E(¢ Uy )*. It suffices to show that if x #y € 0Udy,
then (x,y) & E».

We start by showing that E; = E] UEy. To see this, note first that because dy 2 dg,
we can write E; = E(OUdy)* = E(dUds Udy)*. Now, by basic properties of equiv-
alence and congruence closures, this is equivalent to (E(¢Udg)* UZE(Sy))" = (EU
Ey)*. To see that (E} UEy)* = E; UEy, suppose that it is not. Then there must be some
f(x1,x2,...x,) and f(y1,y2,...y,) appearing in ¢ such that (f(xy,x2,...%x,), f(V1,Y2,--.-Yn)) &
Ej,butforeach 1 <i<n, (x;,y;) € E; UEy. Since E| is congruence closed, there must
be some i such that (x;,y;) € E; and (x;,y;) € Ey. But because x; and y; appear as argu-
ments of the same function in the same position, and both are in V, we know that the
edge (x;,y;) must be in the graph G. This means that ¢ must specify a relationship
for x; and y; and since dy O ¢, the same relationship appears in dy. It follows that
(xi,yi) € E1, contradicting our earlier assertion. Thus, E; = E; UEy.

We can now show that if x # y € ¢ U dy, then (x,y) & E>. We consider two cases.

e First, suppose x #y € 0 Udg. As mentioned above, we know that (x,y) & E;
because ¢ U ¢ is satisfiable. We also know that &y O P [V](d A d¢) which
means that 8y must contain x # y as well, meaning it cannot contain x =y, so

(x,y) ¢ EV~

e In the other case, we must have x # y € dy. Clearly, we cannot also have x =
y € dy, s0 (x,y) & Ey. The only way that (x,y) could be in E, then is if (x,y) €
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E,. Note that by definition, E(P5:[V](0 Adg)) is exactly equal to E; N (V x
V). So, if (x,y) € E;, then we must have x =y € P [V] (0 Adg). But 8y D
PBous [V] (0 AS¢), so then we would have x =y € 3y which is not possible.

O]

A.3  Proof of Correctness for €., -]

We will prove the correctness of the care function €, [-] by showing that the care-
graph spans enough variables in order to completely reduce the reasoning about T,,-
satisfiability to the theory of uninterpreted functions T,yur, Where the signature You¢
will be crafted for each X,..-formula.

Given a conjunction of flat ¥, -literals ¢ we will map the signature X,,, into a
signature Yo, ¢ as follows. We will denote as =, the equivalence relation defined, with
respect to ¢, in Section [5} For every array variable a € varsaray (), we denote with [a]
the equivalence representative of a in ~,. We define the signature Xo,¢ to operate over
the the function symbols

ZIeFuf ={ f[a] index+—elem | a € Varsarray(q)) b

Now, we define a mapping o from conjunctions of X,,-literals to conjunctions of
Y cus-literals as follows

() = {x=fig(i) | x~qread(a,i) }UP.[V](©9) -

Note that since V does not contain any array variables, o(¢) will not contain any array
equalities in, only function applications and equalities and dis-equalities over elem and
index variables.

Lemma 2. Let ¢ be a conjunction of flat Xayy literals, V a set of literals such that
Varsindex(9) CV and varsapay (V) = 0, and let G = o [V](0). Let =, and ~p be the
array relations defined in Section|5| but with respect to ¢ N\ ¢, then

ay ~jap Ax =g read(ag,k) = Vi€l im, kVi#.k .

Proof. Consider the (smaller) relations %g and N(ID, as defined in Section |5 but with
respect to ¢. For the purpose of this statement, we notice that the differences in re-
lations ~; and ~; is not significant. We claim that for every non-empty set of index
variables I such that a ~; b, there is a set of index variables J C I, such that a qu) b and
for each i € I there is a j € J such that j =, i.

This holds for the following reasons. First, the new information in 8g does not
contain any array equalities, and therefore the only way to can extend ~2,, over array
terms, is by means of congruence closure, i.e. by rules and (CCW2). Only
the first case we would extend ~y, i.e. with i =, j we would get a ~ i b where we had
a ~; b. But, this is fine as i &, j. It’s easy to see that closing ~; transitively under
unions we still keep the required property.

Now we proceed to prove the main statement. Since we can build ~, and ~; from
zqa’ and N?, by adding 8¢ and then closing the relations under the completion rules,
we will prove the complete statement by induction on the sequence of completion rule
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applications. In generating ~, we will always first apply the congruence closure rules,
and then all others.
For the base case, notice that by definition of G = €, [V] () we have

ar ~? ay Ax ~0 read(ap, k) => Viel: (ki) €G .

Since 8¢ determines values of equalities or dis-equalities over the pairs of indices in
G, by discussion above, we have shown the base case.

