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Abstract— A number of recent results on optimization prob-
lems involving submodular functions have made use of the “mul-
tilinear relaxation” of the problem [3], [8], [24], [14], [13]. We
present a general approach to deriving inapproximability results in
the value oracle model, based on the notion of ”symmetry gap”.
Our main result is that for any fixed instance that exhibits a certain
”symmetry gap” in its multilinear relaxation, there is a naturally
related class of instances for which a better approximation factor
than the symmetry gap would require exponentially many oracle
queries.

This unifies several known hardness results for submodular
maximization, e.g. the optimality of (1 — 1/e)-approximation for
monotone submodular maximization under a cardinality constraint
[20], [7], and the impossibility of (% +¢)-approximation for uncon-
strained (non-monotone) submodular maximization [8]. It follows
from our result that (% + €)-approximation is also impossible for
non-monotone submodular maximization subject to a (non-trivial)
matroid constraint. On the algorithmic side, we present a 0.309-
approximation for this problem, improving the previously known
factor of + — o(1) [14].

As another application, we consider the problem of maximizing
a non-monotone submodular function over the bases of a matroid.
A (% — o(1))-approximation has been developed for this problem,
assuming that the matroid contains two disjoint bases [14]. We
show that the best approximation one can achieve is indeed related
to packings of bases in the matroid. Specifically, for any k >
2, there is a class of matroids of fractional base packing number
v = k—fl, such that any algorithm achieving a better than (1 —
%)-approximation for this class would require exponentially many
value queries. On the positive side, we present a (1 — < —o(1))-
approximation algorithm for the same problem.

Our hardness results hold in fact for very special symmetric
instances. For such symmetric instances, we show that the approx-
imation factors of % (for submodular maximization subject to a
matroid constraint) and 1 — % (for a matroid base constraint) can
be achieved algorithmically and hence are optimal.

Keywords-approximation algorithms; submodular functions; ma-
troids; multilinear extension
1. INTRODUCTION
Submodular set functions are defined by the following
condition for all pairs of sets S, 7"

fSUT)+ f(SNT) < f(S) + f(T),

or equivalently by the property that the marginal value of

any element, fs(j) = f(S + j) — f(9), satisfies fr(j) <
fs(j), whenever j ¢ T D S. In addition, a set function

*This work was done while the author was at Princeton University. The
paper’s length is due to merging two submissions on this topic.

is called monotone if f(S) < f(T) whenever S C T.
Throughout this paper, we assume that f(.S) is nonnegative.

Submodular functions have been studied in the context
of combinatorial optimization since the 1970’s, especially
in connection with matroids [5], [6], [18], [19], [20], [26],
[27], [16], [10]. Submodular functions appear mostly for
the following two reasons: (i) submodularity arises naturally
in various combinatorial settings, and many algorithmic
applications use it either explicitly or implicitly; (ii) sub-
modularity has a natural interpretation as the property of
diminishing returns, which defines an important class of util-
ity/valuation functions. Submodularity as an abstract concept
is both general enough to be useful for applications and
it carries enough structure to allow strong positive results.
A fundamental algorithmic result is that any submodular
function given by a value oracle can be minimized in strongly
polynomial time [9], [21].

In contrast to submodular minimization, submodular max-
imization problems are typically hard to solve exactly.
Consider the classical problem of maximizing a monotone
submodular function subject to a cardinality constraint,
max{f(S) : |S| < k}. It is known that this problem admits
a (1 — 1/e)-approximation [18] and this is optimal in two
different ways: (i) Given only black-box access to f(.5),
we cannot achieve a better approximation, unless we ask
exponentially many value queries [20]. This holds even if
we have unlimited computational power. (ii) In special cases
where f(S) has a compact representation on the input, it is
NP-hard to achieve an approximation better than 1 — 1/e
[7]. The reason why the hardness threshold is the same in
both cases is apparently not well understood.

The optimal (1 — 1/e)-approximation for the problem
max{f(S) : |S| < k} is achieved by a simple greedy algo-
rithm [18], but this seems to be rather coincidental. For other
variants of submodular maximization, such as unconstrained
(non-monotone) submodular maximization [8], monotone
submodular maximization subject to a matroid constraint
[19], [3], [24], or submodular maximization subject to linear
constraints [13], [14], greedy algorithms achieve suboptimal
results. A tool which has proven useful in approaching these
problems is multilinear relaxation.

Multilinear relaxation. Let us consider a discrete optimiza-
tion problem max{f(S) : S € F}, where f : 2% — Riis the
objective function and F C 2% is the collection of feasible



solutions. In case f is a linear function, f(S) =3_,cqw;.
it is natural to replace this problem by a linear programming
problem. For a general set function f(S), however, a linear
relaxation is not readily available. Instead, the following
relaxation has been proposed [3], [24]: For z € [0, 1]X, let &
denote a random vector in {0, 1} where each coordinate of
x; is rounded independently with expectation x;. We define

F(z)=E[f@)] = Y_ f(S) []a [ -2

scx ieS  jgS

This is a multilinear function which coincides with f(.S) on
{0, 1}-vectors. We remark that although we cannot compute
the exact value of F(x) for a given z € [0,1]% (which
would require querying all possible values of f(.5)), we
can compute F(x) approximately, by random sampling.
Sometimes this causes technical issues, which we also deal
with in this paper.

Instead of the discrete problem max{f(S) : S € F}, we
consider a continuous optimization problem max{F(z) :
x € P(F)}, where P(F) is the convex hull of indicator
vectors corresponding to F,

P(F)={> asls: Y as=1as>0}

SerF SerF

The main reason why the extension F(z) = E[f()]
is useful for submodular maximization problems is that
fractional solutions can be often rounded to discrete ones
without losing anything in terms of the objective value.
Then, our ability to solve the multilinear relaxation approx-
imately translates directly into an approximation algorithm
for the original problem. In particular, this is true when the
collection of feasible solutions forms a matroid.

Pipage rounding was originally developed by Ageev and
Sviridenko for rounding solutions in the bipartite match-
ing polytope [2]. The technique was adapted to matroid
polytopes by Calinescu et al. [3], who proved that for
any submodular function f(S) and any « in the matroid
base polytope B(M), the fractional solution x can be
rounded to a base B € B such that f(B) > F(x). This
approach leads to an optimal (1 — 1/e)-approximation for
the Submodular Welfare Problem, and more generally for
monotone submodular maximization subject to a matroid
constraint [3], [24]. It is also known that the factor of 1—1/e
is optimal for the Submodular Welfare Problem both in the
NP framework [12] and in the value oracle model [17].
Under the assumption that the submodular function f(.5) has
curvature c, there is a %(1 — e~ ¢)-approximation and this is
also optimal in the value oracle model [25]. The framework
of pipage rounding can be also extended to nonmonotone
submodular functions; this presents some additional issues
which we discuss in this paper.

For the problem of unconstrained (non-monotone) sub-
modular maximization, a 2/5-approximation was developed

in [8]. This algorithm implicitly uses the multilinear relax-
ation max{F(z) : x € [0,1]%}. For symmetric submodular
functions, it is shown in [8] that a uniformly random solution
= (1/2,...,1/2) gives F(z) > OPT, and there is no
better approximation algorithm in the value oracle model.

Using additional techniques, the multilinear relaxation can
be also applied to submodular maximization with knapsack-
type constraints (3 ;.5 ¢;j < 1). For the problem of max-
imizing a monotone submodular function subject to a con-
stant number of knapsack constraints, there is a (1—1/e—e¢)-
approximation algorithm for any € > 0 [13]. For maximizing
a non-monotone submodular function subject to a constant
number of knapsack constraints, a (1/5 — ¢)-approximation
was designed in [14].

One should mention that not all the best known results
for submodular maximization have been achieved using the
multilinear relaxation. The greedy algorithm yields a 1/(k+
1)-approximation for monotone submodular maximization
subject to k£ matroid constraints [19]. Local search methods
have been used to improve this to a 1/(k+€)-approximation,
and to obtain a 1/(k+141/(k—1)+¢)-approximation for the
same problem with a non-monotone submodular function,
for any ¢ > 0 [14], [15]. For the problem of maximizing
a non-monotone submodular function over the bases of a
given matroid, local search yields a (1/6 —e)-approximation,
assuming that the matroid contains two disjoint bases [14].

1.1. Our results

Our main result (Theorem 1.6) is a general hardness con-
struction which produces an inapproximability result in the
value oracle model in an automated way, based on what we
call the symmetry gap for some fixed instance. In this generic
fashion, we are able to replicate a number of previously
known hardness results (such as the optimality of the factors
1 —1/e and 1/2 mentioned above), and we also produce
new hardness results using this construction (Theorems 1.1,
1.3). Our construction helps explain the particular hardness
thresholds obtained under various constraints, by exhibiting
a small instance where the threshold can be seen as the
gap between the optimal solution and the best symmetric
solution. The query complexity results in [8], [17], [25]
can be seen in hindsight as special cases of Theorem 1.6,
but the construction in this paper is somewhat different
and technically more involved than the previous proofs for
particular cases.

Before we proceed to describe our general hardness
result, we present its implications for two more concrete
problems. We also provide closely matching approximation
algorithms for these two problems, based on multilinear
relaxation. First, we discuss the problem of maximizing a
(non-monotone) submodular function subject to a matroid
independence constraint. In the following, we assume that
the function is given by a value oracle and the matroid is
given by a membership oracle.



Theorem 1.1. There is a randomized +(—1++/5—o0(1)) =
0.309-approximation for the problem max{f(S): S € I},
where f(S) is a nonnegative submodular function, and T is
a collection of independent sets in a matroid.

For any € > 0, a (% + €)-approximation for this problem
(e.g. when T = {I : |I| < 5 }) would require exponentially
many value queries.

Our algorithmic result improves a previously known (% —
o(1))-approximation [14]. The hardness threshold follows
from our general result, but also quite easily from [8].

Secondly, we consider the problem of maximizing a
(non-monotone) submodular function subject to a matroid
base constraint. (This generalizes for example the maximum
bisection problem in graphs.) We show that the approxima-
bility of this problem is related to base packings in the

matroid. We use the following definition.

Definition 1.2. For a matroid M with a collection of
bases B, the fractional base packing number is the max-
imum possible value of ) p.zap for ap > 0 such that

> Bep.jep @B < 1 for every element j.

Theorem 1.3. For any v € (1,2], there is a randomized
1(1—1 —o(1))-approximation for the problem max{ f(S) :
S € B}, where f(S) is a nonnegative submodular function,
and B is a collection of bases in a matroid with fractional
packing number at least v.

On the other hand, for any v in the form %, k> 2, and
any fixed € >0, a (1 — % + €)-approximation for the same
problem would require exponentially many value queries.

In case the matroid contains two disjoint bases (v = 2),
we obtain a (3 — o(1)-approximation, improving the pre-
viously known factor of % — o(1) [14]. In the range of
v € (1,2], our positive and negative results are within a
factor of 2. For maximizing a submodular function over the
bases of a general matroid, our result implies that there is
no constant-factor approximation. This is also a new result.

In the following, we explain the notion of a symmetry
gap and our general hardness result.

