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Polytopes	
  over	
  {0,1}n	
  

=	
  	
  IntersecPons	
  of	
  boolean	
  halfspaces	
  

§  Within	
  CS:	
  opPmizaPon	
  (	
  	
  	
  	
  	
  	
  =	
  {0,1}-­‐integer	
  programs	
  Ax	
  ≤	
  b),	
  
complexity	
  theory,	
  learning	
  theory,	
  …	
  	
  

§  Beyond	
  CS:	
  Large	
  body	
  of	
  work	
  in	
  combinatorics,	
  high-­‐dimensional	
  
geometry,	
  …	
  	
  	
  	
  	
  

F (x) = h1(x) ! á á á! hm(x)

sign(w · x � ✓)
Halfspace:	
  	
  

x 2 {0, 1}n



Main	
  complexity	
  measure	
  for	
  this	
  talk:	
  #	
  of	
  facets	
  

	
  m	
  =	
  number	
  of	
  facets	
  of	
  polytope	
  
	
  	
  	
  	
  	
  	
  =	
  number	
  of	
  halfspaces	
  

F (x) = h1(x) ! á á á! hm(x)

This	
  talk:	
  can	
  think	
  of	
  m	
  =	
  poly(n),	
  say	
  n10	
  

x 2 {0, 1}n

1	
  ≤	
  m	
  ≤	
  2n	
  



...	
  then	
  F	
  accepts	
  (Δ	
  +	
  0.01)	
  fracPon	
  of	
  points	
  

This	
  talk:	
  Discrepancy	
  Sets	
  for	
  Polytopes	
  

For	
  all	
  m-­‐facet	
  polytopes	
  F,	
  
	
  if	
  F	
  accepts	
  Δ	
  fracPon	
  of	
  inputs	
  in	
  {0,1}n	
  …	
  

{0,1}n	
  

Want	
  small	
  set	
  of	
  points	
  	
  	
  	
  	
  	
  in	
  {0,1}n	
  such	
  that:	
  

Random	
  set	
  of	
  points	
  works	
  great.	
  	
  Want	
  explicit	
  set.	
  

–	
  



Pseudorandom	
  Generators	
  	
  
for	
  Polytopes	
  

Truly	
  random	
  input:	
  

Pseudorandom	
  output:	
  

PRG	
  

r	
  bits	
  

n	
  bits	
  



Pseudorandom	
  Generators	
  

DefiniPon:	
  An	
  ε-­‐PRG	
  for	
  a	
  class	
  C	
  is	
  an	
  explicit	
  funcPon	
  G	
  :	
  {0,1}r	
  	
  	
  	
  	
  	
  {0,1}n	
  
such	
  that:	
  for	
  every	
  funcPon	
  F	
  in	
  C,	
  	
  

!

Goal:	
  minimize	
  seed	
  length	
  r(n,m,ε)	
  

���� E
x⇠{0,1}n

[F (x)]� E
s⇠{0,1}r

[F (G(s))]

����  "
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G	
  

r	
  bits	
  

n	
  bits	
  

C	
  =	
  {	
  m-­‐facet	
  polytopes	
  	
  	
  	
  	
  	
  }	
  	
  
This	
  work:	
  



Consider	
  {	
  G(s)	
  :	
  s	
  	
  	
  	
  {0,1}r	
  }	
  	
  

Let	
  G	
  :	
  {0,1}r	
  	
  	
  	
  	
  	
  {0,1}n	
  be	
  an	
  ε-­‐PRG	
  for	
  the	
  class	
  m-­‐facet	
  polytopes	
  	
  	
  

Image	
  of	
  PRG	
  =	
  Discrepancy	
  Set	
  	
  

!

2 A	
  set	
  of	
  2r	
  points	
  	
  	
  	
  	
  	
  in	
  {0,1}n	
  

G	
  

r	
  bits	
  

n	
  bits	
  

{0,1}n	
  

Discrepancy	
  set	
  for	
  the	
  class	
  of	
  
m-­‐facet	
  polytopes	
  



Our	
  main	
  result:	
  PRG	
  for	
  polytopes	
  

§  Previous	
  best	
  seed	
  length	
  had	
  linear	
  dependence	
  on	
  m	
  

An	
  ε-­‐PRG	
  for	
  m-­‐facet	
  polytopes	
  over	
  {0,1}n	
  with	
  seed	
  length:	
  

poly(log	
  m,	
  1/ε)	
  	
  	
  log	
  n	
  	
  	
  

Discrepancy	
  set	
  of	
  size	
  n	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  polylog(m)	
  

{0,1}n	
  

Equivalently:	
  	
  

.	
  



Analogous	
  results	
  for	
  other	
  domains	
  

{0,1}n	
  

§  Solid	
  cube	
  [0,1]n	
  

§  Hypergrid	
  {0,1,...,k}n	
  

§  Gaussian	
  space	
  (Rn	
  under	
  N(0,1)n)	
  	
  	
  [HKM10]	
  

§  ...	
  	
  

Standard	
  reducPons	
  



One	
  algorithmic	
  applicaPon:	
  	
  
CounPng	
  #	
  of	
  soluPons	
  of	
  {0,1}-­‐integer	
  programs	
  

Ax ! b

x 2 {0, 1}n
subject	
  to	
  

c

T
xmaximize	
  

and	
  

Given	
  as	
  input	
  a	
  {0,1}-­‐IP	
  with	
  m	
  constraints,	
  
there	
  is	
  a	
  determinisPc	
  algorithm	
  that	
  runs	
  in	
  
Pme	
  	
  	
  

n	
  poly(log	
  m,	
  1/ε)	
  	
  

and	
  outputs	
  an	
  esPmate	
  of	
  the	
  fracBon	
  of	
  
feasible	
  soluBons,	
  accurate	
  to	
  +	
  ε.	
  −	
  

PRG	
  =	
  input-­‐oblivious	
  algorithm	
  	
  

Average	
  w.r.t.	
  fixed	
  discrepancy	
  set	
  works	
  for	
  all	
  possible	
  inputs	
  
	
   	
  	
   	
   	
   	
   	
   	
   	
   	
  	
   	
  	
  	
  	
  	
  	
  (all	
  possible	
  {0,1}-­‐IPs)	
  	
  	
  



IntersecPons	
  of	
  m	
  general	
  halfspaces	
  	
  
(This	
  work)	
  

poly(log	
  m,	
  1/ε)	
  	
  	
  log	
  n	
  	
  	
  

Class	
  of	
  funcBons:	
   Seed	
  length:	
  

Any	
  funcBon	
  of	
  m	
  general	
  halfspaces	
  	
  
[Gopalan,	
  O’Donnell,	
  Wu,	
  Zuckerman	
  10]	
  	
  

Õ(m	
  log(1/ε))	
  	
  	
  log	
  n	
  	
  
	
  

Comparison	
  with	
  prior	
  results	
  

.	
  

.	
  

IntersecPons	
  of	
  m	
  “regular”	
  halfspaces	
  
[Harsha,	
  Klivans,	
  Meka	
  10]	
  	
  

	
  

poly(log	
  m,	
  1/ε)	
  	
  	
  log	
  n	
  

IntersecPons	
  of	
  m	
  low-­‐weight	
  halfspaces	
  
[Servedio,	
  T.	
  17]	
  	
  

	
  

poly(log	
  m,	
  1/ε)	
  	
  	
  polylog	
  n	
  

.	
  

.	
  



PRGs	
  for	
  halfspaces	
  and	
  their	
  generalizaPons	
  

Halfspaces	
  

Polynomial	
  threshold	
  funcPons	
   IntersecBons	
  of	
  halfspaces	
  

§  Diakonikolas,	
  Gopalan,	
  Jaiswal,	
  Servedio,	
  Viola	
  2009	
  
§  Meka,	
  Zuckerman	
  2009	
  
§  Karnin,	
  Rabani,	
  Shpilka	
  2011	
  
§  Kothari,	
  Meka	
  2015	
  
§  Gopalan,	
  Kane,	
  Meka	
  2015	
  

§  Meka,	
  Zuckerman	
  2009	
  
§  Diakonikolas,	
  Kane,	
  Nelson	
  2009	
  
§  Kane	
  2011	
  
§  Kane	
  2011	
  
§  Kane,	
  Meka	
  2013	
  
§  Kane	
  2014	
  

§  Harsha,	
  Klivans,	
  Meka	
  2010	
  	
  
§  Gopalan,	
  O’Donnell,	
  Wu,	
  Zuckerman	
  2010	
  
§  Servedio,	
  T.	
  2017	
  
§  This	
  work	
  	
  



Structure	
  of	
  this	
  talk	
  

§  Part	
  I:	
  The	
  connecPon	
  to	
  Central	
  Limit	
  Theorems	
  	
  

§  VersaPle	
  and	
  powerful	
  framework	
  for	
  designing	
  PRGs	
  

	
  	
  	
  	
  	
  	
  	
  [Meka,	
  Zuckerman	
  09]	
  [Harsha,	
  Klivans,	
  Meka	
  10]	
  

§  Especially	
  effecPve	
  for	
  analyzing	
  “regular”	
  halfspaces	
  

§  Part	
  II:	
  Our	
  work	
  

§  Challenges	
  in	
  dealing	
  with	
  general	
  halfspaces	
  
§  New	
  ideas	
  and	
  ingredients	
  in	
  our	
  work	
  	
  

§  New	
  Litlewood–Offord	
  theorem	
  for	
  polytopes	
  



Part	
  I:	
  Background	
  and	
  Context	
  
PRGs	
  via	
  Central	
  Limit	
  Theorems	
  	
  	
  

IllustraPve	
  example:	
  Fooling	
  a	
  single	
  “regular”	
  halfspace	
  [MZ10]	
  



Central	
  Limit	
  Theorems	
  

The	
  sum	
  of	
  many	
  independent	
  random	
  variables	
  	
  
converges	
  to	
  Gaussian	
  (of	
  same	
  mean	
  and	
  variance).	
  

CDF	
  distance	
  (=	
  Kolmogorov	
  distance):	
  	
  	
  	
  
For	
  all	
  θ	
  in	
  R,	
  

CDFs	
  of	
  S	
  vs.	
  Gaussian	
  

S = X1 + · · ·+Xn ⇡ N (µ,�2)

Pr
⇥
S  ✓

⇤
⇡ Pr

⇥
N  ✓

⇤
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DefiniPon:	
  	
  An	
  “ε-­‐regular”	
  linear	
  form	
  S	
  :	
  Rn	
  	
  	
  	
  	
  	
  	
  	
  R	
  	
  

Regularity	
  and	
  the	
  Berry–Esséen	
  CLT	
  

is	
  one	
  in	
  which	
  no	
  weight	
  is	
  too	
  dominant:	
  	
  

S(x) = w1x1 + · · ·+ wnxn

Berry–Esséen	
  CLT:	
  	
  For	
  x	
  uniform	
  from	
  {−1,1}n,	
  

ObservaPon:	
  	
  
Regularity	
  crucial;	
  consider	
  S(x)	
  =	
  x1	
  

	
  
	
  

!

CDF	
  of	
  x1	
  ≈	
  Gaussian	
  	
  

|wi|  " · kwk2

S(x) ⇡
"

N (µ,�2)



The	
  connecPon	
  between	
  CLTs	
  and	
  pseudorandomness	
  

CLT:	
  S(x)	
  converges	
  to	
  Gaussian	
  in	
  CDF	
  distance	
  

Pseudorandomness:	
  Fool	
  the	
  regular	
  halfspace	
  sign(S(x)−θ)	
  

versus	
  

(for	
  all	
  θ)	
  

Pseudorandom	
  version	
  of	
  Berry–Esséen	
  CLT?	
  	
  	
  

S(x) = w1x1 + · · ·+ wnxnRegular	
  linear	
  form:	
   (x	
  uniform	
  {−1,1}n)	
  

	
  
	
  

Pr
uniform x ⇠ {±1}n

⇥
S(x)  ✓

⇤
⇡ Pr

⇥
N  ✓

⇤
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Pr
uniform x ⇠ {±1}n

⇥
S(x)  ✓

⇤
⇡ Pr

pseudo y ⇠ {±1}n

⇥
S(y)  ✓

⇤
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Meka–Zuckerman:	
  PRGs	
  for	
  regular	
  halfspaces	
  via	
  CLTs	
  

Berry–Esséen	
  CLT	
  

	
  

Gaussian	
  

[MZ]’s	
  derandomizaBon	
  of	
  BE	
  

S(x) S(y)

Uniform	
  

	
  

Pseudorandom	
  

	
  

CDF-­‐close	
  

	
  

CDF-­‐close	
  by	
  Δ-­‐inequality	
  	
  

	
  

x ⇠ {�1, 1}n y ⇠ {�1, 1} n

CDF-­‐close	
  

	
  

	
  

N (µ, ! 2)
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Meka–Zuckerman’s	
  PRG	
  for	
  regular	
  halfspaces	
  

1.  Pseudorandomly	
  hash	
  n	
  variables	
  into	
  1/ε2	
  buckets	
  	
  
2.  Assign	
  values	
  within	
  each	
  bucket	
  according	
  to	
  O(1)-­‐wise	
  independent	
  

distribuPon	
  (independently	
  across	
  buckets)	
  

[Meka–Zuckerman	
  10]	
  

§  Theorem:	
  Berry–Esséen	
  CLT	
  holds	
  for	
  this	
  distribuPon	
  
§  Corollary:	
  This	
  is	
  an	
  ε-­‐PRG	
  for	
  ε-­‐regular	
  halfspaces	
  with	
  seed	
  length	
  

O((log	
  n)/ε2).	
  	
