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Abstract

This is the first part of an analysis of the interplay between multiple properties that are related
to combination methodologies for theories in the field of satisfiability modulo theories. We
here focus on Nelson-Oppen and polite theory combinations, leading to a total of five model-
theoretic properties to be considered: stable infiniteness, smoothness, finite witnessability,
strong finite witnessability, and convexity. Our first result is an improvement on polite theory
combination, showing that it is possible when only assuming stable infiniteness and strong
finite witnessability, and thus implying smoothness is not a prerequisite for this method.
Second, we provide examples of Boolean combinations of the aforementioned 5 properties
whenever they are possible (e.g., a theory that admits all the properties, a theory that admits
none, etc.), sharp in the sense that no theories within simpler signatures may exhibit the exact
same properties, and prove which combinations cannot occur. Among these examples, the
most surprising one is that of a polite yet not strongly polite theory in one sort, a combination
whose previous example in the literature was two-sorted.

Keywords Satisfiability modulo theories - Theory combination - Theory politeness -
Nelson-Oppen

1 Introduction

Satisfiability modulo theories [2], often referred to as SMT, deals with algorithms for deciding
the satisfiability of (quantifier-free) formulas given a (first-order, many-sorted) background
theory; this generalizes the area of research known as SAT, which focuses on Boolean satis-
fiability. Within this broad topic of research, the motivation for theory combination becomes

A preliminary and concise version of this paper appears in [1]. The current version includes all the proofs
and examples missing from that version, as well as more detailed constructions of theories.
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clear: suppose one has two theories, and two algorithms for deciding the satisfiability of
formulas in each theory; if we could combine these two algorithms into one solver for the
combined theory (meaning, the one whose models are the shared ones between the two orig-
inal theories, when restricting the signatures accordingly), that would be more efficient than
constructing from scratch a decision procedure for this new theory. This way, if the theories
one studies are combinations and recombinations of a simple generating family of theories
for which we already have SMT solvers, it would follow that modulo actually performing
the combinations of the algorithms we already have solvers for all relevant theories.

Combination algorithms exist: the first was developed by Nelson and Oppen [3], and
relied on a model-theoretic property, stable infiniteness, which, roughly speaking, requires
that every quantifier-free formula is satisfied by an infinite model. They also studied methods
involving convexity, a more abstract property of theories. Roughly, a theory is convex if
whenever a cube (conjunction of literals) implies a disjunction of variable equalities, then
the same cube implies one of the disjuncts. The Nelson-Oppen approach works only when
the theories share no functions or predicates (except for equality symbols). Another critical
limitation of this method arises from the restriction that the combined theories must be stably
infinite: so, to use a common example, combining the theory of lists with that of bit-vectors
to obtain a theory of lists of bit-vectors is not possible with this approach, as models of
the theory of bit-vectors are always finite. Later competing methods include polite, shiny
[4], flexible [5] or gentle [6] theory combination, and for those (polite an shiny) that do not
require anything from one theory, the price to be paid is that they require more from the
other.

We focus here on, besides Nelson-Oppen, the polite combination method. This method
[7] requires one of the theories to be polite, that is, smooth and finitely witnessable, (notions
that will be defined later) while the other theory need not have any other property other
than decidability; the fact is, however, that the polite algorithm is not guaranteed to work
on polite theories due to a bug in its definition. This was later corrected so that it works for
all strongly polite theories [8, 9], combining smoothness with a strengthened form of finite
witnessability now aptly called strong finite witnessability; of course, given the difficulty
involved in defining the algorithm for polite theory combination that led to its first instance,
it is still of interest to researchers the comparison between politeness and its strong version
in order to understand its inner machinations.

In this paper, we make two main contributions. The first is a new polite combination theo-
rem, with fewer prerequisites: we show that polite combination is possible if the smoothness
assumption is replaced by stable infiniteness, a much simpler property. Our second contri-
bution is a thorough analysis of all Boolean combinations of stable infiniteness, smoothness,
finite witnessability, strong finite witnessability and convexity; whenever such a combination
is not possible, we prove so, and whenever it is, we provide an example to show that that is
true. These examples are sharp in the sense that we define them over the simplest possible
signature. Perhaps most surprising among these specimens is a one-sorted theory that is polite
without being strongly so: an example separating the two forms of politeness was known
[10] but only for two-sorted signatures.

The paper is organized as follows: Section 2 introduces the necessary background, both
in many-sorted, first-order logic, and the model-theoretic properties used when dealing with
Nelson-Oppen and polite theory combination; in Section 3 we prove that polite theory com-
bination may be done by assuming stable infiniteness instead of smoothness; Section 4.1
proves which combinations of properties are impossible; Section 4.2 provides examples for
all combinations that are actually possible, dividing those by the signatures over which they
are defined, and offering operators that simplify, given a theory, the process of obtaining
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Fig.1 Cardinality Formulas. X stands for XlyevesrXp

theories in other signatures with comparable properties; and, finally, Section 5 concludes the
paper, pointing to some possible further directions this work could take. In Appendix A we
perform the painstaking task of proving that the examples provided in Section 4.2 do indeed
have the properties we affirm that they have; and in Section B we do the same but for our
theory operators, also defined in Section 4.2.

2 Preliminary Notions
2.1 First-Order Signatures and Structures

A many-sorted signature ¥ is a triple formed by a countable and non-empty set Ss; of sorts,
a countable set of function symbols Fs;, and a countable set of predicate symbols Py, which
contains, for every sort o € Sy, an equality symbol =, (often denoted by =); each function
symbol has an arity o1 X - -- X 0, — o and each predicate symbol an arity o1 X - - - X 0y,
where oy, ..., 0,,0 € Sy andn € N. Each equality symbol =, has arity o x ¢. A signature
with no function or predicate symbols other than equalities is called empty.

A many-sorted signature X is one-sorted if Sy, has one element; we may refer to many-
sorted signatures simply as signatures. Two signatures are said to be disjoint if they share at
most sorts and equality symbols.

We assume for each sort in Sy a distinct countably infinite set of variables, and define
terms, literals, cubes (conjunctions of literals), and formulas (atomic or not) in the usual
way. If s is a function symbol of arity ¢ — o and x is a variable of sort o, we define
recursively the term s*(x), for k € N, as follows: s”(x) = x, and s**'(x) = s(s*(x)).
We denote the set of free variables of sort ¢ in a formula ¢ by vars, (¢), and given S C
Ss, varss(9) = Uy es varse (¢) (we use vars(¢) as shorthand for varssy, (¢)). The set of
quantifier-free formulas on a signature ¥ may be denoted by Q F(X). If we replace each
occurrence of a variable x in a formula ¢ by y, we denote the resulting formula by ¢[x/y];
if we replace the variables x| through x, of ¢ by, respectively, y; through y,, the resulting
formula is denoted by ¢[x1/y1, -+, Xn/Ynl-

A X-structure A is composed of non-empty sets oA for each sort 0 € Sy, called the
domain of o ,equipped with interpretations f Aand PA of the function and predicate symbols,
in a way that respects their arities. Furthermore, :;,4 must be the identity on o

A Z-interpretation Ais an extension of a X -structure that also interprets variables, with the
value of a variable x of sort o being an element x* of oA. We write oA for the interpretation
of the term « under A; if " is a set of terms, we define r4= {ozA o eTl}. Wewrite AE ¢
if A satisfies ¢. A formula ¢ is called satisfiable if it is satisfied by some interpretation .A.

We shall make use of standard cardinality formulas, given in Fig. 1. ¥Z,, is only satisfied
by a structure A if |0 is at least n, ¥2, is only satisfied by A if |0 is at most n, and 2,
is only satisfied by A if |04 is exactly n. In one-sorted signatures, we may drop o from the
formulas, giving us ¥>,, ¥<, and ¥—,.
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The following lemmas are generalizations of the standard compactness and downward
Skolem-Lowenheim theorems of first-order logic to the many sorted case. They are proved
in [11].

Lemma 1 ([11]) A set of formulas is satisfiable iff each of its finite subsets is satisfiable.

Lemma2 ([11]) If a set of formulas is satisfiable, there exists an interpretation A which
satisfies it and where oA is countable whenever it is infinite, for every sort o.

A theory Tis a class of all X-structures that satisfy some set of closed formulas (formulas
without free variables), called the axiomatization of 7, which we denote as Ax(7); such
structures will be called the models of 7. A X-interpretation A whose underlying structure
is in 7 is called a 7Z-interpretation. A formula is said to be 7-satisfiable if there is a 7-
interpretation that satisfies it; a set of formulas is 7-satisfiable if there is a Z-interpretation
that satisfies all of its elements simultaneously. Two formulas are 7-equivalent when every
T-interpretation satisfies one if and only if it satisfies the other. We write -7 ¢ and say that
@ is 7-valid if A F ¢ for every Z-interpretation A. Let | and ¥, be disjoint signatures;
by ¥ = ¥; U X, we mean the signature with the union of the sorts, function symbols,
and predicate symbols of X1 and X, all arities preserved. Given a X-theory 7 and a ;-
theory 75, the X U Xp-theory 7 = 77 @ 7 is the theory axiomatized by the union of the
axiomatizations of 77 and 75.

2.2 Model-Theoretic Properties

Let X be a signature. A X-theory 7 is said to be stably infinite w.r.t. S C Sy if, for every
T-satisfiable quantifier-free formula ¢, there exists a Z-interpretation A satisfying ¢ such
that, foreacho € §, o is infinite. Tis smooth w.rt. S C Sy when, for every quantifier-free
formula ¢, Z-interpretation A satisfying ¢, and function « from S to the class of cardinals
such that k(o) > |a“4| for every o € S, there exists a Z-interpretation B satisfying ¢ with
|UB| =«(o),forevery o € S.

Clearly, we have the following result:

Theorem 3 Let X be a signature, S C Sy, and T a X-theory. If Tis smooth w.r.t. S, then it
is also stably infinite w.r.t. S.

For a finite set of sorts S, finite sets of variables V,; of sort o foreacho € S, and equivalence
relations E; on V,, the arrangement on V = |, ¢ Vo induced by E = | E,, denoted
by 8y or 5 , is the quantifier-free formula given by

sv= A\l N\NGc=»r \ ~&x=»]

oceS xEgy xEsy

oes

where E, denotes the complement of the equivalence relation E,.

A theory 7 is said to be finitely witnessable w.r.t. the set of sorts S C Sy when there
exists a function wit, called a wirtness, from the quantifier-free formulas into themselves that
is computable and satisfies, for every quantifier-free formula ¢: (i) ¢ and 3 0. wit(¢) are
T-equivalent, where W = vars(wit(¢)) \ vars(¢); and (ii) if wit(¢) is 7-satisfiable, then
there exists a Z-interpretation 4 satisfying wir(¢) such that o = varsy (wit(¢))“4 for each
o € S. Tis said to be strongly finitely witnessable if it has a strong witness wit, which has
the properties of a witness with the exception of (ii), satisfying instead: (ii’) given a finite
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set of variables V and an arrangement 8y on V, if wit(¢) A Sy is 7-satisfiable, then there
exists a Z-interpretation A satisfying wit(¢) A Sy such that o = varsy (wit(p) A 8y)A for
allo € S.

From the definitions, the following theorem directly follows:

Theorem 4 Let X be a signature, S C Sy, and Ta T-theory. If T is strongly finitely witness-
able w.r.t. S, then it is also finitely witnessable w.r.t. S.

A theory that is both smooth and finitely witnessable w.r.t. (a set of sorts) S is said to be
polite w.r.t. S; a theory that is both smooth and strongly finitely witnessable w.r.t. S is called
strongly polite w.r.t. S. For theories over one-sorted empty signatures, we have the following
theorem from [10]:

Theorem 5 ([10]) Every one-sorted theory over the empty signature that is polite w.r.t. its
only sort is strongly polite w.r.t. that sort.

A one-sorted theory 7 is said to be convex if, for any conjunction of literals ¢ and any
finite set of variables {u1, vy, ..., u,, vy}, F7 — \/;’=1 u; = v; implies -7 ¢ — u; = v;,
for some i € [1, n].

Given a one-sorted theory 7, its mincard function takes a quantifier-free formula ¢ and
returns the countable cardinal min{|aA| : Ais a 7— interpretation that satisfies o]

The following result is a consequence of the well-known fact that the theory of uninter-
preted functions with equality is convex, but can also be derived as a corollary of exercise
10.5 in Section 10 of [12].

Theorem 6 [f Tis a theory over a one-sorted signature with only one unary function, and if
Tis axiomatized by the empty set (that is, its function is uninterpreted), then 7 is convex.

Throughout this paper, we will use SI as a shorthand for stably infinite, SM for smooth,
FW for finitely witnessable, SW for strongly finitely witnessable, and CV for convex.

3 Polite Combination without Smoothness

Polite combination of theories was introduced in [7]. There, it was claimed that in order
to combine a theory 7 with any other decidable theory using polite combination, it suffices
for 7to be smooth and finitely witnessable (that is, polite). Later, in [8], this condition was
corrected, and it was shown that in fact a stronger requirement is needed from 7: in order
for polite combination to work, 7 has to be smooth and strongly finitely witnessable (that is,
strongly polite).

Given that weakening strong finite witnessability to finite witnessability results in a con-
dition that does not suffice, it is natural to ask whether there is any other way to weaken
the required conditions for polite combination. Rather than weakening strong finite witness-
ability to finite witnessability, here we consider another option: weakening the smoothness
condition to stable infiniteness. Thus, the main result of this section is that polite combination
can be done for theories that are stably infinite and strongly finitely witnessable.

Remark 1 We prove this result explicitly, although it follows from the fact proven in [13]
that stable infiniteness and strong finite witnessability imply smoothness. We do this for two

I Note that this definition was generalized in two different ways to the many-sorted case in [9] and [7].
However, for our investigation, the single-sorted case is enough.
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main reasons: firstly, the result in [13] crucially relies on Lemma 8 below (which was stated
in [1] although its proof, for lack of space, was only available in the technical report [14]);
secondly, the proof below is much more direct than the one that follows from [13], and sheds
light on the way these properties are utilized for polite combination.

For the proof of the new combination theorem (Theorem 9), we rely on the following
theorem, which may be found, with a proof, in [8] as Theorem 2.5: it is based, according to
authors of that work, on Theorems 10 and 11 of [15].

Theorem 7 Let 3| and X, be disjoint signatures, T be a ¥1-theory and T, be a Xo-theory.
Consider ¥ = L1UX), T=T1®7, and S the set of sorts shared by 31 and X5. Let ¢1 and ¢
be quantifier-free, respectively, ¥ and Xo-formulas, and let Uy = varsy (¢1) N varse (¢2).

If there exists a Ty -interpretation A and a Tp-interpretation BB, and an arrangement Sy on
U such that A satisfies ¢1 A Sy, B satisfies ¢y A Sy and, for all sorts o € S, |O“A| = |O'B|,
then there exists a T-interpretation C such that C satisfies ¢1 N ¢ A Sy, of = UAfor all
o €Sy, and o = oBfor allo € Sx, \ S.

The key ingredient of our proof is Lemma 8 below, which relaxes the need for smoothness
in polite theory combination by proving that stable infiniteness and strong finite witnessability
imply an apparently weaker notion of smoothness. In this notion, uncountable domains in
the original structure A are reduced to countable ones, and the function «, that dictates the
cardinalities of models, is assumed to never assign an uncountable cardinal to any of the
sorts. This notion, however, was proven in [13] to be equivalent to smoothness, although that
proof still relies on Lemma 8.

Lemma8 Let X be a signature with S C Sy, and T a theory over X. If Tis a stably-infinite
and strongly finitely witnessable theory, both w.r.t. the set of sorts S, then: for every quantifier-
free X-formula ¢; T-interpretation A that satisfies ¢; and function k from S;é) =f{oeS:

|0A| < Ry} to the class of cardinals such that |O"A| < k(o) < Rg for every o € S{fo,
there exists a T-interpretation B that satisfies ¢ with loB| = k(o) for every o € S;é), and
loB) = R foreveryo € S\ S{%.

Proof Suppose that 7 is stably-infinite and strongly finitely witnessable w.r.t. a set of sorts
S; let ¢ be a quantifier-free formula, A a Z-interpretation that satisfies ¢, and take a function
k from ngo to the class of cardinals such that |o*}| < k(o) < R for every o € S;:‘O. For
simplicity, we also define Sgo to be the set of sorts o € S;fo such that k(o) < g, while
S;{O =S\ S??o will be its complement in S, that is, those sorts in S;ﬂo with k(o) = Rg, and
those sorts in S with o4 > Ro.

Suppose wit is our strong witness: since .A satisfies ¢, it must also satisfy 3 X . wit(¢),
for ¥ = vars(wit(¢)) \ vars(¢); by changing 4 at most on these variables, we obtain a
second Z-interpretation A’ that satisfies wit(¢p). For each o € S, let W, = varsy (wit(¢)),
equipped with the equivalence relations F, such that x Fy y iff A = yA,; the corresponding
arrangement will be

sw= N[ Ax=ra A\ =]

oceS xFyy xFT,y

where F, is the complement of F,;.
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Now, take a positive integer M and consider, for every o € S, a set of fresh variables U,
of sort o with:

k(0) = |Wo/Fs| ifo e Sg;
|Us| =

: +
ifo e Sxo

(notice that W /F,| < |oA'|, by definition of F,, and |04 | = [04| < k (o), all for each
o € S, meaning k(0) — |W,/F,| is always non-negative for o € S?;o)' We also define the
relation E, on V, = U, U W, such that x E, y iff x F, y or if x = y, and we will denote the
corresponding arrangement by §y .

Now, because 7is stably-infinite w.r.t. S, and wit(¢) A Sw is quantifier-free (and satisfied
by the Z-interpretation .A’), there must exist a T-interpretation B, with o' infinite for every
sort o € S, that satisfies wit(¢) A dyw; since the variables in U, are fresh and thus not in
wit(¢), we can change the value of B on U, in a way that different variables of this set are
mapped to different elements without affecting the satisfaction of wit(¢) A §w, thus obtaining
a T-interpretation B’ such that B’ satisfies wit(¢) A 8y .

Since we have now established that wit(¢) A 8y is Z-satisfiable, and this theory is strongly
finitely witnessable w.r.t. S, there must exist a Z-interpretation Cy, that satisfies wit(¢) A Sy
(and, since Cy; satisfies wit(¢), it must satisfy 3 ES wit(¢) and thus ¢ as well) with oM =
Vf M for every o € S; but, since the definition of 8y forces V,;/E, to have k(o) equivalence
classes for o € Sgo, and M + |W, / F5| equivalence classes for o € S+0, we have that oM
has « (o) elements for o € Sgo, and M + |W, / F,| elements for o € S;fo‘

From the 7-interpretations Cj; we constructed it is clear that

Ty = {¢}U{YZ (o) 10 € S} U¥y o € S )

is 7-satisfiable for all M. We now state that, through Lemma 1, this implies that I' =
U men I'm is also T-satisfiable, what will finish proving our theorem. Indeed, if C is a 7-
interpretation that satisfies I", each of, foro € Sgo, has cardinality « (0); and each oC, for
o€ S;{O , will be infinite, given I" contains the formulas ¥Z,, forall M € N. Using Lemma 2
with the union of I" and Ax(7) (which is satisfied by C, given that that is a Z-interpretation),
we obtain a Z-interpretation D that satisfies I', where o' ” has cardinality 8o whenever it is

infinite, that is, whenever o € S:{O . Since |0D| =«k(o) foro € Sgo, given that D satisfies I"
and therefore ¥ () and |oP| = 8o = k(o) foro € § +0, we see that D is the interpretation
we intended to build.

Now, to see that I" is Z-satisfiable, suppose that it is not: by Lemma 1, there must exist

finite sets Axo C Ax(7), S, € S;O and S(]L - S;{O x N such that
Lo = Axo U{p} U{YZ, (o) i 0 € Sy YUY, : (0, k) € S}

is unsatisfiable. But, by taking M = max{k : (o,k) € SS'}, we see that Cys is a 7-
interpretation that satisfies "7, the latter set including ¢, {wik(a) 10 € S;o} and
{ng 10 € S;;O}. Of course, this last set implies {w;k 1o € SQ‘O,k < M}, and there-
fore that Cyy satisfies I'g, contradicting the fact that I'g is supposed to be itself contradictory.

O

We can now prove the desired combination theorem.

Theorem 9 Let 1 and 3 be disjoint signatures with sorts Sy and S»; let Ty be a 1 -theory,
Ty be a Ty-theory, and T = T) @ T, and let ¢| be a quantifier-free X1 -formula and ¢, a
quantifier-free Xo-formula.
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Assume that Ty is stably-infinite and strongly finitely witnessable w.r.t. S = S1 N S,
with strong witness wit. Let v = wit(¢z), Vo = varss (V) for every o € S, and V =
Uyes varse (). Then the following are equivalent:

1. ¢1 A ¢y is T-satisfiable;
2. there exists an arrangement 8y over V such that ¢1 A Sy is T;-satisfiable and W A Sy is
T,-satisfiable.

Proof Start by assuming that ¢; A ¢, is T-satisfiable and take X = vars(y) \ vars(¢z).
Since ¢, and 3% . ¢ are T>-equivalent, we have that ¢, A ¥ is also T-satisfiable; let A be a
T-interpretation which satisfies that formula. For each o € S, take the equivalence relation
E; on V, such that x E, y iff xA = yA, and set dy to be the corresponding arrangement.
Then A, when restricted to the signature X1, is a 7;-interpretation that satisfies ¢; A 3y, and
when restricted to the signature X, is a 7;-interpretation that satisfies ¥ A dy .

Now, for the reciprocal: let A be a 7;-interpretation satisfying ¢; A 8y, and let B be a
Tp-interpretation satisfying ¥ A 8y . Using Lemma 2, we can build a second 7} -interpretation
A’ that satisfies ¢ A 8y and where oA is at most countable, for every sort ¢ € S»; and,
since 73 is strongly finitely witnessable and ¥y = wif(¢2), we can obtain a 7,-interpretation
B’ which satisfies ¥ A 8y and has o8 = varse (Y A (SV)B/ = V(,B/ for every o € S, where
varse (Y A dy) = V, because §y is a formula where all and only variables of V occur.
Therefore,

B B A A
o™ [ =1Vy |=1V5 | < o7 | < Ro,

where the second equality comes from the fact that both A’ and B’ satisfy §y . Using Lemma 8
for the theory 75 and: the fact that ¥ A8y is a quantifier-free formula; the second fact that B is
a Tp-interpretation satisfying ¢ A8y ; and setting x (0) = |U‘A/ | forevery o € S, as a function
from {o € § : |UB/| < Rp} = § to the class of cardinals such that |O'B/| < k(o) < Ry,
we can obtain a 7;-interpretation C that satisfies 1 A 8y and where |o€| = |UA/| for every
oeSs.