1.2. The symmetry gap

Consider an instance max{ f(S) : S € F} which exhibits
a certain degree of symmetry. This is formalized by the
notion of a symmetry group G. We consider permutations
o € S(X) where S(X) is the symmetric group of on X; we
also use o for the naturally induced mapping of subsets of
X. We say that the instance is invariant under G C S(X),
if for any o0 € G and any set S, f(S) = f(c(S5)) and
S € F < o(S) € F. We emphasize that even though we
apply o to sets, it must be derived from a permutation on
X. For z € [0,1]%, we define the “symmetrization of 2" as

o« T =Eoeglo()],
where o(z) denotes z with coordinates permuted by o.
Then, we define the symmetry gap as the ratio between the

optimal solution of max{F(z) : x € P(F)} and the best
symmetric solution of this problem.

Definition 1.4 (Symmetry gap). Let max{f(S): S € F}
be an instance on a ground set X, which is invariant under
G C S(X). Let F(z) = E[f(Z)] be the multilinear extension
of f(S) and P(F) = conv({1; : I € F}) the polytope
associated with F. The symmetry gap of max{f(S): S €
F} is defined as v = OPT /OPT where

e OPT =max{F(x):z € P(F)}.

o OPT = max{F(z):2 € P(F)}.

Next, we need to define the notion of a refinement of an
instance. The following definition may appear technical, but
we believe that this is a natural way to ’blow up” an instance.
In particular, this operation preserves the types of constraints
that we care about, such as cardinality constraints, matroid
independence, knapsack constraints, and matroid base con-
straints.

Definition 1.5 (Refinement). Let F C 2%, |X| = k and
|N| = n. We say that F C 2N*X is a refinement of F, if

o S € F ifand only if (z1,...,xx) € P(F), where
r = 150 (N x {7))]

Our main result is that the symmetry gap translates automat-
ically into hardness of approximation for refined instances.
We emphasize that this is a query-complexity lower bound,
and hence independent of assumptions such as P # N P.

Theorem 1.6. Let max{f(S) : S € F} be an instance of
nonnegative (optionally monotone) submodular maximiza-
tion with symmetry gap y = OPT/OPT. Let C be the class
of instances max{f(S) : S € F} where f is nonnegative
(optionally monotone) submodular and Fisa refinement
of F. Then for every ¢ > 0, any (1 + €)y-approximation
algorithm for the class C would require exponentially many
value queries to f(S).

We remark that the result holds even if the class C is
restricted to instances which are themselves symmetric under
a group similar to G. Moreover, for symmetric instances
the algorithmic problem becomes easier and we obtain
optimal approximation factors, up to lower-order terms. (See
Section 5 for more details.)

The rest of the paper is organized as follows. In Section 2,
we show applications of our main hardness result (Theo-
rem 1.6) to concrete cases, in particular how it implies the
hardness statements in Theorem 1.1 and 1.3. In Section 3, we
present the proof of Theorem 1.6. In Section 4, we prove the
algorithmic results in Theorem 1.1 and 1.3. In Section 5, we
discuss the special case of symmetric instances. In the Ap-
pendix, we present a few basic facts concerning submodular
functions and their extensions, our generalization of pipage
rounding to nonmonotone submodular functions, and a few
other technicalities which would hinder the main exposition.



2. FROM SYMMETRY TO INAPPROXIMABILITY:
APPLICATIONS

Before we plunge into the proof of Theorem 1.6, let

us show how it can be applied to a number of specific
problems. Some of these are hardness results that were
proved previously by an ad-hoc method. The last application
is a new one (Theorem 1.3).
Nonmonotone submodular maximization. Let X = {1, 2}
and for any S C X, f(S) =1 if |S| = 1, and 0 otherwise.
Consider the instance max{f(S) : S C X}. In other words,
this is the Max Cut problem on the graph K. This instance
exhibits a simple symmetry, the group of all (two) permu-
tations on {1,2}. We get OPT = F(1,0) = F(0,1) = 1
while OPT = F(1/2,1/2) = 1/2. Hence, the symmetry
gap is 1/2.

Since f(S) is nonegative submodular and there is no
constraint on S C X, this will be the case for any refinement
of the instance as well. Theorem 1.6 implies immediately
the following: any algorithm achieving a better than 1/2-
approximation for nonnegative nonmonotone submodular
maximization requires exponentially many value queries
(previously known [8]).

Note that the same symmetry gap holds even if we impose

some simple constraints: the problems max{ f(5) : |S| < 1}
and max{f(S) : |S| = 1} have the same symmetry gap as
above. Hence, the hardness threshold of 1/2 also holds for
nonmonotone submodular maximization under cardinality
constraints of the type |\S| < n/2, or |S| = n/2. This proves
the hardness part of Theorem 1.1. This can be derived quite
easily from the construction of [8] as well.
Monotone submodular maximization. Let X = [k]| and
f(S) = min{|S|,1}. Consider the instance max{f(S) :
|S| < 1}. This instance exhibits the symmetry of all
permutations on [k]. We get OPT = F(1,0,...,0) = 1,
while OPT = F(1/k,1/k,...,1/k) =1— (1 —1/k)k

Here, f(S) is monotone submodular and any refinement

of F is a set system of the type F = {S : |S] < (}.
Based on our theorem, this implies that any approximation
better than 1 — (1 — 1/k)* for monotone submodular max-
imization subject to a cardinality constraint would require
exponentially many value queries. Since this holds for any
fixed k, we get the same hardness hardness result for any
B> limg 00 (1— (1 —1/k)¥) = 1—1/e (previously known
[20D).
Submodular welfare. Let X = [k] x [k], F = {S :
S contains at most 1 pair (4, j) for each j}, and f(S) =
{¢ : 3(i,4) € S}|. Consider the instance max{f(S) :
S € F}. This instance can be interpreted as an allocation
problem of k items to k players. A set S represents an
assignment in the sense that (i, j) € S if item j is allocated
to player 7. A player is satisfied is she receives at least 1 item;
the objective function is the number of satisfied players.

This instance exhibits the symmetry of all permutations
on the items. An optimum solution allocates each item to a

different player, and OPT = k. The symmetrized optimum
is OPT = F(1/k,1/k,...,1/k) = k(1 — (1 — 1/k)*). A
refinement of this instance can be interpreted as an allocation
problem where we have n copies of each item, we still have
k players, and the utility functions are monotone submodu-
lar. Our theorem implies that for Submodular Welfare with
k players, a better approximation factor than 1 — (1 —1/k)*
is impossible.!
Submodular maximization over matroid bases. Let X =
AUB, A={a1,...,a}, B={b1,...,bp} and F = {S:
[SNAl =1& |SNB| =k —1}. We define f(S) =
¥ L £i(S) where fi(S) = 1ifa; € S & b; ¢ S, and 0
otherwise. This instance can be viewed as a Max Di-Cut
problem on a graph of k disjoint arcs, under the constraint
that exactly one arc tail and k — 1 arc heads should be on
the left-hand side (S). An optimal solution is for example
S ={ay,ba,bs,..., b}, which gives OPT = 1.

The symmetry here is that we can apply the same per-
mutation to A and B sunultaneously ThlS yields a unique

symmetrized solution Z = (4,...,7,1 — 4,...,1— 1),
and OPT = F(z) = E[f(2)] = ZZ 1E[fz( T)] = ¢ (we
get each arc in the directed cut with probability % hence

Elfi(2)] = &

The reﬁned instances are instances of (nonmonotone)
submodular maximization over the bases of a matroid, where
the ground set is partitioned into AU B and we should take a
+-fraction of A and a (1— 1 )-fraction of B. (This means that
the fractional packing number of bases is v = k/(k — 1).)
Our theorem implies that for this class of instances, an
approximation better than 1/k is impossible - this proves
the hardness part of Theorem 1.3.

3. FROM SYMMETRY TO INAPPROXIMABILITY: PROOF

On a high level, our proof resembles the constructions
of [8], [17]. We construct instances based on continuous
functions F'(z), G(z), whose optima differ by a gap (1+¢)y
for which we want to prove hardness. Then we show that
after a certain perturbation, the two types of instances are
very hard to distinguish. This paper generalizes the ideas of
[8], [17] and brings two new ingredients. First, we show
that the functions F(x),G(x), which are “pulled out of
the hat” in [8], [17], can be produced in a natural way
from the multilinear relaxation of the respective problem,
using the notion of a symmetry gap. Secondly, the way we
perturb these functions is quite delicate and forms the main
technical part of the proof. In [8], this step is quite simple.
In [17], the perturbation is more complicated, but still relies
on properties of the specific functions F'(z), G(x) which
do not hold in general. The construction that we present

I'We note that formally, our theorem assumes an oracle model where
only the total value can be queried for a given allocation. This is actually
enough for the (1 — 1/e)-approximation of [24] to work. The hardness
result holds even if each player’s utility function can be queried separately;
this result was proved in [17].



here (Lemma 3.2) uses the symmetry properties of a fixed
instance in a generic fashion, and technically it is more
involved than the ones in [8], [17]. First, let us present an
outline of our construction.

Given an instance max{f(S) : S € F} exhibiting a
symmetry gap 7, we consider two smooth submodular’
functions, F'(z) and G(x). The first one is the multilinear
extension F(x) = E[f(%)], while the second one is its
symmetrized version G(z) = F(z). We modify these
functions slightly so that we obtain functions F(z) and G ()
with the following property: For any vector x which is close
to its symmetrized version Z, F'(x) = G(z). The functions
F(z),G(x) induce instances of submodular maximization
on the refined ground sets. The way we define discrete
instances based on F(z),G(z) is very natural, using the
following lemma which has been used in [17], [14].

Lemma 3.1. Let F : [0,1]X — R be a function with
continuous first partial derivatives everywhere, and second
partial derivatives almost everywhere. Let N = [n], n > 1,
and define f : N x X — R so that f(S) = F(x) where
= %|Sﬂ (N x {i})|. Then
o If g—i > 0 everywhere for each i, then f(S) is
monotone
o If 2 o < 0 almost everywhere for all i, j, then f(S)
is submodular.

The way we construct £'(z), G(z) is such that, given a
large enough refinement of the ground set, it is impossible to
distinguish the instances corresponding to F'(z) and G(z).
As we argue more precisely later, this holds because under
an unknown labeling of the ground set, all queries with
high probability fall in the region where F'(x) = G(x). The
following lemma gives the precise properties of F(m) and
G(z) that we need.

Lemma 3.2. Consider an instance max{f(S) : S € F}
invariant under a group of permutations G on a ground set
X. Assume f : 2% — [0,M] and F(z) = E[f(%)]. Let
Z = Eyeglo(z)], OPT = max{F(z) : © € P(F)} and
OPT = max{F(z) : € P(F)}. Fix any € > 0. Then
there is § > 0 and functions F',G : [0,1]X — R (which are
also symmetric with respect to G), satisfying:

o Whenever ||z — Z||*> < 0, F(z) = G(z) and the value

depends only on T.

e max{F(z):x € P(F)} > OPT.

e max{G(z):x e P(F)} <1+ €)OPT.

o If f(S) is monotone, we have 3—5_ >0, 3G > 0.

o If f(S) is submodular, 8‘95 <0, afo(i <0

The proof of this lemma is the main technical part of this
paper and we defer it to the end of this section. Assuming
this lemma, we first finish the proof of the main theorem.

2”Smooth submodularity” means the condition 8 a < 0 for all ¢, .