  	
  

.	
  .	
  .	
  	
  	
  y10	
  
y2	
  
y6	
   y3	
  

y12	
   y9	
  
y11	
  
y4	
  

y7	
  

This	
  talk:	
  All	
  PRGs	
  =	
  this	
  [MZ]	
  generator	
  
(possibly	
  with	
  different	
  parameters)	
  	
  	
  

1/ε2	
  buckets	
  	
  



Next:	
  Fooling	
  IntersecBons	
  of	
  regular	
  halfspaces	
  

Regular	
  halfspaces	
   IntersecBons	
  of	
  regular	
  halfspaces	
  

Same	
  overall	
  framework,	
  but	
  many	
  
cool	
  new	
  ideas	
  and	
  ingredients...	
  

[Meka,	
  Zuckerman	
  09]	
   [Harsha,	
  Klivans,	
  Meka	
  10]	
  

	
  
	
  



1	
  regular	
  halfspace	
  

IntersecPon	
  of	
  m	
  
regular	
  halfspaces	
  

Sum	
  of	
  real-­‐valued	
  r.v.’s,	
  
none	
  too	
  dominant	
  	
  

Berry-­‐Esséen	
  CLT	
  

[HKM10]	
  mulBdimensional	
  CLT	
  	
  
nX

i=1

~Xi �! N (~µ,⌃)

Sum	
  of	
  Rm-­‐valued	
  r.v.’s,	
  
none	
  too	
  dominant	
  

convergence	
  in	
  
mulPdimensional	
  CDF	
  distance	
  

nX

i=1

Xi �! N (µ,�2)
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[Meka,	
  Zuckerman	
  09]	
  

[Harsha,	
  Klivans,	
  Meka	
  10]	
  



CDF-­‐close	
  

	
  

	
  

HKM’s	
  PRG	
  via	
  their	
  mulPdimensional	
  CLT	
  	
  

Uniform	
  

	
  

Pseudorandom	
  

	
  

x ⇠ {�1, 1}n y ⇠ {�1, 1} n

Let	
  A	
  be	
  an	
  m	
  x	
  n	
  matrix,	
  where	
  every	
  row	
  of	
  A	
  is	
  regular	
  	
  

Ax
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  by	
  Δ-­‐inequality	
  	
  

	
  

m-­‐dimensional	
  Gaussian	
  

(row	
  =	
  weights	
  of	
  a	
  regular	
  halfspace)	
  	
  

y10	
  
y2	
  
y6	
   y3	
  

y12	
   y12	
  
y22	
  
y1	
  

CDF-­‐close	
  

	
  

	
  
...	
  	
  	
  



Regular	
  halfspaces	
   IntersecPons	
  of	
  regular	
  halfspaces	
  

Part	
  I:	
  

Part	
  II:	
  

IntersecPons	
  of	
  general	
  halfspaces	
  

[Meka,	
  Zuckerman	
  09]	
   [Harsha,	
  Klivans,	
  Meka	
  10]	
  

(Our	
  work)	
  

PRGs	
  via	
  Central	
  Limit	
  Theorems	
  	
  
	
  



IntersecPons	
  of	
  m	
  
general	
  halfspaces	
  

Regular	
  halfspaces	
   IntersecPons	
  of	
  m	
  
regular	
  halfspaces	
  

Other	
  relevant	
  works	
  not	
  discussed	
  in	
  Part	
  I:	
  

§  1	
  general	
  halfspace	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  [Meka,	
  Zuckerman	
  09]	
  

§  Any	
  funcBon	
  of	
  m	
  general	
  halfspaces,	
  but	
  seed	
  length	
  Õ(m)	
  	
  
	
   	
   	
   	
   	
  	
   	
   	
   	
  	
  	
  [Gopalan,	
  O’Donnell,	
  Wu,	
  Zuckerman	
  10]	
  	
  

§  IntersecPon	
  of	
  m	
  low-­‐weight	
  halfspaces,	
  seed	
  length	
  polylog(m)	
  	
  
	
   	
   	
   	
   	
   	
   	
   	
   	
   	
   	
   	
   	
  	
  	
  	
  	
  	
  	
  [Servedio,	
  T.	
  17]	
  	
  

Part	
  I:	
   Part	
  II:	
  



Main	
  challenge:	
  
CLTs	
  and	
  regularity	
  go	
  hand	
  in	
  hand	
  

Central	
  Limit	
  Theorem	
  false	
  without	
  regularity	
  assumpPon	
  

S(x ) = w1x 1 + á á á+ wn x n N (µ, ! 2)

if	
  there	
  are	
  dominant	
  wi’s	
  

Recall	
  simple	
  example:	
  S(x)	
  =	
  x1	
  

Not	
  close	
  to	
  CDF	
  of	
  any	
  Gaussian	
  



Not	
  CDF-­‐close	
  

	
  

	
  

Not	
  CDF-­‐close	
  

	
  

	
  

Uniform	
  

	
  

Pseudorandom	
  

	
  

x ⇠ {�1, 1}n y ⇠ {�1, 1} n
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CDF-­‐close?	
  

	
  

m-­‐dimensional	
  Gaussian	
  

This	
  work:	
  bypassing	
  Gaussian	
  middleperson	
  (by	
  necessity)	
  
Let	
  A	
  be	
  general	
  m	
  x	
  n	
  matrix	
  

(row	
  =	
  weights	
  of	
  general	
  halfspace,	
  not	
  necessarily	
  regular)	
  	
  



But—will	
  sPll	
  employ	
  CLT	
  proof	
  techniques	
  
(even	
  though	
  CLT	
  does	
  not	
  hold!)	
  

§  Lindeberg	
  replacement	
  method	
  	
  	
  

§  Powerful	
  technique	
  for	
  proving	
  CLTs	
  	
  [Lindeberg	
  22]	
  
§  [MZ,	
  HKM]’s	
  strategy	
  for	
  the	
  all-­‐regular	
  case	
  	
  

§  Non-­‐regularity	
  necessitates	
  new	
  ideas	
  and	
  ingredients:	
  
§  PRGs	
  for	
  CNF	
  formulas	
  	
  [AW85,	
  Nis92,	
  Baz07,	
  Raz09,	
  DETT10,	
  GMR13,	
  ...	
  ]	
  	
  
§  New	
  Litlewood–Offord	
  theorem	
  for	
  polytopes	
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  x	
  	
  	
  	
  {−1,1}n	
  ~	
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Pseudorandom	
  y	
  	
  	
  	
  {−1,1}n	
  ~	
  

CDF-­‐close?	
  

	
  



Outline	
  of	
  the	
  rest	
  of	
  the	
  talk	
  	
  
(=	
  the	
  structure	
  of	
  our	
  proof)	
  

1.  A	
  useful	
  decomposiPon	
  of	
  polytopes	
  

2.  “Smooth	
  version”	
  of	
  the	
  problem	
  

3.  Proving	
  the	
  smooth	
  version	
  

4.  Going	
  from	
  smooth	
  version	
  to	
  actual	
  version	
  



Regularity	
  lemma	
  for	
  a	
  single	
  halfspace	
  

Weights	
  of	
  regular	
  halfspace:	
  

Weights	
  of	
  general	
  halfspace:	
  

(No	
  weight	
  too	
  dominant)	
   Halfspace	
  Regularity	
  Lemma	
  	
  
[Servedio	
  07]	
  	
  

Every	
  halfspace	
  can	
  be	
  made	
  
regular*	
  by	
  restricPng	
  a	
  small	
  

number	
  of	
  variables	
  

*or	
  very	
  close	
  to	
  constant	
  



Halfspace	
  Regularity	
  Lemma	
  as	
  a	
  picture	
  

ε-­‐regular	
  “tail”	
  

Õ(1/ε2)	
  “head”	
  
variables	
  

Weights	
  of	
  a	
  general	
  halfspace	
  sorted	
  by	
  magnitude	
  



Applying	
  the	
  regularity	
  lemma	
  to	
  m	
  halfspaces	
  

1st	
  halfspace	
   2nd	
  halfspace	
   mth	
  halfspace	
  (m-­‐1)st	
  halfspace	
  .	
  .	
  .	
  	
  

§  Each	
  head	
  small,	
  but	
  union	
  of	
  all	
  m	
  heads	
  could	
  cover	
  [n]	
  	
  

§  So	
  the	
  natural	
  strategy	
  of	
  reducing	
  to	
  the	
  all-­‐regular	
  case	
  –	
  by	
  
“restricPng	
  away”	
  all	
  head	
  variables	
  –	
  does	
  not	
  work	
  

Remark:	
  



A	
  useful	
  mental	
  picture:	
  

m	
  

n	
  

A	
  

1st	
  halfspace	
  

2nd	
  halfspace	
  

mth	
  halfspace	
  

.	
  .	
  .	
  	
  

.	
  .	
  .	
  	
  	
  y10	
  
y2	
  
y6	
   y3	
  

y12	
   y9	
  
y11	
  
y4	
  

y7	
  

§  x	
  	
  	
  	
  {−1,1}n	
  uniform	
  	
  
§  y	
  	
  	
  	
  {−1,1}n	
  pseudorandom:	
  	
  Goal:	
  Ax	
  and	
  Ay	
  are	
  close	
  in	
  

mulPdimensional	
  CDF	
  distance	
  

~	
  
~	
  

(Each	
  halfspace	
  has	
  
few	
  head	
  variables)	
  



Outline	
  of	
  the	
  rest	
  of	
  the	
  talk	
  	
  
(=	
  the	
  structure	
  of	
  our	
  proof)	
  

1.  A	
  useful	
  decomposiPon	
  of	
  polytopes	
  

2.! “Smooth	
  version”	
  of	
  the	
  problem	
  

3.  Proving	
  the	
  smooth	
  version	
  

4.  Going	
  from	
  smooth	
  version	
  to	
  actual	
  version	
  



A	
  smooth	
  version	
  of	
  CDF	
  distance	
  

b	
  

Ax	
  

!"
<latexit sha1_base64="kk6CTAFESn4xIuVViVil2pS3V7g=">AAAB+3icdVDLSgNBEJyNrxhf0Ry9DAbBU9gVX7kFvXjwEME1gWQJs5PZZMjszDLTq4Ql/ooXDype/RFv/o2ThxBFCxqKqm66u8JEcAOu++nkFhaXllfyq4W19Y3NreL2zq1RqabMp0oo3QyJYYJL5gMHwZqJZiQOBWuEg4ux37hj2nAlb2CYsCAmPckjTglYqVMsta+U7AkWgea9PhCt1X2nWHYr7gR4jhy7XvXEw95MKaMZ6p3iR7uraBozCVQQY1qem0CQEQ2cCjYqtFPDEkIHpMdalkoSMxNkk+NHeN8qXRwpbUsCnqjzExmJjRnGoe2MCfTNb28s/uW1UojOgozLJAUm6XRRlAoMCo+TwF2uGQUxtIRQze2tmPaJJhRsXgUbwven+H/iH1aqFff6qFw7n6WRR7toDx0gD52iGrpEdeQjioboET2jF+fBeXJenbdpa86ZzZTQDzjvX/wvlTI=</latexit><latexit sha1_base64="kk6CTAFESn4xIuVViVil2pS3V7g=">AAAB+3icdVDLSgNBEJyNrxhf0Ry9DAbBU9gVX7kFvXjwEME1gWQJs5PZZMjszDLTq4Ql/ooXDype/RFv/o2ThxBFCxqKqm66u8JEcAOu++nkFhaXllfyq4W19Y3NreL2zq1RqabMp0oo3QyJYYJL5gMHwZqJZiQOBWuEg4ux37hj2nAlb2CYsCAmPckjTglYqVMsta+U7AkWgea9PhCt1X2nWHYr7gR4jhy7XvXEw95MKaMZ6p3iR7uraBozCVQQY1qem0CQEQ2cCjYqtFPDEkIHpMdalkoSMxNkk+NHeN8qXRwpbUsCnqjzExmJjRnGoe2MCfTNb28s/uW1UojOgozLJAUm6XRRlAoMCo+TwF2uGQUxtIRQze2tmPaJJhRsXgUbwven+H/iH1aqFff6qFw7n6WRR7toDx0gD52iGrpEdeQjioboET2jF+fBeXJenbdpa86ZzZTQDzjvX/wvlTI=</latexit><latexit sha1_base64="kk6CTAFESn4xIuVViVil2pS3V7g=">AAAB+3icdVDLSgNBEJyNrxhf0Ry9DAbBU9gVX7kFvXjwEME1gWQJs5PZZMjszDLTq4Ql/ooXDype/RFv/o2ThxBFCxqKqm66u8JEcAOu++nkFhaXllfyq4W19Y3NreL2zq1RqabMp0oo3QyJYYJL5gMHwZqJZiQOBWuEg4ux37hj2nAlb2CYsCAmPckjTglYqVMsta+U7AkWgea9PhCt1X2nWHYr7gR4jhy7XvXEw95MKaMZ6p3iR7uraBozCVQQY1qem0CQEQ2cCjYqtFPDEkIHpMdalkoSMxNkk+NHeN8qXRwpbUsCnqjzExmJjRnGoe2MCfTNb28s/uW1UojOgozLJAUm6XRRlAoMCo+TwF2uGQUxtIRQze2tmPaJJhRsXgUbwven+H/iH1aqFff6qFw7n6WRR7toDx0gD52iGrpEdeQjioboET2jF+fBeXJenbdpa86ZzZTQDzjvX/wvlTI=</latexit>