In other words, A’ is a 71 -interpretation that satisfies (¢ A8y ) Ady, Cis a Tp-interpretation
satisfying ( A 8y) A 8y, and for all sorts o € S we have |04 | = |o€|. We duplicate 8y
when writing the formulas (¢; A dy) A dy and (¥ A 8y) A 8y (equivalent, more simply, to
¢1 Ady and ¥ A 8y, respectively) as we wish to meet the conditions of Theorem 7: if we try
to apply the theorem to ¢; and 1, we would need an arrangement over the set of variables
U, where U, = varsy(¢p1) N varss (), but instead we have one over V, = vars, (),
which may contain other variables than those of sort o shared by ¢ and ¥; however, V, =
varse (1 A Sy) Nvarse (Y A dy), and we therefore can apply the theorem verbatim to the
formulas ¢ A §y and ¥ A Sy instead.

After applying Theorem 7 we obtain a Z-interpretation D which satisfies ¢ A ¥ A Sy.
Since 3% . Y and ¢, are 7p-equivalent, it follows that D satisfies ¢ A ¢2, as we wished to
show. O

So, we have shown in Theorem 9 that smoothness is not needed for polite theory com-
bination. Does that mean that it is not needed at all for theory combination in general? The
answer is negative: smoothness is also present in other theory combination methods, such
as the shiny one [4]. And, in that method, smoothness cannot be replaced by stable infinite-
ness, as was shown in [16]. For this reason, we keep smoothness in our analysis of theory
combination properties, presented in the next sections.
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Table 1 Summary of all possible combinations of theory properties. Red cells represent impossible combi-
nations. In row 26: n > 1;inrow 28: m > 1, n > 1 and |m — n| > 1. The definitions of the theories can be
found in Tables 3, 4 and 6, and the definitions of the operators in Definitions 3, 5 and 6, while their properties
are in Theorems 16, 17 and 19

Empty Non-empty
SI SM | FW | SW | CV | One-sorted ‘ Many-sorted | One-sorted | Many-sorted | N2
s LT T | () (Te)s | (Te)®)s | 1
r F Theorem 11 (Ton)v ((Tzn)v 2
T ; 2 3
F | ——— Theorem 5 ‘ o T{ 7)
T F ‘ Theorem 11 T; (T2,3)v 4
s LT B
T Theorem 4 —
F Ll 6
P LT T | (TP ] ) | (TP |7
T F Theorem 11 ‘ (Too)v ‘ ((T)*)v 3
T 9
T [13] T
r F 10
F LT T | @S [ TS [ (Tm)) [
F F Theorem 11 ‘ (Tawen)v ‘ (Tawen))v | 12
) T 13
T Theorem 4 —
P F 14
r LT Tove | (Tasel | (Tax)s | (Tam)?)s | 15
F Theorem 11 | Toslv | (Tl | 16
T 1
T "
T T Theorem 3 Mo
Fol—
F 20
T
. T 21
T Theorems 3 and 4
F 22
F [ =2
T 23
F Theorem 3 —
P F 24
r LT T (T<1)? (T<1)s (T<)®)s | 25
T F T<n (T<n)? (T<n)s (T<n)?)s 26
P T | Theorem 15 Tedd T (T4 27
F r Tim,n) (Tim.my)? (Tomm))s | (Timm))?)s | 28
) T 29
T Theorem 4 I
. F 30
F T T T ‘ T 31
F Theorem 14 ‘ ! ‘ Lx (7)
F = | 7 | @) [=

4 A table of examples and theorems

We now set out to accomplish the second main result of our paper: a taxonomic analysis of all
combinations of stable-infiniteness, smoothness, finite witnessability, strong finite witness-
ability, and convexity, summarized in Table 1. Section 4.2 presents a menagerie of examples
that will populate the table, while Appendices A and B will prove them correct.

If it were possible, we would present examples of every combination of the studied prop-
erties using only the one-sorted empty signature, which is the simplest signature imaginable,
skipping directly to the aforementioned Section 4.2. Of course, this is not always feasible:
smooth theories are necessarily stably infinite, and strongly finitely witnessable theories are
necessarily finitely witnessable. But there are several other connections we proceed to show
in Section 4.1, which further restrict the combinations of properties that are possible.

The results are summarized in Table 1. Each row corresponds to a possible combination
of properties, as determined by the truth values in the first five columns. For example, in
the first row, the entries in the first five columns are all true, indicating that in this row,
all theory examples must be stably-infinite, smooth, finitely witnessable, strongly finitely
witnessable, and convex. The rest of the columns correspond to different possibilities for the
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theory signatures: either empty or non-empty, and either one-sorted or many-sorted. Again,
looking at the first row, we see four different theories listed, one for each of the signature
possibilities.

Some entries in the table list theorems instead of providing example theories. The listed
theorems tell us that there do not exist any example theories for these entries. For exam-
ple, lines 3 and 4 cannot provide examples over a one-sorted empty signature because of
Theorem 5. Some other cells, specifically all of those in rows 9 and 10, are marked with a
[13], a paper that proves unicorn theories do not exist: these are stably infinite and strongly
finitely witnessable theories that are not smooth which were previously conjectured to not
exist, explaining our choice of nomenclature. Unicorn theories are also related to the result
of Section 3; see Remark 1 above for details.

Definition 1 A theory 7is said to be a unicorn theory w.r.t. a set of sorts § C Sif it is stably
infinite and strongly finitely witnessable without being smooth, all w.z.¢. to S.

When an example is available, its name is given in the corresponding cell of the table. The
theories themselves are defined in Sections 4.2.1 to 4.2.4.

4.1 Negative Results

We start with the negative results, saying a combination of properties is not possible. In
Section 4.1.1, we show that, under reasonable conditions, a convex theory must be stably
infinite, while the reciprocal is also true over empty signatures. In Section 4.1.2 we show
some further results, such as the fact that, over the empty one-sorted signature, theories
that are not stably infinite are necessarily finitely witnessable (a somewhat counter-intuitive
result, since we usually look for theories that are, simultaneously, smooth and strongly finitely
witnessable).

4.1.1 Stable-Infiniteness and Convexity

Convexity is typically defined over one-sorted signatures. Here we offer the following gen-
eralization to arbitrary signatures.

Definition 2 A theory 7is said to be convex w.zt. a set of sorts S € Sy if, for any conjunction
of literals ¢ and any finite set of variables {u;, vy, ..., u,, v,} with sorts in S, if F7 ¢ —
\/{_ ui =vj thent7¢ — u; = v;, for some i € [1, n].

If we assume, as it is often possible to do without losing crucial information, that our theo-
ries have no models with a domain of cardinality 1, then convexity implies stable infiniteness.
This is true for the one-sorted case, as proved in [17], but also for the many-sorted case as
we show here. The proof is similar, though here we need to account for several sorts at once.
In particular, the proof relies on Lemma 1.

Theorem 10 Ifa X-theory Tis convex w.r.t. some set S of sorts and, for eacho € S, =1 Y25,
then T is stably infinite w.r.t. S.

Proof Suppose 7 is not stably-infinite w.x.1. S: then there exists a quantifier-free formula ¢’
that is Z-satisfiable, but every Z-interpretation A that satisfies ¢’ has o finite for some o € §.
Since every quantifier-free formula is equivalent to a disjunction of conjunctions of literals
called its Disjunctive Normal Form (DN F), being a conjunction of literals called a cube, we
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state that a cube ¢ in the DN F of ¢’ also has this property: suppose that this is not actually
true, and so every 7Z-satisfiable cube in the DN F of ¢’ is satisfied by a Z-interpretation A
with o infinite for every o € S; since ¢’, being equivalent to a disjunction of these cubes,
must also be satisfied by each of these Z-interpretations .4, we reach a contradiction. So, to
summarize, there is a conjunction of literals ¢ that is 7-satisfiable, but every 7-interpretation
A that satisfies ¢ must have min{|(rA| : o € S} finite.

By taking X = vars(¢), we have that any 7 -interpretations B, for 7" the theory with
axiomatization Ax' = Ax(7) U {3 x. ¢}, must have min{laBl : 0 € S} finite. Therefore, the
set

AXU{yZ, 0 €S, keN}

is unsatisfiable, since the latter set of formulas states that the domain of sort o of an interpre-
tation is infinite, for each o € S. By Lemma 1, there must exist some K, for each o € §,
and a finite subset of Ax’ that, together with the set { 1//> kK, ‘0 € S}, is unsatisfiable (notice
this is the case since the formula 1//> v = e % is satisfied if k' > k, being therefore enough
to take K, as the maximum of these indices). Of course, this means Ax’ U {1//Z K, 0 € S}
is unsatisfiable, and so if B is a 7-interpretation with |‘L’B | > K, forevery sortt € S\ {0},
then 08| < K,.

Let z4,1 through z4 g, be fresh variables of sort o for every o € S: we wish now to show
that

I—Tqb—)\/ \/ 20,i = Zo,j

ceSl<i<j<K,

but l7¢ — 25 = zo,j foranyo € Sand 1 <i < j < K, contradicting the fact that 7is
supposed to be convex, and thus allowing us to reach the conclusion that 7'is stably-infinite.

So, suppose C is a Z-interpretation that satisfies ¢ (and so is a 7'-interpretation), and
we show that it must also satisfy \/ g \/l§i<j§KU Z0,i = Zo,j: suppose that C is able to
not satisfy \/1§i<j§Kf Zei = Zg,j forall T € §\ {0}, and so has at least K elements
of each of these sorts. From our analysis of 7', this means that ¢ must have less than
K, elements, and by the pigeonhole principle C satisfies \/15[ <j<K, Z0i = Za,j> and thus
Voes Vi<icj<k, Zoi = Zo,j as we had previously stated.

But, by one of the hypothesis of the lemma, any Z-interpretation has more than one element
in the domain of sort o, for each o € §; so, if C in addition satisfies ¢, for each o € § and
pair of elements 1 <i < j < K, given that z,; and z,, ; are variables that do not occur in
¢, we can construct a Z-interpretation CU i)j that only differs from C in the values given to

Zo,i and z, j, where we have instead 7| Cort.j # Z . Since C and Cy; ; agree on the values
given to the variables in ¢, and ¢ is satlsﬁed by C we have that C,; ; satisfies ¢ but not
Z0,i = Zo,j, Meaning

V1o — 26 = 20,j

foreacho € Sand 1 <i < j < K, thus finishing the proof. O

Reciprocally, we may also obtain convexity from stable infiniteness, but only over empty
signatures.

Theorem 11 Any theory over an empty signature that is stably infinite w.r.t. the set of all of
its sorts is convex w.r.t. any set of sorts.
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Proof Fix a theory 7 over the empty signature that is stably-infinite w.r.t. the set of all of its
sorts S. Suppose ¢ is a conjunction of literals, and uy, vy, ..., u,, v, are variables with sorts
in some subset of S (say, #; and v; both have sort o;), such that -7 ¢ — \/:‘:1 U = ;.

Now, it is easy to see we cannot have -7 ¢ — (u; = v;) for u; or v; notin ¢: in fact, take
a Z-interpretation A which satisfies ¢, and since 7 is stably-infinite, there exists an infinite
T-interpretation A’ which also satisfies ¢ by changing its value on u;, respectively v;, to
a value different from UA respectively u , we obtain a third Z-interpretation .A” that still
satisfies ¢ but not u; = v;. So, we may restrlct ourselves to the pairs (x1, y1), .-, (Xm, Ym)
among {(uy, v1), ..., (uy, v,)} where both x; and y; are variables in ¢, while still having
Fr¢ — /i, xi = yi; we will keep on denoting the sort of x; and y; by o, for simplicity.

Now, assuming for contradiction that I/7 ¢ — (x; = y;) forall 1 < i < m, there are
T-interpretations 3; which satisfy ¢ but not x; = y;; without loss of generality, by the stable-
infiniteness of 7, we may assume that all 5; are infinite on all their sorts, and by Lemma 2
we may assume as well that B; through B,, have the same countable domain (say N) for all
sorts. That means, since we have no function or predicate symbols, that all interpretations 13;
are over the same model BB of 7 that is countable in each domain of sort in S.

Now, for any 7-interpretation B on B, we define an equivalence relation E{ on the
variables of ¢ of sort o by making x EY y iff xBr = yBA we also define an equ1valence relation
xE®y iff xEJ y for all 7-i mterpretatlons B, that satisfy ¢. Because of the interpretations B;,
we have that x; E% y; for each i, where E is the complement of the relation E° . Now, we
state that it is possible to define an interpretation B’ on B such that x E°y if, and only if,
X8 = yB/, for variables x and y in ¢: in addition, B’ is a Z-interpretation that satisfies ¢,
while not satisfying \/7_, x; = y;, what leads to a contradiction.

Itis rather easy to define /3': it only needs to map all variables in an equivalence class of E”
to the same element, while mapping variables in a different equivalence class to a different
element; this is clearly possible since B has countably many elements in each domain. Of
course, then xB = yB iff x E? y. Furthermore, since we are over the empty signature, ¢ is a
conjunction of equalities and disequalities: if x and y are of sort o and x = y (respectively
—(x = y)) is one of the literals of ¢, then for any Z-interpretation 5, that satisfies ¢, we must
have that it also satisﬁes xX=y (respectively —(x = y)), and therefore x E° y (respectively
x E°y); this means xB = yB (xB #* yB/), and so B’ indeed satisfies ¢.

Finally, one lands at a contradiction: since B does not satisfy x; = y; forany 1 <i < m,
it cannot possibly satisfy \/L, x; = y;, although it does satisfy ¢. The conclusion must be
that, for some i between 1 and m, -7¢ — x; = y;. O

As we shall see in Section 4.2, this result is tight: there are theories over non-empty
signatures that are stably infinite but not convex.

Notice that the examples on rows 25, 27 and 31 in Table 1 must have at least one structure
with a domain of cardinality 1 because of Theorem 10.

4.1.2 More Connections
We next present more connections between the properties. First, over the one-sorted empty
signature, a theory must be either stably infinite or finitely witnessable. To prove this, we

first need the following two lemmas.

Lemma 12 If ¥ is an empty signature, S C Ss, and Tis a X-theory with a model A where
all domains of sort in S are infinite, then T is stably-infinite w.r.t. S.

@ Springer



Combining Combination Properties, Part I: Nelson-Oppen and Politeness Page 13 of 60 1

Proof Let ¢ be a quantifier-free X-formula and BB a Z-interpretation that satisfies ¢. For each
o € S,varss () is finite, and so is vars, (¢)B, meaning there is a subset C (o) of o with the
same cardinality as vars, (¢)B ;let hy :varsy (¢)B — C(0) be bijections for each o € S.
We define an interpretation A" on A such that, for every x € vars, (¢), A = he (xB),
and for every variable x not in ¢ we may define xA arbitrarily. Now, let x = y be an atomic
subformula of ¢, with x and y of sort o: since & is a bijection, A = yA/ iff xB = yB: since
all atomic subformulas of ¢ receive precisely the same truth-value in either A" or B, and a
quantifier-free formula’s truth value is entirely determined by the truth-values of its atomic
subformulas, we get that A’ satisfies ¢, and so 7 is stably-infinite w.r.t. S. O

Lemma 13 If a one-sorted theory over the empty signature is not stably-infinite, it has a
model of maximum finite cardinality.

Proof Let 7 be a one-sorted, not stably-infinite theory over the empty signature; 7 cannot
have infinite models because of Lemma 12; and it has finite models since, otherwise, it would
be vacuously stably-infinite. So, suppose that 7 has models of arbitrarily finite size: since
I' = {Y>, : n € N} is only satisfied by structures with an infinite domain, we have that
Ax(7) UT is unsatisfiable. By Lemma 1, there must exist finite subsets Axg € Ax(7) and
'y € T such that Axg U I'p is unsatisfiable. Let N be the largest index of a formula ¥/,
showing up in I'g, and we can derive from the fact that ¥~ ; implies v>; for j > i that
Axo U {1} is unsatisfiable, meaning that there are no structures that satisfy Axo with more
than N elements in their domains. But models of Ax(7) are also models of Axy, what implies
that Ax(7) has no models with more than N elements, contradicting our hypothesis. O

With the above lemmas in place, we are able now to prove the theorem.

Theorem 14 Every one-sorted, non-stably-infinite theory Twith an empty signature is finitely
witnessable w.r.t. its only sort.

Proof By Lemma 13, a one-sorted, not stably-infinite theory over the empty signature must
have a model of maximum size. Let M be that finite cardinality; we can then prove that, for
a quantifier-free formula ¢ and fresh variables x| through xjs, wit(¢) = ¢ A /\f\il Xj = Xj
is a witness. We begin by noticing that 3 x. wit(¢) and ¢ are T-equivalent, where X =
vars(wit(¢)) \ vars(¢), since ¢ and wit(¢) are themselves equivalent, being wit(¢) the con-
junction of ¢ and a tautology. Now, assume that the Z-interpretation .4 satisfies wit(¢):
since the maximum size of a model of 7 is M, we have |of4| < M. We define another 7-
A s
1

surjective. wit(¢) remains valid in A’ and, in addition, vars(wit(¢>))“4/ = 01“4/. O

interpretation A’ by changing the value of .4 only on the variables of X so that x; > x

Finally, by combining previous results, we can also get the following theorem, which
relates stable infiniteness, strong finite witnessability, and convexity.

Theorem 15 A one-sorted theory T with an empty signature that is neither strongly finitely
witnessable nor stably infinite w.r.t. its only sort cannot be convex.

Proof Assume that 7 is one-sorted and convex without being strongly finitely witnessable
nor being stably-infinite, over the empty signature. By Lemma 13, we know that 7 must have
a model of maximum finite cardinality, say M. We can now state that M > 1, meaning the
maximum model of 7 has more than one element, since otherwise 7 would consist only of
the model with a single element, and one can easily prove in that case that wit(¢) = ¢ is a
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Fig.2 A diagram of
combinations over a one-sorted,
empty signature: gray regions are
empty [1]

("

g

7
N

strong witness: if ¢ A dy is T-satisfiable, it is satisfied in the Z-interpretation .A with only
one element in its domain, and of course vars(¢ A & WA = 0{4.

But now we can reach a contradiction: suppose ¢ is a conjunction of literals that is
tautological, such as x = x; we have that -7 ¢ — \/M, \/;‘iﬂrl yi = yj since, by the
pigeonhole principle, the disjunction on the right of the implication must always be true in
T-interpretations. But we do not have -7¢ — y; = y; forany 1 <i < j < M + 1, since ¢
is a tautology and there are Z-interpretations on a structure with M > 1 elements. Therefore

7Tis not convex, against our hypothesis that it in fact was. O

9

To summarize, while Theorem 10 is restricted to structures with no domains of cardinality
1, the remaining theorems of this section are not restricted to such structures. Theorem 11
applies to empty signatures, and Theorems 14 and 15 apply to signatures that are both
empty and one-sorted. Put together, we see that many combinations of properties for theories
over a one-sorted empty signature are actually impossible. This is depicted in Fig. 2, in
which all areas but the white ones are empty. For example, Theorem 14 shows that the area
outside the ST and FW circles (representing theories that are neither stably infinite nor finitely
witnessable) is empty, as every theory (over an empty one-sorted signature) must have one
of these properties. Similarly, Theorem 15 further shows that within the CV (convex) circle,
even more is empty, namely anything outside the SI and SW circles.

4.2 Positive Results

This section completes our analysis, providing the examples fpr when a combination of
properties is possible. Before defining all the theories of Table 1, we introduce some signatures
that we neatly summarize in Table 2: 3 and X have one sort o1, while X and X ¢ have two,
namely o7 and o7; both X and X, are empty, while X and X, ; possess a single function
symbol of arity o1 — o71; none of these contain predicates.

Remark 2 For non-empty signatures, we chose to include functions rather than predicates.
This is not essential as we can replace function symbols by predicate symbols: we do this by
including the sort of the codomain of the function as the last component of the arity of the
predicate, and then adding an axiom stating the predicate behaves as a function.

We now describe the theories: Section 4.2.1 defines the theories that are over the empty
one-sorted signature X1; Section 4.2.2 then continues to the next column of Table 1, describ-
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Table 2 Signatures to be used

below Signature Sorts Function Symbols Predicate Symbols
P {o1} @ ]
%] {01, 02} 0 7
X {o1} {s:01 = o1} (7]
25 {o1, 02} {s:01 —> o1} 9
Table3 3;-theories Name Axiomatization
T>n {Y=n}
To {Y>k 1k e N}
Toven {(=¥=2k+1 : ke N}
Tn.00 {¥=n V¥ 1k €N}
T<n {¥<n}
Tin,n) {V=m V ¥=n}
Table 4 3;-theories Name Axiomatization
T3 (v TV Ay keN)
194d {wzl} {= _zk Tk e N}
T wIluiws cken
73° wZhu {w kel

ing theories over the many-sorted empty signature X,. Some build on the theories of the
previous column, but some do not. Section 4.2.3 describes the next column of Table 1, pre-
senting theories over the one-sorted non-empty signature ;. Here, we use two constructions
to generate new theories from previously introduced ones. One construction adds a func-
tion symbol to an empty signature (in a way that preserves all properties), and the second
preserves all properties but convexity, making it possible to construct non-convex examples
in a uniform way. We also present new theories when the constructions are not sufficient.
Section 4.2.4 describes theories over the non-empty many-sorted signature X ;. One can
find in Appendix A the proofs that the defined theories indeed have the properties we wish
them to have.

4.2.1 Theories over the One-Sorted Empty Signature

The axiomatizations for theories over the one-sorted empty signature X; are given in
Table 3. We briefly describe them here.

For each n > 0, 7>, includes all structures with domains of cardinality at least n, and
only those; 7 is the theory composed of all structures whose domains are infinite; 75y, has
structures with either an even or an infinite number of elements in their domains (and only
those), and was defined in [10], where it was proved to be finitely witnessable, but neither
smooth nor strongly finitely witnessable. The proofs justifying Table 1 show additionally
that it is stably infinite and convex. 7, o, contains those structures whose domains have
either exactly n or an infinite number of elements, and no others; 7<, is composed of all
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structures with at most » elements in their domains; and for positive integers m and n, 7, )
has structures whose domains have either precisely m elements, or precisely n elements, and
no others. This completes the first column of theory examples.

Example 1 The theory 7>, admits all considered properties (this is proved in Lemmas 22
and 23 of Appendix A.1.1), while 7, ,) admits only finite witnessability (this is proved in
Lemmas 40 to 43 of Appendix A.1.7).