Proof of Theorem 1.6: Fix an € > 0. Given a symmetric
instance max{f(S) : S € F} invariant under G, let F,G :
[0,1]¥ — R be the two functions provided by Lemma 3.2.
We choose a large number n and consider a refinement
F on the ground set N x X, where N = [n]. We want
to define discrete instances of submodular maximization
max{f(S) : S € F}, max{g(S) : S € F} based on the
functions F'(x), G(x). However, to confuse the algorithm,
we randomize the correspondence of the ground set N x X
to the continuous space [0, 1]¥ in the following fashion. For
each ¢ € N, we choose independently a random permutation
o) € G. These permutations are chosen randomly but fixed
once the input is presented to an algorithm. This can be
viewed as a random shuffle of the labeling of the ground set
before we present it to an algorithm.

For every set S C N x X, we define a vector £(5) €
[0,1]% by

&(8) = o (j)) € S}

In other words, &;(S) measures the fraction of copies of
element j contained in S; however, for each i the i-copies
of all elements are shuffled by oD, Then, we define

F(S)=F((9)),  g(S) =G(E(9)).

We claim that f(S) and g¢(S) are submodular (for any
fixed ). Note that the effect of ¢(*) is just a renaming (or
reshuffling) of the elements of N x X, and hence for the
purpose of submodularity we can assume that o(*) = Id for
all i. Then, &;(S) = 1|SN (N x {j})|. Due to Lemma 3.1,

the property 8;8 < 0 implies that f(S) is submodular.
In addition, if the original instance was monotone, then
gf > 0 and f(5) is monotone as well. The same holds
for g(S).

The feasible sets in the refined instance S € F are
such that the respective vector £(S) is in the polytope
P(F). The value of g(S) for any feasible solution S € F
is bounded by g¢(S) = G(£(S)) < (1 + €)OPT. On
the other hand, let z* denote a point where the optimum
of the continuous problem max{F(z) : = € P(F)} is
attained, i.e. F'(z*) = OPT. For a large enough n, we
can approximate the optimal point x* arbitrarily well by a
rational vector with n in the denominator, which corresponds
to a discrete solution S* € F whose value f(.S) is arbitrarily
close to OPT. Hence, the gap between the optima of the
discrete optimization problems max{f(S) : S € F} and
max{g(S) : S € F} can be made arbitrarily close to
(1+€)OPT/OPT = (1 + €)y.

We claim that no algorithm (even randomized) can dis-
tinguish between the two instances, max{f(S) : S € F'}
and max{g(S) : S € F'}. The way we argue about this is
that given our probability distribution over the labelings of
the ground set, we show that every deterministic algorithm
returns the same solution (of the same value) on both

1
—{reN: (2
e N (G,




instances with high probability. By Yao’s principle, this
means that any randomized algorithm also returns the same
answer with high probability for some labeling of the input.
If an algorithm cannot distinguish between the two instances,
it means that it cannot approximate the optimum value
within a factor of (1 + €)~, for any fixed € > 0.

The key observation is that for any query of the algorithm
Q, which is blind to the underlying randomness in ¢(*), the
associated vector ¢ = £(Q) is very likely to be close to its
symmetrized version ¢. To see this, consider a query ). The
associated vector ¢ = £(Q) is determined by

€Q} =

Z Qij

where Q;; is the indicator variable of the event (i,0(")(j)) €
Q. This is a random event due to the randomness in o).
We have

E[Qy;]

1 . ;
0 =i € N (1,09())

=Pr[Qij =1]= Pr [(i,0

oMeg

(7)) € Ql.

Adding up these expectations over ; € N, we get

;E[Qu] = 2 a(glég[(l ol ( ) € Q]
= Eo,eq[|{i € N : (i,0(j)) € Q}]]-

For the purposes of expectation, the independence of
oW, ..., 0™ is irrelevant and that is why we can drop the
indices. On the other hand, consider the symmetrized vector
R

Boegllfi € N: (1,09 (0(7))) € Q)]

7 = Eocglao(jy] =

1
=~ Eoeg[[{i € N : (i,0(j)) € Q}]
using the fact that the distribution of ¢(*) o ¢ is the same as
the distribution of ¢ - uniformly random over G. Note that
the vector ¢ depends on the random permutations ¢(*) but
the symmetrized vector ¢ does not; this will be also useful
in the following. For now, we summarize that

1 n
4 = o ZE[ng]
i=1

Since each permutation ¢(*) is chosen independently, the
random variables {Q;; : 1 < ¢ < n} are independent (for
a fixed j). We can apply Chernoff’s bound (see e.g. [1],
Corollary A.1.7):

- > E[Qy]

i=1

> a] < 9e—2a°/n

Using ¢; = 157" Qo 5 = > E

a =n+/d/|X|, we obtain

)
Pr|lg — G| > | == | < 2e727%/1X1,
[ J J |X|

By the union bound,

[Qi;] and setting

L0 .
<Y Prllg—q* > |X|] < 2| X|e2m9/IX1,
jex

Prfllg—q|[* > o]

Note that while § and | X| are constants, n grows as the size
of the refinement and hence the probability is exponentially
small in the size of the ground set NV x X.

Aslong as D(q) = ||¢—q||? < 6 for every query issued by
the algorithm, the answers do not depend on the randomness
of the input. This is because then the values of F(q)
and G(q) depend only on g, which is independent of the
random permutations o, as we argued above. Therefore,
assuming that D(q) < ¢ for each query, the algorithm
will always follow the same path of computation and issue
the same sequence of queries S. (Note that this is just a
fixed sequence which can be written down before we started
running the algorithm.) Assume that |S| is subexponential
in n. It happens with high probability that D(q) < § for
all @ € S. Then, the algorithm indeed follows this path of
computation and gives the same answer. The answer does
not depend on whether the objective function is f(S) or
g(9). A A |

We remark that since F'(x) and G(z) are symmetric under
G, the refined instances that we define are invariant with
respect to the following symmetries: permute the copies of
each element in an arbitrary way, and permute the classes
of copies according to any permutation ¢ € G. This means
that the hardness result also holds for instances satisfying
such symmetry properties.

It remains to prove Lemma 3.2. Before we move to the
final construction of F'(x) and G(z), we construct as an
intermediate step a function F(x) which is helpful in the
analysis.

Construction: Let us construct a function F'(z) which
satisfies (roughly) the following:
o For x “sufficiently close” to Z, F(z) = G(x).
« For z “sufficiently far away” from Z, F(z) ~ F(z).
o The function F(z) is not exactly smooth submodular,
but the conditions are not violated too badly.

Once we have F(z), we can fix it to obtain a smooth
submodular function F' (z), which is still close to the original
function F'(x). We also fix G(z) in the same way, to obtain
a function G(x) which is equal to F'(z) whenever z is close
to . We defer this step until the end.

We define F(x) as a convex linear combination of F'(z)
and G(x), guided by a “smooth transition” function, depend-



ing on the distance of x from Z. The form that we use® is

as follows:

F(z) = (1 - ¢(D(x))F(z) — ¢(D(x))G(x)

where ¢ : Ry — [0, 1] is a suitable smooth function, and

D) = llo — 72 = (s — 7)2.

The idea is that when x is close to Z, the convex linear
combination should give most of the weight to G(z), and the
weight shifts gradually to F'(z) as x gets further away from
Z. Therefore, ¢(t) = 1 in a small interval ¢ € [0, 6], and ¢(¢)
tends to 0 as ¢ increases. This guarantees that F'(z) = G(z)
whenever D(z) = ||z — Z||? < §. We defer the precise
construction of ¢(t) to Lemma 3.6, after we determine what
properties we need from ¢(t). Note that regardless of the
definition of ¢(t), F(x) is also symmetric with respect to
g, since F(x),G(x) and D(x) are.

Analysis of the construction: Due to the construction
of F(z), it is clear that when D(x) = ||z — Z||? is small,
F(z) = G(Z), whereas when D(z) is large, F/(x) ~ F(z).
The main issue, however, is whether we can say something
about the first and second partial derivatives of F(x). This is
crucial for the properties of monotonicity and submodularity,
which we would like to preserve. Let us write F/(x) as

F(z) = F(z) — $(D(x))H (x)

where H(z) = F(z) — G(x). By differentiating once, we
get

OF OF OH oD

then the behavior of ¢(¢) must be such that their influence
is supressed.
We start with the following important claim. *

Lemma 3.3. Assume that F : [0,1]%X — R is invariant
under a group of permutations of coordinates G. Let G(x) =
F(z), where & = E,cglo(z)]. Then for any = € [0,1])%,

Proof: To avoid confusion, we use z; for the argu-
ments of the functions F' and G, and u, @, etc. for points
where their partial derivatives are evaluated. To rephrase,
we want to prove that for any point v and any coordinate 1,
oG _ OF
axi _ —5

T=u T=Uu

First, consider F'(z). We assume that F'(x) is invariant
under a group of permutations of coordinates G, i.e. F(x) =
F(o(z)) for any o € G. Differentiating both sides at z = u,
we get by the chain rule:

OF oF 0 oF
83?i T=u B zj: 6737] m:a(u)&ixi(o(m))j B Z 8733] z=0(u) 8@
Here, % = 1if o(j) = i, and 0 otherwise. Therefore,

oF _ or

0x; lz=u N 81:071(1') w:o’(u).

Now, if we evaluate the left-hand side at u, the right-hand
side is evaluated at o (%) = @, and hence for any 7 and any

o€q,
oF

d;

_OF
T=u N angl(i)

3)

T=u

o _ i _ ¢(D(x))axi _ ¢/(D(x))ax1H(x) 1)) rTlﬁ?ing to G(x) = F(Z), let us write g—g using the chain
and by differentiating twice, oG . F(z) B Z OF . 0T
2F~' 2Ep 2H D 0D 8.131' T=u o%i r=u —~ Ox; la=a 8@‘1
838:& B 83-896-_¢(D(x))8i-8x-_¢”(D(x))%gmH(x) _ ’ j
e v , v 7o We have Z; = E;cg[2,(;)], and so
—¢/(D(z)) (ngH + L pgy 4+ 22 8H). ) 0G| _ N0 9 g 4
x; Ox;  Oxi0x; Oz; Ox;j O o Z 9z, lo=a Oz, aeg[xa(g)]
The first two terms on the right-hand side of both (1) and
(2)are not bothering us, because they form convex linear OF O
combinations of the derivatives of F(z) and G(z), which =E,cq Z prel B %(j)
have the properties that we need. The remaining terms might ;. Otile=n i
cause problems, however, and we need to estimate them. YN ) ) ) .
Our strategy is to define ¢(f) in such a way that it ~ Again, —5= = 1if o(j) = i and O otherwise. Conse-
eliminates the influence of partial derivatives of D and H  duently, we obtain
where they become too large. Roughly speaking, D and H oG oF OF
have negligible partial derivatives when x is very close to Z. O; lo=u Eocg [5$al(i) z_u} T -

As z moves away from Z, the partial derivatives grow but

3We remark that a construction analogous to [17] would be F(z) =
F(z) — ¢(H(zx)) where H(x) = F(x) — G(z). While this makes the
analysis easier in [17], it cannot be used in general. Roughly speaking, the
problem is that in general the partial derivatives of H (z) are not bounded
in any way by the value of H(z).

where we used Eq. (3) to remove the dependence on o € G.
|

4We remind the reader that VF, the gradient of F, is a vector whose
coordinates are the first partial derivatives —gf . We denote by VF|;, the
. i
gradient evaluated at x.