Ob	
  =	
  {0,1}-­‐indictor	
  of	
  orthant	
  defined	
  by	
  b	
  	
  

E[ eOb(Ax)] ⇡ E[ eOb(Ay)]
<latexit sha1_base64="d2hQoln80YjBgpH9m51pJWkwb3k="></latexit><latexit sha1_base64="d2hQoln80YjBgpH9m51pJWkwb3k="></latexit><latexit sha1_base64="d2hQoln80YjBgpH9m51pJWkwb3k="></latexit>

eOb : Rm ! [0, 1]
<latexit sha1_base64="5HN1hMLB4ArVqmMWX4iu+k4/XF0="></latexit><latexit sha1_base64="5HN1hMLB4ArVqmMWX4iu+k4/XF0="></latexit><latexit sha1_base64="5HN1hMLB4ArVqmMWX4iu+k4/XF0="></latexit>

Ob : Rm ! {0, 1}
<latexit sha1_base64="UvAyLDMLDrRfq85GBGvxrfTMxBQ=">AAACEXicdVDLSsNAFJ3UV62vqEs3g0VQkJKIr7oqunFnFWMLTQyT6bQdOnkwMxFKyDe48VfcuFBx686df+MkjVBFDwycOede7r3HixgV0jA+tdLU9MzsXHm+srC4tLyir67diDDmmFg4ZCFve0gQRgNiSSoZaUecIN9jpOUNzzK/dUe4oGFwLUcRcXzUD2iPYiSV5Oo7to/kACOWXKSuB09g/ve85Cq99aEtQ2gnxq5pp9DVq0bNyAEnyIFh1g9NaBZKFRRouvqH3Q1x7JNAYoaE6JhGJJ0EcUkxI2nFjgWJEB6iPukoGiCfCCfJT0rhllK6sBdy9QIJc3WyI0G+ECPfU5XZwuK3l4l/eZ1Y9o6dhAZRLEmAx4N6MYPq0iwf2KWcYMlGiiDMqdoV4gHiCEuVYkWF8H0p/J9Ye7V6zbjcrzZOizTKYANsgm1ggiPQAOegCSyAwT14BM/gRXvQnrRX7W1cWtKKnnXwA9r7FwvSnKE=</latexit><latexit sha1_base64="UvAyLDMLDrRfq85GBGvxrfTMxBQ=">AAACEXicdVDLSsNAFJ3UV62vqEs3g0VQkJKIr7oqunFnFWMLTQyT6bQdOnkwMxFKyDe48VfcuFBx686df+MkjVBFDwycOede7r3HixgV0jA+tdLU9MzsXHm+srC4tLyir67diDDmmFg4ZCFve0gQRgNiSSoZaUecIN9jpOUNzzK/dUe4oGFwLUcRcXzUD2iPYiSV5Oo7to/kACOWXKSuB09g/ve85Cq99aEtQ2gnxq5pp9DVq0bNyAEnyIFh1g9NaBZKFRRouvqH3Q1x7JNAYoaE6JhGJJ0EcUkxI2nFjgWJEB6iPukoGiCfCCfJT0rhllK6sBdy9QIJc3WyI0G+ECPfU5XZwuK3l4l/eZ1Y9o6dhAZRLEmAx4N6MYPq0iwf2KWcYMlGiiDMqdoV4gHiCEuVYkWF8H0p/J9Ye7V6zbjcrzZOizTKYANsgm1ggiPQAOegCSyAwT14BM/gRXvQnrRX7W1cWtKKnnXwA9r7FwvSnKE=</latexit><latexit sha1_base64="UvAyLDMLDrRfq85GBGvxrfTMxBQ=">AAACEXicdVDLSsNAFJ3UV62vqEs3g0VQkJKIr7oqunFnFWMLTQyT6bQdOnkwMxFKyDe48VfcuFBx686df+MkjVBFDwycOede7r3HixgV0jA+tdLU9MzsXHm+srC4tLyir67diDDmmFg4ZCFve0gQRgNiSSoZaUecIN9jpOUNzzK/dUe4oGFwLUcRcXzUD2iPYiSV5Oo7to/kACOWXKSuB09g/ve85Cq99aEtQ2gnxq5pp9DVq0bNyAEnyIFh1g9NaBZKFRRouvqH3Q1x7JNAYoaE6JhGJJ0EcUkxI2nFjgWJEB6iPukoGiCfCCfJT0rhllK6sBdy9QIJc3WyI0G+ECPfU5XZwuK3l4l/eZ1Y9o6dhAZRLEmAx4N6MYPq0iwf2KWcYMlGiiDMqdoV4gHiCEuVYkWF8H0p/J9Ye7V6zbjcrzZOizTKYANsgm1ggiPQAOegCSyAwT14BM/gRXvQnrRX7W1cWtKKnnXwA9r7FwvSnKE=</latexit>

Orthant	
  Ob	
  

Ax	
  ≤	
  b	
  iff:	
  
We	
  will	
  first	
  show:	
  

where	
  	
  

is	
  smooth	
  approximator	
  of	
  	
  

!"
<latexit sha1_base64="kk6CTAFESn4xIuVViVil2pS3V7g=">AAAB+3icdVDLSgNBEJyNrxhf0Ry9DAbBU9gVX7kFvXjwEME1gWQJs5PZZMjszDLTq4Ql/ooXDype/RFv/o2ThxBFCxqKqm66u8JEcAOu++nkFhaXllfyq4W19Y3NreL2zq1RqabMp0oo3QyJYYJL5gMHwZqJZiQOBWuEg4ux37hj2nAlb2CYsCAmPckjTglYqVMsta+U7AkWgea9PhCt1X2nWHYr7gR4jhy7XvXEw95MKaMZ6p3iR7uraBozCVQQY1qem0CQEQ2cCjYqtFPDEkIHpMdalkoSMxNkk+NHeN8qXRwpbUsCnqjzExmJjRnGoe2MCfTNb28s/uW1UojOgozLJAUm6XRRlAoMCo+TwF2uGQUxtIRQze2tmPaJJhRsXgUbwven+H/iH1aqFff6qFw7n6WRR7toDx0gD52iGrpEdeQjioboET2jF+fBeXJenbdpa86ZzZTQDzjvX/wvlTI=</latexit><latexit sha1_base64="kk6CTAFESn4xIuVViVil2pS3V7g=">AAAB+3icdVDLSgNBEJyNrxhf0Ry9DAbBU9gVX7kFvXjwEME1gWQJs5PZZMjszDLTq4Ql/ooXDype/RFv/o2ThxBFCxqKqm66u8JEcAOu++nkFhaXllfyq4W19Y3NreL2zq1RqabMp0oo3QyJYYJL5gMHwZqJZiQOBWuEg4ux37hj2nAlb2CYsCAmPckjTglYqVMsta+U7AkWgea9PhCt1X2nWHYr7gR4jhy7XvXEw95MKaMZ6p3iR7uraBozCVQQY1qem0CQEQ2cCjYqtFPDEkIHpMdalkoSMxNkk+NHeN8qXRwpbUsCnqjzExmJjRnGoe2MCfTNb28s/uW1UojOgozLJAUm6XRRlAoMCo+TwF2uGQUxtIRQze2tmPaJJhRsXgUbwven+H/iH1aqFff6qFw7n6WRR7toDx0gD52iGrpEdeQjioboET2jF+fBeXJenbdpa86ZzZTQDzjvX/wvlTI=</latexit><latexit sha1_base64="kk6CTAFESn4xIuVViVil2pS3V7g=">AAAB+3icdVDLSgNBEJyNrxhf0Ry9DAbBU9gVX7kFvXjwEME1gWQJs5PZZMjszDLTq4Ql/ooXDype/RFv/o2ThxBFCxqKqm66u8JEcAOu++nkFhaXllfyq4W19Y3NreL2zq1RqabMp0oo3QyJYYJL5gMHwZqJZiQOBWuEg4ux37hj2nAlb2CYsCAmPckjTglYqVMsta+U7AkWgea9PhCt1X2nWHYr7gR4jhy7XvXEw95MKaMZ6p3iR7uraBozCVQQY1qem0CQEQ2cCjYqtFPDEkIHpMdalkoSMxNkk+NHeN8qXRwpbUsCnqjzExmJjRnGoe2MCfTNb28s/uW1UojOgozLJAUm6XRRlAoMCo+TwF2uGQUxtIRQze2tmPaJJhRsXgUbwven+H/iH1aqFff6qFw7n6WRR7toDx0gD52iGrpEdeQjioboET2jF+fBeXJenbdpa86ZzZTQDzjvX/wvlTI=</latexit>

E[Ob(Ax)] ⇡ E[Ob(Ay)] for all b 2 Rm
<latexit sha1_base64="oLS5iLfO2JtqZesN4g6QKIF0B+c="></latexit><latexit sha1_base64="oLS5iLfO2JtqZesN4g6QKIF0B+c="></latexit><latexit sha1_base64="oLS5iLfO2JtqZesN4g6QKIF0B+c="></latexit>

Pr[Ax  b] ⇡ Pr[Ay  b] for all b 2 Rm
<latexit sha1_base64="+/l1gssPw2ZXacEgA3FHCUbSjlM="></latexit><latexit sha1_base64="+/l1gssPw2ZXacEgA3FHCUbSjlM="></latexit><latexit sha1_base64="+/l1gssPw2ZXacEgA3FHCUbSjlM="></latexit>

Ax and Ay are CDF-close
<latexit sha1_base64="LaBvPiC7CPWLnZxDN7twbkUwT9I="></latexit><latexit sha1_base64="LaBvPiC7CPWLnZxDN7twbkUwT9I="></latexit><latexit sha1_base64="LaBvPiC7CPWLnZxDN7twbkUwT9I="></latexit>

“mollifier”	
  

Rm
<latexit sha1_base64="zPdAsyhTX1468yfc7dxQYy7M8cE=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GjLiq7uiG5dVHFvojCWTZtrQJDMkGaEM/Q03LlTc+jXu/BszbRUVPRA4nHMv9+REKWfaIPTulObmFxaXysuVldW19Y3q5taNTjJFqE8Snqh2hDXlTFLfMMNpO1UUi4jTVjQ8L/zWHVWaJfLajFIaCtyXLGYEGysFgcBmEEX51fhWdKs15B4hr37sQeSiCeCX4s2UGpih2a2+Bb2EZIJKQzjWuuOh1IQ5VoYRTseVINM0xWSI+7RjqcSC6jCfZB7DPav0YJwo+6SBE/X7Ro6F1iMR2ckio/7tFeJfXicz8WmYM5lmhkoyPRRnHJoEFgXAHlOUGD6yBBPFbFZIBlhhYmxNFVvC50/h/8Q/cOsuujysNc5mbZTBDtgF+8ADJ6ABLkAT+ICAFNyDR/DkZM6D8+y8TEdLzmxnG/yA8/oB7KyR0A==</latexit><latexit sha1_base64="zPdAsyhTX1468yfc7dxQYy7M8cE=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GjLiq7uiG5dVHFvojCWTZtrQJDMkGaEM/Q03LlTc+jXu/BszbRUVPRA4nHMv9+REKWfaIPTulObmFxaXysuVldW19Y3q5taNTjJFqE8Snqh2hDXlTFLfMMNpO1UUi4jTVjQ8L/zWHVWaJfLajFIaCtyXLGYEGysFgcBmEEX51fhWdKs15B4hr37sQeSiCeCX4s2UGpih2a2+Bb2EZIJKQzjWuuOh1IQ5VoYRTseVINM0xWSI+7RjqcSC6jCfZB7DPav0YJwo+6SBE/X7Ro6F1iMR2ckio/7tFeJfXicz8WmYM5lmhkoyPRRnHJoEFgXAHlOUGD6yBBPFbFZIBlhhYmxNFVvC50/h/8Q/cOsuujysNc5mbZTBDtgF+8ADJ6ABLkAT+ICAFNyDR/DkZM6D8+y8TEdLzmxnG/yA8/oB7KyR0A==</latexit><latexit sha1_base64="zPdAsyhTX1468yfc7dxQYy7M8cE=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GjLiq7uiG5dVHFvojCWTZtrQJDMkGaEM/Q03LlTc+jXu/BszbRUVPRA4nHMv9+REKWfaIPTulObmFxaXysuVldW19Y3q5taNTjJFqE8Snqh2hDXlTFLfMMNpO1UUi4jTVjQ8L/zWHVWaJfLajFIaCtyXLGYEGysFgcBmEEX51fhWdKs15B4hr37sQeSiCeCX4s2UGpih2a2+Bb2EZIJKQzjWuuOh1IQ5VoYRTseVINM0xWSI+7RjqcSC6jCfZB7DPav0YJwo+6SBE/X7Ro6F1iMR2ckio/7tFeJfXicz8WmYM5lmhkoyPRRnHJoEFgXAHlOUGD6yBBPFbFZIBlhhYmxNFVvC50/h/8Q/cOsuujysNc5mbZTBDtgF+8ADJ6ABLkAT+ICAFNyDR/DkZM6D8+y8TEdLzmxnG/yA8/oB7KyR0A==</latexit>

DisconPnuous	
  
funcPon!	
  