4.2.2 Theories over the Two-Sorted Empty Signature

We next introduce the theories over empty two-sorted signatures. For many cases, we can
simply add a trivial sort to one of the theories defined in Section 4.2.1. When this is not
possible, we introduce new theories.

4.2.2.1 Adding a Sort to a Theory

Any X;-theory can be used to generate a X)-theory simply by adding the sort o, to the
signature (without changing the axiomatization). But the same works for X;-theories too,
leading to X; ¢-theories, which will be helpful for the last column of the table (see Table 2
for the definition of these signatures). All of this can be formalized as follows:

Definition 3 Let 7bea X or X;-theory. (D)2 is the 3,-theory, respectively X, ¢, axiomatized
by Ax(7).

Theorem 16 then shows that adding a sort to a theory in this way preserves all properties
that we study. The proof of this result is formulaic and tedious, but can still be found in
Appendix B.1. Notice that both directions of the theorem are equally important: to see why,
suppose 7 is, say, stably infinite; from Theorem 16 we can derive that so is (7')2. If, however,
Tis not stably infinite we can also conclude (7)? is not stably infinite: were that not the case
we would be able to prove 7 is stably infinite, a contradiction, by again using Theorem 16.

Theorem 16 A 31 or Xs-theory T is stably infinite, smooth, finitely witnessable, strongly
finitely witnessable, or convex w.r.t. {o1} if and only if (T)? is, respectively, stably infinite,
smooth, finitely witnessable, strongly finitely witnessable, or convex w.r.t. {o1, 02}.

Using Definition 3 and Theorem 16, we can populate many rows in the second column of
Table 1 by extending the corresponding theory from the previous column.

Example 2 (T) s a theory over two sorts, o7 and 07, whose structures must have infinitely
many elements in the domain of o (but have no restrictions on the size of the domain of 07).
As seen in Table 1, 7, admits all the considered properties but (strong) finite witnessability.
By Theorem 16, so does (Tzn)z.

4.2.2.2 Additional Theories over %,
On some rows of Table 1 in page 10, e.g., row 3, there is no X -theory to extend; meaning, we
have proved that no ¥{-theory can have the specific combination of properties found in that
particular row. In such cases, we cannot use Definition 3 to construct a many-sorted variant.
We introduce the theories shown in Table 4 to cover these cases. The theory 7, 3 contains
two kinds of structures, and only those: (i) structures whose domains both have at least 3
elements; and (ii) structures with exactly two elements in the domain of o1, and an infinite
number of elements in the domain of o>. The theory Tl’dd is composed of structures with
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Table5 Some generalized signatures

Signature Sorts Function Symbols Predicate Symbols
n {o1,...,0on} ? @
Zn,s {o1, ..., on} {s:01 —> o1} 9

s

exactly one element in the domain of o7, and either an odd or an infinite number of elements
in the domain of o7. The theory 77° is similar: its structures have exactly one element in the
domain of o7, and an infinite number of elements in the domain of o,. Finally, ’Zgo is also
similar, this time to 77°, except that its structures have exactly 2 elements in the domain of
ol.

Example 3 The theory 75 3 was first defined in [9] and later used in [10], where it was
proved to be polite (and therefore smooth, stably infinite, and finitely witnessable) without
being strongly polite (and therefore not strongly finitely witnessable). The justification proofs
for Table 1 (see Appendix A) show that 75 3 is convex as well .2

4.2.3 Theories over a One-Sorted Non-Empty Signature

We continue to the next column, with one-sorted non-empty signatures. Paragraph 4.2.3.1
shows how to construct non-empty theories from one-sorted theories over the empty signature,
while preserving all their properties. In Paragraph 4.2.3.2, we provide a similar construction
which generates non-convex theories from the theories in the first column of Table 1. And in
Paragraph 4.2.3.3, we introduce additional theories not captured by the above constructions.
Two of these theories are described in more detail in Paragraph 4.2.3.4..

4.2.3.1 Extending a Theory with a Function while Preserving Properties

Whenever we have a theory over an empty signature, we can construct a variant of it over
a non-empty signature by introducing a function symbol and interpreting it as the identity
function. This extension then preserves all the properties that we consider. Although we use
this result for both one and two-sorted empty signatures, the use on the two-sorted case could
be circumvented: the reader can check that, any time this operator is used on a two-sorted
theory in Table 1, there is also a theory on a one-sorted, non-empty signature where we
could have applied the operator from Paragraph 4.2.2.1 instead. We still choose to define the
operator for any finite number of sorts for the simple reason that the result is still valid in
this more general case, and its proof is exactly the same regardless of the number of sorts.
We now proceed with the formalization of the operator.

Definition 4 We define two families of signatures, generalizing respectively X; and X,
and X and X, : for any n > 0, X, is the empty signature with sorts S = {oq, ..., 0,};
meanwhile X,  is the signature with S as set of sorts, and a single unary function symbol s
of arity 01 — o7. These signatures are summarized in Table 5.

Definition5 Given a X,-theory 7, (7); is the X, -theory axiomatized by Ax(7) U
{Vx.[s(x) = x]}, where x is a variable of sort 0.

2 We thank Oded Padon for raising the question of whether there exists a theory that is polite and convex, but
not strongly polite.
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Yy =Va. [(s°(z) =2) V (s°(z) = s(z))]

Fig.3 The formula v, for non-convex theories

S'A
/\/A . .

a s a s (a) a —=— s*(a) s
S.A

Fig.4 Possible scenarios when v\, holds [1]

We state in Theorem 17 that adding a function symbol in this way preserves all the studied
properties; this proof can be found in Appendix B.2.

Theorem 17 For every theory T over an empty signature %, with sorts S = {o1, ...,on}: T
is stably infinite, smooth, finitely witnessable, strongly finitely witnessable, or convex w.rt. S
if and only if (T); is, respectively, stably infinite, smooth, finitely witnessable, strongly finitely
witnessable, or convex w.rt. S.

We use the operator (-); in various places in Table 1 in order to obtain examples in
non-empty signatures from existing examples over X1 and .

Example 4 (7-,)s is a one-sorted theory, whose structures have at least n elements and
interpret the function symbol s as the identity. As seen above, 7>, admits all the considered
properties. By Theorem 17, so does (7>,)s.

4.2.3.2 Making a Theory Non-convex

The last general construction that we present aims at taking a theory and creating a non-
convex variant of it while preserving the other properties we consider. This can be done with
the addition of a single unary function symbol s. To define such a theory, we make use of the
formula v, from Fig. 3. Intuitively, ¥, states that in an interpretation A in which it holds,
sA(sA(a)) must equal either sA(a) or a itself; in other words, eithera = sA(a) = sA(sA(a)),
a = sA(s*(a)) # s™(a), or a # s (a) = sA(s*(a)), as shown in Fig. 4.

This is especially useful for defining non-convex theories, since (s2(x) = x) v (s2(x) =
s(x)) is valid in the theory, but neither s2(x) = x nor s2(x) = s(x) is. Notice, of course, that
non-convexity is only possible when there are at least two elements available in the domain
— otherwise, all equalities are satisfied.

Definition 6 Let 7 be a theory over an empty signature with sorts S = {o1, ..., 0,}. Then
(7)y is the X, s-theory axiomatized by Ax(7) U {y }.

We prove in Theorem 19 that this construction preserves all properties but convexity, and
guarantees non-convexity; but we will need an important result before we can do so, and to
better motivate it we must take a look at witnesses, specifically those for theories on an empty
signature. In the most general case, the variables present in a witness for ¢ depend not only
on the variables present in ¢: say, in a signature with function symbols, it is often necessary
to flatten ¢ in order to find a witness, and thus the number of variables we must add depends
on the indexes with which these symbols appear in ¢p. Many times, however, one can find
a witness for ¢ by considering the conjunction of ¢ and a formula stating there are at least
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some specific number of variables, different from each other and the variables of ¢. This
is actually so often the case that we provide a formal statement to this end in Definition 7,
and prove in Lemma 18 that if we can find a witness for a theory on an empty signature, a
more careful search can find one of these special witnesses. This is important because such
a witness behaves much better under the action of our theory operators.

Definition 7 A witness wit is called variable-dependent if there is a function x from sets of
variables to quantifier-free formulas such that, for every formula ¢, wiz (¢) = ¢ A x (vars(¢p)).

Lemma 18 Every theory T defined over an empty signature T that is finitely witnessable
(respectively strongly finitely witnessable) w.r.t. S C Sy, has a witness (strong witness) that
is variable-dependent.

Theorem 19 Let T be a theory over an empty signature %, with sorts S = {01, ..., 0,4}
Then: (1)y is stably infinite, smooth, finitely witnessable, or strongly finitely witnessable
w.r.t. S if and only if Tis, respectively, stably infinite, smooth, finitely witnessable, or strongly
finitely witnessable w.r.t. S. In addition, if T has a model A with |01A| > 2, (T)v is not convex
with respect to S.

The proof for these two results can be found in Appendix B.3.

Example 5 The theory (7=,)v is one-sorted, and its structures have at least n elements. they
interpret the symbol s in a way that satisfies 1,,. In particular, for each element a of the
domain, one of the scenarios from Fig. 4 holds. According to Theorem 19, since 7, admits
all properties, (7>,)y admits all properties but convexity.

4.2.3.3 Additional Theories over X

Whenever there is a X1 -theory with some properties (among stable infiniteness, smoothness,
finite witnessability, strong finite witnessability and convexity), we can obtain a X-theory
with the same properties using one of the techniques above. To cover cases for which there is
no corresponding X1-theory, we use the theories presented in Table 6 and described below.

We start with de 0 TT 00> and T; o> deferring the discussion on 7 and T; to Paragraph

4.2.3.4. The theory ’TZZ 4 18 composed of structures A with either an infinite or an odd number
of elements, and with the property that if IalAI # 1, then sA(a) # a forall a € crlA. The
theory ’ZTOO has all structures (and only those) A that either: (i) have |01A| = 1; or (ii) have

infinitely many elements, and for which sA(a) # a foreach a € olA. Similarly, Tfoo is
composed of the structures .4 that either: (i) have exactly two elements and interpret s as the
identity; or (ii) have infinitely many elements, and interpret s in such a way that s (a) #*a

foralla € (rlA.

4.2.3.4 On the Theories Ty and T

We now introduce the theories 77 and ’Z} The importance of these theories is that both of
them are one-sorted theories, with a single unary function symbol and no predicate symbols
other than equality, that are polite but not strongly polite (the firstis also convex and the second
is not). Their existence improves on the result of [10], which introduced a two-sorted theory
that is polite but not strongly polite (namely 75 3). More recently we have used them in [18]
to show that polite theory combination is not possible for not-strongly polite theories, that
is, there are two theories over disjoint signatures, both decidable and one polite (specifically,
7¢), such that their combination is not decidable.
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Table 6 X;-theories

Name Axiomatization
7, S5y AL o)V VLW E, o) AT )]k €N (O]
Y =fitk) " V= fok) i=1=£0 " V=fo0)
ot AX(T) U {pv)
T et V [~map AV =(s(x) = X)] - k € N}
TT,oo (V=1 V[¥sk AVX.=(s(x) =5)] : ke N}
7?00 {[¥=2 AVx. (s(x) =)V [¥k AVX. —(s(x) =x)] 1 k € N}
n
U3, =37 [0n A A p@)], 95, =37 (60 A\ -p(@i),
i i=1
n n
U, =37, [6n A /\p(CCi)/\VI (z —>\/x
i=1 i=1
n n
\I/#bn—37 671/\/\ﬂp xi) ANV . [-p(x %\/r—n]]
i=1 i=1
Fig.5 Cardinality formulas for signatures with a unary function symbol s. X stands for x1, . . ., x, p(x) for

s(x) = x, and §,, for /\l§i<j§n —(x; = x)

For their axiomatizations we use the formulas from Fig. 5, in which s is a unary function

symbol. W (WZ;) states that a structure A has at least (exactly) n elements a satisfying

A(a) =a; smnlarly, ‘-IJ> n (\IJ_”) states that a structure A has at least (exactly) n elements
a satisfying s*(a) # a.

Further, the axiomatization requires a function f from N to {0, 1} that is not computable,
but with the property that for k > 0, f maps half of the numbers in the interval [1, 2¥] to 1,
and the other half to 0. The existence of such a function is stated below. We start by defining
counting functions fp and f7.

=n

Definition8 Let f : N\ {0} — {0, 1}. Fori € {0, 1} and n € N\ {0}, fi(n) is defined by:
fit) =1~ @ N1, all.

Intuitively, fo(n) counts how many numbers between 1 and n (inclusive) are mapped by
f t0 0, and fi(n) counts how many are mapped to 1. Because f(n) always equals O or 1, it
is easy to see that for every n > 0, n = f1(n) + fo(n).

Lemma 20 There exists a function f : N\ {0} — {0, 1} such that f(1) = 1 with the
properties that: f is not computable; and, for every k € N\ {0}, fo(2*) = f1(2%).

Example 6 The constant function that assigns 0 to all positive integers satisfies neither the first
nor the second condition of Lemma 20. The function that assigns O to even numbers and 1 to
odd numbers satisfies the second condition, but not the first. Of course, any non-computable
function satisfies the first condition: an example could be found by a function 7T that, under
some encoding of Turing machines, returns 1 if the Turing machine that is encoded by the
given number halts, and 0 if it doesn’t. Finding a function that admits both conditions is more
challenging.
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Let f be some function with the properties listed in Lemma 20. We can now define 7
over X, the one-sorted signature with a single unary function s and no predicate symbols
(note that f itself is not a part of the signature, but is rather used to help define the axioms
of T¢). Ty (its axiomatization can be found in Table 6) consists of those structures A that
either (i) have a finite cardinality n, with f(n) elements satisfying sA(a) = a, and fo(n)

. . A . — #*
elements satisfying s (a) # a (and thus A satisfies wz o N wz folk)? for k < n, and
w:ﬂ(n) A Wffb(”), and hence \/fv‘:1 [1/f:fl i N Wffo(i)] for all k > n); or (ii) have infinitely
many elements, with infinitely many elements satisfying each condition, s*(a) = a and
sA(a) # a (and thus A satisfies 1//>=f] w0 N wffo(k) for all k € N). Note that the description

is well-defined because an element must always satisfy either sA(a) =aor sA(a) # a, but
never both or neither of these. The theory ’T; is similar to 7, being defined over the same
signature Xy, but in addition to Ax(7y) its structures must also satisfy v ; see Table 6 for its
axiomatization.

Lemma 21 . Ty is stably-infinite, smooth, finitely witnessable and convex, but not strongly
finitely witnessable, with respect to its only sort.

2. Tjﬁ is stably-infinite, smooth and finitely witnessable, but neither strongly finitely witness-
able nor convex, with respect to its only sort.

The proof of the first item in Lemma 21 can be found in Appendix A.3.2, and that for the
second one is in Appendix A.3.3.

The following example constructs some standard models of 77 and Tf/-, which we hope
can help in understanding them at an intuitive level.

Example 7 Let f be a function meeting the conditions of Lemma 20, and suppose f(1) = 1,
f(2) = 0and f(3) = O as in Fig. 7. Take the ¥5-model A with UIA = {ai, a2, az},
sA(al) = ay, sNaz) = a3 and sA(a3) = aj3. It is a model of T, but not of T;, as
(sA)z(al) = a3 does not equal a; or sA(al) = .

More generally, let A, be a ¥;-model with domain {ay, ..., a,} such that: s*» (a;) equals
a; if 1 <i < fi(n), so there are f](n) elements where sA s the identity; and a; if fi(n) <
i < n,so there are n — f1(n) = fo(n) elements where sA is not the identity (the second
condition is void when n = 1). Then A, is a model of both 7 and Tf

If « is an infinite cardinal, let A, be a X -model with domain A U {a, : n € N\ {0}}
(where A is a set of cardinality « disjoint from {a, : n € N\ {0}}) such that s (a;) = a; for
eachi € N\ {0}, and s (a) = a foreach a € A. Then A, is a model of both Ty and T)Vc

-An

Remark 3 The construction of Tjﬁ from 7 is very similar to the general construction outlined
in Definition 6, but for that definition the signature is required to be empty. The result
associated to Definition 6, Theorem 19 (according to which all properties but convexity
are preserved by this operation), is therefore only proven to hold for theories over the empty
signature, which is not the case of 7. Obtaining T? from 77 is not done by adding a function
symbol, but rather by changing the axiomatization of the already existing function symbol.
While we do prove that Tf/ has the required properties, a more general result in the style of
Theorem 19, with the ability to preserve an existing function symbol instead of adding a new
one, is left for future work, and should not be expected to hold for all theories.
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Fig.6 A diagram of the various
notions studied in this paper [1]

Strongly polite

4.2.4 Theories Over Many-Sorted Non-empty Signatures

For the last column of Table 1, all possible theories can be obtained from theories that were
already defined, using a combination of Definitions 3, 5 and 6, so there is no need to present
additional theories specifically for many-sorted non-empty signatures.

Example 8 Line 1 includes the theory ((7=,)?);, obtained from (7%,)? using Definition 5,
where the latter theory is obtained from 7%, using Definition 3. This theory admits all
properties, including convexity. To obtain a non-convex variant, the theory ((’Tzn)z)v is
constructed in a similar fashion, using Definition 6 instead of Definition 5.

With many-sorted non-empty signatures, we can always find an example for each combi-
nation of properties, except for those that are trivially impossible due to Theorems 3 and 4
(i.e., theories that are strongly finitely witnessable but not finitely witnessable, and theories
that are smooth but not stably infinite), as well as unicorn theories, thanks to [13]. This is
nicely depicted by Fig. 6. Theorems 3 and 4 are represented in this figure by the location
of the circles: the circle for smooth theories is entirely inside the circle for stably infinite
theories, and similarly for strongly finitely witnessable and finitely witnessable theories. For
every region in this figure, the right-most column of Table 1 has then an example, the sole
exception being the hatched region that represents unicorn theories (as they do not exist).
Strongly polite theories are represented in purple, and polite theories that are not strongly
polite show up in blue.

5 Conclusion

As mentioned, there are two main contributions offered in this paper, both associated with the
theme of theory combination. Section 3 presents a new combination theorem, according to
which checking for stable infiniteness, instead of smoothness, when performing polite theory
combination is already enough. Section 4.2 provides examples for all combinations of stable
infiniteness, smoothness, convexity, finite witnessability, and strong finite witnessabillity
known to be possible; Section 4.1 provides theorems proving the sharpness of the examples
provided.

Many ideas born from this paper led to further studies in theory combination: the question
of whether unicorn theories exist was answered negatively in [13]; adding shininess to the
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analysis here presented was carried out in two steps, firstin [19] and later in [16] (whose proofs
may be found in the technical reports [20, 21], respectively). Further directions for future
work include adding decidability and gentleness into the mix of combination properties, as
well as better studying the behavior of non-computable functions on which we heavily relied,
such as the f in 7.

A Proofs for the Theories in Table 1

In this section we prove the necessary results to correctly place the theories defined in
Section 4.2.1 and paragraphs 4.2.2.2 and 4.2.3.3 on Table 1; these results are separated
by theory, in order to make the section more understandable, and follow the order in which
the theories appear in Table 1, from top-to-bottom and then left-to-right.

A.1 Theories over the One-Sorted Empty Signature

A1l Txp

{¥=n} (Axiomatization:)

T= is defined by a single axiom, which has the form 3 . Y for a quantifier-free formula
Y. Such theories are called existential in [23] and are proven there to be strongly polite. Thus
we obtain the next lemma:

Lemma22 7, is smooth, and thus stably-infinite. It is also strongly finitely witnessable,
and thus finitely witnessable.

It is left to show that it is convex:

Lemma 23 7, is convex.

Proof Since 7, is stably infinite from Lemma 22, Theorem 11 guarantees it is also convex.
[m]

A1.2 To

{Y>k : k € N} (Axiomatization:)
Lemma 24 7, is smooth, and thus stably-infinite.

Proof Given any 7 -interpretation .4, the theory is seen to be smooth since every larger
interpretation B must necessarily be a 7o.-interpretation as well. O

Lemma 25 7, is not finitely witnessable, and thus not strongly finitely witnessable.

Proof Suppose wit is a witness. For any variable x, x = x is satisfied by any 7-
interpretations A, following that A satisfies 3% . witx = x) (for ¥ = vars(wit(x =
x)) \ vars(x = x)), and therefore wit(x = x) is satisfied by some A" differing from A at
most on the value assigned to X . There must then exist a To-interpretation 13 that satisfies
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wit(x = x), where alB = vars(wit(x = x))B. Of course, this is impossible: vars(wit(x = x))

must necessarily be finite, and therefore so is vars(wit(x = x))B, while B is a model of T4,
if and only if its domain is infinite. O

Lemma 26 7 is convex.

Proof A corollary of Theorem 11 and Lemma 24. O
A3 T,

{—=Y¥=2k+1 : k € N} (Axiomatization:)
Lemma27 T2, is stably-infinite.

Proof Follows from Lemma 12, given that T, is defined on a signature with only one sort

and has infinite models. O
Lemma 28 T2, is finitely witnessable, but neither strongly finitely witnessable nor smooth.
Proof See Section 3.4 of [10]. O
Lemma29 T°°, is convex.

even

Proof Since T°°

ooen 18 stably-infinite, from Lemma 27, Theorem 11 guarantees 75y, is convex.

even
O

A4 Tp oo

{(V=n V ¥k 1 k € N} (Axiomatization:)
Lemma 30 7, o is stably-infinite.

Proof GivenLemma 12, and the facts that 7, o is a £ -theory with infinite models, the result
follows. O

Lemma 31 7, o is not smooth.

Proof Notice that 7, o has models with n elements in their domains, but no models with m
elements, forn < m < V. O

Lemma 32 . 7,  is not finitely witnessable, and thus not strongly finitely witnessable.
Proof Suppose we have a witness wit, and we shall use the quantifier-free formula
o= N —i=uxp;
I<i<j<n+l

since ¢ is satisfied by some infinite 7, o-interpretations, so is wit(¢). There must then exist
a7, ~o-interpretation A that satisfies wit(¢) (and so ¢) with olA = vars(wit(¢>))A. This is, of
course, absurd: if A satisfies ¢, it has at least n + 1 elements in its domain, while any finite
T co-interpretation must have precisely n elements in its domain (recall that A is finite). O

Lemma 33 7, o is convex.

Proof Combine Theorem 11 with the fact that 7,  is stably-infinite, present in Lemma 30.
O
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A.1 .5 Tﬁ]

{¥<1} (Axiomatization:)
Lemma 34 7. is not stably-infinite, and thus not smooth.
Proof Obvious, given it has finite models, but no infinite ones. O
Lemma 35 7 is strongly finitely witnessable, and thus finitely witnessable.