Now, assume that a; ~; a» and consider the completion rules that can produce a
new read term.

x ~2, read(as, j) A j~q k = x =, read(az, k) (CCRI))

Since, by inductive hypothesis, for all i € I we have that i =, j or i #, j, and j =~ k,
we also get that for all i € I we have that i ~, k or i #, k.

a ~, write(as, j,y) = y =, read(ay, j) (WR)

Since 3¢ does not contain any write expressions, the only way for this rule to get
triggered is if we obtained the left side by congruence closure. But in this case the
right hand side is already covered, also by congruence closure.

x ~, read(a, k) Aa =, write(az, j,y) Nk £, ] = x =, read(az,k) (RWT))

In this case we have ap ~ij) a which, with a; ~; ap, gives a; ~ugj) a- Then, by
inductive hypothesis we have that for all i € I U {j} either i &, k or i #, k.

x =, read(b, k) Nay =, write(b, j,y) Nk #, ] = x =, read(a, k) (RW?2)
This case is similar to the one just above, and is the last case. 0

Lemma 3. Let ¢ be a conjunction of flat X,y literals, V a set of literals such that
Varsindex(9) CV and varsapray (V) = 0. Then

Peue[V]I(a(9)) = P [VI(9) -
Proof. First, it’s easy to see that from definition of o, we have
sBe:u:f [[V]] ((X(¢)) :_) sB:rr [[V]] (q)) .

For the other direction, notice that the function symbols in o(¢) correspond to arrays
that are already equal under ~2,. Since and PB_...[V] is also closed under congruence,
the other direction is also true, i.e.

Peue [VI(a(9) € Pare [VI(9)
which proves the case. O

Lemma 4. Let ¢ be a conjunction of flat Xayr literals, V a set of literals such that
varsindex(9) CV and varsapay (V) = 0. Let €4 [V](0) = G, then

Cout [V](a(0ASG)) CG .
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Proof. Let %2 and N?, be the equivalence relations from Sectiondeﬁned with respect
to ¢. Let ~ and =, be the relations from Section4and Section[5} defined with respect
to ol(0 A O ) and ¢ A O respectively. We can now see that

Q:euf[[v]](a(q)/\sG)) = {(la]) ceVxV | f[a](l) *c f[a](])}
={(i,j) eV XV | br,cAread(b,i) %, read(c, j)}
c {(i,j) eVxV | b~ cAread(b,i) read(c,j)}
C Carr[V](9) =G .
This proves the case. O

Lemma 5. Let ¢ be a conjunction of flat Xoyy literals, V a set of literals such that
Varsindex(9) €V and varsapay (V) = 0, and let G = Cor [V](9). Then, for arbitrary
arrangements 8¢ and dy such that P .[V](d Ad¢) C dv, it holds that

o if (O A Sg) Ady is Teus-satisfiable,
o then O N\ Oy is Tarr-satisfiable.

Proof. Assume that there is a T,y¢-interpretation A4 such that
AE(OASG) Ay .

We will construct a T,y interpretation B that satisfies ¢ A dy. First, denote with =2, the
equivalence relation (from Section on 0 A dg and ~, the equivalence relation (from
Section ) on o(¢ Adg) Ady. We define the domains of B as

Bindex = [Varsindex<¢/\6V)]ﬂ )
Belem = [Varselem ((P A SV)]ﬂ )
Barray :{ f | f : Bindex M Belem } .

As for the interpretations of the index and elem variables for from ¢ A3y, we let i = i?

and x? = x. We interpret each array a € varsaray (¢) as the corresponding function
from A4 in a restricted manner. Assuming a distinct element ey € Beje, We interpret
each each «a so that for ¢ € Bjndex

5 _{xﬂ if x ~e fig (i) and i1 = ¢
a”(c) = )
ey otherwise.

The interpretation is well-defined and we claim that it satisfies ¢ A dy. First, all the
equalities and dis-equalities from ¢ A 8y among the index and the elem variables will
clearly be satisfied by construction. All the read applications from ¢ will be satisfied
as for each x = read(a, i) € ¢ we have x ~ fi, (i) and

[x =read(a,i)]? = (x? =a®(i?)) = (x? = f[f](iﬂ)) =true .

Now we have to prove that the equalities among the array terms are satisfied (we have
no dis-equalities). First, for each equality a = b € ¢, we will have that they are related
by =2,, and hence interpreted as the same function in 4.
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Next, assume a = write(b,k,x) € ¢ and lets show that the array update at position
k is properly reflected, i.e. that

i € varsindex(® A dy) N2 =k? — ag(ii";) =x? |
i € varsingex(ONSy) NP £ kP —= aP(i%) = b2(i%) .
Since the we know that a ~, write(b, k,x), using the closure rule (WR) we know that

x ~%, read(a, k), and hence x ~ fiq(k). Therefore the first property holds. For the
second property, consider the case when

aZ;(l-’B) :x.lqa X1 ~e¢ f[a](l) s

bg(ig) :xﬁq, Xy~ f[b](i) .