Smooth	
  approximators	
  of	
  orthants	
  

Two	
  important	
  properPes	
  of	
  Õb	
  [Bentkus	
  90]:	
  	
  

!Ob(v) = E
G ! N (0,1)m

[Ob(v + ! G)]
<latexit sha1_base64="a17BU7N19FojprmI9WBFHkGnY1s="></latexit><latexit sha1_base64="a17BU7N19FojprmI9WBFHkGnY1s="></latexit><latexit sha1_base64="a17BU7N19FojprmI9WBFHkGnY1s="></latexit>

Standard	
  way	
  of	
  mollifying	
  a	
  funcPon:	
  adding	
  Gaussian	
  noise	
  

1.  Good	
  approximaPon	
  of	
  Ob	
  

2.  Small	
  derivaPves:	
  for	
  all	
  c	
  >	
  1,	
  

sup
v! Rm

!
"

|! |= c

|! ! #Ob(v)|

$

!
(log m)c/ 2

" c

<latexit sha1_base64="zcnErT6IswuVo5XUaOgLms06khg="></latexit><latexit sha1_base64="zcnErT6IswuVo5XUaOgLms06khg="></latexit><latexit sha1_base64="zcnErT6IswuVo5XUaOgLms06khg="></latexit>

mc	
  many	
  parPal	
  derivaPves	
  

small	
  error	
  region	
  

≈	
  1	
  

≈	
  0	
  

Orthant	
  Ob	
  

Rm
<latexit sha1_base64="zPdAsyhTX1468yfc7dxQYy7M8cE=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GjLiq7uiG5dVHFvojCWTZtrQJDMkGaEM/Q03LlTc+jXu/BszbRUVPRA4nHMv9+REKWfaIPTulObmFxaXysuVldW19Y3q5taNTjJFqE8Snqh2hDXlTFLfMMNpO1UUi4jTVjQ8L/zWHVWaJfLajFIaCtyXLGYEGysFgcBmEEX51fhWdKs15B4hr37sQeSiCeCX4s2UGpih2a2+Bb2EZIJKQzjWuuOh1IQ5VoYRTseVINM0xWSI+7RjqcSC6jCfZB7DPav0YJwo+6SBE/X7Ro6F1iMR2ckio/7tFeJfXicz8WmYM5lmhkoyPRRnHJoEFgXAHlOUGD6yBBPFbFZIBlhhYmxNFVvC50/h/8Q/cOsuujysNc5mbZTBDtgF+8ADJ6ABLkAT+ICAFNyDR/DkZM6D8+y8TEdLzmxnG/yA8/oB7KyR0A==</latexit><latexit sha1_base64="zPdAsyhTX1468yfc7dxQYy7M8cE=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GjLiq7uiG5dVHFvojCWTZtrQJDMkGaEM/Q03LlTc+jXu/BszbRUVPRA4nHMv9+REKWfaIPTulObmFxaXysuVldW19Y3q5taNTjJFqE8Snqh2hDXlTFLfMMNpO1UUi4jTVjQ8L/zWHVWaJfLajFIaCtyXLGYEGysFgcBmEEX51fhWdKs15B4hr37sQeSiCeCX4s2UGpih2a2+Bb2EZIJKQzjWuuOh1IQ5VoYRTseVINM0xWSI+7RjqcSC6jCfZB7DPav0YJwo+6SBE/X7Ro6F1iMR2ckio/7tFeJfXicz8WmYM5lmhkoyPRRnHJoEFgXAHlOUGD6yBBPFbFZIBlhhYmxNFVvC50/h/8Q/cOsuujysNc5mbZTBDtgF+8ADJ6ABLkAT+ICAFNyDR/DkZM6D8+y8TEdLzmxnG/yA8/oB7KyR0A==</latexit><latexit sha1_base64="zPdAsyhTX1468yfc7dxQYy7M8cE=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GjLiq7uiG5dVHFvojCWTZtrQJDMkGaEM/Q03LlTc+jXu/BszbRUVPRA4nHMv9+REKWfaIPTulObmFxaXysuVldW19Y3q5taNTjJFqE8Snqh2hDXlTFLfMMNpO1UUi4jTVjQ8L/zWHVWaJfLajFIaCtyXLGYEGysFgcBmEEX51fhWdKs15B4hr37sQeSiCeCX4s2UGpih2a2+Bb2EZIJKQzjWuuOh1IQ5VoYRTseVINM0xWSI+7RjqcSC6jCfZB7DPav0YJwo+6SBE/X7Ro6F1iMR2ckio/7tFeJfXicz8WmYM5lmhkoyPRRnHJoEFgXAHlOUGD6yBBPFbFZIBlhhYmxNFVvC50/h/8Q/cOsuujysNc5mbZTBDtgF+8ADJ6ABLkAT+ICAFNyDR/DkZM6D8+y8TEdLzmxnG/yA8/oB7KyR0A==</latexit>



Outline	
  of	
  the	
  rest	
  of	
  the	
  talk	
  	
  
(=	
  the	
  structure	
  of	
  our	
  proof)	
  

1.  A	
  useful	
  decomposiPon	
  of	
  polytopes	
  

2.  “Smooth	
  version”	
  of	
  the	
  problem	
  

3.! Proving	
  the	
  smooth	
  version	
  

4.  Going	
  from	
  smooth	
  version	
  to	
  actual	
  version	
  



Proving	
  the	
  smooth	
  version	
  via	
  a	
  hybrid	
  argument	
  

.	
  .	
  .	
  	
  	
  y10	
  
y2	
  
y6	
   y3	
  

y12	
   y9	
  
y11	
  
y4	
  

y7	
  

E
x

[ !Ob(Ax )] ! E
y

[ !Ob(Ay)]
<latexit sha1_base64="DdQ35NqPG8Ts7wvRtHDVXIeVkws="></latexit><latexit sha1_base64="DdQ35NqPG8Ts7wvRtHDVXIeVkws="></latexit><latexit sha1_base64="DdQ35NqPG8Ts7wvRtHDVXIeVkws="></latexit>

Bucket-­‐wise	
  hybrid	
  argument	
  [MZ,	
  HKM]:	
  	
  

§  Start	
  will	
  all	
  buckets	
  filled	
  in	
  uniformly	
  (i.e.	
  start	
  with	
  x)	
  	
  

§  Bucket	
  by	
  bucket,	
  “swap	
  out”	
  uniform	
  bits	
  for	
  r-­‐wise	
  independent	
  bits	
  

§  Argue	
  that	
  each	
  swap	
  incurs	
  small	
  error	
  

.	
  .	
  .	
  	
  	
  x10	
  
x2	
  
x6	
   x3	
  

x12	
   x9	
  
x11	
  
x4	
  

x7	
  

Goal	
  is	
  to	
  “fool”	
  the	
  orthant	
  mollifier:	
  	
  

y	
  pseudorandom:	
  x	
  uniform:	
  

r-­‐wise	
   r-­‐wise	
   r-­‐wise	
  uniform	
   uniform	
   uniform	
  



Single	
  swap	
  in	
  the	
  hybrid	
  argument	
  

E
x
[ !Ob(ABx )] ! E

y
[ !Ob(ABy )]

<latexit sha1_base64="UEvCo29lKmYnEq5Ge3GLhsGT58U="></latexit><latexit sha1_base64="UEvCo29lKmYnEq5Ge3GLhsGT58U="></latexit><latexit sha1_base64="UEvCo29lKmYnEq5Ge3GLhsGT58U="></latexit>

AB	
  m	
  

|B|	
  

B	
  

E
x

[ !Ob(H x + Tx )] ! E
y

[ !Ob(H y + Ty)]
<latexit sha1_base64="YFcG8cc/PjqVil5VCzeWBjntlpQ="></latexit><latexit sha1_base64="YFcG8cc/PjqVil5VCzeWBjntlpQ="></latexit><latexit sha1_base64="YFcG8cc/PjqVil5VCzeWBjntlpQ="></latexit>

Write	
  AB	
  =	
  H	
  +	
  T,	
  where:	
  	
  

§  H	
  contains	
  only	
  the	
  head	
  variables	
  
§  T	
  contains	
  only	
  the	
  tail	
  variables	
  

!"
<latexit sha1_base64="kk6CTAFESn4xIuVViVil2pS3V7g=">AAAB+3icdVDLSgNBEJyNrxhf0Ry9DAbBU9gVX7kFvXjwEME1gWQJs5PZZMjszDLTq4Ql/ooXDype/RFv/o2ThxBFCxqKqm66u8JEcAOu++nkFhaXllfyq4W19Y3NreL2zq1RqabMp0oo3QyJYYJL5gMHwZqJZiQOBWuEg4ux37hj2nAlb2CYsCAmPckjTglYqVMsta+U7AkWgea9PhCt1X2nWHYr7gR4jhy7XvXEw95MKaMZ6p3iR7uraBozCVQQY1qem0CQEQ2cCjYqtFPDEkIHpMdalkoSMxNkk+NHeN8qXRwpbUsCnqjzExmJjRnGoe2MCfTNb28s/uW1UojOgozLJAUm6XRRlAoMCo+TwF2uGQUxtIRQze2tmPaJJhRsXgUbwven+H/iH1aqFff6qFw7n6WRR7toDx0gD52iGrpEdeQjioboET2jF+fBeXJenbdpa86ZzZTQDzjvX/wvlTI=</latexit><latexit sha1_base64="kk6CTAFESn4xIuVViVil2pS3V7g=">AAAB+3icdVDLSgNBEJyNrxhf0Ry9DAbBU9gVX7kFvXjwEME1gWQJs5PZZMjszDLTq4Ql/ooXDype/RFv/o2ThxBFCxqKqm66u8JEcAOu++nkFhaXllfyq4W19Y3NreL2zq1RqabMp0oo3QyJYYJL5gMHwZqJZiQOBWuEg4ux37hj2nAlb2CYsCAmPckjTglYqVMsta+U7AkWgea9PhCt1X2nWHYr7gR4jhy7XvXEw95MKaMZ6p3iR7uraBozCVQQY1qem0CQEQ2cCjYqtFPDEkIHpMdalkoSMxNkk+NHeN8qXRwpbUsCnqjzExmJjRnGoe2MCfTNb28s/uW1UojOgozLJAUm6XRRlAoMCo+TwF2uGQUxtIRQze2tmPaJJhRsXgUbwven+H/iH1aqFff6qFw7n6WRR7toDx0gD52iGrpEdeQjioboET2jF+fBeXJenbdpa86ZzZTQDzjvX/wvlTI=</latexit><latexit sha1_base64="kk6CTAFESn4xIuVViVil2pS3V7g=">AAAB+3icdVDLSgNBEJyNrxhf0Ry9DAbBU9gVX7kFvXjwEME1gWQJs5PZZMjszDLTq4Ql/ooXDype/RFv/o2ThxBFCxqKqm66u8JEcAOu++nkFhaXllfyq4W19Y3NreL2zq1RqabMp0oo3QyJYYJL5gMHwZqJZiQOBWuEg4ux37hj2nAlb2CYsCAmPckjTglYqVMsta+U7AkWgea9PhCt1X2nWHYr7gR4jhy7XvXEw95MKaMZ6p3iR7uraBozCVQQY1qem0CQEQ2cCjYqtFPDEkIHpMdalkoSMxNkk+NHeN8qXRwpbUsCnqjzExmJjRnGoe2MCfTNb28s/uW1UojOgozLJAUm6XRRlAoMCo+TwF2uGQUxtIRQze2tmPaJJhRsXgUbwven+H/iH1aqFff6qFw7n6WRR7toDx0gD52iGrpEdeQjioboET2jF+fBeXJenbdpa86ZzZTQDzjvX/wvlTI=</latexit>

Fix	
  bucket	
  B	
  	
  	
  	
  	
  [n]	
  of	
  variables.	
  	
  Let	
  AB	
  =	
  A	
  restricted	
  to	
  columns	
  in	
  B.	
  !
<latexit sha1_base64="PnZf/mQVWYP7yPcejOC6GMtajH4=">AAAB/nicdVDLSgMxFM3UV62vUcGNm2ARXJUZ8dVd0Y3LCo4tdIaSydxpQzMPk4xQxi78FTcuVNz6He78GzNthSp6IORwzr3k5PgpZ1JZ1qdRmptfWFwqL1dWVtfWN8zNrRuZZIKCQxOeiLZPJHAWg6OY4tBOBZDI59DyBxeF37oDIVkSX6thCl5EejELGSVKS11zx/UTHshhpK/clZkvQcHtqGtWrZo1Bp4hx5ZdP7GxPVWqaIpm1/xwg4RmEcSKciJlx7ZS5eVEKEY5jCpuJiEldEB60NE0JhFILx/nH+F9rQQ4TIQ+scJjdXYjJ5EsIurJiKi+/O0V4l9eJ1PhmZezOM0UxHTyUJhxrBJclIEDJoAqPtSEUMF0Vkz7RBCqdGUVXcL3T/H/xDms1WvW1VG1cT5to4x20R46QDY6RQ10iZrIQRTdo0f0jF6MB+PJeDXeJqMlY7qzjX7AeP8CuE6Www==</latexit><latexit sha1_base64="PnZf/mQVWYP7yPcejOC6GMtajH4=">AAAB/nicdVDLSgMxFM3UV62vUcGNm2ARXJUZ8dVd0Y3LCo4tdIaSydxpQzMPk4xQxi78FTcuVNz6He78GzNthSp6IORwzr3k5PgpZ1JZ1qdRmptfWFwqL1dWVtfWN8zNrRuZZIKCQxOeiLZPJHAWg6OY4tBOBZDI59DyBxeF37oDIVkSX6thCl5EejELGSVKS11zx/UTHshhpK/clZkvQcHtqGtWrZo1Bp4hx5ZdP7GxPVWqaIpm1/xwg4RmEcSKciJlx7ZS5eVEKEY5jCpuJiEldEB60NE0JhFILx/nH+F9rQQ4TIQ+scJjdXYjJ5EsIurJiKi+/O0V4l9eJ1PhmZezOM0UxHTyUJhxrBJclIEDJoAqPtSEUMF0Vkz7RBCqdGUVXcL3T/H/xDms1WvW1VG1cT5to4x20R46QDY6RQ10iZrIQRTdo0f0jF6MB+PJeDXeJqMlY7qzjX7AeP8CuE6Www==</latexit><latexit sha1_base64="PnZf/mQVWYP7yPcejOC6GMtajH4=">AAAB/nicdVDLSgMxFM3UV62vUcGNm2ARXJUZ8dVd0Y3LCo4tdIaSydxpQzMPk4xQxi78FTcuVNz6He78GzNthSp6IORwzr3k5PgpZ1JZ1qdRmptfWFwqL1dWVtfWN8zNrRuZZIKCQxOeiLZPJHAWg6OY4tBOBZDI59DyBxeF37oDIVkSX6thCl5EejELGSVKS11zx/UTHshhpK/clZkvQcHtqGtWrZo1Bp4hx5ZdP7GxPVWqaIpm1/xwg4RmEcSKciJlx7ZS5eVEKEY5jCpuJiEldEB60NE0JhFILx/nH+F9rQQ4TIQ+scJjdXYjJ5EsIurJiKi+/O0V4l9eJ1PhmZezOM0UxHTyUJhxrBJclIEDJoAqPtSEUMF0Vkz7RBCqdGUVXcL3T/H/xDms1WvW1VG1cT5to4x20R46QDY6RQ10iZrIQRTdo0f0jF6MB+PJeDXeJqMlY7qzjX7AeP8CuE6Www==</latexit>