Proof Trivially, wit(¢) = ¢ is a strong witness, given that: wiz is certainly computable; ¢
and 3% wit(¢) = ¢ are T<j-equivalent, for X = vars(wit(¢)) \ vars(¢) = ¥; and, for a
set of variables V and an arrangement 8y on V, if ¢ A 8y is satisfied by a 7<;-interpretation

A, A has necessarily |a{4| equal to 1, and we already have vars(¢ A syt = olA. O

Lemma 36 7 is convex.

Proof For any pair of variables x and y, trivially one finds that -7_, x = y. So, whenever
Fr., ¢ — \/_,xi = yi, for ¢ a conjunction of literals, we have 7., xi = yi, for any
1<i<n. ]

A1.6 T<n

{¥<n} (Axiomatization:)
Lemma 37 7., is not stably-infinite, and thus not smooth.
Proof Fairly obvious, since it has finite models, but no infinite ones. O
Lemma 38 7., is strongly finitely witnessable, and thus finitely witnessable.

Proof Consider the function wit from quantifier-free formulas into themselves such that
wit(¢) = ¢, which is obviously computable. Since T = vars(wit(¢)) \ vars(¢) is empty,
trivially ¢ and 3 x. wit(¢) = wit(¢p) = ¢ are T<,-equivalent. Now, given a set of variables V
and an arrangement 8y on V, suppose that A is a 7<,-interpretation that satisfies wit(¢) Ady.
Let W = vars(wit(¢) A8y ) and take the 7, -interpretation 3 with domain WA and xB = xA
for every x € W (and arbitrary otherwise). Of course B is indeed a 7<,-interpretation, since
|01A| < n, and O'IB - alA, with O'IB = W5B = vars(wit(¢) A 8y)P. Furthermore, since all
atomic subformulas of wit(¢) A §y are necessarily equalities x = y with both x and y in W,
and x8 = x4 and yB = yA, wit(¢) A 8y receives the same truth value in A and B. O

Lemma39 Ifn > 1, T, is not convex.

Proof Given variables x| through x,,1, for any conjunction of literals ¢ which is a tautology
(such as x = x) one has

Fr., ¢ > \/ Xi =X
I<i<j<n+l

by the pigeonhole principle. But, since n > 1, we cannot have -7, ¢ — x; = x; for any
pair 1 <i < j <n+ 1, since we can always set, in a 7, -interpretation .A with at least 2
elements, xiA #* x;‘l. O

@ Springer



1 Page260f60 G.V.Toledo et al.

A7 Ty, n)

{(Y=m V ¥=n} (Axiomatization:)
Lemma40 7y, . is not stably-infinite, and thus not smooth.
Proof 1, ) has finite models, but no infinite ones, so it cannot be stably-infinite. O
Lemma4l Ifm > 1 andn > 1, Ty ) is finitely witnessable.

Proof Without loss of generality, assume that m > n. Consider a quantifier-free formula ¢,
fresh variables x| through x,,, and define the witness wit(¢) = ¢ A /\?":1 X; = x;, obviously
computable. Since ¢ and wit(¢) are equivalent, giventhat A", x; = x; is atautology, we have
that g and 3 X .wit(¢) are T, ny-equivalent, for X = {xi, ..., Xp} = vars(wit(p))\vars(¢).

So suppose that wit(¢) is satisfied by a 7y, »y-interpretation A: let W = vars(wit(¢)),
V =vars(¢p) and k = m — IVAI. We define a 7, ,)-interpretation B with: domain VAU
{ai, ..., ax}, for a; notin 0{4 (so that |alB| = m);xB = xAforx € V;and {xB 1x € 7} =
018 (what is possible, given ¥ and UlB both have m elements). Since A and B coincide on
the variables of ¢, the latter satisfies ¢, and therefore wit(¢). Finally, given that w8 = olB,
we obtain that wit is indeed a witness, and 7y, ) is finitely witnessable. O

Lemma42 If|m —n| > 1, T, , is not strongly finitely witnessable.

Proof Without loss of generality, assume m > n. Suppose wit is a strong witness, let x be
a variable, and take the model A’ of Tm,ny With n elements in its domain: since x = x
is satisfied by any interpretation over this structure, there must be an interpretation A over
A’ that satisfies wit(x = x). Let V = vars(wit(x = x)) and take the equivalence E on V
such that x Ey iff x* = y“, with corresponding arrangement 8y, and we have two cases to
consider.

1. If |[V/E| < n: since A clearly satisfies wit(x = x) A 8y, we must have a Ty, n)-
interpretation B that satisfies wit(x = x) A dy with 0'18 = V8. Hence |ch| < n, and
therefore BB cannot be a 7y, ,)-interpretation, leading to a contradiction.

2. If |V/E| = n,take a variable y ¢ vars(wit(x = x)),define W = V U{y} and consider the

equivalence relation ' on W such that x Fy iff x Ey or x = y, and let the corresponding
arrangement on W be 8y . We state that wit(x = x) A 8y is then satisfied by B, a Ty n)-
interpretation with O'IB = alA Ulai,...,am—n} (Where {ai, ..., am—n} N alA = (), what
implies 53 has m elements), xB = xA for every x € V, and yB =a.
We see that B satisfies wit(x = x) A Sy, since this formula is true in A4, all its atomic
subformulas are equalities of variables, and .4 and B coincide on vars(wit(x = x)); and
B must also satisfy wir(¢) A Sy, since yB # xB for every x € V. Since we are under
the assumption that wit is a strong witness, there must exist a 7y, »)-interpretation C that
satisfies wit(x = x) A Sy with olc = WC, and this is impossible: since |V/E| = n,
|W/F| = n + 1, meaning that if C satisfies dy, crlc = WC must have exactly n + 1
elements, what contradicts the fact that C is a model of 7y, »y and therefore should have
either n or m > n + 2 elements in its domain.

O
Lemma43 Ifm > landn > 1, Ty ) is not convex.

Proof Under the assumption that m > 1 and n > 1, 7, ») has no models of cardinality 1;
since it is not stably-infinite by Lemma 40, by Theorem 10 it cannot be convex. O
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A.2 Theories over the Two-Sorted Empty Signature

A21 7,3

(W AYZ) v W AYS) ke N) (Axiomatization:)

The following was proven in [10]:

Lemma 44 7, 3 is smooth, finitely witnessable, but not strongly finitely witnessable w.r:t.
{o1, 02}.

Lemma45 7,3 is convex w.rt. {01, 02}.

Proof Follows from Theorem 11. O

A2.2 T3%

(Y U{—yZ, ke N} (Axiomatization:)
Lemma 46 Tl'dd is not stably-infinite, and thus not smooth, w.r.t. {o1, 02}.

Proof ded has a model A where |<71 | =1and |<72 | = Vo, but no models 3 where both ‘71
and 023 are infinite. O

Lemma 47 Tl’dd is finitely witnessable w.r.t. {01, 02}.

Proof So, take a quantifier-free X,-formula ¢, and we wish to show
wit(@) = A (x =x) A (y =),

where x is a fresh variable of sort o and y is a fresh variable of sort 07, is a witness for T’dd
Of course, if ¥ = = vars(wit(¢)) \ vars(¢) = {x, v}, ¢ and 3 . wit(¢) are T’d‘l—equlvalent
since ¢ and wit(¢) are, themselves, equivalent.

So assume that a T’dd-mterpretatlon A satlsﬁes wit(¢), let V. = vars, (¢) and E be the
equivalence on V such that y; E'y; iff y1 = y2 There are then two cases to consider.

1. If |V/E | is odd, we take the T’dd—mterpretatlon B with 01 = 01“4, 025 = VA and

B = zA for every variable z. Not only B satisfies wit(¢), but 01 = Vvarsg, (wzt(¢))B and

(723 = varsg, (Wlt(¢))5

2. If |V/E]| is even, we take the T”dd-mterpretatlon B with: 68 = olA, oy = =vAuU {a},
for an element a ¢ 02 , being therefore |a | odd; and zé = 74 for every variable
Z except y, where y = a. Then B satisfies wit(¢), and ‘71 = Vvarse, (wzt(¢))3 and

023 = varse, (wzt(¢))8

Lemma 48 Tl’dd is not strongly finitely witnessable w.r.t. {01, 02}.
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Proof Suppose, for a proof by contradiction, that T’dd does have a strong witness wit. Take
the T’dd—lnterpretatlon A with one element of sort o} and one element of sort 02 (so |(72 =1
is odd as expected), and a variable y of sort op: A satisfies y = y, and thus 3 x. wit(y = y),
for ¥ = = vars(wit(y = y)) \ vars(y = y), as wit is a strong witness. Of course, there is
an interpretation A’, differing from .4 at most on the value assigned to the variables in X ,
that satisfies wit(y = y); of course A’ also satisfies y = y, so there must then exist a T]’dd—
interpretation /3 that satisfies wit(y = y)A(y = y),a]B =varsg, Wit(y = )Ny = y))Band
028 =varsg, Wity = y) Ay = y))B (so 025 is finite, and therefore has an odd cardinality).

Let V be varsg2 (wit(y = y) A(y = y)), and E be the equivalence relation on V such that
yi1Eyy iff y1 = y2 , with corresponding arrangement Sy . Clearly B satisfies §y, and V/E
has an odd number of equivalence classes since |V /E| = |0'26 |; let yo be a fresh variable
of sort 07, and take the equivalence F on W = V U {yg} such that y{ Fy, iff y; = yj or
y1 Ey,, with corresponding arrangement éy . Notice |W /F| = |V /E| + 1. We state, now,
that wit(y = y) A dw is ded—satisﬁable.

In fact, take the interpretation C with: ol = al , both of then with cardmahty 1;
023 U {a, b}, where a, b ¢ 028, and thus |azcll |<72 | + 2, an odd number; and x€ éfor
all variables x (of any sort) except yg, where we use instead yo =a.Notonly Cis a TTdd-
interpretation, but one easily sees it satisfies wit(y = y) A §w, meaning we should be able,
thanks to the fact again that wit is a strong witness, to find a Tl’dd -interpretation D that satisfies
wit(y = y) Adw with 0]D =varse, (Wit(y = y)A(SW)D and azp = varsq, wit(y = y)/\(SW)D,
but this is impossible: varss, (wit(y = y) A Sw) = W, but |W/F| is an even number, what
would force GZD to have an even number of elements. O

Lemma 49 Tl'dd is convex.

Proof Suppose ¢ is a conjunction of literals, and that l_Tl)dd ¢ — \/i_, xi = y;;if some pair
x; and y; is of sort o1, since all models of Tl’dd have exactly one element of sort o1, it follows
that I—Tluzd ¢ — x; = y;. So we can assume that all x; and y; are of sort o7; in addition, we
may assume that ¢ is not a contradiction, given that in that case I—T]m ¢ — x; = y; for any
1<i<n.

Then consider the formula ¢’, obtained from ¢ by removing the literals with variables of
sort 01 These are necessarily of the form x = y, since: we have no functions or predicates;
and crl has always cardinality 1 for .4 a model of T’dd meaning it cannot satisfy —(x = y)
if ¢ is not a contradiction. Then, we have that -7, ,, ¢’ — \/l:1 Xi = yi, where 7,44 is the
theory over the one-sorted empty signature (let, in this case, the sort be o for clarity) whose
models are all structures with an infinite or odd number of elements.

Todd is obviously stably-infinite, and from Theorem 11, it follows it is convex, meaning
b7, ¢ — xi = y; forsome 1 <i < n. Of course, it follows that l_ledd ¢ — x;i=y. O

A23 T
{vZ U {wg 1k e N} (Axiomatization:)

Lemma 50 75° is not stably-infinite, and thus not smooth, w.rt. {o1, 02}.

Proof T{° has a model .A where |01A| =1and |<72 | = N, but no models B where both ‘71
and 023 are infinite. O
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Lemma 51 75° is not finitely witnessable, and thus not strongly finitely witnessable, w.r.t.
{o1, 02}

Proof Suppose that wit is a witness for 75°, and take a variable x (the sort is not important):
¢ equal to x = x is then a tautology, and is satisfied by any 7}°-interpretation A (and
there is one, such as the one with |o{4| = 1 and |02A| = Ny). Since A satisfies ¢, it also
satisfies 37X . wit(¢), for T = vars(wit(¢)) \ vars(¢), and so we can change A into a
T7°-interpretation A’ that satisfies wir(¢); there must then exist a 77°-interpretation 5 that
satisfies wit(¢) with alB = varsy, (wit(qb))B and O’ZB = Varsy, (wit(d)))B, contradicting the
fact that all 77°-interpretations have an infinite domain of sort . o

Lemma 52 77° is convex.

Proof Suppose that ¢ is a cube, and that |—7?o ¢ — Vi x; = y;. If some pair (x;, y;) is of
variables of sort o1, we already have I—7r|>o ¢ — x; = i, so assume all x; and y; are of sort
02, and remove from ¢ any literals involving variables of sort oy in order to obtain a formula
¢’. We then have that -7 ¢’ — \//_, x; = y;, where the antecedent and the consequent are
formulas in an empty signature with only one sort o7, and 7 is the theory on this signature
with only infinite models, which is stably- infinite. Theorem 11 can then be used to obtain
that -7 ¢’ — x; = y; for some 1 < i < n, and it of course follows that I—7<1>o ¢ — xi = yi:
indeed, suppose this is not true, and so there exists a Tfo—interpretation A that satisfies ¢, and
thus ¢’, but not x; = y;; taking the Z-interpretation 13 with 023 = 02“4 and xB = x4 for every
variable of sort o5, we see that B must satisfy ¢’, but not x; = y;, contradicting the fact that
Fr¢’ — x; = y; forsome 1 <i < n. O

A2.4 TP

{yZ5 U {wgi 1k e N} (Axiomatization:)
Lemma 53 75° is not stably-infinite, and thus not smooth, w.rt. {o1, 02}.

Proof 75° has a model A where |alA| = 2 and |02“4| = R, but no models 3 where both 018
and 023 are infinite. O

Lemma 54 75° is not finitely witnessable, and thus not strongly finitely witnessable, w.r.t.
{o1, 02}

Proof The same as the one for Lemma 51, this time relying on the fact 75° has no models A
where both alA and 02“4 are finite. O

Lemma 55 75° is not convex.

Proof 1If it were, Theorem 10 would guarantee that 730 is also stably-infinite, since it has no
models A where either |01A| or |02A| equals 1. m]

A.3 Theories over a One-Sorted Non-Empty Signature
A.3.1 Proofs for Paragraph 4.2.3.4.

We must define several auxiliary notions.
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Definition 9 Letn > 2.« (n) is defined to be the unique natural number k such that 2kl <
n< 2k+2.

Remark 4 1t is possible, although not very useful, to prove that « (n) is simply [logon] — 2.
We start by proving « has the properties that we need it to have.
Lemma 56 « is a well-defined function from N\ {0, 1} to N.

Proof We prove that for each n > 2 there exists a unique & such that 2T! + 1 < n < 2K+2,

Existence: by induction on n. For n = 3, take k = 0 and then 2l 41 <3 <22
For n > 3, by the induction hypothesis, there exists a unique &’ such that 2¥+! + 1 <

L%J < 2K+2 In particular, 2K +! < ng, and so 2K+l = 2K'+2 2. Lg] < n for
k = k' + 1, which means 2! + 1 < n. Now, if n is even, then n = 2 - ng and then
n=2- L%J < 2.2K+2 = oK' +3 — 2k+2 I is 0dd, thenn = 2 - L%J + 1, and then
2. L%J < 2. 2K+2 _ oK'+3 _ 9k+2 4 assume for contradiction that 2642 < n: we
therefore have 282 < 2. L%J + 1, which means that 212 < 2. L%J; but we also have
2. ng < 2K+2_and this means that 2 - ng = 2¥*2_and in particular L%J = 2k+1: put
L%J > k+l 4 ) leading to a contradiction.

Uniqueness: if there are k, k' such that 26*1 41 < n < 2k+2 and 2K+ 41 < p < 2K'+2,
and k # k', we obtain a contradiction as follows. W.1.g. assume k < k’,andsok+1 <k,
which means that 2872 = 2. 2k+1 < 2. 2" — 2K+l Thus we obtain: 2¥*! + 1 <n <
2k+2 < oK'+l _ oK'+l 4 1 <. which is a contradiction.

m}

Definition 10 Given a function F : N\ {0} — {0, 1} with F (1) = 1, the function FF : N\
{0} — {0, 1}isdefinedby: FF(1) = F(1) = 1, FF(2) = 0, and, forevery n € N\ {0, 1, 2},

F(n— zk(n)) for 2k (m)+1 +l<n< 2k (m)+1 + 2k (n)
FF(n) =11 for 26+ oK) 41 <y < 2K (W+2 o) _ gy e+l or(n)y,
0 for 2K(n)+2 + oK(n) _ FFl(zk(n)+l + 2K(ll)) +l<n< 2K(I’l)+2.

We must also prove F' F is well-defined.

Lemma 57 Forevery F : N\{0} — {0, 1} with F(1) = 1, we have that F F is a (well-defined)
Sunction from N\ {0} — {0, 1}.

Proof For each n € N\ {0}, if n < 2, then FF(n) is clearly well-defined. For n > 2,
2+ 11 < < 24M+2 for the unique « (n). This holds by Definition 9 and Lemma 56.
And clearly once « (n) is fixed, the definition of the function distinguishes 3 distinct cases
that exactly cover that range. It is left to make sure that in the first of these cases, F is defined
onn — 2“(n). This holds as n > 2<(WF1 4 1 > 2¢(0 g0 p — 26(0) > 1. o

Intuitively, suppose F F has been defined for z up to a certain power of two 2€+1. Because
we want F F to be equal to F' (not necessarily given the same arguments, but only in terms of
the sequence of 0’s and 1’s they output) as often as possible, we define FF(n) = F(n —2¥)

@ Springer



Combining Combination Properties, Part I: Nelson-Oppen and Politeness Page 31 of 60 1

FF(n) % \0 ¥>0\1\/‘*‘\0)1 1 1 0 0

FFyn) 1 1 1 2 2 2 3 4 4 5 5 6 7 8 8 8

Fig.7 A diagram for the function F F [1]

for the following quarter of the next power of two, that is 2+l 41 < p < 2kl 4 ok
Notice that we are continuing from where we stopped last: that is, the last value for which
we defined FF as a function of F was m = 2&—D+1 4 2k=1 when FF(m) is equal to
F(2k 4 2%=1 _ 2k=1y — F(2%), while the next value of n is n = 2¥T! + 1, when we get
FF(n) equal to FQHI 411 -2k = FQk+1).

However, after having done that, we must address that, at the same time, we want the
number of times that F'F' equals one is, more or less, the same as the number of times it
equals zero; we do that by demanding that F F equals 1 for numbers up to 252 exactly 2¢+!
times, that is, F F; (2"+2) = 2k+1 3 In order to accomplish that, we make F F(n) equal to 1
forn > 2Kt 4 2k until FF(n) becomes 25T!; after that, we let F F simply equal zero until
the next power of two.

For an example, take a certain F : N\ {0} — {0, 1} with F(1) = 1; say, with F(1) =1,
F2)=0,F(3)=0,F4)=0,F(5)=0,F6)=1, F(7) =0and F(8) = 1. We can then
draw the elucidating diagram in Fig. 7.

Lemma58 For every F : N\ {0} — {0, 1} with F(1) = 1, FF{ 2Ky = 2% for every
k e N.

Proof By induction on k. For k = 0, we have that FF(2°) = FF(1) = 1 and FF(2!) =
FF(2)=0.Thus FF1(2") = FF1(2) =1 =2".

For k = 1, we show that F F(4) = 2. Recall that FF(2°) = FF(1) = 1 and FFQ2!) =
FF(2) = 0. It is left to compute F F(3), and F F(4) (which depends on F F(3)). Clearly,
k(3) =0,and 2! +1 <3 < 2! 429, thus FF(3) = F(3 — 1) = F(2). We distinguish two
cases:

1. If F2) = 1, then FF(3) = 1, and so FF{(3) = 2. In this case, 22 + 20 — FF,; (2! +
2)+1=441—-FF 3 +1=4<4<2% andso FF(4) =0, thus FF(4) = 2.

2. f F(2) =0, then FF(3) =0,andso FF{(3) = 1. Inthis case, 2! +20 +1 <4 <4 =
441—1=4+41—FF(3) =22 +29— FF;(2' 4+ 29). Therefore, FF(4) = 1, and
thus FF(4) =2.

Now assume FF[(2¥t1) = 2k (x). We prove that FF(2kt2) = 2¢*1 Denote
{21 +1 <n <2872 | f(n) = 1} | by M. Clearly, FF{(2*?) = FF(2**!) + M. By
(%), we have FF1(2kt2) = 2K + M. Since we would like to prove that F F | (2k+2) = 2k+1,
it suffices to show that M = 2%,

Let m be the number of numbers n from 21 + 1 to 28! + 2% (inclusive) such that
F(n—2%) = 1. Notice that for each such n, we have that k' (n) = k. Thus, F F; (2! +2%) =
FF1(2*Y 4+ m = 2K + m. Hence by the definition of F F, the number of numbers n from

3 FF is the result of applying Definition 8 to the function FF.
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2K+ Lok 4 1 to 2k+2 42K — FF (2K 4 2F) where FF(n) = 1 (that is, all of them) is

Rl i A [ S ) IR i S/ S DI
e R A o R B e A A B I
*Xa—2-1D—m=2k1—-m=2k—m.

Also, from the definition of FF, we have that the number of numbers n from 22 4 2k —
FF (2K 4 25y 41 to 2¥%2 (inclusive) where FF(n) = 1 is 0. In total, we get that
M=m+2¥—m+0=2k O

Lemma 59 Given a function F : N\ {0} — {0, 1} with F (1) = 1, if we define f to be FF,
then for every n > 2 it is true that F(n) = f(n + 26 4 1),

Proof Since 2<MW+1 4+ 1 <5 < 2¢MW+2 e also have

2 (k()+1) +l<n+ ok (m)+1 < 2 (k(m+D+1 + oK (m)+1 < 2em)+DH+2

Hence «(n 4+ 2™+ = x(n) + 1. By the definition of FF, we therefore have F(n) =
F(n 426+ _ocM+D) — pE@p 4 2¢+) = f(n 42600 4 1),
O

Lemma 20 There exists a function f : N\ {0} — {0, 1} such that f(1) = 1 with the
properties that: f is not computable; and, for every k € N\ {0}, fo(2*) = f1(2%).