0x4(j)



Observe that the symmetrization operation Z is idempo-
tent, i.e. Z = Z. Because of this, we also get VG|z = VF|z.
Note that G(Z) = F(Z) follows from the definition, but
it is not obvious that the same holds for gradients, since
their definition involves points where G(z) # F(z). For
second partial derivatives, the equality no longer holds, as
can be seen from a simple example such as F(z1,22) =
1—(1—=z1)(1 —z9).

Next, we show that the functions F'(x) and G(x) are very
similar in the close vicinity of the region where z = x.
Recall our definitions: H(x) = F(z) — G(z), D(x) = ||z —
z||?. Based on Lemma 3.3, we know that H(Z) = 0 and
VH|z = 0. In the following lemmas, we present bounds on
H(z), D(z) and their partial derivatives.

Lemma 3.4. Let f : 2X — [0, M| be invariant with respect
to a permutation group G. Let T = E,cglo(x)], D(z) =

||z —z||? and H(z) = F(x)— G(x) where F(z) = E[f(%)]
and G(z) = F(Z). Then
. |32j§;j| < 8M everywhere, for all i, j

o |IVH(z)|| < 8M|X]|\/D(x)

e |H(z)| < 8M|X|- D(x).

Proof: First, let us get a bound on the second partial
derivatives. We have

0%F . . . .
G, = EU@V(erten) — (Ve [(ave;) +(2)
(see [24]). Consequently,

O*F
Selte F(9)] = 4M

It is a little bit more involved to analyze aa BG Since

G(z) = F(z) and T = Eycglo(x)], we get by the chain

rule:
Z O?F 0z, 0%y
83: aa:J 02,010 Ox; BJ:J

PF  0xq(k) 0xr(p)
:EO'T
TEY kzaxkaxg Ox; Ox;

It is useful here to use the Kronecker symbol 0; j» which

is 1 if 4 = j and 0 otherwise. Note that 2 S
85-1(),k- etc. Using this notation, we get

_620 ):

e
8%1'835‘]' o

O'T % 50* j
cq Zaxkax ~1(0),k 001 ()¢

32
:Eo"r a. a9 |
TEG [8x01(i)8x71(j)}

9*G ’<E ‘ O*F
O0x;i0x;| — o.med axg—l(i)al}—l(j)

” < AM

and 0*’H 0%G
‘ - ‘ < 8M.
O0x;0x; ox; 81‘ J 8:&83@ j

Next, we estlmate . at a given point u, depending on its
distance from 4. C0n51der the line segment between « and

u. The function H(z) = F(z) — G(z) is C-differentiable,

and hence we can apply the mean value theorem to %:

There exists a point @ on the line segment [@, u] such that

O0H
Z ax J 8331

BIEZ'
= 0. Applying the Cauchy-Schwartz
inequality to the rlélht hand side, we get

OH ? 02H ? )
<8xi :I:_u) = Z <8xJ8x > [ =l

< (8M)?|X[[Ju — al[*.

(u—1);.
T=u axl T=1 )J

T=u

Recall that 8H ‘

Adding up over all ¢, we obtain

2
IVH |2<§j(&r&j ) -l
J

< (8M|X])?[Ju —al[*.

Finally, we estimate the growth of H (u). Again, by the mean
value theorem, there is a point @ on the line segment [, u],
such that

z:ﬂ(u — ﬂ)l

H(u)— H(a) = Z Fo;

Using H (@) = 0, the Cauchy-Schwartz inequality and the
above bound on VH,
(H(u)? < [|VH]a|*[lu—all* < (8M|X|)?||a—al*||u—al|?,
|H (u)| < 8M| X[ - [|a — al| - [lu — ul].
Clearly, ||a — @|| < ||u — @], and therefore

|H (u)] < 8M|X| - [Ju — all*.

Lemma 3.5. For the function D(x) = ||z — Z||?, we have

e VD =2(x — a?") and therefore ||V D|| = 24/ D(x).
e Foralli,j,

dac dw ‘ <2
Proof: Let us write D(z) as

D)= (x; —2)* =Y (Boeglzi —

% %

Zo(i)))?.
Taking the first partial derivative,

af%_zZEgeg

K2

0
E C— ozl
To(i >]8xj reglTi — Tr()]



As before, we have gi" = d;4, etc. Using this notation, we
get ‘
87 = 2 Z Eoeglri — ()| Eregldij — 67i) 4]
J
= 2 Z EG,TGQ Ti — xa(i))(éij - 61’,7——1(]‘))]

= Tr-1(j) + To(r-1(5))])-

1)) are

= 2 Eo,reg[xj — To(j)

Since the distributions of o (j), 77%(j) and o (7
the same, we obtain
oD

7 =2 Bocgla; —

oz, To(j)) = 2(z; — )

and

VD2 = 2’392_42 _3)? = 4D(x).

Finally, the second partial derivatives are

0*D 9 B
0z;0z; - 287@(% —Z;) = 2(6i; — Eoegldio())
which is clearly bounded by 2 in the absolute value. [ |

Now we come back to F'(z) and its partial derivatives.
Recall equations (1) and (2). The problematic terms are those
involving ¢'(D(z)) and ¢”(D(x)). Using our bounds on
H(z), D(x) and their derivatives, however, we notice that
¢'(D(x)) always appears with factors on the order of D(x)
and ¢ (D(z)) appears with factors on the order of (D(x))2.
Thus, it is sufficient if ¢(t) is defined so that we have control
over t¢/(t) and t?¢" (t). The following lemma describes the
function that we need.

Lemma 3.6. For any o, > 0, there is 6 > 0 (§ << ()
and a differentiable function ¢ : Ry — [0, 1] such that
e Fort <9, ¢(t) =1
o Fort>p, ¢(t) <e /e,
> )] < 4o
e Forallt>0, [t2¢" ()] < 10c.

Proof: First, observe that the quantities t¢’(¢) and
t2¢" (t) are invariant under a scaling of t. Therefore, we
can assume without loss of generality that 3 > 0 is a value
of our choice, for example 8 = ¢/(2%") 4 1. If we want
to modify the result for a different value of 3, we can just
scale the argument ¢ and the constant § by a suitable factor;
the conditions still hold.

We can assume that o € (0, 1/8) because for larger «, the
statement only gets weaker. As we argued, we can assume
WLOG that 3 = ¢/(2¢”) 4 1. We set 6 = 1 and 65 =
14+ (1 +a)"¥2 < 2. (We remind the reader that these
values will be rescaled depending on the actual value of 3.)
We define the function as follows:

1) ¢(t) =1 fort € [0,0].

2) ¢(t) =1—a(t —1)2 for t € [4,5s).

3) ¢(t) = (1+a)~ 17t — 1)72 for t € 5, 00).
Let’s verify the properties of ¢(t). For t € [0,4], we have
I

@' (t) = ¢"(t) = 0. For t € [4, 53], we have
' (t) = —2a(t—1), d"(t) = —2a,
and for t € [d2, 00),
My = 20 y—2a-1
P'(t) = 1+ a)ita (t—1) )
nip _ 20(1+42a) —20—2
¢"(t) = I+ a)te (t—1) -

First, we check that the values and first derivatives agree
at the breakpoints. For t = § = 1, we get ¢(1) = 1 and
¢'(1) = 0. For t = 03 = 1+ (1 + a)~'/2, we get ¢(d2) =
(1+a)~! and ¢/(62) = —2a(1 + a)~'/2. Next, we need
to check is that ¢(t) is very small for ¢ > /3. The function
is decreasing for ¢ > (3, therefore it is enough to check
t=pB=el/(2? 4.

(B =0+a) "N (B-1)T* < (B~

The derivative bounds are satisfied trivially for ¢ € [0, d].
For t € [§,85], using t — 1 < (1 +a)~1/2,

1) 71/04

|t(b/(t)‘ = 2ot (t — ]_) < 2@(1+(1+a)—1/2)(1+a)_1/2 < da
and
|t2¢//<t)| =2 - t2 < 2a<1 + (1 + a)—1/2)2 < 8a.

For t € [09,00), using t — 1 > (1 4+ a)~ /2,
2ce

W (t _ 1)72(171

19/ (0] =1

2« 2\ & 2c t
- (n t—1 ) .
1+a<( ta)(t-1) t—1-1ta t-1

2 1
< .
T 14«

+ (1 + a)fl/Q B
(T+a)y 12~

A+ (1)t

Arapz =%

and
2a(1 + 2¢)

(14 a)lte

067" ()

_ 20(1+20) 14+ (1 +a)"/?
1+a (1+a)-1/2
for o € (0,1/8). [ |
Using the bounds from Lemmas 3~.4, 3.5 and 3.6, we can
prove bounds on the derivatives of F'(z).

Lemma 3.7. Let F(z) = (1 — ¢(D(z))F(z) +
¢(D(x))G(x) where F(z) = E[f(2)], f : 2% — [0,M],
G(r) = F(z), D(z) = ||z — Z||? are as above and ¢(t) is

(t _ 1)72a72

2
) < 8a(l+2a) < 10«



provided by Lemma 3.6 for a given o > 0. Then, assuming
682F <0
:Eiaxj - 4

9?F
0x;0x;

If, in addition, % >0, then

< 512M|X|ov.

8F

Proof: We have F(x) = F(z) — ¢(D(x))H (x) where
H(z) = F(z) — G(z). By differentiating once, we get

OF  OF oH oD
ox; - dx; ¢(D(x))8xi —¢ (D(I))ale(x)’
ie.
OF OF oD
ox; (Bacl —¢(D c’m) GaczH(x)"

By Lemma 3.4 and 3.5, we have |aD| = 2|z —Z;| <2 and
|H(z)] < 8M|X|- D(x). Therefore,

OF (OF
o= (5 - o) )| < 16MIX D) o' (Do)
D(z)¢ ( (z))] < 4a, and

OF (OF OH

e (&vi - ¢(D(x))ax_> ‘ < 64M|X|a.
Assuming that g—F > 0, We also have g—c > 0 (see
Lemma 3.3) and therefore, % — ¢(D(x ))é = (1-
(b(D(z)))g—i +¢(D(z)) 25 > 0. Consequently,

OF

By differentiating F twice, we obtain

9*F  _ 9%F

Bgc,a;c] - 8:m83:j
9D 9 o) 3 o)

~¢/(D(@)) (32 32 + 2P H(2) + §2. 31 ) .

Again, we use Lemma 3.4 and 35 to bound |H(x)\ <

8M|X|D(x), |§E| < 8M|X|y/D soa| < 8M,
5|<2\/ and\3m8m|<2 Weget
82
3957;5;7 (Bz dx; ¢( ( ))am ox; ) ’
'(D(x)) | M|X|D(x) + 32|¢" (D ’MIXI D(x))*

Observe that ¢’ (D(x)) appears with the first power of D(z)
and ¢ (D(x)) appears with the second power of D(z). By
Lemma 3.6, |D(z)¢’(D(z))| < 4acand | D(z)%¢" (D(x))| <
10c. Therefore,

22 O’F ’°H

< 192M|X | + 320M | X | = 512M | X |av.

— ¢(D(x)) 524 — ¢ (D(x)) 3252 H (x)

BF

We assume that e 2°G
Tj

< 0. Then also 57 o = 0 (see

8H
- ¢(D(x))az dx;
< 0. We obtain

the proof of Lemma 3.4) and 8z 313
$(D(x)) 52 + (1= $(D())) 52 aci

2
oF < 512M|X|a.
8.131'8.13]'

|
Finally, we can finish the proof of Lemma 3.2.