CLTs	
  (e.g.	
  [HKM])	
  deal	
  with	
  regular	
  linear	
  forms;	
  
Presence	
  of	
  H	
  =	
  our	
  main	
  challenge	
  

Want	
  to	
  show:	
  

Part	
  I	
  



E
x

[ !Ob(H x + Tx )] ! E
y

[ !Ob(H y + Ty)]
<latexit sha1_base64="YFcG8cc/PjqVil5VCzeWBjntlpQ="></latexit><latexit sha1_base64="YFcG8cc/PjqVil5VCzeWBjntlpQ="></latexit><latexit sha1_base64="YFcG8cc/PjqVil5VCzeWBjntlpQ="></latexit>

H	
  

T	
  

Entries	
  are	
  small	
  

Rows	
  are	
  sparse	
  

Equivalently,	
  y	
  fools	
  the	
  funcPon	
  	
  z !" !Ob(Hz + T z)
<latexit sha1_base64="0n//+HXi/Bo3CnKHqeLmLSzZu7s="></latexit><latexit sha1_base64="0n//+HXi/Bo3CnKHqeLmLSzZu7s="></latexit><latexit sha1_base64="0n//+HXi/Bo3CnKHqeLmLSzZu7s="></latexit>

MulPdimensional	
  Taylor	
  expansion	
  

Claim:	
  

MulPdimensional	
  Taylor	
  expansion:	
  

E
x

[ !Ob(H x )] ! E
y

[ !Ob(H y)]
<latexit sha1_base64="euzEJ3J5IC5AHo6nZnRXp9WDm0c="></latexit><latexit sha1_base64="euzEJ3J5IC5AHo6nZnRXp9WDm0c="></latexit><latexit sha1_base64="euzEJ3J5IC5AHo6nZnRXp9WDm0c="></latexit>

Warmup:	
  Does	
  y	
  fool	
  the	
  zeroth-­‐order	
  term?	
  	
  

!Ob(Hz) +
c! 1"

|! |=1

1
! !

" ! !Ob(Hz)(T z)! ± err
<latexit sha1_base64="Qxt43DEEU0RDEFP5g9dIKBViTYg="></latexit><latexit sha1_base64="Qxt43DEEU0RDEFP5g9dIKBViTYg="></latexit><latexit sha1_base64="Qxt43DEEU0RDEFP5g9dIKBViTYg="></latexit>

(ObservaPon:	
  trivial	
  when	
  H	
  =	
  0)	
  



Warmup:	
  fooling	
  the	
  zeroth-­‐order	
  term	
  

z !" !Ob(Hz )
<latexit sha1_base64="V4hk7arfP2G575E6TklSSEaHqVM=">AAACD3icdVC7SgNBFJ2Nrxhfq5Y2g0GMTdgVX+mCNumM4JpANoTZ2ZtkyOyDmVklWfIJNv6KjYWKra2df+PkIUTRAwOHc+5l7jlezJlUlvVpZObmFxaXssu5ldW19Q1zc+tGRomg4NCIR6LuEQmcheAopjjUYwEk8DjUvN7FyK/dgpAsCq9VP4ZmQDohazNKlJZa5v4AuwGJpYqwe8d8UIz7kGpJdSnh6eVw2PIKlcFBy8xbRWsMPEOOLbt0YmN7quTRFNWW+eH6EU0CCBXlRMqGbcWqmRKhGOUwzLmJhJjQHulAQ9OQBCCb6TjQEO9pxcftSOgXKjxWZzdSEkjZDzw9ObpU/vZG4l9eI1Hts2bKwjhRENLJR+2EYx1/1A72mQCqeF8TQgXTt2LaJYJQpTvM6RK+k+L/iXNYLBWtq6N8+XzaRhbtoF1UQDY6RWVUQVXkIIru0SN6Ri/Gg/FkvBpvk9GMMd3ZRj9gvH8BlmCdJA==</latexit><latexit sha1_base64="V4hk7arfP2G575E6TklSSEaHqVM=">AAACD3icdVC7SgNBFJ2Nrxhfq5Y2g0GMTdgVX+mCNumM4JpANoTZ2ZtkyOyDmVklWfIJNv6KjYWKra2df+PkIUTRAwOHc+5l7jlezJlUlvVpZObmFxaXssu5ldW19Q1zc+tGRomg4NCIR6LuEQmcheAopjjUYwEk8DjUvN7FyK/dgpAsCq9VP4ZmQDohazNKlJZa5v4AuwGJpYqwe8d8UIz7kGpJdSnh6eVw2PIKlcFBy8xbRWsMPEOOLbt0YmN7quTRFNWW+eH6EU0CCBXlRMqGbcWqmRKhGOUwzLmJhJjQHulAQ9OQBCCb6TjQEO9pxcftSOgXKjxWZzdSEkjZDzw9ObpU/vZG4l9eI1Hts2bKwjhRENLJR+2EYx1/1A72mQCqeF8TQgXTt2LaJYJQpTvM6RK+k+L/iXNYLBWtq6N8+XzaRhbtoF1UQDY6RWVUQVXkIIru0SN6Ri/Gg/FkvBpvk9GMMd3ZRj9gvH8BlmCdJA==</latexit><latexit sha1_base64="V4hk7arfP2G575E6TklSSEaHqVM=">AAACD3icdVC7SgNBFJ2Nrxhfq5Y2g0GMTdgVX+mCNumM4JpANoTZ2ZtkyOyDmVklWfIJNv6KjYWKra2df+PkIUTRAwOHc+5l7jlezJlUlvVpZObmFxaXssu5ldW19Q1zc+tGRomg4NCIR6LuEQmcheAopjjUYwEk8DjUvN7FyK/dgpAsCq9VP4ZmQDohazNKlJZa5v4AuwGJpYqwe8d8UIz7kGpJdSnh6eVw2PIKlcFBy8xbRWsMPEOOLbt0YmN7quTRFNWW+eH6EU0CCBXlRMqGbcWqmRKhGOUwzLmJhJjQHulAQ9OQBCCb6TjQEO9pxcftSOgXKjxWZzdSEkjZDzw9ObpU/vZG4l9eI1Hts2bKwjhRENLJR+2EYx1/1A72mQCqeF8TQgXTt2LaJYJQpTvM6RK+k+L/iXNYLBWtq6N8+XzaRhbtoF1UQDY6RWVUQVXkIIru0SN6Ri/Gg/FkvBpvk9GMMd3ZRj9gvH8BlmCdJA==</latexit>

y	
  fools	
  the	
  funcPon	
  	
  

H	
  

Rows	
  are	
  sparse	
  eOb(Hz) = E
G
[Ob(Hz + �G)]

<latexit sha1_base64="IfLLKbahMtFEiozzS9VzjU4sLVk="></latexit><latexit sha1_base64="IfLLKbahMtFEiozzS9VzjU4sLVk="></latexit><latexit sha1_base64="IfLLKbahMtFEiozzS9VzjU4sLVk="></latexit>

Recalling	
  the	
  definiPon	
  of	
  Õb	
  ,	
  

⌘
mY

i=1

1[(Hz + �G)i  bi]
<latexit sha1_base64="19D6xTg8+8M8Kqu0yhWXNIQMdRk="></latexit><latexit sha1_base64="19D6xTg8+8M8Kqu0yhWXNIQMdRk="></latexit><latexit sha1_base64="19D6xTg8+8M8Kqu0yhWXNIQMdRk="></latexit>

Product	
  structure	
  of	
  Õb	
  +	
  Sparsity	
  of	
  H	
  

Suffices	
  for	
  y	
  to	
  fool	
  small-­‐width	
  CNFs	
  

	
  
	
  

Claim:	
  

)
<latexit sha1_base64="YpFhaZHBfDESR4GPpU0Zw1k+JAM=">AAAB8XicdVBNSwMxEM3Wr1q/qh69BIvgqeyKX70VvXis4trCdinZNG1Ds8mSzCpl6c/w4kHFq//Gm//GtF2hij4YeLw3w8y8KBHcgOt+OoWFxaXlleJqaW19Y3OrvL1zZ1SqKfOpEkq3ImKY4JL5wEGwVqIZiSPBmtHwcuI375k2XMlbGCUsjElf8h6nBKwUtG94fwBEa/XQKVfcqjsFniMnrlc79bCXKxWUo9Epf7S7iqYxk0AFMSbw3ATCjGjgVLBxqZ0alhA6JH0WWCpJzEyYTU8e4wOrdHFPaVsS8FSdn8hIbMwojmxnTGBgfnsT8S8vSKF3HmZcJikwSWeLeqnAoPDkf9zlmlEQI0sI1dzeiumAaELBplSyIXx/iv8n/lG1VnWvjyv1izyNItpD++gQeegM1dEVaiAfUaTQI3pGLw44T86r8zZrLTj5zC76Aef9CxoQkVY=</latexit><latexit sha1_base64="YpFhaZHBfDESR4GPpU0Zw1k+JAM=">AAAB8XicdVBNSwMxEM3Wr1q/qh69BIvgqeyKX70VvXis4trCdinZNG1Ds8mSzCpl6c/w4kHFq//Gm//GtF2hij4YeLw3w8y8KBHcgOt+OoWFxaXlleJqaW19Y3OrvL1zZ1SqKfOpEkq3ImKY4JL5wEGwVqIZiSPBmtHwcuI375k2XMlbGCUsjElf8h6nBKwUtG94fwBEa/XQKVfcqjsFniMnrlc79bCXKxWUo9Epf7S7iqYxk0AFMSbw3ATCjGjgVLBxqZ0alhA6JH0WWCpJzEyYTU8e4wOrdHFPaVsS8FSdn8hIbMwojmxnTGBgfnsT8S8vSKF3HmZcJikwSWeLeqnAoPDkf9zlmlEQI0sI1dzeiumAaELBplSyIXx/iv8n/lG1VnWvjyv1izyNItpD++gQeegM1dEVaiAfUaTQI3pGLw44T86r8zZrLTj5zC76Aef9CxoQkVY=</latexit><latexit sha1_base64="YpFhaZHBfDESR4GPpU0Zw1k+JAM=">AAAB8XicdVBNSwMxEM3Wr1q/qh69BIvgqeyKX70VvXis4trCdinZNG1Ds8mSzCpl6c/w4kHFq//Gm//GtF2hij4YeLw3w8y8KBHcgOt+OoWFxaXlleJqaW19Y3OrvL1zZ1SqKfOpEkq3ImKY4JL5wEGwVqIZiSPBmtHwcuI375k2XMlbGCUsjElf8h6nBKwUtG94fwBEa/XQKVfcqjsFniMnrlc79bCXKxWUo9Epf7S7iqYxk0AFMSbw3ATCjGjgVLBxqZ0alhA6JH0WWCpJzEyYTU8e4wOrdHFPaVsS8FSdn8hIbMwojmxnTGBgfnsT8S8vSKF3HmZcJikwSWeLeqnAoPDkf9zlmlEQI0sI1dzeiumAaELBplSyIXx/iv8n/lG1VnWvjyv1izyNItpD++gQeegM1dEVaiAfUaTQI3pGLw44T86r8zZrLTj5zC76Aef9CxoQkVY=</latexit>

b	
  

Orthant	
  Ob	
  

Simple	
  but	
  key	
  idea:	
  product	
  of	
  k-­‐juntas	
  =	
  width-­‐k	
  CNF	
  	
  



Back	
  to	
  the	
  Taylor	
  expansion	
  

More	
  complicated,	
  but	
  same	
  key	
  ideas:	
  	
  

§  Product	
  structure	
  of	
  	
  
§  Sparsity	
  of	
  H	
  	
  

sup
v! Rm

!
"

|! |= c

|! ! #Ob(v)|

$

!
(log m)c/ 2

" c

<latexit sha1_base64="zcnErT6IswuVo5XUaOgLms06khg="></latexit><latexit sha1_base64="zcnErT6IswuVo5XUaOgLms06khg="></latexit><latexit sha1_base64="zcnErT6IswuVo5XUaOgLms06khg="></latexit>