Proof We start by taking a non-computable function F : N\ {0} — {0, 1} with F(1) = 1.
Using Definition 10, we can make f : N\ {0} — {0, 1} equal to F F. This function is
not computable since otherwise, by Lemma 59, F' would be computable (as « is computable
as well). And, from Definition 10, if we make k > 2 equal to k' + 1, for k' € N\ {0},
f12ky = FF1 2+ = 2% (from Lemma 58), and f5(2) = 2% — f1(2K) = 2% fork = 1,
we know that f(1) = 1 and f(2) = 0, by Definition 10 of F F (and thus f), hence implying
f02% = £1(2%). To summarize, for any k € N\ {0}, fo(2X) = f1(2%). O

Example 9 To give a concrete example of a function satisfying the conditions of Lemma 20,
take the function 7' from Example 6; then, take F = T (if the first Turing machine does not
halt, just change the value of T'(1)), and F F has the properties we want.

A3.2 T;

k
W0 A l/fffo(k)] VAV wjfo(i)] ke N\ {0}} (Axiomatization:)

i=1
To show that 77 is not strongly finitely witnessable, we use the following lemmas, which
are interesting in their own right. First, in Lemma 60, we show that the mincard function
of 7¢ indeed always return a finite value, as any quantifier-free, 7¢-satisfiable formula has
at least one finite model; this way we can prove in Lemma 61 that this function is also
not computable. The following result, Lemma 62, is quite surprising: as it turns out, for
quantifier-free formulas, the set of 7 y-satisfiable formulas coincides with the set of satisfiable
formulas. That is, even though the definition of 7 is very complex, it induces the same
satisfiability relation, over quantifier-free formulas, as the simplest theory possible — the
theory axiomatized by the empty set (or, equivalently, all valid first-order sentences). The
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analogue of Lemma 62 for T; Theorem 67, is similar, although its proof is more tiresome.
Using Lemmas 61 and 62, it is then possible to finally show that 7 is not strongly finitely
witnessable, what will be done in Lemma 65; this proof will also serve verbatim for 7}
Results about stable infiniteness, smoothness, finite witnessability and convexity are proved
in a standard way.

Lemma 60 Every quantifier-free T¢-satisfiable formula is satisfied by a finite T -interpretation.

Proof Suppose ¢ is a quantifier-free formula, and let .4 be a 7 -interpretation that satisfies
¢: we may assume that it is infinite. The set {« : « is a term in ¢} is finite, and therefore so
is A ={a:aisatermin ¢}A. Let

mo=|{a€A:s™a)#a)| and m =|{a € A:sMa)=a)l,

and take a k € N\ {0} such that 2% > max{mg, m;}. Take as well sets B and C with,
respectively, 2 —m 1 and 2K —m elements, disjoint from A, and we define a 7Ty-interpretation
Bwith: 6f = AUB U C;

a ifaeAandsA(a):a, ora € B;
sB(a) = {s4) if s4(a) # a but s2(a) € A;
any element in B if sA(a) # a and sA(a) ¢ A, oraeC;

and xB = xA for any variable x in ¢, and arbitrary otherwise. B3 has m; elements in A, plus
all 2% — m of those in B, satisfying sB (a) = a, adding to a total of 2k and m elements
in A, plus all 25 — m( of the elements in C, satisfying sB(a) # a, to a grand total of 2F,
meaning B is a 7y-interpretation with 2%+1 elements, and thus finite.

Furthermore, let s/ (x) be a term in ¢: if j = 0, (s/ (x)B = xB = A = (s7 (x))A, SO
assume (sj(x))B = (sj(x))A holds for an arbitrary j; in that case, if sJH(x) is still a term
in ¢,

(T @) = 5B/ ) = AT A) = (7T e,

proving that for any terms « in ¢, of = a#;since g isa quantifier-free formula in a signature

without predicates, all of whose terms receive the same value in either .4 or B, and A satisfies
¢, we have that BB also satisfies ¢, finishing the proof. O

Lemma 61 The mincard function of Ty is not computable.

Proof We start by proving that f(n + 1) = 1 iff mincard(¢,) = n + 1, for
Sim)+1

=N (=x)r N —Gi=x)
i=1 Isi<j=fi(m+1
a quantifier-free formula that is only true in a model B when there exist at least fj(n) + 1
distinct elements in B satisfying s5(a) = a.

Notice that the theory 7 has models of all finite, non-zero cardinalities: indeed, given
an n € N\ {0}, one such model A has domain {ay, ..., a,}, with sA(a,-) = a; for each
1 <i < fi(n) (remember fi(n) > 1 for all n € N\ {0}), and sA(aj) = aj for each
fi1(n) < j < n, if there are any such j (and as long as n > 1 one has fi(n) < n). Notice as
well that, forall p > ¢, Y=, — ¥Z, and wf » = W;, and so a model A of 77 must satisfy

either Y=, ) AL . for some k € N\ {0}, or =, () AL, forall k € N\ {0}, in
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which case A is infinite; if our model A4 is finite, it must then satisfy I/I:fl ® N '/’jfo(k)’ for

some k € N\ {0}, and therefore have exactly f](k) elements satisfying sA(a) = a, and fy(k)
elements satisfying s(a) # a. Since an element a of A must satisfy either sA(a) = a or
sA(a) # a and never both of them, we have that A must have precisely f (k) + fo(k) =k
elements, and so a model A of 77 has k elements in its domain iff it contain fi (k) elements
satisfying s (a) = a, and fy(k) elements satisfying s*(a) # a.

So, let us prove the implication from left to right in the biconditional f(n + 1) = 1 &
mincard(¢,) = n+ 1.1f A is a model of 7 that satisfies ¢, and has minimal (finite, because
of Lemma 60) cardinality mincard(¢,) among the models of 7 that satisfy this formula, we
have that A has at least f(n) + 1 elements a that satisfy sA(a) = a (because A satisfies ¢y,),
meaning fi(mincard(¢,)) > fi(n) + 1. Since we are assuming f(n+1) =1, filn+1) =
Sfi1(n) + 1, and since any model of 7 with n 4- 1 elements must have fi(n +1) = fi(n) + 1
elements satisfying sA(a) = a, and thus actually satisty ¢,, we have n 4+ 1 > mincard(¢,).
If mincard(¢,) were strictly less than n + 1, we would get n > mincard(¢,), and since fi
is non-decreasing, f1(n) > fi(mincard(¢,)) > fi(n) + 1, what is absurd: we must have
instead mincard(¢,) = n + 1.

Reciprocally, assume mincard(¢,) = n + 1, and we know that some model A of Ty
with n + 1 elements satisfies ¢,, and therefore has at least fi(n) + 1 elements that satisfy
sA(a) = a, from what follows that fi(n+ 1) > fi(n) + 1, and thus the two values are equal
(since f1(n) and f1(n + 1) can only differby O or 1). So f(n + 1) = 1.

To summarize, were 7 to have a computable mincard function, by knowing the values of
f(), ..., f(n) (and therefore of fy(n) and f(n)), we would be able to calculate f(n + 1)
algorithmically as well, what is absurd. O

Lemma 62 Every quantifier-free Xg-formula that is satisfiable is Ty -satisfiable.

Proof 1If the quantifier-free formula ¢ is satisfiable, then it must be satisfied by some 7-
interpretation A, where 7 is the theory with all X-structures as models, axiomatized by the
empty set. Take then enumerable sets A and B disjoint from crlA and each other, and build
the interpretation 53 with: UIB = olA UAU B;

sA(a) ifa e alA;
oPa) = {a ifa € A;
any element of A ifa € B;
and xB = x4 for all variables x. It is obvious B is a T-interpretation, since it has infinite
elements satisfying each condition, sB(a) = a or sB(a) # a (respectively, all of those in A
and B). Furthermore, for any term « in ¢, aB = oA, since x8 = xA for every variable x,
and, assuming as induction hypothesis that (s7 (x)B = (s/ (x))A for some j,

(7 @) = sB((s7 )P) = sA((s7 ) = (7 an

Since ¢ is a quantifier-free formula in a signature without predicates, we get that ¢ is satisfied
by the T¢-interpretation B (given that is satisfied by A). O

Note that Lemma 62 does not hold for quantified formulas in general. For example, the
formula Vx. s(x) # x is satisfiable but not 7;-satisfiable: because f(1) = 1, every 7;-
interpretation A must have at least one element a with sA(a) =a.

Lemma 63 Ty is smooth, and thus stably-infinite.
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Proof Take a quantifier-free formula ¢, a 7 -interpretation A that satisfies ¢, and a cardinal
K> |0A|. If « is infinite, we take two sets A and B with k elements, disjoint from each other
and 0]/%, and define an interpretation B as follows: alB = a]A UAUB; sB equal to sA when
restricted to olA, equal to the identity when restricted to A, and for a € B we only require
that s5(a) # a, the specific value of the function at this element being irrelevant; and, for all
variables x, B = x4,

It is clear that B is a T p-interpretation since it has infinitely many elements satisfying
sB (a) = a (namely, all those in A) and infinitely many elements that satisfy sB (a) #a
(those in B); furthermore, |crlB| = |<71A| + |A| + |B| = k, as |A| = |B| = k and « is
infinite. Finally, B validates ¢ since the atomic formulas in the signature X are of the form
st x) = s/(y), fori, j € N, and these maintain their truth value in B if x, y € vars(¢) since
sB equals s when restricted to crlA.

Now, assume that «, and so IolAI as well, is finite, and let k = m and Iaf“l = n. We consider
two sets A and B disjoint from 01“4 with, respectively, f1(m) — f1(n) and fo(m) — fo(n)
elements, and define an interpretation B as follows: O'IB = O']A UAUB; sB as equal to s
when restricted to 01“4, as equal to the identity when restricted to A, and for a € B we only
request s5(a) # a; and xB = x“ for every variable x. It is easy to see that B is then a

T y-interpretation: it has

n+ (fi(m) — fi(n) + (fom) — fo(n)) =m

elements in its domain; f](n) elements in 01“4, andall fi(m)— f1(n) elementsin A (remember
A and O’lA are disjoint), satisfy sB(a) = a, to a total of fi1(m); and fp(n) elements in olA,
plus all fo(m) — fo(n) elements in B (remember B and O’iA are disjoint), satisfy sB(a) #a,
to a total of fy(m). Furthermore, since B and A agree on the interpretation of the variables
in vars(¢) and the value given by s to the elements that may occur in ¢, ¢ must be true in B.

O
Lemma 64 T is finitely witnessable.
Proof For a quantifier-free formula ¢, consider the witness
n Mi+1 2k+1
wit@)=¢ A N\ N\ vij=s"Gor )\ xi=x.
i=1 j=0 i=1
for: vars(¢p) = {z1,...,2n}; M; the maximum of the indexes j such that the term

s7(z;) appears in ¢; 2% the smallest power of two equal to or larger than 2M, where
M =Y"_,(M; +2);and x; and y; ; fresh variables.* One can easily convince themselves
that wit(¢) is computable, and it is obvious that ¢ and 3 x. wit(¢) are 7y-equivalent, for
X = vars(wit(¢)) \ vars(¢), since: if ¢ is true in a 7-interpretation A, and we change the
assignment on .4 so that ylA; = (sA)j(z;“), it is clear that wir(¢) is satisfied by A’; and if
37 . wit() is satisfied by a.T r-interpretation 4, given that the variables in X do not occur
in ¢,
n Mi+1 2k+1
3% . wit(¢) and ¢ AIX.[/\ vij=sT@) A N xi = x]

i=1 j=

S

i=1

are equivalent, and thus 4 satisfies ¢.

4 Notice the double conjunction on wit(¢) is the flattening of ¢.
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So, assume that the 7 -interpretation A satisfies wit(¢). Let: m1 < M be the number of
terms s/ (z;) (for1 <i <nand0 < j < M;) appearing in ¢ with (sA)j‘H(zlA) = (sA)j (z;‘t);
mo < M be the number of such terms s/ (z;) satisfying instead (s")/*!(z7Y) # (s (z/);
and m} < n be the number of elements (sA)Mf+1(z;4) that are not in the set {s/(z;) : 1 <
i<n0<j< Mi}A. We then have that mg +m; +m] < M < 2k and so we can take
sets A and B disjoint from 01“4 and each other with, respectively, 28 — nm| — m7 and 2k —my
elements. Finally, we define a 7-interpretation 13, starting by setting its domain to

B ={s/@):1<i<n0<j<M+1}"UAUB.
To define s5 , we take an element ag € alA (and there is at least one), and make

sta) ifa= (M) (zA) forl <i <nand0 < j<M;;

a ifa = (sHMi+l(zA), for 1 <i <n,

SB(CI)Z anda;ﬁ(sA)j(zlA)foranylSlfnandOSjsMi;
a ifa e A,
ap ifa € B;

notice that the first two cases are disjoint and cover all of {sf (zi): 1 <i<n0<j<
M;+1 }A, while the two last are disjoint from each other and from the previous ones (since A
and B are disjoint from each other and from O’iA), and finish covering UIB . To finish defining
B, we make xB = x4 for every variable in ¢, yfj = (SB)/ (le), and x > xBa bijection
between {x1, ..., xp+1} and olB , what is possible given both sets have 2k+1 elements (and
arbitrarily for other variables). To see that indeed |018| = 2k+1 notice the set a(qb)A, for
a(@) ={s/(zj)): 1 <i<n,0<j< M;}hasmo+m elements, from the definition of m as
the number of elements a in o (¢)A satisfying sA (a) = a, and of m| as the number of elements
a in a(¢)? satisfying instead s*(a) # a; therefore, {s/(z;) : 1 <i <n,0 < j < M; + 1}A
has mo + m 4+ m} elements, from the definition of m] as being the number of elements of
the form (s)i*1(z) which are not in (¢). Using A has 2 — m| — m} elements, and
B has 2K — mg, we obtain the aforementioned total of 2k+1,

Bisa Tf-interpretation since: it has 2F*! elements in its domain; half of these elements
satisfy sBa) = a, explicitly m of those in a(qb)A that satisfy sA(a) = a, all m7 elements
(sA)yMitl (z;“) that are not in a(¢)A, and all those 28 — m; — m7 elements in A; and half
satisfying sA(a) # a, explicitly mg of those in a(¢>)A, and 2% — mo more elements in B.
Since f is defined so that f1 (2¥) = fo(2¥) and f(m) = fo(m)+ fi(m) forallk, m € N\ {0},
it is then clear that B is indeed a 7 y-interpretation.

Furthermore, any term « (necessarily of the form si(zj))withl <i <nand0 < j<M;)
that appears in ¢ receives the same value in either .4 or 3, what we now prove by induction.
Indeed, for any variable z; that appears in ¢, ziB = zlf‘l (and thus (sB)O(le) = (sA)O(zlA)); and
then, for each 0 < j < M;, assuming as induction hypothesis that (s%)/ (z5) = (s)/ (z/})
(call that element a, for convenience), by the definition of sB we have 5P (a) = sA(a), and
o}

BT () = sB((s5) (2F)) = sA (N h) = H .

Since the underlying signature has no predicates, we have that all atomic formulas of ¢
receive the same truth-value in either A or B; since ¢ has no quantifiers and is satisfied
by A, this means that ¢ is also satisfied by 5. We also have that B satisfies wit(¢), since

yfj = (sB)j (ziB).Finally, vars(wit(qb))B = O‘IB, since {x, . .., Xpk+1 }B - vars(wit(qb))Band,
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given that x xBisa bijection between {xi, ..., xok+1} and olB, {x1, ..o, Xkt }B = alB,
proving that wit is indeed a witness.

Lemma 65 T is not strongly finitely witnessable.

Proof Suppose witis a strong witness; we start by proving that, given a quantifier-free formula

é,
mincard(¢) = min{|V/E| : E € Eq(V) and wit(¢) A 55 is 7y — satisfiable},

where Eq (V) is the set of all equivalence relations E on V = vars(wit(¢)), being the corre-
sponding arrangements denoted by § 5 . To prove this identity, suppose Alis a7 p-interpretation
that satisﬁes ¢ with minimal cardinality of the domain, and so |a | = mincard(¢); because
¢ and 37%. wit(¢) are Tr-equivalent (for X = = vars(wit(¢)) \ vars(¢)), A also satisfies
3% wit(¢), and by changing the value given by A to the variables in X, we obtain a new
T-interpretation A’ that satisfies wir(¢) and has the same underlying structure as A.

Let E be the equivalence on V such that x E'y iff A = yA/, and we have that A’ satisfies
wit(e) Ady; L and |V /E| < |C7iA/| since wit is supposed to be a strong witness, there must then
ex1stan 1nterpretat10n B that satisfies wzt(¢)A(3E w1tho1 = VB, and Ny |01 | =|V/E|.But,
again since ¢ and 3 x. wit(¢p) are ’Tf equlvalent B also satisfies 3 X . wit(¢) and therefore
¢, meaning that (o8| > |ofA| = |o7*|. With all of that, |oF| > |07 = |V/E| = |oB],
implying all are equal and thus |V /E| = |<7 | = mincard(¢). Of course, we then get

mincard(¢) € {|V/E|: E € Eq(V) and wit(¢) A 85 is Ty — satisfiable},

so now suppose that there exists an equivalence E on V such that wit(¢) A8 is Ty-satisfiable,
but |V/E| < mincard(¢), and we shall reach a contradiction. Since wit(¢) A SE is Ty-
satisfiable and wit is a strong witness, there exists a 7y -interpretation A that satisfies wzt(¢) A
rSE with 01 = VA4, and so |a] | = |V/E]|. But, since A also satisfies 3 x. wit(¢), and ¢
and 3% wit(¢) are Tp-equivalent, A satisfies ¢, contradicting the fact that the smallest
7 -interpretation to satisfy ¢ has domain of cardinality mincard(¢) > |V /E| = |01 |. So
our identity for mincard(¢) is true.

But the right side of the identity is indeed computable: in fact, finding the set Eq(V) is
trivial; testing whether wit(¢) A 56 is 7, r-satisfiable is also decidable, since it is equivalent to
testing whether the same formula is not contradictory according to Lemma 62; and finding
the number of equivalence classes of E is also straightforward. Of course, this contradicts the
fact that 77 does not have a computable mincard function, as proven in Lemma 61, proving
that this theory is not strongly finitely witnessable. m}

Lemma 66 7 is convex.

Proof Assume that ¢ is a cube and -7, ¢ — \//_; x; = y;, but at the same time 7 is not
convex and so |7‘Tj» ¢ — x; = y; forevery 1 <i < n, meaning we can find 7 y-interpretations
A; that satisfy ¢ and —(x; = y;). We can conclude, then, that =7 ¢ — \/:‘: | Xi = Yi, where
Tis the theory with all X-structures as models, axiomatized by the empty set: if this were
not true, then there would exist a Z-interpretation A satisfying ¢ but not \/;’:1 Xi = Yi,
therefore implying ¢ A = \/7_, x; = y; is T-satisfiable, and thus non-contradictory and 7-
satisfiable, given Lemma 62, something absurd given our assumptions. However, given that
Theorem 6 states 7 is convex, we must have —7¢ — x; = y;, for some 1 < j < n, and so
¢ A —(x; = yj) is T-unsatisfiable, itself contradicting the fact that 4 is a 7-interpretation
(and so a 7-interpretation as well) that satisfies ¢ and =(x; = y;). ]
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A33 T}

We start by proving the analogue of Lemma 62 for T;, using some of the same notations
found in that proof. ‘

Theorem 67 Given a quantifier-free formula ¢ in the signature s with vars(¢) =
{wy, ..., wy}, if

d=¢ A N\s>w) =w; vs*(w)=sw)

i=1

is satisfiable, then ¢ is T‘;-satisﬁable.

Proof Suppose ¢ is satisfiable, and from Lemma 62 there exists a 7/-interpretation A that

satisfies ¢. We produce a ’I}/-—interpretation B as follows: O’IB = UiA; if a is neither in vars (¢)A

nor in the image of this set under s and s2(a) # a, we make sB(a) equal to any element

be (TiA such that sA(b) = b (there must be one given A is a 7¢-interpretation), and otherwise

sB equals s; and, for all variables x, x® = x4, Since the interpretation of all variables in

is the same as in A4, for every variable w; of ¢ one has wiB = wiA; and since s8 agrees with
A .

s in
vars(d))A U {sA(a) tae vars(d))A},

and for every j € N one finds that (sA)j (w;“) equals either w;4 or sA(wlA) because A
satisfies /\?=l s2(w;) = w; Vv s2(w;) = s(w;), we get that for any term « in @, o = oA
Since X, does not have predicates (other than equality) and ¢ is quantifier-free, we reach the
conclusion that B clearly satisfies ¢, and so ¢.

It is less clear, however, that B is indeed a T;—interpretation. We start by noticing B is at
least a 7¢- interpretation, since sB(a) = a iff sA(a) = a: indeed, begin by assuming that
SB(G) = a. We cannot have that a is neither in vars(¢)A nor in {sA(a) Ta € vars(d))A}
and satisfies sA(a) # a, since in that case sB(a) = b for an element b such that sA(b) =b
(which must necessarily be different from a, since sA(a) # a); so 5B must coincide with sA,
implying that sA(a) = a. Reciprocally, assume s(a) = a: then we are not in the case that
sA(a) # a and so sB must coincide with s, meaning sB (a) = a, as we wished to show.

Furthermore:

1. ifa € vars(¢)? ora € {s*(a) : a € vars(¢)*}, by the fact that B satisfies ¢ we get that
either s5(s5(a)) = a or s5(s5(a)) = sB(a);
2. if a is neither in vars(¢)* nor in {s*(a) : a € vars($)*} and s*(a) = a, sB(a) =
A — .
s(a) = a;
3. and if a is neither in vars(¢)# nor in {sA(a) : a € vars(¢)™} and sA(a) # a, there is a
b € o with s4(b) = b such that s%(a) = b, and therefore s5(s%(a)) = s5(a),

proving B is indeed a ’I}—interpretation. O

Ax(T7) U (v} (Axiomatization:)
Lemma 68 The mincard function of 'I}/ is not computable.

Proof The proof is the same as the one of Lemma 61. O
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Lemma 69 T; is smooth, and thus stably-infinite.

Proof We can slightly adapt the proof of Lemma 63: the only difference in the proofs is that
now one must require that sB maps elements of B into those of A, so that sB (sB (a)) = sB (a).