Proof of Lemma 3.2: Let f : 2% — [0, M], OPT =
max{F(z) : x € P(F)} = F(z*) and 8 = D(z*) =
|[z* — z*||*>. Let OPT = max{F(z) : € P(F)}. Given
€>0,leta= 7680”%6. For these values of o, 5 > 0, let
0 >0 and ¢ : Ry — [0,1] be provided by Lemma 3.6. We
define

F(z) = (1~ ¢(D(2))F(z) + ¢(D(x))G(x).

Lemma 3.7 provides bounds on the first and second partial
derivatives of F'(x). Finally, we have to modify F(z) so
that it satisfies the required conditions (submodularity and
optionally monotonicity). For that purpose, we add a suitable
multiple of the following function:

2
J(x) = |X|2+3\X|in— (Zml>
i€X i€x
We have 0 < J( ) < 3|1X?, 2 o = :j,\X| -2 ey i >
| X |. Further, W = —2. To make F'(x) submodular and
optionally monotone we define:

F(z) = F(z) 4+ 256 M| X|aJ (z),
Glz) =

We verify the properties of F'(x) and G/(x):

e Due to Lemma 3.6, ¢(t) = 1 for t € [0,6]. Hence,
whenever D(z) = < 4, we have F(z) =
G(z) = F(z), which depends only on z. Also, we
have F(z) = G(z) = F(z) 4 256M|X|oJ(z) and
again, J(x) depends only on Z (in fact, only on the

average of all coordinates of x). Therefore, F (x) and
G(z) in this case depend only on Z.
e Since D(z*) = [, Lemma 3.6 guarantees that 0 <
#(D(z*)) < e/ and
Fe*) = (1-o(D@")F(") + é(D(x
+256 M | X |aJ (x)
> (1—e YYF(z*) + 256 M| X [P
> F(z*)=O0OPT
using G(x) > 0 and 0 < F(x
 For any z € P(F), we have
G(z) = G(x)+256M|X|aJ(z)
< G(z) +768M|X |2 < (14 €)OPT.

G(x) + 256M | X | (z).

))G(x)

) < M.



o Assuming 3 aF > 0, we get gTF > —64M|X|«a by
Lemma 3.7. Usmg 2L > |X], we get OF = g—i +

256 M| X |aJ (x) > 0. The same holds for g—g since

96 > 0.
o Assuming 88 L <0, we get 8825 < 512M|X|a
by Lemma 3.7. Usmg 61 89: —2, we get Bx 81 =

352(9@ + 2561\4\)(|04&1c 57> < 0. The same holds for

02¢ el
Bwron; SINCE g 5o < 0.

|
This concludes the proof of our main hardness result.

4. ALGORITHMS USING THE MULTILINEAR RELAXATION

Here we turn to our algorithmic results. First, we discuss
the problem of maximizing a submodular (but not necessar-
ily monotone) function subject to a matroid independence
constraint.

4.1. Matroid independence constraint

Consider the problem max{f(S) : S € Z}, where Z is the
collection of independent sets in a matroid M. We design an
algorithm based on the multilinear relaxation of the problem,
max{F(z) : x € P(M)}. Our algorithm can be seen as
“continuous local search” in the matroid polytope P(M),
constrained in addition by the box [0,#]* for some fixed

€ [0,1]. The intuition is that this forces our local search
to use fractional solutions that are more fuzzy than integral
solutions and therefore less likely to get stuck in a local
optimum. On the other hand, restraining the search space
too much would not give us much freedom in searching
for a good fractional point. This leads to a tradeoff and an
optimal choice of ¢ € [0, 1] which we leave for later.

The matroid polytope is defined as P(M) = conv{1y :
I € T}. We define

P(M) = P(M)N[0,4% = {z € P(M) : Vis z; < t}.

We consider the problem max{F(z) : « € Py(M)}.
We remind the reader that F(x) = E[f(%)] denotes the
multilinear extension. Our algorithm works as follows.

Fractional local search in P;(M)
(given t = g, r < g integer)

1) Start with = := (0,0,...,0). Fix § =1/q.

2) If there is 4,j € X and a direction v € {e;, —e;,e; —
e;} such that £+0v € P,(M) and F(z+6v) > F(z),
set x := = + dv and repeat.

3) If there is no such direction v, apply pipage rounding
to x and return the resulting solution.

Notes. The procedure as presented here would not run in
polynomial time. A modification which runs in polynomial
time is that we move to a new solution only if F'(z+dv) >

F(z)+ poly(n) OPT (where we first get a rough estimate of
OPT using previous methods). For simplicity, we analyze

the variant above and finally discuss why we can modify
it without losing too much in the approximation factor. We
also defer the question of how to estimate the value of F'(x)
to the end of this section.

For ¢ = 1, we have § = 1 and the procedure reduces
to discrete local search. However, it is known that discrete
local search alone does not give any approximation guar-
antee. With additional modifications, an algorithm based on

discrete local search achieves a (1 — o(1))-approximation

4
[14].

Our version of fractional local search avoids this issue
and leads directly to a good fractional solution. Throughout
the algorithm, we maintain x as a linear combination of ¢
independent sets such that no element appears in more than
r of them. A local step corresponds to an add/remove/switch
operation preserving this condition.

Finally, we use pipage rounding to convert a fractional
solution into an integral one. As we show in Lemma A.8, a
modification of the technique from [3] can be used to find an
integral solution without any loss in the objective function.

Theorem 4.1. The fractional local search algorithm for any
fixed t € [0, 1(3 — \/5)] returns a solution of value at least
(t — 3t*)OPT, where OPT = max{f(S): S € I}.

We remark that for ¢ = (3 — \/5), we would obtain a
1(—14+/5) = 0.309-approximation, improving the factor of
% [14]. This is not a rational value, but we can pick a rational
t arbitrarily close to (3 — v/5). For values ¢ > 1(3 —V/5),
our analysis does not yield a better approx1mat10n factor.

First, we discuss properties of the point found by the
fractional local search algorithm.

Lemma 4.2. The outcome of the fractional local search
algorithm x is a “fractional local optimum” in the following
sense. (All the partial derivatives are evaluated at x.)

e For any i such that © — de; € P, (M), % > 0.

o For any j such that x + de; € P,(M), gT}; <0.

o For any i,j such that x + 6(e; — ;) € P;(M), g—fj -

OF
ox; S 0.

Proof: We use the property (see [3]) that along any
direction v = +e; or v = e; — e;, the function F'(z + Av)
is a convex function of \. Also, observe that if it is possible
to move from x in the direction of v by any nonzero amount,
then it is possible to move by dv, because all coordinates of
x are integer multiples of § and all the constraints also have
coefficients which are integer multiples of §. Therefore, if
% > 0 and it is possible to move in the direction of v, we
would get F(z+6v) > F(x) and the fractional local search
would continue.

If v = —e; and it is possible to move along —e;, we get
dF = —S8F < 0. Similarly, if v = e; and it is possible
(a3

dF OF : :
to move along e;, we get G¢ = D, < 0. Finally, if v =
e; — e; and it is possible to move along e; — e;, we get
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In the’ followmg, we refer to the following exchange

property for matroids (which follows easily from [22],

Corollary 39.12a; see also [14]).

Lemma 4.3. If [,C € I, then for any j € C \ I, there
is () C 7(j)| < 1, such that I\ 7(j) +j € T.
Moreover, the sets 7(j) are disjoint (each i € I\ C appears
at most once as 7(j) = {i}).

Using this, we prove a lemma about fractional local
optima which generalizes Lemma 2.2 in [14].

Lemma 4.4. Let x be the outcome of fractional local search
over Py (M). Let C' € T be any independent set. Let C' =
{i € C:z; <t}. Then

2F(x) > F(xV1g) + F(x Alg)d

Note that for ¢ = 1, the lemma reduces to 2F(z) >
F(zV1c)+ F(xz A 1¢) (similar to Lemma 2.2 in [14]).
For ¢t < 1, however, it is necessary to replace C by C’ in
the first expression, which becomes apparent in the proof.
The reason is that we do not have any information on g—i
for coordinates where x; = t.

Proof: Let C € T and assume z € P,(M) is a
local optimum. We can decompose it into a convex linear
combination of vertices of P(M), v = ;. x;1; where

> a; = 1. By the smooth submodularity of F'(z) (see [24]),

FaVie) — F(2) < Ye0(l - x-)%i
Zjec/ > el Iax =% Zjec'\l oz,

All partial derivatives here are evaluated at z. On the other
hand, also by submodularity,

Fz) = FlxAlc) = Y igc xig—i
OF la
= Ziec D rier TIge; = DT ZieI\C Dx;
To prove the lemma, it remains to prove the following.

Claim. Whenever z; > 0, Zjec/\l gTZ < ZiEI\C g—i.
Proof: For any I € 7, we can apply Lemma 4.3 to get a
mapping 7 such that I \ w(j) +j € Z forany j € C'\ I.
Now, consider j € C'\ I, i.e. j € C\ I and z; < t.

If w(j) = 0, is possible to move from x in the direction
of e;, because I + j € Z and hence we can replace I by
I + 7 (or at least we can do this for some nonzero fraction
of its coefficient) in the linear combination. Because z; <
t, we can move by a nonzero amount inside P;(M). By
Lemma 4.2, gf <0.

Similarly, if J7r( j) = {i}, it is possible to move in the
direction of e; —e;, because I can be replaced by I\ (j)+i

3z Vy denotes the coordinate-wise maximum, (2V y); = max{z;, y; }.
x Ay denotes the coordinate-minimum, (z A y); = min{xz;,y; }.

for some nonzero fraction of its coefficient. By Lemma 4.2,
in this case gF af <0.

Finally, for any ¢ € I we have z; > 0 and therefore we
can decrease x; while staying inside P;(M). By Lemma 4.2,

we have % > 0 for all 7 € I. This means

Z 8l Z 8F aF
) Ox; — i
JEC\I JEC\I:(j)={3 } 61\0

using the inequalities we derived above, and the fact that

each ¢ € I\ C appears at most once in 7(j). This proves

the Claim, and hence the Lemma. [ ]
Now we are ready to prove Theorem 4.1.

Proof: Let x be the outcome of the fractional local
search over P;(M). Define A = {i : z; = t}. Let C be the
optimum solution and C' = C\ A= {i € C : x; < t}. By
Lemma 4.4,

2F(z) > F(x V1c) + F(z A 1c).

First, let’s analyze F'(x A1l¢). We apply Lemma A.4, which
states that F'(z A1¢) > E[f(T(x A1¢g))]. Here, T(x A1)
is a random threshold set corresponding to the vector tAlg,
i.e.

TxAle)={ieC:z; >} =T(x)nC.
Therefore,
F(zAN1e) > E[f(T(x)NC)).

Due to the definition of a threshold set, with probability ¢ we
have A\ < t and T'(z) contains A = {i:x; =t} =C\ C".
Then, f(T(z)NC)+ f(C') > f(C) by submodularity. We
conclude that

FlzAle) 2 H(f(C) = f(C). )

Next, let’s analyze F'(z V 1¢v). We consider the ground set
partitioned into X = C'UC, and we apply Lemma A.5. We

get
F(zVie) > E[f(Ti(zV1e)NC)U(Ta(zV1e)NO)).