Claim:	
   y	
  fools	
  the	
  funcPon	
  	
  z !" !Ob(Hz + T z)
<latexit sha1_base64="0n//+HXi/Bo3CnKHqeLmLSzZu7s="></latexit><latexit sha1_base64="0n//+HXi/Bo3CnKHqeLmLSzZu7s="></latexit><latexit sha1_base64="0n//+HXi/Bo3CnKHqeLmLSzZu7s="></latexit>

To	
  bound	
  error	
  term,	
  use	
  fact	
  that	
  Õb	
  has	
  small	
  derivaPves	
  (same	
  as	
  [HKM]):	
  	
  

We	
  consider	
  the	
  mulPdimensional	
  Taylor	
  expansion:	
  

Suffices	
  for	
  y	
  to	
  fool	
  CNFs	
  )
<latexit sha1_base64="YpFhaZHBfDESR4GPpU0Zw1k+JAM=">AAAB8XicdVBNSwMxEM3Wr1q/qh69BIvgqeyKX70VvXis4trCdinZNG1Ds8mSzCpl6c/w4kHFq//Gm//GtF2hij4YeLw3w8y8KBHcgOt+OoWFxaXlleJqaW19Y3OrvL1zZ1SqKfOpEkq3ImKY4JL5wEGwVqIZiSPBmtHwcuI375k2XMlbGCUsjElf8h6nBKwUtG94fwBEa/XQKVfcqjsFniMnrlc79bCXKxWUo9Epf7S7iqYxk0AFMSbw3ATCjGjgVLBxqZ0alhA6JH0WWCpJzEyYTU8e4wOrdHFPaVsS8FSdn8hIbMwojmxnTGBgfnsT8S8vSKF3HmZcJikwSWeLeqnAoPDkf9zlmlEQI0sI1dzeiumAaELBplSyIXx/iv8n/lG1VnWvjyv1izyNItpD++gQeegM1dEVaiAfUaTQI3pGLw44T86r8zZrLTj5zC76Aef9CxoQkVY=</latexit><latexit sha1_base64="YpFhaZHBfDESR4GPpU0Zw1k+JAM=">AAAB8XicdVBNSwMxEM3Wr1q/qh69BIvgqeyKX70VvXis4trCdinZNG1Ds8mSzCpl6c/w4kHFq//Gm//GtF2hij4YeLw3w8y8KBHcgOt+OoWFxaXlleJqaW19Y3OrvL1zZ1SqKfOpEkq3ImKY4JL5wEGwVqIZiSPBmtHwcuI375k2XMlbGCUsjElf8h6nBKwUtG94fwBEa/XQKVfcqjsFniMnrlc79bCXKxWUo9Epf7S7iqYxk0AFMSbw3ATCjGjgVLBxqZ0alhA6JH0WWCpJzEyYTU8e4wOrdHFPaVsS8FSdn8hIbMwojmxnTGBgfnsT8S8vSKF3HmZcJikwSWeLeqnAoPDkf9zlmlEQI0sI1dzeiumAaELBplSyIXx/iv8n/lG1VnWvjyv1izyNItpD++gQeegM1dEVaiAfUaTQI3pGLw44T86r8zZrLTj5zC76Aef9CxoQkVY=</latexit><latexit sha1_base64="YpFhaZHBfDESR4GPpU0Zw1k+JAM=">AAAB8XicdVBNSwMxEM3Wr1q/qh69BIvgqeyKX70VvXis4trCdinZNG1Ds8mSzCpl6c/w4kHFq//Gm//GtF2hij4YeLw3w8y8KBHcgOt+OoWFxaXlleJqaW19Y3OrvL1zZ1SqKfOpEkq3ImKY4JL5wEGwVqIZiSPBmtHwcuI375k2XMlbGCUsjElf8h6nBKwUtG94fwBEa/XQKVfcqjsFniMnrlc79bCXKxWUo9Epf7S7iqYxk0AFMSbw3ATCjGjgVLBxqZ0alhA6JH0WWCpJzEyYTU8e4wOrdHFPaVsS8FSdn8hIbMwojmxnTGBgfnsT8S8vSKF3HmZcJikwSWeLeqnAoPDkf9zlmlEQI0sI1dzeiumAaELBplSyIXx/iv8n/lG1VnWvjyv1izyNItpD++gQeegM1dEVaiAfUaTQI3pGLw44T86r8zZrLTj5zC76Aef9CxoQkVY=</latexit>

@↵ eOb
<latexit sha1_base64="miSnFXf1UjDzCzi0MX7FA6m9XBQ=">AAACBnicbVBNS8NAEN34WetX1aMgwSJ4Kon41VvRizcrWFtoQphspu3SzQe7G6WE3rz4V7x4UPHqb/Dmv3HTFtTqg4HHezPMzPMTzqSyrE9jZnZufmGxsFRcXlldWy9tbN7IOBUUGzTmsWj5IJGzCBuKKY6tRCCEPsem3z/P/eYtCsni6FoNEnRD6EaswygoLXmlHScBoRhwzwGe9MC5YwEqxgPMLoee75XKVuXIsqvHtmlVrBG+iT0hZTJB3St9OEFM0xAjRTlI2batRLlZvoNyHBadVGICtA9dbGsaQYjSzUZ/DM09rQRmJxa6ImWO1J8TGYRSDkJfd4agenLay8X/vHaqOqduxqIkVRjR8aJOyk0Vm3koZsAEUsUHmgAVTN9q0h4IoEpHV9Qh2NMv/yWNg0q1Yl0dlmtnkzQKZJvskn1ikxNSIxekThqEknvySJ7Ji/FgPBmvxtu4dcaYzGyRXzDevwB9Ipnp</latexit><latexit sha1_base64="miSnFXf1UjDzCzi0MX7FA6m9XBQ=">AAACBnicbVBNS8NAEN34WetX1aMgwSJ4Kon41VvRizcrWFtoQphspu3SzQe7G6WE3rz4V7x4UPHqb/Dmv3HTFtTqg4HHezPMzPMTzqSyrE9jZnZufmGxsFRcXlldWy9tbN7IOBUUGzTmsWj5IJGzCBuKKY6tRCCEPsem3z/P/eYtCsni6FoNEnRD6EaswygoLXmlHScBoRhwzwGe9MC5YwEqxgPMLoee75XKVuXIsqvHtmlVrBG+iT0hZTJB3St9OEFM0xAjRTlI2batRLlZvoNyHBadVGICtA9dbGsaQYjSzUZ/DM09rQRmJxa6ImWO1J8TGYRSDkJfd4agenLay8X/vHaqOqduxqIkVRjR8aJOyk0Vm3koZsAEUsUHmgAVTN9q0h4IoEpHV9Qh2NMv/yWNg0q1Yl0dlmtnkzQKZJvskn1ikxNSIxekThqEknvySJ7Ji/FgPBmvxtu4dcaYzGyRXzDevwB9Ipnp</latexit><latexit sha1_base64="miSnFXf1UjDzCzi0MX7FA6m9XBQ=">AAACBnicbVBNS8NAEN34WetX1aMgwSJ4Kon41VvRizcrWFtoQphspu3SzQe7G6WE3rz4V7x4UPHqb/Dmv3HTFtTqg4HHezPMzPMTzqSyrE9jZnZufmGxsFRcXlldWy9tbN7IOBUUGzTmsWj5IJGzCBuKKY6tRCCEPsem3z/P/eYtCsni6FoNEnRD6EaswygoLXmlHScBoRhwzwGe9MC5YwEqxgPMLoee75XKVuXIsqvHtmlVrBG+iT0hZTJB3St9OEFM0xAjRTlI2batRLlZvoNyHBadVGICtA9dbGsaQYjSzUZ/DM09rQRmJxa6ImWO1J8TGYRSDkJfd4agenLay8X/vHaqOqduxqIkVRjR8aJOyk0Vm3koZsAEUsUHmgAVTN9q0h4IoEpHV9Qh2NMv/yWNg0q1Yl0dlmtnkzQKZJvskn1ikxNSIxekThqEknvySJ7Ji/FgPBmvxtu4dcaYzGyRXzDevwB9Ipnp</latexit>

[Bentkus	
  90]	
  

eOb(Hz) +
X

1|↵|c

1

↵!
@↵ eOb(Hz)(Tz)↵ ± err

<latexit sha1_base64="tEWNFxXepDCbGfynkXvGvGMZN/g="></latexit><latexit sha1_base64="tEWNFxXepDCbGfynkXvGvGMZN/g="></latexit><latexit sha1_base64="tEWNFxXepDCbGfynkXvGvGMZN/g="></latexit>

Previous	
  slide	
  



Recap	
  

.	
  .	
  .	
  	
  	
  y10	
  
y2	
  
y6	
   y3	
  

y12	
   y9	
  
y11	
  
y4	
  

y7	
  

E
x

[ !Ob(Ax )] ! E
y

[ !Ob(Ay)]
<latexit sha1_base64="DdQ35NqPG8Ts7wvRtHDVXIeVkws="></latexit><latexit sha1_base64="DdQ35NqPG8Ts7wvRtHDVXIeVkws="></latexit><latexit sha1_base64="DdQ35NqPG8Ts7wvRtHDVXIeVkws="></latexit>

What	
  we	
  just	
  sketched	
  
Bounding	
  error	
  incurred	
  by	
  a	
  single	
  swap:	
  

.	
  .	
  .	
  	
  	
  x10	
  
x2	
  
x6	
   x3	
  

x12	
   x9	
  
x11	
  
x4	
  

x7	
  

Goal	
  is	
  to	
  “fool”	
  the	
  orthant	
  mollifier:	
  	
  

y	
  pseudorandom:	
  x	
  uniform:	
  

r-­‐wise	
   r-­‐wise	
   r-­‐wise	
  uniform	
   uniform	
   uniform	
  

x10	
  
x2	
  
x6	
  

uniform	
  

y10	
  
y2	
  
y6	
  

r-­‐wise	
  

	
  
	
  



Outline	
  of	
  the	
  rest	
  of	
  the	
  talk	
  	
  
(=	
  the	
  structure	
  of	
  our	
  proof)	
  

1.  A	
  useful	
  decomposiPon	
  of	
  polytopes	
  

2.  “Smooth	
  version”	
  of	
  the	
  problem	
  

3.  Proving	
  the	
  smooth	
  version	
  

4.! Going	
  from	
  smooth	
  version	
  to	
  actual	
  version	
  



small	
  error	
  region	
  

≈	
  1	
  

≈	
  0	
  

	
  1	
  

0	
  

E
x

[Ob(Ax )] ⇡ E
y

[Ob(Ay )]
<latexit sha1_base64="0ybTWB/15GkgfKOkcmcJv90GMEA="></latexit><latexit sha1_base64="0ybTWB/15GkgfKOkcmcJv90GMEA="></latexit><latexit sha1_base64="0ybTWB/15GkgfKOkcmcJv90GMEA="></latexit>

!Ob : Rm ! [0, 1]
<latexit sha1_base64="1dx6Lx1GMaKrnNeKJiVqle7t6F8="></latexit><latexit sha1_base64="1dx6Lx1GMaKrnNeKJiVqle7t6F8="></latexit><latexit sha1_base64="1dx6Lx1GMaKrnNeKJiVqle7t6F8="></latexit>

Ob : Rm ! {0, 1}
<latexit sha1_base64="bwg1OKOo/qSNMNQ/prYW+O2q8MM=">AAACEHicdVDLSsNAFJ3UV62vqEs3g0XoQkoivuqq6MadVYwtNDFMptN26OTBzEQoIb/gxl9x40LFrUt3/o2TNEIVPTBw5px7ufceL2JUSMP41Eozs3PzC+XFytLyyuqavr5xI8KYY2LhkIW84yFBGA2IJalkpBNxgnyPkbY3Osv89h3hgobBtRxHxPHRIKB9ipFUkqvXbB/JIUYsuUhdD57A/O95yVV660NbhtBOjF3TTl29atSNHHCKHBhm49CEZqFUQYGWq3/YvRDHPgkkZkiIrmlE0kkQlxQzklbsWJAI4REakK6iAfKJcJL8ohTuKKUH+yFXL5AwV6c7EuQLMfY9VZntK357mfiX141l/9hJaBDFkgR4MqgfM6gOzeKBPcoJlmysCMKcql0hHiKOsFQhVlQI35fC/4m1V2/Ujcv9avO0SKMMtsA2qAETHIEmOActYAEM7sEjeAYv2oP2pL1qb5PSklb0bIIf0N6/AKfAnHc=</latexit><latexit sha1_base64="bwg1OKOo/qSNMNQ/prYW+O2q8MM=">AAACEHicdVDLSsNAFJ3UV62vqEs3g0XoQkoivuqq6MadVYwtNDFMptN26OTBzEQoIb/gxl9x40LFrUt3/o2TNEIVPTBw5px7ufceL2JUSMP41Eozs3PzC+XFytLyyuqavr5xI8KYY2LhkIW84yFBGA2IJalkpBNxgnyPkbY3Osv89h3hgobBtRxHxPHRIKB9ipFUkqvXbB/JIUYsuUhdD57A/O95yVV660NbhtBOjF3TTl29atSNHHCKHBhm49CEZqFUQYGWq3/YvRDHPgkkZkiIrmlE0kkQlxQzklbsWJAI4REakK6iAfKJcJL8ohTuKKUH+yFXL5AwV6c7EuQLMfY9VZntK357mfiX141l/9hJaBDFkgR4MqgfM6gOzeKBPcoJlmysCMKcql0hHiKOsFQhVlQI35fC/4m1V2/Ujcv9avO0SKMMtsA2qAETHIEmOActYAEM7sEjeAYv2oP2pL1qb5PSklb0bIIf0N6/AKfAnHc=</latexit><latexit sha1_base64="bwg1OKOo/qSNMNQ/prYW+O2q8MM=">AAACEHicdVDLSsNAFJ3UV62vqEs3g0XoQkoivuqq6MadVYwtNDFMptN26OTBzEQoIb/gxl9x40LFrUt3/o2TNEIVPTBw5px7ufceL2JUSMP41Eozs3PzC+XFytLyyuqavr5xI8KYY2LhkIW84yFBGA2IJalkpBNxgnyPkbY3Osv89h3hgobBtRxHxPHRIKB9ipFUkqvXbB/JIUYsuUhdD57A/O95yVV660NbhtBOjF3TTl29atSNHHCKHBhm49CEZqFUQYGWq3/YvRDHPgkkZkiIrmlE0kkQlxQzklbsWJAI4REakK6iAfKJcJL8ohTuKKUH+yFXL5AwV6c7EuQLMfY9VZntK357mfiX141l/9hJaBDFkgR4MqgfM6gOzeKBPcoJlmysCMKcql0hHiKOsFQhVlQI35fC/4m1V2/Ujcv9avO0SKMMtsA2qAETHIEmOActYAEM7sEjeAYv2oP2pL1qb5PSklb0bIIf0N6/AKfAnHc=</latexit>