]
Lemma 70 ’I; is finitely witnessable.
Proof Take a quantifier-free formula ¢ and consider the witness
n 2k+1
wit@) = ¢ A [\ yi =sw) Az =so) A N xi=xi,
i=1 i=1
where vars(¢) = {wy, ..., wy}, 2k is the smallest power of two greater than 2n, and x;, y;

and z; are fresh variables. If a Tjﬁ—interpretation A satisfies ¢, by making yiA/ = sA(wlA) and

zA = sA(Y), we obtain a second T§-interpretation A’ that satisfies wit(¢), thus implying
that, for X = vars(wit(¢)) \ vars(¢), ¢ and 3 X . wit(¢) are T;-equivalent.

Now, suppose that the T}—interpretation A satisfies wit(¢), and let
V=Aw;:1<i<nlU{y:1<i<n}U{z;:1<i<n}

Let m; be the cardinality of {a € VA : s4(a) = a} and mg = |VA| — my, and then
2k > max{mg, m}: this is because either zlA = w;“ or zf‘ = yiA foreach 1 < i < n,
implying |VA| < 2n, and thus mg, m; < 2n. Given sets A and B, disjoint from 0{4, with

respectively 28 — m | and 2% — mg elements, we define a new T)Vc-interpretation B by making:

i. 0B = vAU AU B (which has 2¥*! elements);
ii. s~ equal to s when restricted to V4 (what is well-defined, since sA(w;“) = yiA,
sA(yiA) = z;‘l, and z;“ equals either w;“ or yiA), equal to the identity when restricted to
A, and equal to any function from B to A when restricted to B (this way, all elements
of A satisfy SB(LI) = a, while all of B satisfy SB(a) # a and sB(sB(a)) = sB(a));
iii. and x8 = x4 for any variable in V, x; — xiB a bijection between {x, ..., xXp+1} and
olB , and arbitrarily otherwise.

Now we prove that B is a T}/-—interpretation: it has 2¢*1 elements; 2¥ of them, specifically
miin {a € VA sA(a) = a} and another 2 — m; in A, satisfy sB(a) = a; and another 2%,
specifically mg in VA\ {a € VA : sA(a) = a} and 2K — m in B, satisfy sB(a) # a instead;
so Bis at least a 7 p-interpretation. Furthermore: for any element a of VA sB(a) = s*(a) and
sB(sB(a)) = sA(sA(a)), and we already have either sA(sA(a)) =aor sA(sA(a)) = sA(a);
forany a € A, sB(a) = a, and so sB(sB(a)) = a; and for any a € B, sB(a) € A, meaning
sB(sB(a)) = sB(a); so B also satisfies Yy, and is therefore a T)Vc-interpretation.

Now, let @ be a term in ¢, necessarily of the form s (w;): we know w;4 and sA(w;“) are in
VA, and therefore so are (sj(wi))A for all j € N, since (sA)j (wlA) must equal either wlA or
sA(w;“); since s coincides with sA on V4, and wlB = w;“, we have that o = o4, Given that
wit(¢) is quantifier and predicate-free, we have that it must receive the same value in either .4

or B3, and is therefore true in B3; furthermore, x +— xBisa bijection between {xy, ..., Xpk+1}
and 013, and since {x1, ..., xpk+1} C varsy, (wit(¢)), we have varsg, (wit(qf)))B = UIB. Hence
wit is indeed a witness. ]

Lemma 71 ’I; is not strongly finitely witnessable.
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Proof We proceed as in Lemma 65, showing that
mincard(¢) = min{|V/E| : E € Eq(V) and wit(¢) A 85 is ’Z? — satisfiable},

what is absurd given the right side is computable: indeed, given ¢, finding V and Eq (V) can
be easily done, as well as |V / E|; obtaining wit(¢) A 85 can also be done algorithmically, if
wit is computable; and, thanks to Theorem 67, testing whether wit(¢) A 85 is ﬁ—satisﬁable
is equivalent to testing whether the formula

wit(g) A S8E = wit(@) A ST A J\ s2(0) = x v 5P (x) = s(x)
weV

is satisfiable, something that can be achieved algorithmically. O

Remark 5 We remark on the connection between the results regarding 7 and T; and those

of [22]. What we show here is that 7 (’Z}) is polite but not strongly polite. Figure 1 of [22]
summarizes the relations between these two properties for the one-sorted case. It shows that
polite theories that are axiomatized by a universal set of axioms, and whose quantifier-free
satisfiability problem is decidable, are strongly polite. While 7 is decidable for quantifier-
free formulas (this is a corollary of Lemma 62), its presentation here is definitely not as a
universal theory. On the other hand, [22] also shows that decidable polite theories for which
checking if a finite interpretation belongs to the theory is decidable are also strongly polite.
However, it is undecidable, given an interpretation, to check whether it belongs to 7 (and
T}): such an algorithm would lead to an algorithm to compute f as well. Thus, the theories
Ty and T; are polite, but do not meet the criteria for strong politeness from [22]. And indeed,
they are not strongly polite.

Lemma 72 ’I} is not convex.

Proof This proof is the same as the one for the non-convexity of (7),, in Theorem 19. O

A34 T

odd

{Y=1 V[¥—2k AVXx.=(s(x) =x)] : k € N} (Axiomatization:)
Lemma 73 ’Zzéd 4 s not stably-infinite, and thus not smooth.

Proof While s(x) = x is satisfied by the Yiid-interpretation A with |UlA| = 1, any infinite
model of ’Zzéd , must satisfy ¥V x. —=[s(x) = x] instead. O

Lemma 74 ’Zzédd is finitely witnessable.

Proof Given a quantifier-free formula ¢ with vars(¢) = {wy, ..., w,} (notice n > 1, since
the signature over which 73'2 4 18 defined has neither function nor predicate constants, being
thus impossible to define a formula with no variables) and, for every 1 < i < n, M; =
max{j : s/ (w;) is in ¢}, we define its witness as
n M+l
wit@) = A=A N\ N vij=s" @,

i=1 j=0
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where y and y; ; are all fresh variables. For ¥ = vars(wit(¢)) \ vars(¢), we prove that ¢

and 3 X . wir(¢) are de 4-€quivalent: the right-to-left direction in this statement is trivial. For

the converse, if A is a ’]f; ,-interpretation that satisfies ¢, by changing the value given by A
. ! i . . .

to the variables y; ; so that ylf‘j = (sA)f (wlA) we obtain a second ’TZZ 4-interpretation A’ that

satisfies wit(¢); of course, this means that A itself satisfies 3 X. wit().

Now, assume that the YZZ q4-interpretation A satisfies wit(¢). Let V. = vars(¢) U {y; ; :
1 <i<n,0<j < M;+ 1}. We have three cases to consider.

1. If |VA| = 1, it is clear that A is the 7fd 4-interpretation with only one element (since

M; + 1 > 1, and thus necessarily (s““)1 (w;“) = wiA), and therefore A is already a Tf;d—
interpretation that satisfies wit(¢) with varsy, (wit(¢))A = olA, so there is nothing we
need to do.
2. If |V4] is an odd number greater than 1, we make a second ’Zzzd—interpretation B by
proceeding as follows. Regarding the domain of B, 018 = VA
Ifa = (sA)j(wiA) forsome 1 <i <nand0 < j < M;, sB(a) = sA(a) (and, this way,
sB(a) # a, since sA(a) # a);andifa = (sA)A’["+l (w;“), but a does not equal (sA)j(w;:‘)
forany 1 <k <nand0 < j < Mj, we simply make sB(a) equal any element from 0‘18
different from @ (and there is one, since |VA| > 1).
Finally, 18 = xA for all variables x € V, and arbitrarily otherwise (what includes y and
all y; ;). Itis then easy to see that not only Bis a de 4-interpretation that satisfies wit(¢),

but also 015 = vars(wit($))5.

3. For the last case, suppose that | V| is an even number. We then take an element b ¢ V4
and define a new ’ZZZ 4-interpretation 3 as follows. For the domain, we use UlB = VAU {b}.
Ifa = (sA)j (wlf“), forsome 1 <i <nand0 < j < M;, again we make sB(a) = sA(a);
andifa =bora = (sA)Mf“(w;“) but a does not equal (sA)j(w;:‘), foranyl <k <n
and 0 < j < My, sB(a) may be an arbitrary element from O']B \ {a}.

Finally, xB = x4 for all variables x in V, yB = b, and arbitrarily otherwise. Again
one easily obtains that B is a ’Zfdd—interpretation that satisfies wit(¢) and has 015 =
vars(wit(¢))5.

Lemma 75 ’Zzéd 4 18 not strongly finitely witnessable.

Proof Suppose that wit is a strong witness. We begin by noticing that there are ’]fd i
interpretations A’ with infinitely many elements, such as the one with domain N and
sA/(n) =n+ 1 forall n € N. Since w = w, which we shall denote by ¢, is satisfied
by all ’Zzédd—interpretations, including the infinite ones, there must exist an infinite TZZ({
interpretation A that satisfies wit(w = w) (since ¢ and 3 x. wit(¢) are TZZ -€quivalent, for
X = vars(wit(¢)) \ vars(¢), and A’ satisfies ¢, there must exist a ’Zf; 4-interpretation A,
differing from 4" at most on ¥, that satisfies wit(¢p)).

Consider now the set W = vars(wit(¢)) and the equivalence relation ¥ on W such that
xFy iff xA = yA, with corresponding arrangement Sy : of course A satisfies wit(¢p) A Sw,
and we have now two cases to consider.

1. If W/F has an even number of equivalence classes, we know there must exist a 732 i
interpretation I3 that satisfies wit(¢) A Sw with olB = WP, what is absurd: if B satisfies
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8w, W8 will have as many elements as W/F, and therefore have an even number of
them, contradicting the fact that B is a %d—interpretation.

2. So, assume that W/ F has an odd number of equivalence classes, take some z ¢ W, and

define the equivalence relation £ on V = W U {z} such that xEy iff xFy or x = y,
with corresponding arrangement Jy .
To see that wit(¢) A Sy is still de ,-satisfiable, remember that A not only is a ’Z?fd i
interpretation that satisfies ¢, but is also infinite: since W, and thus WA, must be finite,
there exists an elementa € 01“4 \ WA; we then define A” to be the same interpretation as
A, except that A = (and, for all other variables x, A = xA). Given A and .A” agree
on the variables of the quantifier-free formula wit(¢) A 8w, and A satisfies wit(¢) A Sy,
it follows that A" also satisfies that formula and, additionally, that zA” #* xA” for all
x € W; this, of course, means .A” is a ’Ziid—interpretation that satisfies wit(¢) A Sy .

So there must exist a ’ZZZ ,-interpretation B that satisfies wit(¢) A 8y with 0]13 = VB of
course, this is absurd: if W/F has an odd number of equivalence classes, V /E has an
even number of equivalence classes, forcing BB to have an even number of elements in
its domain since it validates Sy .

[m}

In the following proof, we need to use the fact that the theory 7', axiomatized by the set
of formulas

(==t} U{¥x. =(s(x) = 0)} U {—=¥ : k € N},

is stably-infinite. This is actually easy to see: take a quantifier-free formula ¢ and a 7'-
interpretation A that satisfies ¢. Consider then a set A = {a,, b, : n € N} disjoint from alA,
and define a 7'-interpretation B with: alB = alA UA; sB(a) = sA(a) ifa € O’iA, sB(a,,) = b,
and sB (b,) = a,; and xB = x4 for all variables x. Then B is infinite, meaning it satisfies
{—=y¥—1}U{—Yk : k € N}, and in addition satisfies V x. = (s (x) = x); furthermore, it satisfies
¢, implying it is an infinite 7"-interpretation that satisfies this formula, what makes the theory
stably-infinite.

Lemma 76 ’Zzédd is convex.

Proof Suppose we have

F

odd

n
— Xp = but — X =y, foreveryl <k <n,
é 1<\—/1 k= Yk |7‘73;d é k= Yk yl<k<

where ¢ is a conjunction of literals. There must then exist TZ; 4-interpretations Ay that satisfy
¢ but not x; = yi, for every 1 < k < n; notice that, since A; does not satisfy x; = g, it
cannot be the TZ; 4-interpretation with only one element. Notice as well that, if we remove

the model with domain of cardinality 1 from the class of models of ’ZZ 4> We obtain the theory
7 axiomatized by the set of formulas

(Y=t} U{¥x. =(s(x) = 0)} U {—¥ : k € N},

which, unlike 7?;1:1’ is stably-infinite. Because, for each 1 < k < n, the Ay are 722 -
interpretations, and so 7'-interpretations, that satisfy ¢ but not x; = yi, using the fact that
7 is stably-infinite (and ¢ A —(x;x = yx) is quantifier-free) we obtain 7 -interpretations, that
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are necessarily de ,-interpretations as well, A; that satisfy ¢ but not x; = yj and that are
infinite.

Appealing to Lemma 2 once again, there must exist ’ZZZ 4-interpretations By with countably
infinite domains that satisfy ¢ but not x; = yi. Let {z1, ..., zm} = vars(@) U {x, yx : 1 <
k < n} and define M;, for each 1 < i < M, as either the maximum of j such that s/ (z;)
appears in ¢ or, if no s/ (z;) is a a term in ¢, as equal to 0. We then take a fresh set of variables
V={x;:1=<i=<M,0=<j < M;}and for each k define E as the smallest equivalence
relation on V such that:

1 ifx; jExxpg,0 < j<M;and0 < q < Mp, thenx; j11ExXp 441;
2. if (s8)1 (%) = (sB)9 (5%, then x; j Exxp g

Notice that all of these equivalence relations are well-defined, since they are precisely the
equivalences induced by By on the set V once we identify (sBk)j (z?" ) with x; ; (observe that
the first defining property of Ej; comes from the fact that, if a = b, then sBe(a) = sB(b)):
since 55 (a) #aforalla € O‘lBk, we also easily derive that, if 0 < j < M;, xi,jEikx,-,jH,
where Ey is the complement of Ej.. We then finally define the equivalence E on V by setting
Xi,jExp g iff x; jExxp 4 foralll <k <n.

We will denote by [x; ;] the equivalence class with representative x; ;, and proceed now
to define a TZZ 4-interpretation 3 as follows.

1. alB = (V/E) U N (which is infinite).

2. If there is an x; ; in [x, 4] such that j < M;, we make sB([xp,q]) = [xj j+1], oth-

erwise SB([xp,q]) = 0; s”(a) = a + 1 for every a € N (notice that we always have
sB(a) # a, that being obviously true if a € N or if SB(LI) =0;ifa € V/E,a = [x; j]
and sB([x; ;1) = [x;,j1+1], the fact that s5(a) = a, and therefore [x; ;] = [x; j+1], would
imply that x; ;j Exx; j41, what is not possible).
To prove that sB is well-defined, suppose that [x; ;] = [xp4], j < M; and g <
M,: because of the first defining property of Ej, we have that x; jEyx, , implies
Xi, j+1Erxp 411, and of course this will extend to E, meaning sB([x,',j]) =5"([xp4]) as
we needed to show.

3. For every variable x; ; in V, xfj = [x;,j], and for every z; we make ziB = [xi,0] (and we

may define xB arbitrarily for variables x not in V).

Now, we state that B validates ¢: in fact, let s/ (z;) = s9(z p) bealiteral of ¢ not preceded by
negation; in this case, x; j Exx, 4, forevery 1 < k < n (by the third defining property of Ey),
and so [x; j1 = [xp4], meaning (s5)7 (z5) = (s5)7(zB). If, however, =[5/ (z;) = s7(z,)] is
the literal in ¢, since Ej is the smallest equivalence with its properties, x;, jE7kx p.q> and so
B D) # (P (P).

Finally, we see that 13 does not satisfy any xx = yx, leading to a contradiction: if x; = z;
and yr = z,, since xi,Okap,O’ by construction of Ej, this means that xi,ofx,,,o, and so
B does not satisfy x;z = yk, for each 1 < k < n; of course, this would imply that B
does not satisfy \/7_, xx = yk. contradicting the fact that is satisfies ¢, and thus we have

= Ve % = Yk o

odd

A35 T,

(V=1 V [k AVX. =(s(x) =5)] : k € N} (Axiomatization:)
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Lemma 77 TT oo I8 not stably-infinite, and thus not smooth.

Proof Notice that the quantifier-free formula s(x) = x is satisfied by the TT ~o-interpretation
A with |<71A| = 1, but by no infinite interpretations of this theory. O

Lemma 78 ’ZT oo I8 not finitely witnessable, and thus not strongly finitely witnessable.

Proof If there existed a witness wit, there would also exist a finite ’]T ~o-interpretation A
satisfying wit(¢) with alA = vars(wit(d)))A, for ¢ equal to —(x = y). This is absurd, since
A would be a finite TT ~o-interpretation that satisfies ¢, and therefore has at least 2 elements.

O

Lemma 79 ']TOO is convex.

Proof This proof, rather tedious, follows that of Lemma 76. O

A36 T}

{[V2 AVX. (s(x) =X)]V [k AVX. 2(s(x) =x)] : k € N} (Axiomatization:)

Lemma 80 T; oo I8 not stably-infinite, and thus not smooth.

Proof Since the quantifier-free formula s(x) = x is satisfied by the T; ~o-interpretation with
two elements, but by no infinite such interpretation, the theory cannot be stably-infinite. O

Lemma 81 ’Z;é oo I8 1ot finitely witnessable, and thus not strongly finitely witnessable.

Proof If T; oo Were finitely witnessable with witness wit, we would have that there is a finite

ﬁw—interpretation A satistying wit(¢) with alA = vars(wit((f)))A, for
p=—-x=y)A-x=2) A~ =2).

This is absurd, since .A would be a finite TZ& ~o-interpretation that satisfies ¢, and therefore
has at least 3 elements. O

Lemma 82 T; o0 IS 1Ot convex.

Proof Given Theorem 10, and the facts that T; o has no models with domains of cardinality
1 and is not stably-infinite (see Lemma 80), the theory cannot be convex. O

B Proofs for Theory Operators

We now prove the many properties that are needed from our theory operators.
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B.1 Proof of Theorem 16

To prove our theorem, we shall need Lemmas 83 and 84.

For simplicity of notation, the symbols A and B will be reserved, in the proofs of
Lemmas 83 and 84, and Theorem 16, for X-interpretations, while C and D will denote
¥,-interpretations. Still in the following results, given a X,-interpretation C, we denote by

C; the X-interpretation with olc = alc, and x¢1 = x€ for every variable x of sort o1; analo-

gously, given a ¥ s-interpretation C, we denote by C; the X;-interpretation with olc I = olc,

%61 = x4 for every variable x of sort o1, and sC1 the same function as s*A. Given we will not
use both ¥ and X at the same time in a proof, the risk of confusing the notations is low.

Lemma 83 Take a X,-interpretation (respectively o -interpretation) C. It is then true that,
for any X\ -formula (respectively Xg-formula) ¢, Cy satisfies ¢ if, and only if, C satisfies ¢.

Proof We focus on the case of empty signatures, and prove that C; satisfies ¢ iff C satisfies
¢ by structural induction on ¢.

1. Suppose ¢ is x = y, for x and y variables of sort o7; then, since x¢ = x€and ycl = yc,

C; satisfies ¢ iff C does so.

2. Suppose ¢ = = or ¢ = ¥ VE, the proof for the connectives A and — being analogous. In
the first case, C; satisfies g iff it does not satisfy ¢, what happens by induction hypothesis
iff C does not satisfy i, equivalent to C satisfying ¢. In the second case, C; satisfies ¢ iff
it satisfies either ¥ or &, what happens by induction hypothesis iff C satisfies either ¢ or
&; of course, this is equivalent to C satisfying ¢.

3. Finally, suppose ¢ = 3 x. ¥, the case for the quantifier V being very similar. C; satisfies
o iff there exists a second X-interpretation A, differing from C; at most on x, such that
A satisfies 1. Taking the Xj-interpretation D that differs from C at most on x, where
xDP = x4, one has D; = A, and so it is clear by induction hypothesis that A satisfies
iff D satisfies 1. This is equivalent to the fact that C satisfies ¢.

[m}

The following is an interesting technical lemma that allows us to “cut and paste” inter-
pretations. We start by defining a transformation from some two-sorted signatures to their
one-sorted counterparts.

Definition 11 Given a quantifier-free X, or X s-formula ¢, and an equivalence E on vars(¢),
we define the (still quantifier-free) formula ¢ g by replacing an equality u = v, for u and v
of sort o7, by a tautology (whose variables are already in ¢, we assume for simplicity, or if
there are none we use the fresh variable z) in ¥ if u Ev, and a contradiction (again in X1,
with variables in ¢ or equal to z) otherwise.

Lemma 84 If the Xj-interpretation (X; s-interpretation) C satisfies the quantifier-free -
Sformula (2, s-formula) ¢, and E is the equivalence relation onvars(¢) suchthatx Ey iﬁ‘xc =
yC, a T\ -interpretation (S-interpretation) A satisfies the formula ¢ from Definition 11 iff
the Xy-interpretation (X s-interpretation) D satisfies ¢, where: D1 = A, (72D = azc, and

uP = ucfor all variables u of sort 0.

Proof We prove the result by structural induction on ¢, and for only the case of X1 and X,
the case of XZ; and X ; being completely analogous.
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1. Suppose ¢ is atomic, meaning it equals either x = y or u = v, for x and y of sort oy, and
u and v of sort 07; also assume that A satisfies ¢ . In the former case, ¢ equals x =y,
and from the fact A satisfies ¢ we get xA = yA, meaning x© = y? and therefore that
D satisfies ¢. If it is the latter, since C satisfies ¢ we get ut = vC, and thus u? = P,
meaning D again satisfies ¢. Reciprocally, assume D satisfies ¢. I[f ¢ is x =y, xD =47,
meaning that xA = yA and thus A satisfies ¢pg. If p isu = v, u® =€, thus uEv, uFv
and therefore ¢ is a tautology, meaning A satisfies that formula.

2. Suppose ¢ = —¢!, that the result is true for ¢!, and that A satisfies ¢ . Since ¢ = —-¢1E,
we have that .4 does not satisfy ¢}E, and thus D does not satisfy ¢!, meaning it satisfies
—¢! = ¢. Reciprocally, if D satisfies ¢, it does not satisfy ¢!, and thus A does not satisfy
d’};’ meaning it satisfies ¢ as we wanted to prove.

3. Suppose ¢ = @' v @2, that the result is true for ¢! and ¢, and that A satisfies ¢z. Since
P = ¢}E Y ¢,25, A satisfies either ¢}E or d)é, thus D satisfies either ¢! or ¢2, and therefore
vl =¢. Reciprocally, if D satisfies ¢, it satisfies either ¢! or ¢2, and thus A satisfies
either qb}E or d)%, meaning it satisfies ¢ }5 \Y d)% = ¢F

m}

Theorem 16 A X or Zs-theory T is stably infinite, smooth, finitely witnessable, strongly
finitely witnessable, or convex w.r.t. {o1} if and only if (T)? is, respectively, stably infinite,
smooth, finitely witnessable, strongly finitely witnessable, or convex w.r.t. {01, 02}.