The random threshold sets look as follows: T} (x V 1¢/) N
C = (Ti(z) UC') N C is equal to C' with probability ¢,
and equal to C’ otherwise. Th(z V 1c/) N C = Ty(z) N C
is empty with probability 1 —¢. (We ignore the contribution
when To(z)NC # (.) Because T; and T5 are independently
sampled, we get
F(x V1) >t(1—t)f(C)+ (1 —t)2f(C).
Provided that t € [0,%(3 — v/5)], we have t < (1 —t)2
Then, we can write
F(zVi1e) =2 t(1=1)f(C)+tf(C). (5)
Combining equations (4) and (5), we get
F(zV1c)+ F(xAle) > t(f(C) — f(C"))
+t(1L =) f(O) +t f(C") = (2t — ) f(O).



Therefore,

Fz) > %(F(x Vie)+ FeAle) > (- %tz)f((]).
Finally, we apply the pipage rounding technique which
does not lose anything in terms of objective value (see
Lemma A.8). [ |

Technical remarks: In each step of the algorithm, we
need to estimate values of F'(z) for given x € P,(M). We
accomplish this by using the expression F'(x) = E[f(R(z))]
where R(x) is a random set associated with x. By standard
bounds, if the values of f(.5) are in a range [0, M], we can
achieve accuracy M /poly(n) using a polynomial number
of samples. We use the fact that OPT > %M (see
Lemma A.9 in the appendix) and therefore we can achieve
OPT /poly(n) additive error in polynomial time.

We also relax the local step condition: we move to the
next solution only if F(z + dv) > F(x) + ﬁ(n)OPT
for a suitable polynomial in n. This way, we can only
make a polynomial number of steps. When we terminate,
the local optimality conditions (Lemma 4.2) are satisfied
within an additive error of OPT/poly(n), which yields a
polynomially small error in the approximation bound.

4.2. Matroid base constraint

Let us move on to the problem max{f(S) : S € B}
where B are the bases of a matroid. For a fixed ¢ € [0, 1],
let us consider an algorithm which can be seen as local
search inside the base polytope B(M), further constrained
by the box [0,#]%. The matroid base polytope is defined
as B(M) = conv{lp : B € B} or equivalently [5] as
BM) ={z > 0: 95 icg@i < 1m(S), 2 iex i =
rm(X)}, where 7y is the matroid rank function of M.
Finally, we define

By(M) =B(M)N[0,t]% = {z € B(M) : Vi;z; <t}

Observe that B;(M) is nonempty if and only if there is
a convex linear combination z = 3 Bep&plp such that
x; € [0,¢t] for all i. This is equivalent to saying that there is
a linear combination 2’ = 5z €1 such that z; € [0, 1]
and Y &5 = 1/t, in other words the fractional base packing
number is v > 1/t. Since the optimal fractional packing of
bases can be found efficiently [22], we can find efficiently
the minimum ¢ € [, 1] such that B;(M) # 0. Then, our
algorithm is the following.

Fractional local search in B;(M)
(given t = 2’ r < g integer)

1) Let 6 = 1/q. Assume that z € B;(M) and the
coordinates of z are integer multiples of 4.

2) If there is a direction v = e; — e; such that x + v €
Bi(M) and F(z+0v) > F(x), then set x := z+ v
and repeat.

3) If there is no such direction v, apply pipage rounding
to x and return the resulting solution.

Notes. We remark that the starting point can be found as
a convex linear combination of ¢ bases, ©z = % 321 1p,,
such that no element appears in more than r of them, using
matroid union techniques [22]. In the algorithm, we maintain
this representation. The local search step corresponds to
switching a pair of elements in one base, under the condition
that no element is used in more than r bases at the same
time. For now, we ignore the issues of estimating F'(x) and
stopping the local search within polynomial time. We discuss
this at the end of this section.

Finally, we use pipage rounding to convert the fractional
solution = into an integral one of value at least F(x)
(Lemma A.6). Note that it is not necessarily true that any
of the bases in a convex linear combination © = > &plp
achieves the value F'(z).

Theorem 4.5. If there is a fractional packing of v € [1,2]
bases in M, then the fractional local search algorithm with
t = 1/v returns a solution of value at least 5(1—t) OPT.

For example, assume that M contains two disjoint bases
Bi1, Bs (which is the case considered in [14]). Then, the
algorithm can be used with ¢ = 1/2 and and we obtain a
(1/4 — o(1))-approximation, improving the (1/6 — o(1))-
approximation from [14]. If there is a fractional packing
of more than 2 bases, our analysis still gives only a
(1/4— o(1))-approximation. If the dual matroid M* admits
a better fractional packing of bases, we can consider the
problem max{f(S) : S € B*} which is equivalent. For a
uniform matroid, B = {B : |B| = k}, the fractional base
packing number is either at least 2 or the same holds for
the dual matroid, B* = {B : |B| = n — k} (as noted in
[14]). Therefore, we get a (1/4 — o(1))-approximation for
any uniform matroid. The value ¢ = 1 can be used for any
matroid, but it does not yield any approximation guarantee.

Analysis of the algorithm: We turn to the properties
of fractional local optima. We will prove that the point x
found by the fractional local search algorithm satisfies the
following conditions that allow us to compare F'(z) to the
actual optimum.

Lemma 4.6. The outcome of the fractional local search
algorithm x is a “fractional local optimum” in the following
sense.

o For any i,j such that z + 6(e; — e;) € By(M),
OF OF
— = <0.
(%cj ox; —

(The partial derivatives are evaluated at x.)

Proof: Observe that the coordinates of = are always
integer multiples of §, therefore if it is possible to move from
x in the direction of v = e; — e; by any nonzero amount,
then it is possible to move by dv. We use the property that
for any direction v = e; — e;, the function F(x + A\v) is
a convex function of A\ [3]. Therefore, if Z—f > 0 and it



is possible to move in the direction of v, we would get

F(z + év) > F(z) and the fractional local search would

continue. For v = e; — e;, we get
dF  OF OF
d\ o 8(Ej 8:62

<0.

|
In the following, we refer to the following exchange
property for matroid bases (see [22], Corollary 39.21a).

Lemma 4.7. For any By, By € B, there is a bijection 7 :
By \BQ — BQ\Bl such that Vi € By \BQ,‘ By —i+7T(i) S
M.

Using this, we prove a lemma about fractional local
optima analogous to Lemma 2.2 in [14].

Lemma 4.8. Let x be the outcome of fractional local search
over By(M). Let C' € B be any base. Then there is ¢ €
[0, 1]% satisfying

eci=tifieCandx;=t

eci=1lifieCandz; <t

. OSCZSZL'Z,le¢C
such that

2F(x) > F(x V) + F(x Ac).

Note that for ¢ = 1, we can set ¢ = 1c. However,
in general we need this more complicated formulation.
Intuitively, ¢ is obtained from z by raising the variables
2;,i € C and decreasing them for ¢ ¢ C. However, we
can only raise the variables x;,7 € C, where z; is below the
threshold ¢, otherwise we do not have any information about
gF Also, we do not necessarily decrease all the variables
outside of C' to zero.

Proof: Let C € B and assume x € B;(M) is a
fractional local optimum. We can decompose x into a convex
linear combination of vertices of B(M), x = > ¢plp.
By Lemma 4.7, for each base B there is a bijection
7w : B\C — C\B suchthatVi € B\C; B—i+7g(i) € B.

We define C' = {i € C': ; < t}. The reason we consider
(' is that if x; = t, there is no room for an exchange step
increasing x;, and therefore Lemma 4.6 does not give any
information about gTi' We construct the vector ¢ by starting
from x, and for each B swapping the elements in B\ C for
their image under 7p, provided it is in C’, until we raise
the coordinates on C’ to ¢; = 1. Formally, we set ¢; = 1
fori e C', ¢; =t forie C\ ' and for each i ¢ C, we

define
Ci =X — E §B~
B:ieB,mp(i)eC’

In the following, all partial derivatives are evaluated at x.
By the smooth submodularity of F'(x) (see [24]),

oF
Z (cj — xj)af%_

jicj>x;

FxVe)—F(z) <

=Y (1-= => > sBaw (6)

jec’ B jeC'\B i

because ZB:ng &g = 1 —x; for any j. On the other hand,
also by smooth submodularity,

oF

F(x)—F(xANc) > “zgz(xl—cz)a—xl

oF

= Z(CE Z Z B oz,
igC i¢C B:ieB,mp(i)eC’

using our definition of ¢;. In the last sum, for any nonzero
contribution, we have {g > 0, i € B and j = 7p(i) € (',
i.e. z; < t. Therefore it is possible to move in the direction
e; —e; (we can switch from B to B —i+j). By Lemma 4.6,

oF OF

dx; Oz =0

Therefore, we get

F(z) — F(x Ac)

oF
> Y > €ng

i¢C BieB,j=np(i)eC’ J

=y > 52l axj : (7)

B ieB\C:j=np(i)eC’

By the bijective property of mp, this is equal to
>5 Zjec,\B EBg—i. Putting (6) and (7) together, we get
F(zVe)— F(z) < F(x) — F(z Ac). |

Now we are ready to prove Theorem 4.5.

Proof: Assuming that B;(M) # ), we can find a
starting point 2° € B;(M). From this point, we reach a
fractional local optimum z € B;(M) (see Lemma 4.6). We
want to compare F'(x) to the actual optimum; assume that
OPT = f(C).

As before, we define ¢’ = {i € C : x; < t}. By
Lemma 4.8, we know that the fractional local optimum
satisfies:

2F(z) > F(xVe)+ F(z Ac) (8)

for some vector ¢ such that ¢; =¢ foralli € C\C’, ¢; =1
fori e C' and 0 < ¢; < a; fori ¢ C.

First, let’s analyze F'(x V ¢). We have

. (.T\/C)i =1 forall i € C'.

e (xVe)y=tforalieC\C.

e (zVe); <tforalli¢C.
We apply Lemma A.5 to the partition X = C U C. We get

FxVve) >E[f(Ti(zVe)NC)U (To(z V)N ()

where T(z) and Ty(z) are independent threshold sets.
Based on the information above, T} (z V ¢) N C' = C with
probability ¢ and 77 (xV¢)NC = C’ otherwise. On the other
hand, Ty (xVe)NC = () with probability at least 1 —¢. These



two events are independent. We conclude that on the right-
hand side, we get f(C) with probability at least ¢(1 —t), or
f(C") with probability at least (1 — )

F(zVe)>t1—t)f(C)+ (1 —t)2f(C). ©)

Turning to F'(x A ¢), we see that
o (xAc);=ua; forallieC.
o (xAe);=tforallieC\C".
e (xAe); <tforalli¢C.
We apply Lemma A.5 to X = C UC.

Fzne) > E[f(Ti(zAe)NC)U (Ta(z Ac) N O))).

With probability ¢, T7 (zAc)NC contains at least C'\ C’ (and
maybe some elements of C”). In this case, f (T (xAc)NC) >
f(C)— f(C") by submodularity. Also, To(zAc)NC is empty
with probability at least 1 — ¢. Again, these two events are
independent. Therefore, F'(zAc) > t(1—t)(f(C)— f(C")).
If £(C") > f(C), this bound is vacuous; otherwise, we can
replace t(1 —t) by (1 —t)?, because t > 1/2. In any case,

F(z Ae) > (1=1)*(f(C) = f(C")). (10)
Combining (8), (9) and (10),

F(z) > L

E(F(x\/c)—&-F(a:/\c))

>

(10— 1)7(C) + (1~ 17 F(C)) = 5 (1 -5 (O).

|

Technical remarks: Again, we have to deal with the
issues of estimating F'(x) and stopping the local search in
polynomial time. We do this exactly as we did at the end of
Section 4.1. One issue to be careful about here is that if f :
2% — [0, M], our estimates of F(z) have an additive error
of M /poly(n). If the optimum value OPT = max{f(95) :
S € B} is very small compared to M, the error might be
large compared to OPT which would be a problem. The
optimum could in fact be very small in general. But it holds
that if M contains no loops and co-loops (which can be
eliminated easily), then OPT > #M (see Appendix C).
Then, our sampling errors are on the order of O PT'/poly(n)
which yields a 1/poly(n) error in the approximation bound.