E
x

[ !Ob(Ax )] ⇡ E
y

[ !Ob(Ay)]
<latexit sha1_base64="DdQ35NqPG8Ts7wvRtHDVXIeVkws="></latexit><latexit sha1_base64="DdQ35NqPG8Ts7wvRtHDVXIeVkws="></latexit><latexit sha1_base64="DdQ35NqPG8Ts7wvRtHDVXIeVkws="></latexit>

What	
  we’ve	
  shown:	
  
What	
  we’d	
  like	
  to	
  show:	
  

(closeness	
  in	
  CDF	
  distance)	
  



Another	
  conceptual	
  difference/challenge:	
  	
  
Boolean	
  vs.	
  Gaussian	
  anPconcentraPon	
  

≈	
  1	
  

≈	
  0	
  

Proofs	
  of	
  CLTs	
  (e.g.	
  [HKM]):	
  	
  
Gaussian	
  anPconcentraPon	
  

Since	
  we	
  are	
  bypassing	
  Gaussians:	
  	
  
Have	
  to	
  instead	
  reason	
  about	
  
Boolean	
  anPconcentraPon	
  

	
  
	
  

(Fact:	
  Boolean	
  anPconcentraPon	
  

Gaussian	
  anPconcentraPon)	
  

)
<latexit sha1_base64="YpFhaZHBfDESR4GPpU0Zw1k+JAM=">AAAB8XicdVBNSwMxEM3Wr1q/qh69BIvgqeyKX70VvXis4trCdinZNG1Ds8mSzCpl6c/w4kHFq//Gm//GtF2hij4YeLw3w8y8KBHcgOt+OoWFxaXlleJqaW19Y3OrvL1zZ1SqKfOpEkq3ImKY4JL5wEGwVqIZiSPBmtHwcuI375k2XMlbGCUsjElf8h6nBKwUtG94fwBEa/XQKVfcqjsFniMnrlc79bCXKxWUo9Epf7S7iqYxk0AFMSbw3ATCjGjgVLBxqZ0alhA6JH0WWCpJzEyYTU8e4wOrdHFPaVsS8FSdn8hIbMwojmxnTGBgfnsT8S8vSKF3HmZcJikwSWeLeqnAoPDkf9zlmlEQI0sI1dzeiumAaELBplSyIXx/iv8n/lG1VnWvjyv1izyNItpD++gQeegM1dEVaiAfUaTQI3pGLw44T86r8zZrLTj5zC76Aef9CxoQkVY=</latexit><latexit sha1_base64="YpFhaZHBfDESR4GPpU0Zw1k+JAM=">AAAB8XicdVBNSwMxEM3Wr1q/qh69BIvgqeyKX70VvXis4trCdinZNG1Ds8mSzCpl6c/w4kHFq//Gm//GtF2hij4YeLw3w8y8KBHcgOt+OoWFxaXlleJqaW19Y3OrvL1zZ1SqKfOpEkq3ImKY4JL5wEGwVqIZiSPBmtHwcuI375k2XMlbGCUsjElf8h6nBKwUtG94fwBEa/XQKVfcqjsFniMnrlc79bCXKxWUo9Epf7S7iqYxk0AFMSbw3ATCjGjgVLBxqZ0alhA6JH0WWCpJzEyYTU8e4wOrdHFPaVsS8FSdn8hIbMwojmxnTGBgfnsT8S8vSKF3HmZcJikwSWeLeqnAoPDkf9zlmlEQI0sI1dzeiumAaELBplSyIXx/iv8n/lG1VnWvjyv1izyNItpD++gQeegM1dEVaiAfUaTQI3pGLw44T86r8zZrLTj5zC76Aef9CxoQkVY=</latexit><latexit sha1_base64="YpFhaZHBfDESR4GPpU0Zw1k+JAM=">AAAB8XicdVBNSwMxEM3Wr1q/qh69BIvgqeyKX70VvXis4trCdinZNG1Ds8mSzCpl6c/w4kHFq//Gm//GtF2hij4YeLw3w8y8KBHcgOt+OoWFxaXlleJqaW19Y3OrvL1zZ1SqKfOpEkq3ImKY4JL5wEGwVqIZiSPBmtHwcuI375k2XMlbGCUsjElf8h6nBKwUtG94fwBEa/XQKVfcqjsFniMnrlc79bCXKxWUo9Epf7S7iqYxk0AFMSbw3ATCjGjgVLBxqZ0alhA6JH0WWCpJzEyYTU8e4wOrdHFPaVsS8FSdn8hIbMwojmxnTGBgfnsT8S8vSKF3HmZcJikwSWeLeqnAoPDkf9zlmlEQI0sI1dzeiumAaELBplSyIXx/iv8n/lG1VnWvjyv1izyNItpD++gQeegM1dEVaiAfUaTQI3pGLw44T86r8zZrLTj5zC76Aef9CxoQkVY=</latexit>

AG,	
  	
  	
  G	
  	
  	
  	
  N(0,1)n	
  	
  	
  ~	
  



Litlewood–Offord	
  anPconcentraPon	
  inequality	
  

For all open intervals I ! R of radius 2,
<latexit sha1_base64="gltKzb2mVrW89WLFxAVATWkF5vc="></latexit><latexit sha1_base64="gltKzb2mVrW89WLFxAVATWkF5vc="></latexit><latexit sha1_base64="gltKzb2mVrW89WLFxAVATWkF5vc="></latexit>

	
  
	
  

Pr
x⇠{±1}n

[w áx ! I ] !
1

"
n

.
<latexit sha1_base64="JhAARpKB7Fd3lbl+IEdqrhTLtZI="></latexit><latexit sha1_base64="JhAARpKB7Fd3lbl+IEdqrhTLtZI="></latexit><latexit sha1_base64="JhAARpKB7Fd3lbl+IEdqrhTLtZI="></latexit>

R
<latexit sha1_base64="Y4cssu/Y5xLGAWxQ8Y3Sa5FTCBo=">AAAB8HicdVDLSsNAFL2pr1pfVZduBovgqiTiq7uiG5dVjC22oUymk3boZBJmJkIJ+Qs3LlTc+jnu/BsnbYQqemDgcM69zLnHjzlT2rY/rdLC4tLySnm1sra+sblV3d65U1EiCXVJxCPZ8bGinAnqaqY57cSS4tDntO2PL3O//UClYpG41ZOYeiEeChYwgrWR7nsh1iPfT2+yfrVm1+0p0Bw5sZ3GqYOcQqlBgVa/+tEbRCQJqdCEY6W6jh1rL8VSM8JpVuklisaYjPGQdg0VOKTKS6eJM3RglAEKImme0Giqzm+kOFRqEvpmMk+ofnu5+JfXTXRw7qVMxImmgsw+ChKOdITy89GASUo0nxiCiWQmKyIjLDHRpqSKKeH7UvQ/cY/qjbp9fVxrXhRtlGEP9uEQHDiDJlxBC1wgIOARnuHFUtaT9Wq9zUZLVrGzCz9gvX8BRsaQ2w==</latexit><latexit sha1_base64="Y4cssu/Y5xLGAWxQ8Y3Sa5FTCBo=">AAAB8HicdVDLSsNAFL2pr1pfVZduBovgqiTiq7uiG5dVjC22oUymk3boZBJmJkIJ+Qs3LlTc+jnu/BsnbYQqemDgcM69zLnHjzlT2rY/rdLC4tLySnm1sra+sblV3d65U1EiCXVJxCPZ8bGinAnqaqY57cSS4tDntO2PL3O//UClYpG41ZOYeiEeChYwgrWR7nsh1iPfT2+yfrVm1+0p0Bw5sZ3GqYOcQqlBgVa/+tEbRCQJqdCEY6W6jh1rL8VSM8JpVuklisaYjPGQdg0VOKTKS6eJM3RglAEKImme0Giqzm+kOFRqEvpmMk+ofnu5+JfXTXRw7qVMxImmgsw+ChKOdITy89GASUo0nxiCiWQmKyIjLDHRpqSKKeH7UvQ/cY/qjbp9fVxrXhRtlGEP9uEQHDiDJlxBC1wgIOARnuHFUtaT9Wq9zUZLVrGzCz9gvX8BRsaQ2w==</latexit><latexit sha1_base64="Y4cssu/Y5xLGAWxQ8Y3Sa5FTCBo=">AAAB8HicdVDLSsNAFL2pr1pfVZduBovgqiTiq7uiG5dVjC22oUymk3boZBJmJkIJ+Qs3LlTc+jnu/BsnbYQqemDgcM69zLnHjzlT2rY/rdLC4tLySnm1sra+sblV3d65U1EiCXVJxCPZ8bGinAnqaqY57cSS4tDntO2PL3O//UClYpG41ZOYeiEeChYwgrWR7nsh1iPfT2+yfrVm1+0p0Bw5sZ3GqYOcQqlBgVa/+tEbRCQJqdCEY6W6jh1rL8VSM8JpVuklisaYjPGQdg0VOKTKS6eJM3RglAEKImme0Giqzm+kOFRqEvpmMk+ofnu5+JfXTXRw7qVMxImmgsw+ChKOdITy89GASUo0nxiCiWQmKyIjLDHRpqSKKeH7UvQ/cY/qjbp9fVxrXhRtlGEP9uEQHDiDJlxBC1wgIOARnuHFUtaT9Wq9zUZLVrGzCz9gvX8BRsaQ2w==</latexit>

|I|=2	
  

Let w 2 Rn where |wi| � 1 for all i.
<latexit sha1_base64="UUvxzzUOfvX8vGRoHAuL38u180Y="></latexit><latexit sha1_base64="UUvxzzUOfvX8vGRoHAuL38u180Y="></latexit><latexit sha1_base64="UUvxzzUOfvX8vGRoHAuL38u180Y="></latexit> In	
  fact:	
  

[Erdős	
  45]	
  

!
✓

n

"n/2#

◆
· 2�n

<latexit sha1_base64="GEOQMZCro95ZUGOw04o4hnDwpa8=">AAACFnicdVC7SgNBFJ2NrxhfUUubwSDYGHeDr3RBG8sIxgSyMcxO7iZDZmeWmVkhLPkLG3/FxkLFVuz8GycPIYqe6nDOvdxzTxBzpo3rfjqZufmFxaXscm5ldW19I7+5daNloijUqORSNQKigTMBNcMMh0asgEQBh3rQvxj59TtQmklxbQYxtCLSFSxklBgrtfNFnwNOBfZpT0oN2Ochl1JhcVjy1ZgOfdqRBpdu0wMxbOcLbtEdA8+QY9crn3jYmyoFNEW1nf/wO5ImEQhDOdG66bmxaaVEGUY5DHN+oiEmtE+60LRUkAh0Kx3/NcR7Vung0MYJpTB4rM5upCTSehAFdjIipqd/eyPxL6+ZmPCslTIRJwYEnRwKE46NxKOScIcpoIYPLCFUMZsV0x5RhBpbZc6W8P0p/p/USsVy0b06KlTOp21k0Q7aRfvIQ6eogi5RFdUQRffoET2jF+fBeXJenbfJaMaZ7myjH3DevwC9Z59C</latexit><latexit sha1_base64="GEOQMZCro95ZUGOw04o4hnDwpa8=">AAACFnicdVC7SgNBFJ2NrxhfUUubwSDYGHeDr3RBG8sIxgSyMcxO7iZDZmeWmVkhLPkLG3/FxkLFVuz8GycPIYqe6nDOvdxzTxBzpo3rfjqZufmFxaXscm5ldW19I7+5daNloijUqORSNQKigTMBNcMMh0asgEQBh3rQvxj59TtQmklxbQYxtCLSFSxklBgrtfNFnwNOBfZpT0oN2Ochl1JhcVjy1ZgOfdqRBpdu0wMxbOcLbtEdA8+QY9crn3jYmyoFNEW1nf/wO5ImEQhDOdG66bmxaaVEGUY5DHN+oiEmtE+60LRUkAh0Kx3/NcR7Vung0MYJpTB4rM5upCTSehAFdjIipqd/eyPxL6+ZmPCslTIRJwYEnRwKE46NxKOScIcpoIYPLCFUMZsV0x5RhBpbZc6W8P0p/p/USsVy0b06KlTOp21k0Q7aRfvIQ6eogi5RFdUQRffoET2jF+fBeXJenbfJaMaZ7myjH3DevwC9Z59C</latexit><latexit sha1_base64="GEOQMZCro95ZUGOw04o4hnDwpa8=">AAACFnicdVC7SgNBFJ2NrxhfUUubwSDYGHeDr3RBG8sIxgSyMcxO7iZDZmeWmVkhLPkLG3/FxkLFVuz8GycPIYqe6nDOvdxzTxBzpo3rfjqZufmFxaXscm5ldW19I7+5daNloijUqORSNQKigTMBNcMMh0asgEQBh3rQvxj59TtQmklxbQYxtCLSFSxklBgrtfNFnwNOBfZpT0oN2Ochl1JhcVjy1ZgOfdqRBpdu0wMxbOcLbtEdA8+QY9crn3jYmyoFNEW1nf/wO5ImEQhDOdG66bmxaaVEGUY5DHN+oiEmtE+60LRUkAh0Kx3/NcR7Vung0MYJpTB4rM5upCTSehAFdjIipqd/eyPxL6+ZmPCslTIRJwYEnRwKE46NxKOScIcpoIYPLCFUMZsV0x5RhBpbZc6W8P0p/p/USsVy0b06KlTOp21k0Q7aRfvIQ6eogi5RFdUQRffoET2jF+fBeXJenbfJaMaZ7myjH3DevwC9Z59C</latexit>

PDF	
  of	
  w	
  	
  x	
  	
  .	
  