Proof As expected, we must use Lemma 83 again and again.

1. If Tis stably-infinite, take a quantifier-free ¥,-formula ¢ and a (7)*-interpretation C that
satisfies ¢; we then have that C; is a Z-interpretation (since, if C satisfies i, for a ¢ in
Ax(7), C; certainly satisfies yr as well) that satisfies ¢¢. Since 7is assumed to be stably-
infinite, there exists an infinite Z-interpretation .4 that satisfies ¢¢. By then picking a
(ﬂz—interpretation D such that: D = A; |02D| > Ro; and u? = VP iff uC = o for
variables u and v of sort o», we get that D is infinite in both domains and satisfies ¢.
Reciprocally, suppose now that (7)2 is stably-infinite, and then take a quantifier-free X1 -
formula ¢ and a T-interpretation .4 that satisfies ¢; it follows that any (7)2-interpretation
Cwith C; = A must satisfy ¢, and from the fact that (7)? is stably-infinite, there exists a
(ﬂz-interpretation D, infinite on both domains, that satisfies ¢. Then the Z-interpretation
D has an infinite domain and satisfies ¢, proving 7is stably-infinite.

2. Start assuming 7 is smooth; then take a quantifier-free p-formula ¢, a (7)%-

interpretation C that satisfies ¢, and cardinals « (o) > |01C | and « (07) > |ozc |. We know
that C; is a Z-interpretation that satisfies ¢¢, and then there exists a Z-interpretation
A that satisfies ¢¢ with |01A| = k(o). Taking a (Dz-interpretation D with: D; = A,
|02D| = k(02); and uP = vP, for all variables u and v of sort oy, iff u€ =€, we get
that D satisfies ¢, and |a]D| = k(o) and |02D| = k(02).
Reciprocally, if (752 is smooth, take a quantifier-free ¥;-formula ¢, a Z-interpretation
A that satisfies ¢, and a cardinal ¥ > |O'iA|. Any (7)?- interpretation C with C; = A must
satisfy ¢, and then there must exist a (ﬂz—interpretation D, since this theory is smooth,
with |0]D | =«, |02D | = |a§ | and that satisfies ¢. Of course D is then a Z-interpretation
with |<71Dl | = k and that satisfies ¢.

3. (a) Suppose 7 is finitely witnessable, with witness wit. We define a function wit, :

QF (%) - QF(%2) by

win@ =¢Aw=w)A \/ Iwirgr) AS{],

Ee€Eq(U)
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(b)

where: w is a fresh variable of sort oo; U = varse, (¢); Eq(U) is the (computable)
set of equivalence relations on U; 85 is the arrangement on U induced by E. It
is easy to see that wity maps quantifier-free formulas into themselves, and is com-
putable.

Suppose now that C is a (7)?-interpretation that satisfies ¢: let E be the equivalence
induced by C on U (so C satisfies 85), so that C; satisfies ¢g (from Definition 11),
and thus 3 _y) wit(¢g) for 7 = vars(wit(¢g)) \ vars(¢g), meaning C satisfies
375 . wit(¢pg). Since ¥ is contained in X = vars(witz(¢)) \ vars(p), C satisfies
3%, wit(¢g), and thus 3 ES wity (¢) (notice neither ¢ nor 85 contain the variables
on X). The reciprocal is obvious.

Suppose now that C satisfies wit, (¢), and thus wit(¢g) for some E € Eq(U): this
means C; satisfies wit(¢g) (due to Lemma 83), and so there is a Z-interpretation
A that satisfies wit(¢pr) with 01“4 = varsg, (wit(qu))A. Let then D be a (7)2-
interpretation with D; = A, and 02D = U/E (unless U = §, when we make
02D a singleton), where u” for u € U equals the equivalence class of representative
u according to E, and w? is set arbitrarily (where we remind the reader that w is
fresh and thus notin U). D satisfies wit(¢ ) and, since D satisfies ¢z and D induces
the equivalence E on U, also ¢ and 5; furthermore, O'ID equals varsg, (wit (®)P,
as the former set equals O‘ID I = O‘IA and the latter contains varsy, (wit(¢ E))A, and
obviously 02D = varsy, (wizz(d)))D.

Suppose (7)? is finitely witnessable, with witness wif, and given a quantifier-free
¥ ;-formula ¢, we define a function wit; by making

witi(@) =p A \/ wit@).

EcEq(U)

where: U = varsg, (wit(¢)); Eq(U) is the set of equivalence relations on U (which
can be found algorithmically); and wit(¢) g is obtained from wit(¢) by replacing an
equality u = v, for u and v of sort o», by a tautology (whose variables are already
in ¢, for simplicity) in X if u Ev, and a contradiction (again in X1, with variables
in ¢) otherwise. Of course wit; maps quantifier-free formulas into themselves, and
is computable.

First, suppose a Z-interpretation A satisfies ¢, and take a (7)’-interpretation C
with C; = A: C then satisfies ¢ (by Lemma 83), and thus 3 V. wit(¢) for
7 = vars(wit(¢)) \ vars(¢); this way, some interpretation C, differing from C
at most on the value assigned to ¥, satisfies wit(¢) (and thus 3 . wit(¢) and ). If
E is the equivalence induced by C' on U, it is clear that C| satisfies wit(¢) g (again
by Lemma 83), as well as ¢; since C’1 differs from .A at most on the value assigned to
the variables in 7 of sort o1, what equals X = vars(wit1 (¢)) \ vars(¢), A satisfies
37, wit(¢)g and ¢, and thus 3 X owity (¢). The reciprocal is obvious, as ¢ has
none of the variables in ¥ .

Now, suppose that the Z-interpretation A satisfies witj(¢), and thus wit(¢) g for
some E € Eq(U): take then a (7)%-interpretation C with C; = .4 and that induces
the equivalence E on U, so C satisfies wit(¢). There is then a (ﬁz-interpretation
D that satisfies wit(¢) (and thus 3% . wit(¢) and ¢) with o7 = varse, (wit($))?
and 02D = varsy, (wit(¢))D: if F is the equivalence induced by D on U, we have

that Dy satisfies ¢ and wit(¢) r, and therefore wit| (¢), and since vars,, (wit| (¢)) 2

varsq, (wit(¢)) we get 01D = varsg, (wit1 (p) D1, proving wit] is a witness.
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4. (a) Suppose 7 is now strongly finitely witnessable, with strong witness wif, and given

a quantifier-free ¥,-formula ¢, we consider the same function wit, from item 3(a)
above. We do not need to prove that wit, is computable, and that ¢ and 3 . wity ()
are (’Dz-equivalent, as this is done on item 3(a).
Soassume V is aset of variables, §y an arrangementon V,and Ca (ﬁz-interpretation
that satisfies witp (¢) ASy : let V1 be the variables of sort o1 in V, V; the ones with sort
02, and write 8y = 8y, A 8y, in the obvious way. C satisfies wit(¢g) A 85 for some
E € Eq(U), and thus C; satisfies wit(¢r) and 8y,, so there is a Z-interpretation A
that satisfies wit(¢r) A 8y, with o7 = varsy, (wit(@g) A 8v,)™. We define a (7)2-
interpretation D by making: D) = A; 02D equal to U U V, modulo the equivalence
relative to 8y, AS 5 (this is possible as the formula §y, A8 5 is not contradictory, being
satisfied by C), unless U U V; is empty when we make 0217 asingleton; u” equal to the
equivalence class with representative u € UU V5, and w? arbitrary. Since A satisfies
wit(¢g) A Sy, so does D, and D satisfies 8y, A 55 by design, meaning it satisfies
witz(#). That o = vars,, (wit2(¢) A 8v)P and o = varse, (wit2(¢) A 8y)P
follows from the definition of D and choice of A.

(b) Suppose (7)? is now strongly finitely witnessable, with strong witness wif, and

given a quantifier-free X;-formula ¢, we consider the same function wit; from
item 3(b) above. We already know that wir; is computable and that, for ¥ =
vars(wit1 (¢)) \ vars(¢), ¢ and 3 . wit| (¢p) are T-equivalent.
So, take a set V of variables of sort o1, let 8y be an arrangement on V, and A a
T-interpretation that satisfies wit; (¢) A Sy: there is an equivalence E on U such
that A satisfies wit(¢)g A Sy, so take a (7)>-interpretation C with C; = A and
that induces the equivalence E on U, so that C satisfies wit(¢) A §y. There is then
a (ﬂz-interpretation D that satisfies wit(¢) A Sy (and thus 3%. wit(¢) and ¢)
with o = varsq, (wit(¢) A 8v)P and o = varse, (wit(¢p) A 8v)P: Dy is then a
T-interpretation that satisfies ¢, wit(¢p)r A Sy (and thus wit; (¢) A dy), for F the
equivalence induced by D on U, with O'ID b= varsg, (wit; (¢) A 8y) D1, proving wit;
is a strong witness.

5. Suppose 7 is convex, let ¢ be a cube in ¥, and assume that

n m
I—mzq&—) \/x,- :y,-\/\/uj =vj,

i=1 j=1

where the x; and y; are of sort o1, and the u; and v; are of sort 02; because ¢ is a
conjunction of literals, and each literal can only have variables of one sort, we may
write ¢ = ¢1 A ¢o, where ¢ has only variables of sort o1, and ¢, has only variables of
sort o7.

It follows that =72 ¢1 — Vi xi = yior Fap 2 — \/"}1=1 uj = vj: indeed,
suppose this were not true, and so there exist (ﬂz-interpretations C; and Cp where,
respectively, ¢1 — \/{_; x; = y; and ¢» — \/'}_; u; = v; are not satisfied; hence C;
satisfies ¢ but not \/?_, x; = y;, and C; satisfies ¢, but not \/;”=l uj = vj. So define
the (’Dz—interpretation D where: O’ID = 016’ t 02D = Ug 2 4P = xC1 for every variable x
of sort oy, and u? = u® for every variable u of sort o». Because D agrees with C; on
the variables of sort o1, it satisfies ¢ but not \/;’:1 x; = y;; and because D agrees with
C» on the variables of sort o>, it satisfies ¢ but not \/';-1=1 u;j = v;. Of course, D then
satisfies ¢ butnot \/i_ x; = y; vV \/'_; u; = v;, leading to a contradiction.

If we have (72 ¢ — \/;-":] u; = vj, because (7)? has an axiomatization of formulas
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with no variables of sort o2, one gets -7 ¢2 — \/;"= Luj =vj,for 7 the theory over the
signature with only one sort 0, and no symbols, axiomatized by the empty set; since 7’
is convex, according to Theorem 6, this means -7 ¢, — u; = v; forsome 1 < j < m,
and thus '_(7)2 ¢ — u; = vj, in which case we would be done.

Suppose then that b2 ¢1 — \/j_; x; = yi. Since ¢1 — \/j_; x; = y; has no
variables of sort o7, we obtain -7 ¢; — \/:’: 1 Xi = y; (from Lemma 84), and since this
theory is convex, -7 ¢ — x; = y;, for some 1 <i < n, and thus Fe @ = xi = yi.
Reciprocally, assume this time (7)? is convex, and let ¢ be a conjunction of literals such
that 7 ¢ — \/fl:1 x;j = y;, where x; and y;, for i € [1, n], are variables of sort . It
follows that l—mz ¢ — \/;':1 Xij = Vi, and so '_(732 ¢ — x; = y;forsome 1l <i <n,
meaning 7 ¢ — x; = y;.

[m}

B.2 Proof of Theorem 17

To prove this section’s main result, Theorem 17, we will use Lemma 85 below. In the proofs
of Lemma 85 and Theorem 17, given the enormous number of involved interpretations in
the demonstrations, we agree that .4 and B shall be X, -interpretations (often these will be
in addition 7Z-interpretations), while C and D will denote X, ;-interpretations (that will be,
many times, (7)s-interpretations as well).

Definition 12 Using the signatures from Definition 4, given a X, -interpretation .4, we define
a X, s-interpretation s(.A) by making:

1. 0% = gAforeacho € §;
2. s’(a) = aforalla € oy
3. and x* = x4 for every variable x.

Reciprocally, given any X, ;-interpretation C, we may consider the X, -interpretation (C)
with:

L. o © _ olc foreacho € §;

2. andx © = xc, for every variable x.

Finally, given a X, ;-formula ¢, we repeatedly replace each occurrence of s(x) in ¢ by x
until we obtain a X, -formula ¢ .

Lemma85 A X, -interpretation C that satisfies ¥ x. [s(x) = x] (where x is of sort o1) also
satisfies ¢ iff (C) satisfies ¢ (check Definition 12 for the relevant definitions); of course,
given that for any X, -interpretation A, (s(A)) = A, A satisfies a X, -formula ¢ iff s(A)
satisfies ¢ (since ¢ = @).

The proof of this lemma is a simple exercise in structural induction, quite similar to the
proof of Lemma 83. One small difference is in the fact that, in this case, the step dealing with
atomic formulas must consider both formulas of the form s’ (x) = s/ (y), for x and y of sort
o1, or of the form u = v foru and v of a sortin S \ {o7}.

Theorem 17 For every theory T over an empty signature %, with sorts S = {o1, ..., 05} T
is stably infinite, smooth, finitely witnessable, strongly finitely witnessable, or convex w.r.t. S
if and only if (T); is, respectively, stably infinite, smooth, finitely witnessable, strongly finitely
witnessable, or convex w.r.t. S.
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Proof We heavily and repeatedly use Lemma 85 throughout this proof. Start by noticing that
Cis a (7)s-interpretation iff (C) is a Z-interpretation, given that for any formula ¢ in Ax(7),
¢ = ¢ (see Lemma 85 for the definition of ¢ ).

1. (a) Suppose 7 is stably-infinite: given a quantifier-free X, (-formula ¢ and a (7)-
interpretation C that satisfies ¢, we have that (C) is a Z-interpretation that satisfies
¢ ; since ¢ is also quantifier-free, there must exist a Z-interpretation .4, with all
infinite domains, that satisfies ¢ , and then s(A) is a (7)4-interpretation, infinite in
all of its domains, that satisfies ¢.

(b) Reciprocally, suppose (7); is stably-infinite, let ¢ be a quantifier-free X,-formula
and A a 7-interpretation that satisfies ¢; since ¢ = ¢ , s(A) satisfies ¢, and there
must exist a (7),-interpretation C that satisfies ¢ and has all infinite domains. Of
course, (C) then satisfies ¢.

2. (a) Suppose 7Tis smooth: given a quantifier-free X, ;-formula ¢, a (7)s-interpretation C
that satisfies ¢, and a function « from S to the class of cardinals such thatk (o) > |aC|
for each 0 € S, we have that (C) is a Z-interpretation that satisfies ¢ . Given that
T is supposed to be smooth, ¢ is quantifier-free and |o O = 6% < k(o) for
each o € S, there exists a T-interpretation A that satisfies ¢ with |04 = k(o)
(again, forevery o € S); of course, s(.A) is then a (7)-interpretation with |o* “H | =
|aA| = k(0), for any o € §, that satisfies ¢.

(b) Reciprocally, suppose (7)s is smooth: then, for any quantifier-free 3, -formula ¢, 7-
interpretation A that satisfies ¢, and function « from S to the class of cardinals such
that k (o) > |O"A| for all o € S, we have that s(A) satisfies ¢, since ¢ = ¢ ; given
that |o* b | = |0A| < k(0), one obtains there must exist a (7)s-interpretation C that
satisfies ¢ with [0€| = k(o) for every o € S. And then, (C) is a Z-interpretation
that satisfies ¢ with |o ©| = k(0),Vo € 8.

3. (a) Suppose now 7is finitely witnessable, with witness wit: we shall prove that (7); is
also finitely witnessable, with witness

wits(P) = ¢ A wit(¢),

which clearly maps quantifier-free formulas to quantifier-free formulas, and is com-
putable. To start with, given a quantifier-free X, ;-formula ¢, ¢ 1is also quantifier-
free, and thus ¢ and 3 . wit(¢ ) are Z-equivalent, for X = vars(wit(¢ )) \
vars(¢p ) = vars(wits(¢)) \ vars(¢p). If the (7);-interpretation C satisfies ¢, (C)
satisfies ¢ and thus 3 % . wit(¢p ); since (3 X .wit(¢p )) = I X .wit(¢ ), we have
that C satisfies 37X . wit(¢ ) and thus 37X . wits(p) = I X . (¢ A wit(¢p )), given
that ¢ has none of the variables in X . Of course, if the (7)s-interpretation C satisfies
3%, witg (¢), it must satisfy ¢, and so the two formulas are (7)s-equivalent.
Suppose now that a (7)s-interpretation C satisfies wits(¢p), and we have that (C)
is a Z-interpretation that satisfies (wit;(¢)) = ¢ A wit(¢ ); from the facts that
7 is finitely witnessable, with witness wif, and (C) satisfies wit(¢ ), it follows
that there exists a 7-interpretation A that satisfies wir(¢ ), and thus ¢ , with
oA = vars, (wit(¢p )™ for each o € S. Then, since (wit(¢p )) = wit(¢ ), s(A)
is a (7)s-interpretation that satisfies wit(¢ ); since A also satisfies ¢ , s(A) sat-
isfies ¢ and thus wit;(¢p) = ¢ A wit(¢ ) as well; and, given that o’ = 5A
and vars, (wit(¢ )) = varss (¢ A wit(¢ )) (both for any o € S), we get oA =
vars(wit; (¢))s(“4) for all o € S, proving (7)s is indeed finitely witnessable.
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(b)

4. (a)

(b)

5. (a)

(b)

Reciprocally, suppose (7); is finitely witnessable with witness wit, and we want to
prove that 7 is finitely witnessable with witness wity(¢) = (wit(¢)) , being this
obviously a computable function from quantifier-free formulas into themselves. We
start by taking a quantifier-free X,-formula ¢, and since ¢ is a quantifier-free X, ;-
formula as well, ¢ and 3 S wit(¢) are (7)s-equivalent, where X = vars(wit(¢)) \
vars(¢p) = vars(wit(¢) ) \ vars(¢). So, suppose the Z-interpretation A satisfies
¢ = ¢ : then s(A) satisfies ¢ and thus 3 ES wit(¢), meaning A satisfies

AT . wit(¢))=3 X . wit(¢p) = 3 X . witg(¢).

If the Z-interpretation .A satisfies 3 X . wito (¢), s(A) satisfies 3 7.wit(¢) and hence
¢, meaning A satisfies ¢ and proving that ¢ and 3 X . witg (¢) are T-equivalent.

Now suppose that A is a Z-interpretation that satisfies wity(¢), and thus s(A) is
a (7)s-interpretation that satisfies wit(¢), since witg(¢) = (wit(¢)) . Given that
(D), is finitely witnessable with witness wit, there exists a (7)s-interpretation C that
satisfies wir(¢) with o€ = vars, (wit(¢))C for any o € S. It follows that (C) is a
T-interpretation that satisfies (wit(¢)) = wity(¢p) with o © = vars(wity(¢)) ©,
Vo € S(sinceo © = o€ andvars, (wit(¢)) = varss (witg(¢)), both forallo € S).
Now, let us look at strong finite witnessability. If 7'is strongly finitely witnessable
with witness wir, we state (7); is also strongly finitely witnessable with witness
witg(¢) = ¢ A wit(¢ ), and we already know that ¢ and 3 . wity (¢) are (T)-
equivalent from our discussion above about finite witnessability. So let V be a
set of variables, §y an arrangement on V, and C a (7),-interpretation that satisfies
wits (@) Ady . Since (it () ASy) = ¢ Awit(¢p )ASy, (C)satisfies wit(¢p )Ady;
it follows, from the fact that 7 has as strong witness wit, that there is a Z-interpretation
Athat satisfies wit(¢p )ASy (andhence ¢ as well) with oA = varsy (wit(¢ )/\8V)A,
for each and any o € S. s(A) is, therefore, a (7),-interpretation that satisfies ¢ A
wit(¢ ) A8y, what amounts to wits () A 8y, with o5 = varsy (wits (@) A Sy )
once one notices that *Y = oA and vars, (wit, (@) ASy) = varss (wit(p ) ASy),
both of these for all sorts ¢ in S. So (7); is indeed strongly finitely witnessable.

Reciprocally, assume (7); is strongly finitely witnessable with strong witness wit,
and we will prove that 7'is also strongly finitely witnessable with strong witness

wito(p) = (wit(9)) .

Of course, from our discussion about finite witnessability we already know that ¢
and37%. wito(¢) are T-equivalent, where T = vars(wity(¢p)) \ vars(¢). So take a
set of variables V, an arrangement §y on V, and a Z-interpretation .4 that satisfies
witg(¢) A Sy. Since (wit(p) Ady) equals witg(d) A Sy, we have that s (A) satisfies
wit(¢) A Sy, and so there exists a (7)s-interpretation C that satisfies wit(¢) A Sy
with o€ = vars, (wit(p) A 8y)C for every o in S. Then (C) satisfies witg(¢) A Sy
and, since 0 © = o and varsy (wit(g) A dy) = varsy (witg(¢) A Sy) for any o in
S,o © = varsy (witg(¢) A (Sv)c again for any o in S, what finishes the proof.
Finally, suppose 7 is convex. Let ¢ be a conjunction of literals in ¥, ; (notice ¢
is then a conjunction of literals in X,,), and assume that -7y, ¢ — \/;':1 Xi =Y
(implying 7 ¢ — \/;’:1 x; = y;): it follows that -7 ¢ — x; = y; for some
1 <i <n,andsince (x; = y;) = (x; = y;), that(5, ¢ — x; = y;, proving (7);
is convex.

Reciprocally, assume (7); is convex, and let ¢ be a cube in X, (and so ¢ = ¢)
such that b7 ¢ — \/i_;x; = y; (and thus (75, ¢ — \/i_; x; = y;); we must
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then have (75, ¢ — x; = y; for some 1 < i < n, and again by using that
(xi =vyi) = (x; =y) wegettr¢ — x; = y;, proving 7 is convex.

B.3 Proof of Theorem 19

In the proofs of Lemma 18 and Theorem 19, we will use the same convention found
in the proofs of Lemma 85 and Theorem 17: A and B will be X,-interpretations (often
T-interpretations in addition), while C and D will be %, s-interpretations (often (7). -
interpretations as well). Also important, on what is to follow, given a X, ; formula ¢ and a
¥, s-interpretation C that satisfies ¢, is to consider the formula cj)g. To define this formula,
let varsy, (¢) = {z1, ..., zx}, M; be the maximum of j such that s/(z;) appears in ¢, and
{yi,j :1<i=<n,0=<j =< M;+ 2} be fresh variables of sort o7.