[N

5. APPROXIMATION FOR SYMMETRIC INSTANCES

We can achieve a better approximation assuming that
the instance exhibits a certain symmetry. This is the same
kind of symmetry that we use in our hardness construction
(Section 3) and the hard instances exhibit the same symmetry
as well. It turns out that our approximation in this case
matches the hardness threshold up to lower order terms.
Hence, we can say that the case of symmetric instances is
now completely understood.

Similar to our hardness result, the symmetries that we
consider here are permutations of the ground set X, cor-
responding to permutations of coordinates in RX. We start

with some basic properties which are helpful in analyzing
symmetric instances.

Lemma 5.1. Assume that f : 2X — R is invariant with
respect to a group of permutations G and F(x) = E[f(%)].
Then for any symmetrized vector ¢ = Eycglo(c)], VF|z is

also symmetric w.rt. G. Le., for any T € G,
T(VF|:E:E) = VF|:L’:E'

Proof: Since f(.S) is invariant under G, so is F(z), i.e.
F(z) = F(r(z)) for any 7 € G. Differentiating both sides
at x = ¢, we get by the chain rule:

oF oF 0 oF aCL’,,-(j)
afL’i r=c - Z 8733'] z=7(c) 8xl (7'(3/'))] o Z 871’] z=7(c) 8%1 ’
Here, % = 1if 7(j) = 4, and 0 otherwise. Therefore,

oF _ oF

Ox;la=c N 8%771(” w:‘r(c).

Note that 7(¢) = Eyeg[m(0(c))] = Eyeglo(c)] = ¢ since
the distribution of 7 o ¢ is equal to the distribution of o.
Therefore,

oF _OF
85@ Tr=cC N 8x7-*1(i) r=c
for any 7 € G. [ ]
Next, we prove that the “symmetric optimum”
max{F(Z) : x € P(F)} gives a solution which is a local

optimum for the original instance max{F'(z) : z € P(F)}.
(As we proved in Section 3, in general we cannot hope to
find a better solution than the symmetric optimum.)

Lemma 5.2. Let f : 2X — R and F C 2% be invariant
with respect to a group of permutations G. Let OPT =
max{F (%) : x € P(F)} where T = Eycglo(z)], and let x
be the symmetric point where OPT is attained (Tg = xg).
Then xq is a local optimum for the problem max{F(x) :
x € P(F)}, in the sense that (v — xg) - VF|,, < 0 for any
x € P(F).

Proof: Assume for the sake of contradiction that (z —
x0) - VF|g, > 0 for some = € P(F). We use the symmetric
properties of f and F to show that (Z — x¢) - VF|z, > 0
as well. Recall that xog = 9. We have

(T —x0) - VF|zy = Bocglo(z — 20) - VF|y,]
=Eocgl(x —z0) - 0 H(VFg,)] = (# — 20) - VF|z, >0

using Lemma 5.1. Hence, there would be a direction  —
x( along which an improvement can be obtained. But then,
consider a small 6 > 0 such that 1 = z¢ + 0(T — x9) €
P(F) and also F(z1) > F(xzg). The point 1 is symmetric
(Z1 = x1) and hence it would contradict the assumption that
F(Io) = OPT. |




5.1. Submodular maximization over independent sets

Let us derive an optimal approximation result for the
problem max{f(S) : S € Z} under the assumption that the
instance is “element-transitive”. This means that there is a
group of permutations G such that the orbit of any element
is the entire ground set X, and our instance is invariant
under G. Then, we show that it is easy to achieve an optimal
(3 — o(1))-approximation.

Theorem 5.3. Let max{f(S) : S € I} be an instance
symmetric with respect to an element-transitive group of
permutations G. Let OPT = max{F(z) : x € P(M)}
where & = E,cg[o(x)]. Then OPT > $OPT.

Proof: Let OPT = f(C). By Lemma 5.2, OPT =
F(xzp) where xo is a local optimum for the problem

max{F(z) : * € P(M). This means it is also a local
optimum in the sense of Lemma 4.2, with ¢ = 1. By
Lemma 4.4,

F(Zl'o) Z F(IO V ].C) + F(I’o A\ ]_c)

Also, g = Zo. As we are dealing with an element-transitive
group of symmetries, this means all the coordinates of x(
are equal, g = (&,&,. .., &). Therefore, 2oV 1¢ is equal to
1 on C and € outside of C'. By Lemma A.4,

F(zoV1g) > (1-8)f(0).

Similarly, o A 1¢ is equal to £ on C' and O outside of C.
By Lemma A.4,

FzoAN1c) = £f(O).
Combining the two bounds,
2F(]J0) Z F(JZQ V 10) + F(QTO A 10)

=2 (1 =8f(C)+£f(C) = f(C) = OPT.

|

Since all symmetric solutions = = (£,&,...,&) form a 1-

parameter family, and F'(¢,&,...,&) is a concave function,

we can search for the best symmetric solution (within any

desired accuracy) by binary search. Without going into
details, we get the following.

Corollary 5.4. There is a (3 —o(1))-approximation (”brute
force” search over symmetric solutions) for the problem
max{f(S) : S € I} for instances symmetric under an

element-transitive group of permutations.

The hard instances for submodular maximization subject
to a matroid independence constraint correspond to refine-
ments of the Max Cut instance for the graph K5 (Section 2).
It is easy to see that such instances are element-transitive,
and it follows from Section 3 that a (% + €)-approximation
for such instances would require exponentially many value
queries. Therefore, our approximation for element-transitive
instances is optimal.

5.2. Submodular maximization over bases

Let us come back to the problem of submodular maxi-
mization over the bases of matroid. The property that O PT
is a local optimum with respect to the original problem
max{F(z) : x € P(F)} is very useful in arguing about
the value of OPT. We already have tools to deal with local
optima from Section 4.2. Here we prove the following.

Lemma 5.5. Let B(M) be the matroid base polytope of
M and xo € B(M) a local maximum for the submodular
maximization problem max{F(z) : x € B(M)}, in the
sense that (x —xg)-VF|y, <0 forany x € B(M). Assume
in addition that xo € [s,t]. Then

1
F(zo) 2 5(1~t+s5) - OPT.

Proof: Let OPT = max{f(B) : B € B} = f(C). We
assume that zo € B(M) is a local optimum with respect
to any direction = — xg, © € B(M), so it is also a local
optimum with respect to the fractional local search in the
sense of Lemma 4.8, with ¢ = 1. The lemma implies that

2F (x0) > F(xV1c)+ F(x A lg).

By assumption, the coordinates of V1. are equal to 1 on C'
and at most ¢ outside of C'. With probability 1 —¢, a random
threshold in [0, 1] falls between ¢ and 1, and Lemma A.4
implies that

F(zV1c) > (1-t)- f(C).

Similarly, the coordinates of z A 1¢ are 0 outside of C, and
at least s on C. A random threshold falls between O and s
with probability s, and Lemma A.4 implies that

F(zAlc) > s- f(C).

Putting these inequalities together, we get 2F (xg) > F(z V
o)+ FzANle) > (1 —t+s)- f(O). [ |

Totally symmetric instances. The application we have in
mind here is a special case of submodular maximization over
the bases of a matroid, which we call torally symmetric.

Definition 5.6. We call an instance max{f(S) : S € F}
totally symmetric with respect to a group of permutations
G, if both f(S) and F are invariant under G and moreover,
there is a point ¢ € P(F) such that ¢ = & = E,¢cglo(z)]
for every x € P(F). We call ¢ the center of the instance.

Note that this is indeed stronger than just being invariant
under G. For example, an instance on a ground set X =
X1UX> could be symmetric with respect to any permutation
of X; and any permutation of X,. For any © € P(F), the
symmetric vector Z is constant on X; and constant on Xo.
However, in a totally symmetric instance, there should be a
unique symmetric point.



Bases of partition matroids: A canonical example of
a totally symmetric instance is as follows. Let X = X; U
XoU...U X, and let integers k1,...,k,, be given. This
defines a partition matroid M = (X, B), whose bases are

The associated matroid base polytope is

BM) ={x>0:Vy; Z x; =kj}.

i€ X,

This matroid is invariant under any group of permutations
G which maps each X; to itself. In particular, assume
that the orbit of each element ¢ € X; is the entire part
X,. This implies that for any z € B(M), Z is the same
vector, with coordinates k;/|X;| on X;. If f(S) is also
invariant under G, we have a totally symmetric instance
max{f(S) : S € B}. The center point can be found by
taking any feasible solution and symmetrizing it w.r.t. G.
We show that for such instances, the center point achieves
an improved approximation.

Theorem 5.7. Let max{f(S) : S € B} be a totally
symmetric instance. Let the fractional packing number of
bases be v and the fractional packing number of dual bases
v*. Then the center point c satisfies

Flc) > (1 L1

v 2u*

) OPT.

Recall that in the general case, we get a (1 — 1/v —
o(1))-approximation (Theorem 4.5). By passing to the
dual matroid, we can also obtain a (1 — 1/v* — o(1))-
approximation, so in general, we know how to achieve
a (1 — 1/max{v,v*} — o(1))-approximation. For totally
symmetric instances where v = v*, we improve this to the
optimal factor of 1 — 1/v.

Proof: Since there is a unique center ¢ = Z for any
x € B(M), this means this is also the symmetric optimum
F(c) = max{F(z) : v € B(M)}. Due to Lemma 5.2, ¢ is
a local optimum for the problem max{F(x) : x € B(M)}.

Because the fractional packing number of bases is v, we
have ¢; < 1/v for all i. Similarly, because the fractional
packing number of dual bases (complements of bases) is v*,
we have 1 —¢; < 1/v*. This means that ¢ € [1—1/v*,1/v].
Lemma 5.5 implies that

2F(c) > (1 LS 1) OPT.
14

U*
|

Corollary 5.8. Let max{f(S) : S € B} be an instance
on a partition matroid where every base takes at least an
a-fraction of each part, at most a (1 — «)-fraction of each
part, and the submodular function f(S) is invariant under
a group G where the orbit of each i € X, is X;. Then,

the center point ¢ = E,cglo(1p)] (equal for any B € B)
satisfies F'(c) > o - OPT.