Since ~, is only congruence applications on top of =z,, we know there are y; ~ xj,
Yy ~e X2, i ~¢ I, and iy ~, i such that

Y1 ®a fig(i1), y1 =qread(a,ir) ,
Y2 R fip) (i), Y2 =aread(b,iz) .

Now, from Lemma [2| we can conclude that i} #, k and i, #, k. From here, using the
rules (RWTI) and (RW2) we get that y; =2, y» which implies x¥ = x? and a®(i%) =
b3(i®).

In the case when both functions map i to eg, the equality follows vacuously. The
last case, when only one of the functions maps to ej is not possible as, for example
Y1 ~, read(a,i;) would imply i; #, k which, in turn, would via the read-over-write
rule imply that y; &2, read(b,i;). This concludes the proof. O

Theorem 3. Let Ty be the theory of arrays. Cari[/] is a care function for Tarr with
respect to the equality propagator B[]

Proof. Recall that €, [V] is defined to be the trivial care function if V contains any
array variables or varsindex(¢) Z V. Thus, assume that we are given a conjunction of
flat X,,-literals ¢ and a set of variables V' such that V does not contain any array vari-
ables and varsingex(0) C V. Let G = €41 [V](0) and assume that ¢ A ¢ is satisfiable
and Jy is a variable arrangement such that

q:;jrrﬂv]] ((l)/\SG) - 8V .

Using Lemma 3] we know that

qge:uf [[V]] ((X(¢A5G)) = mjrrﬂv]] (q)/\ SG) Coy .

From this, we can conclude that o(¢ A 8¢ ) is Tene-satisfiable. To see why, suppose it
is not. Then, by Proposition there must be some dis-equality x # y € ol(¢ A dg) such
that (x,y) € E(()¢ Ad¢g)*. Furthermore, by the definition of a, it is clear that x and y
must both be in V. But then, by the definition of B[], we must have both x =y €
Paue VI (0 A 86)) and x # y € Pae [V](0(0 A 8)). meaning that Pe [V (c( A
d¢)) cannot be satisfiable. But we know that P, [V](¢ A O¢) is satisfiable, which is
a contradiction.
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Now, by Lemma] we know that
G =Ceut[V](a(dASG)) CG .

Let g, be the arrangement over G that is a subset of dg. We have g, C 8¢ C
Oy and, since o A Sg) A dg, is Tens-satisfiable, we can deduce by Theorem [2| that
o0 Adg) Ady is Tey-satisfiable. Finally, by Lemma |5, we conclude that ¢ A dy is
T.-r-satisfiable. J

B Extension to Polite Combination

The method described in Section [3|relies on the correctness argument for the standard
Nelson-Oppen method, meaning that the theories involved should be stably-infinite
for completeness. A more general combination method based on the notion of polite
theories (and not requiring that both theories be stably-infinite) was introduced in [[15]]
and clarified in [11]. Here, we assume familiarity with the concepts appearing in those
papers, and show how they can be integrated into the combination method of this paper.

Assume that the theory 75 is polite with respect to the set of sorts S, such that ¥; N
¥, C §», and is equipped with a witness function witness,. We modify the combination
method of Section[3.3]as follows:

1. In the Arrange and Check phases, instead of using ¢,, we use the formula
produced by the witness function, i.e. 05 = witness,(9,).

2. We define V = varss(9,) instead of V = vars(¢1) Nvars(¢z).
We can now state the correctness of the method in the context of polite theories.

Theorem 4. Let T; be a ¥;-theory polite with respect to the set of sorts S;, and equipped
with a care function r,[-] operating with respect to an equality propagator B[], for
i=1,2 Let Y =%,U%y, S=X{NE5, T =T\ ® T and let ¢ be a set of flat X-literals,
which can be partitioned into a set 01 of Xi-literals and a set Oy of Xy-literals. Let
¢, = wimesst, (02) and V = varss(95). If S C S1 NSy, then following are equivalent

1. ¢ is T-satisfiable;

2. there exists an arrangement 3¢, over the care graph G, = €1, [V](¢,) such that
the following formulas are Ti- and T,-satisfiable respectively

1 APBT[VI(01 A 05 A 86,) BAPBTIVI(01 A 05 A 86,) -

Moreover, T is polite with respect to S) U (S2 \ X1), and has a combined care function
Cr[-] that operates with respect to the combined theory propagator L7 [-].

Proof. The proof is identical to the one given in Theorem |I| for the case of stably-
infinite theories, except that in the last step, instead of relying on the correctness of the
standard Nelson-Oppen method, we rely on the correctness of the method for combi-
nation of polite theories as described in [15} [11]]. O
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