1. We define ¢f by replacing each atomic subformula s/ (z;) = s¢ (zp) of @ by yi j = Yp.gs
2. 8y is the arrangement induced on the set of variables V = {y; ; : 1 <i <n,0<j <
M; + 2} by making x related to y iff x€ =€, for any x,y € V.

We then make q&g =¢t ASy.

Given a X, -interpretation, §(A) is the same ¥, s-interpretation as s (A): we choose to use
different symbols given that the two operators are used in different contexts. Similarly, given
a ¥, ¢-interpretation C, we define 0(C) to be the same as C .

Lemma 18 Every theory T defined over an empty signature X that is finitely witnessable
(respectively strongly finitely witnessable) w.rt. S C Sx, has a witness (strong witness) that
is variable-dependent.

Proof Take a quantifier-free formula ¢p. Let V = vars(¢), take the set Eq(V) of equivalence
relationson V,and fora E € Eq(V), let 85 be the arrangement induced by E on V; we then
define

x(Vy=\/ wits}) and witg(d) = ¢ A x(V),
EcEq(V)

and we state that, if wir is a witness, respectively a strong witness, wifg is also a witness,
respectively a strong witness. Of course, since wit is computable, wif is a computable function
from quantifier-free formulas to quantifier-free formulas.

1. We start by showing that, if X = vars(wity(¢))\V, ¢ and 3 % .wify(¢) are T-equivalent;
of course, if 3% . wity(p) = ¢ A 3 . x (V) (what we can do since ¢ contain none of
the variables in 7)) is satisfied by a Z-interpretation .4, so is ¢, so let us focus on the
other direction instead.

So assume the 7-interpretation A satisfies ¢, and let E be the equivalence on V such that

xEgy iff x4 = yA, meaning A satisfies 850. Then A must also satisfy 37 . wit(é{fo),

for 7 = vars(wit(Sgo)) \ V, and thus there exists a Z-interpretation A’, differing from
A at most on 7y, that satisfies wit(ag") (and thus 37 . wit((SgO) and 85" as well).

Because we are in an empty signature, all atomic subformulas of ¢ are equalities of
variables x = y: and this formula is satisfied in A" iff x Egy, what happens in turn iff
A = yA; this means the atomic subformulas of ¢ receive the same truth-values in
A and A’, and since ¢ is quantifier-free we get that A’ satisfies ¢. Of course, A’ also
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satisfies wit(sy, 0) and thus satisfies ¢ A x (V), meamng Asatisfies3 Y . A X (V); since
the variables in y are a subset of the variables in X, we get A satisfies 3 x. dAx(V).
Thus ¢ and 3 . wity(¢) are indeed 7-equivalent.

2. (a)

(b)

Suppose that wit is a witness, and let A be a T—interpretation that satisfies wito(¢).
Let Eq be the equivalence on V such that xEgy iff xA = y , and we know that

A also satlsﬁes 8E0 and thus 3 7. wzt(8 0, for ¥ = vars(wzt(S Eoyy \ vars(8y, Eoy
(contamed in ¥ = = vars(wity(¢)) \ V). Changlng the value of .A at most on the
variables y , we obtain a second Z-interpretation A’ that satisfies wzt((SVO), but of
course A’ also satisfies 37 . wit(égo) and thus 55".

Now, since wit is a witness, there must exist a Z-interpretation 55 that satisfies wit(8€°)
with

oB = varsy (wit(85°))3

foreach o € S. But, because B satisfies wit(sy, 0) it satisfies EI wzt((SEO) and thus
(SEO again, since we are on the empty signature, this means the atomic subformulas
of ¢ receive the same truth-value in either 4 or B, and so B satisfies ¢ (and, since
B also satisfies wit(rSgO) and thus \/EeEq(v) wit(85), B then satisfies ¢ A x(V)).
Furthermore, vars, (wit((SgO)) C varss (witg(¢p)), meaning o8B = varsy (wizo(db))B
and, therefore, that wiry is also a witness.

Suppose now wit is a strong witness, U is a set of variables, F' is an equivalence on
U, 85 is the corresponding arrangement, and .4 is a 7-interpretation that satisfies
wito(¢p) A 55. Let Eo be the equivalence relation on V such that x Egy iff xA = yA
this means that A satisfies (SEO Since A also satisfies x (V), there is an equivalence
E € Eq(V)suchthat A satlsﬁes wzz((S ), but we state that E = Ey: indeed, since A
satisfies wzt((SE) it also satisfies 3 y wzz(8 ) (for y = vars(wzt((SE)) \vars((SE))
and therefore 85 (since 85 and EI . wzt(85 ) are 7-equivalent); given A satisfies
850 and SE we have that E = Ej.

Define then the set of variables W = U U V with the equivalence G such that xGy
iff x4 = y4, and notice that A satisfies 8G, a formula that implies both 850 and
85. Since A satisfies wit(égo) A 89 and wit is a strong witness, there must exist a

T-interpretation B that satisfies wit(8€°) A 83, with
oB =varsy (wit((SgO) A 8‘();‘,)8

foreach o € S. Because B satisfies SVGV, it must satisfy sEo, meaning 3 and A satisfy
precisely the same atomic subformulas of ¢, and thus B satisfies ¢ (since that is a
quantifier-free formula), and consequently wifg(¢) (since B also satisfies wzt((SEO)
and thus yx (V)); furthermore, because B satisfies SW, it also satisfies 85. Finally,
notice the variables of sort o of wit(rSgO) NS VGV are a subset of the set of variables of
sort o of witg(¢p) NS 5: first of all, because wir(§ 50) is a subformula of x (V') and thus
wito(¢); and second, because the variables of § VGV (W = U UYV)are also variables of
85 and ¢ (and thus wito(¢)). So we have that o8 = vars, (witg(¢) A 85)3, proving
wit is indeed a strong witness.
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Theorem 19 Let T be a theory over an empty signature %, with sorts S = {0y, ..., 0on}.
Then: (1) is stably infinite, smooth, finitely witnessable, or strongly finitely witnessable
w.r.t. S if and only if Tis, respectively, stably infinite, smooth, finitely witnessable, or strongly
finitely witnessable w.r.t. S. In addition, if T has a model A with |UIA| > 2, (T)y is not convex
with respect to S.

Proof Let A be a X,,-structure, and C a X, s-structure: of course, from Lemma 85, A is a
model of Tiff §(A) is a model of (7). ; and C is a model of (7). iff it satisfies ¥, and 0(C)
is a model of 7. This last observation is true since, although §(©(C)) may differ from C in
the function assigned to s, any formula on the axiomatization of 7 is free of symbols, thus
receiving the same value in both C and §(0(C)) (and therefore 0(C)).

1. (a) Suppose that 7is stably-infinite, let ¢ be a quantifier-free ¥, ;-formula and Ca (7). -
interpretation that satisfies ¢. Then the (7)-interpretation C’, obtained from C by
making ylc/] = (s)J (zl.c), satisfies the quantifier and symbol-free formula qb(";, mean-
ing 0(C') satisfies ¢g. Since 7is assumed to be stably-infinite, there is an infinite (on
all domains) Z-interpretation A that satisfies d)Z. By defining the (7). -interpretation
Dsuchthat: 6P = oA forallo € S; forall Vi,j withj <M;+1, sD(ylA]) = y;4j+l,
and for all other elements a of 01 sP(a) = a;® and, for all z;, z ,. = y 0 and for
all other variables x, x? = x4

domains, that satisfies ¢.

Indeed, looking at i, for each element a of 019 , either sD(a) =aqg,ora = yl.“flj
for j < M +1:if j < M; + 1, sP(sP(a)) = yi“flj+2, which we know to equal
ylAj; if j =M +1,sP@) = ylA 41 €quals either ylAj | or ylAj and in the former

, we see that D is a (7). -interpretation, infinite on all

case s2(sP(a)) = yA And s? is a well-defined function since, if yl .= yA for
j<M;i+1landg < Mp +1, Asatisfies y; j = yp,4, and thus that is a literal ofSV,
this means in C’ that (s )/ (z;) = (s€ )q(zp), and so (s€)7t(z;) = (s€ )q+1(zp),
from what y; j41 = Yp 4+1 is also in 8y and thus both are the same in .4. Now, for
¢:ifsi(z;) = 54 (zp) is an atomic subformula of ¢, itis satisfied by Ciff y; ; = y, 4
shows up in §y, what happens if and only if (sDy/ (ziD) = (sD)4 (zp); of course,
since the atomic subformulas of ¢ receive the same value in C and D, and ¢ is
quantifier-free, D satisfies ¢.

(b) Reciprocally, assume (7). is stably-infinite, take a quantifier-free 3, -formula ¢ and
a T-interpretation A that satisfies ¢, meaning § (A) satisfies ¢. There must then exist
a (7)v-interpretation C, infinite in all domains, that satisfies ¢, and since ¢ is free
of symbols, 0(C) satisfies ¢ and has @O infinite forall o € S.

2. (a) Suppose now that 7 is smooth, let ¢ be a quantifier-free X, ;-formula, C a (7). -
interpretation that satisfies ¢, and « a function from S to the class of cardinals such
thatk (o) > |oC| for each o € S. We take the (7)y-interpretation C’ (obtained from
A by changing y ;S0 that it equals (s)/ (zc)) which satisfies the quantifier and

symbol-free formula d)c, meaning 0(C’) satisfies cj)c. Using 7 is smooth, there must
exist a Z-interpretation A that satisfies (bg and |c| = k(o) for each o € S. We

finally define a (7) -interpretation D such that: 0P = o for all o € §; for all
a= yl.’f‘j with j < M; + 1, sP(a) = y;f‘Hl, and for all other a € ‘71 ,sP() = a;

5 Notice that the first step already defines sD(yi“f‘j) for j = M; + 2 since we must have either y; j 12 = y; j
OF y; j4+2 = Yi j+1 1n C for 0 < j < M;, what remains true in 8y and thus A.
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(b)

3. (a)

and zlp = yl.AO, and for all other variables x, x? = x*. Given that D satisfies an

atomic subformula of ¢ iff C does so, it satisfies ¢; it is also a (7). -interpretation
such that |0?| = k(o) for each o € S, the argument being the same as the one for
the stably infinite case.

Reciprocally, suppose (7). is smooth, and then take a quantifier-free X, -formula ¢,
a Z-interpretation A that satisfies ¢ and a function « from S to the class of cardinals
such that k(o) > |o4| for all o € S; it follows that § (A) satisfies ¢, and since (7)y
is smooth there must exist a (7). -interpretation C that satisfies ¢ with |oC| =k(0)
for each o € S. Since ¢ has no function symbols, 0(C) is then a Z-interpretation
that satisfies ¢ with |o o) | = k(o) for any o € S, finishing the proof that 7is
also smooth.

Assume 7 is finitely witnessable, with a witness wit(¢p) = ¢ A ¥ (vars(¢)), where

¥ (vars(¢)) is a formula that depends only on the variables of ¢; there is always such

a witness as proved in Lemma 18. We state that (7). is also finitely witnessable,

with witness
n M;+2
wity(@) = ¢ A Y ars@) U ) A\ /\ i =7 GI AW (F) A Fun(Y),

i=1 j=0

where now ¢ may be a ¥, ;-formula, varss, (¢) = {z1, ..., 24}, M; is the maximum

of j such that s/ (z;) occurs in ¢, and7 ={yi,j:1<i<n0=<j<M+2}are
fresh variables of sort oy. Take a X, ;-formula ¢ and a (7). -interpretation C that
satisfies ¢. If we take the interpretation .4 that differs from 0(C) on _y> where
yi’f‘j = (sc)j(zic), we have that it satisfies W, (_y)) (since C satisfies ¥r\/), Fzm(_y))

(since s€ is a function in C), and ¢2, and thus 3% . wit(qbg) = ¢2 ATX. v (vars(fj)g))
for

X = vars(wit((pg)) \ vars(qbé) = vars(wits(¢)) \ [vars(¢) U ?],

where we remind the reader that vars (qﬁg) = vars(¢p)U 7 ; there is then an interpreta-

tion A’, differing from A at most on X , that satisfies ¢Z, AP (vars(d)é)). We now take
the (7)v-interpretation D that differs from C at most on YU 7 ,with  0(D) = A,
and we have that D satisfies: ¢, since C satisfies ¢, and D only differs from C at
most on ¥ U 7, none of these variables present in ¢; ¥ (vars(¢) U _y)), since this
formula is satisfied by A" and has no function symbols; W, (?) and F un(_y>), since
both are satisfied by .4, and D only differs on the values given for variables from .A
—. M;+2 i .
on X ;and /\j:O [yi,;j = s7(z;)], since

yP =0 =0 = 6976 = (DY D).

This means, of course, that C satisfies 3 X .3 7) wits(¢), as we needed to show.
Reciprocally, if the (7). -interpretation C satisfies 3 X .3 7 wits (¢), it is obvious
that it satisfies ¢ (since the variables in YU _y) do not occur in ¢), meaning ¢ and
37 .37 . wity(¢) are (T)y-equivalent.

So, suppose C is a (7)y-interpretation that satisfies wit;(¢), meaning A, differing
from O(C) atmostony; ; € Y ,where yi{‘j = (sc)j(zic), satisfies

b5 A ars@)) U ) AW(T) A Fun(Y) = wit(gs AWy (F) A Fun(Y)).
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There is, therefore, a Z-interpretation B that satisfies wit(qbg A, (_y)) A Fun(?))
with 0B = vars, (wit;(¢))5, for each o € S, the set varsy (wits(¢)) happening
to be the same as vars, (wit(qbg A \Ilv(i)) A Fun(?))). We then build a (7). -
interpretation D with: 0 = o8 for every o € §; xP = xP for every variable x;
and sD(yil?j) = y}?jﬂ forevery ]l <i <mand0 < j < M; + 1, and sPa)=a
for all other elements of 01D . We indeed have that s? is a function since B satisfies
Fun(?), and D satisfies 1, because B satisfies \IJV(?); it follows that, not only
D satisfies wit(¢), but also has the property that oD = vars, (wity (qb))D, proving
wity is indeed a witness for (7).
(b) We assume (7). is finitely witnessable, with witness wif, and then state that

n
witg($) = ¢ Awit@)" A \ Oio = 20) A W (F) A Fun(Y)
i=1
is a witness for 7, where: varsy, (Wit(¢)) = {z1, . .., zn}; M; is the maximum of j
such that s/ (z;) appears in wit(¢); _y> ={y,j:1<i<n1=<j=<M +2}are
fr;tsh variables of sort o1; wit(¢)" is obtained from wir(¢), in this case by replacing
s7(z;) = s9(zp) fory; j = ypq,Where 1 <i <nand0 < j < M;;

n

Wy (Y) = /\ [i2=yi1) V iz =yi.0)]

i=1
codifies the validity of y», among the values y; ;, and

n M;+1Mp+1

Fun(¥)= AN /\ N\ [0ij =2p0) = Gijrr = ypgin)]
i=1p=1

j=0 ¢=0

codifies the fact that s should be a function among these same values. We start by
taking a quantifier-free X, formula ¢ and a 7-interpretation A that satisfies ¢, and
then §(A) satisfies ¢ and thus 3 . wit(¢), where

T = vars(wit(9)) \ vars(¢p) = vars(wity(¢)) \ [vars(p) U ¥ 1.

There must exist a (7). -interpretation C, differing from §(A) at most on X, that
satisfies wit(¢) and in addition ¢, since §(A) does satisfy ¢ and C does not change
the value of the variables in ¢. Taking then the Z-interpretation /3 that differs from
0(C) at most on X U 7) such that, for x in X one has x8 = x€, and for Vi
in 7) one has yi[?j = (sc)j (z?), it is easy to see that: I3 satisfies ¢ A wit(qb)T, since
C satisfies ¢ A wit(¢); and B also satisfies \IJV(?) and Fun(?) given that zl.B =
yfo = ... = nyiH for each 1 < i < n. Hence, A satisfies 3 ¥ .3 7 wity ().
Now, if the T-interpretation .A satisfies instead 3 X .3 Y . witg(¢), given that the
variables in X and ¥ do not occur in ¢, it follows that A satisfies ¢, and so ¢ and
3% .37 . witg(¢) are T-equivalent.
Now, suppose A is a Z-interpretation that satisfies wity(¢); § (A) must then satisfy
wit(¢), and so there exists a (7). -interpretation C that satisfies wit(¢) with ol =
varsy (wit(q)))c for each o € S. We then take the Z-interpretation B, differing from
0(C) at most on 7, such that yfj = (sC)j(zl.c). This way, B satisfies ¢ because
C does so; it satisfies wit(¢)" and A’_, yi.0 = z; by its very definition; and it
satisfies \IJV(?) and Fun(_y>) because, respectively, C satisfies ¥, and sC is a
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4. (a)

(b)

function. Furthermore, for any o € S, vars, (wit(¢)) C vars, (witg(¢)), and so
o8 = varsy (wity(¢))5.

Suppose 7is strongly finitely witnessable, with a witness wit(¢) = ¢ A Y (vars(¢)),
where 1 (vars(¢)) is a formula that depends only on the variables of ¢, and we state
that then (7)y is also strongly finitely witnessable, with witness wit; as defined in
item 3(b) above: of course, we already know ¢ and 3 EgE| 7 wits (¢) are (7)y-
equivalent, where ¥ = vars(wit(¢)) \ vars(¢). So, take a set of variables V, an
arrangement 8§y over V, and a (7)-interpretation C that satisfies wits (¢) A Sy ; let
WhbeVUTX U 7 Uvars(¢), §w be the arrangement on W such that x is related to
y iff X6 = yc, and we have that C satisfies wit;(¢) A Sw. Then 0(C) satisfies

B¢ A ars@) UT) A N\Orj =20 AW (F) AFun(F) A by =

i=1

n
. - -
wit@f A \Orj = 20) AU (F) A Fun(3)) A dw,
i=1
so there must exist a Z-interpretation A, given that wir is a strong witness, with
oA = varsy (wits W) A 8y)A for each o € S,° and such that A satisfies

n
wit(@g A [\ Gij = 20) A W) A Fun(5)) A dy.
i=1

We finally define a (7} -interpretation D such that: ¢© = o for every o € ;
xP = xA for every variable x; and SD(yl?j) = yil?jH forevery 1 < i < n and
0<j<M;+1,and sD(a) = qa for all other elements of a]D (again, notice
sD( yiz?/ 1) for j = M;, must have been defined under these conditions). We indeed
have that s? is a function, since A satisfies F: un(?), and D satisfies v/, because A
satisfies Wy, (7)). Of course D satisfies wit; (¢) Ady, and in addition has the property
that 0 = vars, (wits () A 8y)P foreach o € 8, proving wits is a strong witness
for (7).

Assume now that (7)) is strongly finitely witnessable, with a strong witness wit, and
we will prove that wity from item 3(a) above is also a strong witness; as we already
know, ¢ and 3 ¥ .3 7 wity(¢) are 7-equivalent, for X = vars(wit(¢)) \ vars(¢).
So take a set of variables V, an arrangement 8y on V, and a 7Z-interpretation A
that satisfies witg(¢p) A 8y. It follows that §(A) satisfies wit(¢p) A Sy, where W =
V U vars(witg(¢)) and w is the arrangement induced on W by making x related
to y iff KA = y§(A); since wit is a strong witness for (7)., there exists a (7). -
interpretation C that satisfies wit(¢) A Sy and oC = varsy (wit(¢p) A Sw)C for each
o € S. Now, consider the (7). -interpretation D with 0P = oCforeacho € 8,

xP = xC for each variable x, and s© equal to s¢ except on the elements

DFi1<isn 1< <M +20{G G 1<i<m 1 <j<M+2),
where we define instead: sD(inj) = yijH’ for1 <i <mnandj < M; + 1; and,

if sP((s€)/ (zf)) has not yet been defined, we simply make it equal to (s€)J+1 (zic)
(notice sD(yl.C_ j +2), for j = M,;, must have, under these conditions, already been

6 Notice the variables in wit(¢g AWy (?) A Fun(?)) A 8w are the same as the ones in wits (¢) A Sy, which
in turn are the same as the ones in wits(¢) A Sy
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defined, since either leHz = ylcl or ylcl+2 = y,C/H) Since §(A) satisfies Fun(?),
if C satisfies y;,j = yp.q it also satisfies y; j+1 = yp 41, meaning s? 1s indeed a
well-defined function; furthermore, given that §(A) also satisfies \IJV( y ), we have
that C either satisfies y; » = y;,1 or y; 2 = ¥;,1, and so D satisfies v, being therefore
a (ﬂv-mterpretatlon It is a routine exercise to show D satisfies ¢ /\l_1 Vi 0 = Zi,
Fun( vy ) and \I/v( ¥ ), and we have to prove that is satisfies wit(@)T, solet s/ (z;) =
s9(z)) be one of its atomic formulas; we have (sD)/(ziD) = (SD)/ (yi?o) = yl?j,
and (sP)? (ZD) = (sD)a (y?o) = yl? p from the definition of s?. Furthermore, §(.A)
satisfies y; j = yp.4 iff C, and thus D, satisfy the same formula; this means §(A)
satisfies s/ (z;) = 57 (zp) iff D does so, and therefore D satlsﬁes wit(¢)T, since §(A)
does so and this formula is quantifier-free. Given that ol = = varsy (Wit(¢) A (SW)C,
and o = varsy wit(9) A Sw)P = vars, (witg($))?, witg is thus indeed a strong
witness for 7.

Finally, we deal with convexity. Consider the conjunction of literals ¢ = (y = s(x))A(z =
s(y)), where x, y and z are of sort o, and we have that

Fo, ¢ = =y vx=2Vv(y=2.

To see that, suppose we have a (7). -interpretation C that satisfies ¢, but neither x = y nor
x = z; therefore, s€(a) # a and sC(s%(@)) # a, where a = x€. Since s¢(s%(a)) #+ a, we
must have s€(s€(a)) = s€(a), meaning that C satisfies y = z.

However, we do not have that (7)., entails ¢ > x=y),¢—>x=zor¢p—> (y=2),
as we assume 7 possesses a model A with |a1 | > 2;saya,b e 01’4 To understand why,
consider the interpretation C and D of (7)., with: ol =0P = G‘A foreveryo € S; s%(a) = b,
sC(b) = b, sP(a) = b, sP(b) = a and s€(c) = sP(c) = c foreach ¢ € alA \ {a, b}; and

x*=a and yC:zC:b, and xP=zP =4 and yD:b.
We see that both (7). -interpretations satisfy ¢; however, C does not satisfy x = y nor x = z,
while D does not satisfy y = z (nor also x = y). O
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