Proof: 1f the orbit of any element 7 € X is the entire
set X, it also means that ¢(¢) for a random o € G is uni-
formly distributed over X; (by the transitive property of G).
Therefore, symmetrizing any fractional vector x € B(M)
gives the same vector £ = ¢, where ¢; = k;/|X;| for
t € X;. Also, our assumptions mean that the fractional
packing number of bases is 1/(1 — «), and the fractional
packing number of dual bases is also 1/(1 — «). Due to
Lemma 5.7, the center c satisfies F'(¢) > - OPT. [ ]

The hard instances for submodular maximization over
matroid bases that we describe in Section 2 are exactly of
this form (see the last paragraph of Section 2, with o = 1/k).
There is a unique symmetric solution, z = (o, @, ..., a, 1 —
a,1—a,...,1—a«). The fractional base packing number for
these matroids is ¥ = 1/(1 — «) and Theorem 1.6 implies
that any (o« +¢) = (1 — 1/v + ¢)-approximation for such
matroids would require exponentially many value queries.
Therefore, our approximation in this special case is optimal.
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APPENDIX

1. Submodular functions and their extensions

In this appendix, we present a few basic facts concerning
submodular functions f(.5) and their continuous extensions.
By fa(S), we denote the marginal value of S wrt. A,
fa(S) = f(AUS)— f(A). We also use fa(i) = f(A+i)—
f(A). The notation A+ is shorthand for AU{:}. Similarly,
we write A — i to denote A\ {i}.

Definition A.1. The multilinear extension of a function f :
2X — R is a function F : [0,1]% — R where

F(z) =Y f(S) [Ja: [JQ - )

SCX €S jgs

Definition A.2. The Lovdsz extension of a function f :
2% — R is a function F : [0,1]X — R such that

n

F(z) =Y (#n(a) — () F{m() 1 1< 5 <i})

=0

where m :
Tr(2) 2
Tr) = L, Tr(ny1) = 0.

[n] — X is a bijection such that x.¢y >
> Tr(n), Wwe interpret Tr(0) Lr(n+l) 4

A useful way to view the multilinear extension is that
we sample a random set R(z), where each element i
appears independently with probability z;, and we take
F(z) = E[f(R(z))]. The Lovdsz extension can be viewed
similarly, by sampling a random set in a correlated fashion.

Definition A.3. For a vector x € [0,1]%, we define the
“random threshold set” T'(x) by taking a uniformly random
A €[0,1], and setting

T(x)={ie X :a; > \}.

Assuming that x1 > 29 > ... >y, xg = 1, x, = 0, it
is easy to see that the Lovdsz extension of f(.5) is equal to

n

F(a) = (i —2it1) f(]]) = E[f(T(x))).

=0

It is known that the Lovasz extension of a submodular
function is always convex [16], which is not true for the
multilinear extension. We prove that the Lovész extension
is always upper-bounded by the multilinear extension; this
lemma appears quite basic but it has not been published to
our knowledge.

Lemma Ad4. Let F(x) denote the multilinear extension
and let F(x) denote the Lovdsz extension of a submodular
function f : 2% — R. Then

Proof: Let R(x) be a random set where elements
are sampled independently with probabilities x;, and let
T'(z) be the random threshold set. L.e., we want to prove
E[f(R(x))] > E[f(T(z))]. We can assume WLOG that the
elements are ordered so that x; > x5 > ... > x,,. We also
let g =1 and x,,+1 = 0. Then,

E[f(R(2))] = f(0) + k=1 Elfro)npe—1 (R(x) N {k})]



and by submodularity,

n

E[f(R(@))] > )+ Elf—(R() N {k})]
k=1
= SO) + Y x(f(K]) — F([k—1]))
k=1
= Z(fk — 1) f([K])
k=0
= E[f(T(x))]

|

A refinement of this lemma says that we can also consider

a partition of the ground set and apply an independent

threshold set on each part. This gives a certain hybrid
between the multilinear and Lovdsz extensions.

Lemma A.5. For any partition X = X; U Xs,
F(z) = E[f((T1(z) N X1) U (Ta(z) N X3))]

where Ty(x) and Tz(x) are two independently random
threshold sets for x.

Proof: F(z) = E[f(R(x))] where R(x) is sampled
independently with probabilities xz;. Let’s condition on
R(z) N X3 = Ry. This restricts the remaining randomness
to X5, and we get f(R(z)) = f(R2) + g(R(x)), where
g(S) = fr, (SN X;) is again submodular. By Lemma A.4,
Elg(R(z))] > E[g(T1(z))] where T (z) is a random thresh-
old set. Hence,

E[f(R(x)) | R(z) N X2 = Ro] = f(R2) + E[g(R())]
> f(R2) + E[g(T1(2))] = E[f(R2 U (T1(z) N X1))].
By randomizing Ry = R(x) N X2, we get
E[f(R(z))] = E[f((R(z) N X3) U (T1(z) N X1))].

Repeating the same process, conditioning on 7j(x) and
applying Lemma A.4 to R(z) N X5, we get

E[f(R(x))] = E[f((Ta(z) N X2) U (T1(x) N X1))].
n

2. Pipage rounding for non-monotone submodular functions

The pipage rounding technique [2], [3], [4] starts with
a point in the base polytope y € B(M) and produces
an integral solution S € Z (in fact, a base) of expected
value E[f(S)] > F(y). We recall the procedure here, in its
randomized form [4].

Subroutine HitConstraint(y, ¢, j):
Denote A={ACX:i€A,j¢ A}
Find § = minac4(rpm(A) — y(A))

and an optimal A € A;
If y; <0 then {6+ y;, A< {j}};

Yi <= Yi +0, yj < y; — 0;
Return (y, A).

Algorithm PipageRound((M, y)):
While (y is not integral) do
T+ X;
While (T contains fractional variables) do
Pick ¢,5 € T fractional,
(y+, AT) « HitConstraint(y, i, j);
(y—, A7) + HitConstraint(y, j,i);
p Iy —yll/lly™ =y II;
With probability p, {y« vy, T+ TNA"};
Else {y+ yt, T+ TNAT}
EndWhile
EndWhile
Output y.

The application in [3] was to monotone submodular
functions, but as the authors mention, monotonicity is not
used anywhere in the analysis. The technique as described
in [4] yields the following.

Lemma A.6. The pipage rounding technique, given a mem-
bership oracle for a matroid M = (X,T), a value oracle
for a submodular function f : 2X — R, and y in the
base polytope B(M), returns a random base B of value
E[f(B)] = F(y).

Monotonicity is used in [3] only to argue that a fractional
solution can be assumed to lie in the base polytope without
loss of generality. Therefore, if we are working with the base
polytope (as in Section 4.2), we can use the pipage rounding
technique without any modification.

If we are working with non-monotone submodular func-
tions and the matroid polytope, we have to do some addi-
tional adjustments to make sure that we do not lose anything
when rounding a fractional solution. We proceed as follows.
The following procedure takes a point € P(M) and while
there is a fractional coordinate, it either pushes it to its
maximum possible value, or makes it zero and removes it
from the problem.

Algorithm Adjust((M, z)):
While (z is not in B(M)) do
If (there is ¢ and § > 0 such that z + de; € P(M)) do
Let Tpar = z; + max{d : x + de; € P(M)};
Letp = xi/xmaw;
With probability p, {z; < Tmaz};
Else {z; < 0};
EndIf
If (there is ¢ such that x; = 0) do
Delete ¢ from M and remove the i-coordinate from zx.
EndWhile
Output (M, z).

Lemma A.7. Given x € P(M) and a submodular function



f(S) with its extension F(x), the procedure Adjust((M, ))
yields a restricted matroid M’ and a point y € B(M’) such
that E[F (y)] > F(z).

Proof: If x € P(M), there is always a point z € B(M)
dominating x in every coordinate (see, e.g., Corollary 40.2h
in [22]). Therefore, if © ¢ B(M), there is a coordinate
which can be increased while staying in P(M). In each step,
when we choose randomly between increasing and decreas-
ing z;, the objective function is linear and the expectation of
F(z) is preserved. Hence, the process forms a martingale.
At the end, E[F(y)] is equal to the initial value F'(x).

As long as we increase variables, each variable is in-
creased to its maximum value and cannot be increased twice.
Therefore, after at most n steps we either reach a point in
B(M) or make some variable x; equal to 0. A variable
equal to 0 is removed, which can be repeated at most n
times. Hence, the process terminates in O(n?) time. |

For a given x € P(M), we run (M’,y) :=Adjust(M, z),
followed by PipageRound((M’,y)). The outcome is a
base in the restricted matroid where some elements have
been deleted, i.e. an independent set in the original ma-
troid. We call this the extended pipage rounding procedure.
Lemma A.7 together with Lemma A.6 gives the following.

Lemma A.8. The extended pipage rounding procedure,
given a membership oracle for a matroid M = (X,7), a
value oracle for a submodular function f : 2% — R, and
in the matroid polytope P(M), yields a random independent
set S € T of value E[f(S)] > F(z).

3. Solutions of non-trivial value

In this section, we prove that solutions of non-trivial
value always exist for the problems of maximizing a non-
monotone submodular function subject to a matroid indepen-
dence or matroid base constraint. We can assume that our
matroid does not contain any loops (which can be removed
beforehand), and in the case of a matroid base constraint no
co-loops either (since co-loops participate in every solution
and can be contracted). The bounds that we prove here
are needed to ensure that our sampling errors can be made
negligible compared to the value of the optimum.

Lemma A.9. Let M = (X,Z) be a matroid without
loops (elements which are never in an independent set),
|X| = n, and let f : 2% — R, be a (non-monotone)
submodular function such that maxgcx f(S) = M. Let
OPT =max{f(I): I € I}. Then

1
OPT > — M.
n

Proof: We consider only solutions of size |I| < 1,
which are independent because our matroid does not contain
any loops. Let f(I*) = max{f(I) : |I|] < 1}. By

submodularity and nonnegativity of f, the value of any non-
empty set can be estimated as

708) < 3" D) < nf (1),
Jj€ES
By definition, we also have f (@) < f(I*). Therefore, M =
max f(S) <n f(I*). [ |

Lemma A.10. Let M = (X,Z) be a matroid without loops
(elements which are never in a base) and coloops (elements
which are in every base), |X| = n and let B denote the
bases of M. Let f : 2X — R, be a (non-monotone)
submodular function such that maxgscx f(S) = M. Let
OPT = max{f(B) : B € B}. Then

1
OPT > — M.
n

Proof: Let us find B = {by,...,b} greedily, by
including in each step an element which has maximum
possible marginal value fyy, . 4,3 (bey1) among all elements
that preserve independence. We claim that f(B) > M.

The first element by is the element of maximum value
max;cx f({i}) (because there are no loops, all elements
are eligible). Let M = f(S*). By submodularity,

F(87) < 370 FHED) < nf({bi}).
i€S*
Therefore, f({b1}) > L1M. However, additional elements
can decrease this value. Consider the last element by that
we added to B and assume that f(B) < n—le . Due to our
greedy procedure and submodularity, the marginal values of
successive elements keep decreasing, and therefore

Fonney () € < (F(B) = F({0}) < 5 M.

Since there are no coloops in M, adding b; was not
our only choice - otherwise, we would have rank(X \
{br}) < rank(X) which means exactly that by, is a coloop.
So there is another element b) that would form a base
{b1,...,bg_1,b)}. The reason we did not select b}, was that
B\ (0) < fe\qoey (0r) < —#M. By submodularity, if
we add both elements, we obtain a set B = {b1,..., by, b} }
such that

f(B) = f(B) + f(b}) < f(B) + fr (o} (b))
< %M — %M =0

which is a contradiction with the nonnegativity of f. [ ]

We remark that this bound is tight up to a constant factor.
Consider a complete bipartite directed graph on X = X; U
Xs, | X1| = |X2| = n/2. The submodular function f(S)
is the directed cut function, expressing the number of arcs
from S to S. The matroid M has bases that contain exactly
one element from X; and n — 1 elements from X,. It is
easy to see that any base B has value f(B) = 1, while
f(X1) = n?/4.