(Exactly	
  Pght	
  for	
  w	
  =	
  1n)	
  



A	
  high-­‐dimensional	
  Litlewood–Offord	
  inequality	
  
(LO:	
  m=1	
  case)	
  	
  

?	
  

Let A ! Rm ! n where |Aij | " 1 for all i, j.
<latexit sha1_base64="o8g+mN88D6AAb4esqEJhOAb/UCU="></latexit><latexit sha1_base64="o8g+mN88D6AAb4esqEJhOAb/UCU="></latexit><latexit sha1_base64="o8g+mN88D6AAb4esqEJhOAb/UCU="></latexit>

For all orthant boundaries B ⇢ Rm
of width 2,

<latexit sha1_base64="1MQmwp0WnrTnnVxJVcx4JvdJLRQ="></latexit><latexit sha1_base64="1MQmwp0WnrTnnVxJVcx4JvdJLRQ="></latexit><latexit sha1_base64="1MQmwp0WnrTnnVxJVcx4JvdJLRQ="></latexit>

Pr
x⇠{±1}n

[Ax 2 B ] .
<latexit sha1_base64="6b2WMCRdieGLyKzZTBxVhVqwG/M="></latexit><latexit sha1_base64="6b2WMCRdieGLyKzZTBxVhVqwG/M="></latexit><latexit sha1_base64="6b2WMCRdieGLyKzZTBxVhVqwG/M="></latexit>

§  1-­‐dimensional	
  LO	
  +	
  union	
  bound:	
  	
  

§  We	
  prove	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  which	
  we	
  show	
  is	
  Pght	
  	
  	
  

§  Need	
  various	
  technical	
  extensions	
  for	
  our	
  purposes	
  	
  

O(m/
!
n)

<latexit sha1_base64="FOYejs0cKk8a5V5ZFTu9f/hu+ew=">AAAB83icdVBNS8NAEJ34WetX1aOXxSLUS03Er96KXrxZwdhCG8pmu2mXbjbp7qZQQn+HFw8qXv0z3vw3btsIVfTBwOO9GWbm+TFnStv2p7WwuLS8sppby69vbG5tF3Z2H1SUSEJdEvFINnysKGeCupppThuxpDj0Oa37/euJXx9SqVgk7vUopl6Iu4IFjGBtJO+2FB631EDqVIyP2oWiXbanQHPkzHYq5w5yMqUIGWrtwkerE5EkpEITjpVqOnasvRRLzQin43wrUTTGpI+7tGmowCFVXjo9eowOjdJBQSRNCY2m6vxEikOlRqFvOkOse+q3NxH/8pqJDi69lIk40VSQ2aIg4UhHaJIA6jBJieYjQzCRzNyKSA9LTLTJKW9C+P4U/U/ck3KlbN+dFqtXWRo52IcDKIEDF1CFG6iBCwQG8AjP8GINrSfr1XqbtS5Y2cwe/ID1/gXOqZGt</latexit><latexit sha1_base64="FOYejs0cKk8a5V5ZFTu9f/hu+ew=">AAAB83icdVBNS8NAEJ34WetX1aOXxSLUS03Er96KXrxZwdhCG8pmu2mXbjbp7qZQQn+HFw8qXv0z3vw3btsIVfTBwOO9GWbm+TFnStv2p7WwuLS8sppby69vbG5tF3Z2H1SUSEJdEvFINnysKGeCupppThuxpDj0Oa37/euJXx9SqVgk7vUopl6Iu4IFjGBtJO+2FB631EDqVIyP2oWiXbanQHPkzHYq5w5yMqUIGWrtwkerE5EkpEITjpVqOnasvRRLzQin43wrUTTGpI+7tGmowCFVXjo9eowOjdJBQSRNCY2m6vxEikOlRqFvOkOse+q3NxH/8pqJDi69lIk40VSQ2aIg4UhHaJIA6jBJieYjQzCRzNyKSA9LTLTJKW9C+P4U/U/ck3KlbN+dFqtXWRo52IcDKIEDF1CFG6iBCwQG8AjP8GINrSfr1XqbtS5Y2cwe/ID1/gXOqZGt</latexit><latexit sha1_base64="FOYejs0cKk8a5V5ZFTu9f/hu+ew=">AAAB83icdVBNS8NAEJ34WetX1aOXxSLUS03Er96KXrxZwdhCG8pmu2mXbjbp7qZQQn+HFw8qXv0z3vw3btsIVfTBwOO9GWbm+TFnStv2p7WwuLS8sppby69vbG5tF3Z2H1SUSEJdEvFINnysKGeCupppThuxpDj0Oa37/euJXx9SqVgk7vUopl6Iu4IFjGBtJO+2FB631EDqVIyP2oWiXbanQHPkzHYq5w5yMqUIGWrtwkerE5EkpEITjpVqOnasvRRLzQin43wrUTTGpI+7tGmowCFVXjo9eowOjdJBQSRNCY2m6vxEikOlRqFvOkOse+q3NxH/8pqJDi69lIk40VSQ2aIg4UhHaJIA6jBJieYjQzCRzNyKSA9LTLTJKW9C+P4U/U/ck3KlbN+dFqtXWRo52IcDKIEDF1CFG6iBCwQG8AjP8GINrSfr1XqbtS5Y2cwe/ID1/gXOqZGt</latexit>

	
  
	
  

	
  	
  	
  {	
  x	
  :	
  Ax	
  ≤	
  b	
  }	
  \	
  {	
  x	
  :	
  Ax	
  ≤	
  b−2	
  }	
  

O(
!

logm/
!

n)
<latexit sha1_base64="upnZ1H/v78hT/WIMJAK9ydictHQ=">AAACAXicdVDLSsNAFJ3UV62vqCtxM1iEuqmJ+Oqu6MadFYwtNKFMppN26GQSZyZCCcGNv+LGhYpb/8Kdf+O0jVBFD1w4c869zL3HjxmVyrI+jcLM7Nz8QnGxtLS8srpmrm/cyCgRmDg4YpFo+UgSRjlxFFWMtGJBUOgz0vQH5yO/eUeEpBG/VsOYeCHqcRpQjJSWOubWZcWVt0KlLot6MMz2Jy+e7XXMslW1xoBT5Miya8c2tHOlDHI0OuaH241wEhKuMENStm0rVl6KhKKYkazkJpLECA9Qj7Q15Sgk0kvHJ2RwVytdGERCF1dwrE5PpCiUchj6ujNEqi9/eyPxL6+dqODUSymPE0U4nnwUJAyqCI7ygF0qCFZsqAnCgupdIe4jgbDSqZV0CN+Xwv+Jc1CtVa2rw3L9LE+jCLbBDqgAG5yAOrgADeAADO7BI3gGL8aD8WS8Gm+T1oKRz2yCHzDevwCzn5cy</latexit><latexit sha1_base64="upnZ1H/v78hT/WIMJAK9ydictHQ=">AAACAXicdVDLSsNAFJ3UV62vqCtxM1iEuqmJ+Oqu6MadFYwtNKFMppN26GQSZyZCCcGNv+LGhYpb/8Kdf+O0jVBFD1w4c869zL3HjxmVyrI+jcLM7Nz8QnGxtLS8srpmrm/cyCgRmDg4YpFo+UgSRjlxFFWMtGJBUOgz0vQH5yO/eUeEpBG/VsOYeCHqcRpQjJSWOubWZcWVt0KlLot6MMz2Jy+e7XXMslW1xoBT5Miya8c2tHOlDHI0OuaH241wEhKuMENStm0rVl6KhKKYkazkJpLECA9Qj7Q15Sgk0kvHJ2RwVytdGERCF1dwrE5PpCiUchj6ujNEqi9/eyPxL6+dqODUSymPE0U4nnwUJAyqCI7ygF0qCFZsqAnCgupdIe4jgbDSqZV0CN+Xwv+Jc1CtVa2rw3L9LE+jCLbBDqgAG5yAOrgADeAADO7BI3gGL8aD8WS8Gm+T1oKRz2yCHzDevwCzn5cy</latexit><latexit sha1_base64="upnZ1H/v78hT/WIMJAK9ydictHQ=">AAACAXicdVDLSsNAFJ3UV62vqCtxM1iEuqmJ+Oqu6MadFYwtNKFMppN26GQSZyZCCcGNv+LGhYpb/8Kdf+O0jVBFD1w4c869zL3HjxmVyrI+jcLM7Nz8QnGxtLS8srpmrm/cyCgRmDg4YpFo+UgSRjlxFFWMtGJBUOgz0vQH5yO/eUeEpBG/VsOYeCHqcRpQjJSWOubWZcWVt0KlLot6MMz2Jy+e7XXMslW1xoBT5Miya8c2tHOlDHI0OuaH241wEhKuMENStm0rVl6KhKKYkazkJpLECA9Qj7Q15Sgk0kvHJ2RwVytdGERCF1dwrE5PpCiUchj6ujNEqi9/eyPxL6+dqODUSymPE0U4nnwUJAyqCI7ygF0qCFZsqAnCgupdIe4jgbDSqZV0CN+Xwv+Jc1CtVa2rw3L9LE+jCLbBDqgAG5yAOrgADeAADO7BI3gGL8aD8WS8Gm+T1oKRz2yCHzDevwCzn5cy</latexit>

!<latexit sha1_base64="0mgXs7qU24tVY73fsygkWKmFsY8=">AAAB7HicdZDLSgMxFIbPeK31VnXpJlgEV0NGvHVXdOOygtMW2qFk0rSNzWSGJFMoQ9/BjQsVtz6QO9/GtB1FRX8IHL7/HHLOHyaCa4Pxu7OwuLS8slpYK65vbG5tl3Z26zpOFWU+jUWsmiHRTHDJfMONYM1EMRKFgjXC4dXUb4yY0jyWt2acsCAifcl7nBJjUb09YjSbdEpl7J5ir3LmIezimdAX8XJShly1Tumt3Y1pGjFpqCBatzycmCAjynAq2KTYTjVLCB2SPmvZUpKI6SCbbTtBh5Z0US9W9kmDZvT7REYircdRaDsjYgb6tzeFf3mt1PQugozLJDVM0vlHvVQgE6Pp6ajLFaNGjG1BqOJ2V0QHRBFqbEBFG8Lnpej/wj92Ky6+OSlXL/M0CrAPB3AEHpxDFa6hBj5QuIN7eIQnJ3YenGfnZd664OQze/BDzusHf+qPRw==</latexit><latexit sha1_base64="0mgXs7qU24tVY73fsygkWKmFsY8=">AAAB7HicdZDLSgMxFIbPeK31VnXpJlgEV0NGvHVXdOOygtMW2qFk0rSNzWSGJFMoQ9/BjQsVtz6QO9/GtB1FRX8IHL7/HHLOHyaCa4Pxu7OwuLS8slpYK65vbG5tl3Z26zpOFWU+jUWsmiHRTHDJfMONYM1EMRKFgjXC4dXUb4yY0jyWt2acsCAifcl7nBJjUb09YjSbdEpl7J5ir3LmIezimdAX8XJShly1Tumt3Y1pGjFpqCBatzycmCAjynAq2KTYTjVLCB2SPmvZUpKI6SCbbTtBh5Z0US9W9kmDZvT7REYircdRaDsjYgb6tzeFf3mt1PQugozLJDVM0vlHvVQgE6Pp6ajLFaNGjG1BqOJ2V0QHRBFqbEBFG8Lnpej/wj92Ky6+OSlXL/M0CrAPB3AEHpxDFa6hBj5QuIN7eIQnJ3YenGfnZd664OQze/BDzusHf+qPRw==</latexit><latexit sha1_base64="0mgXs7qU24tVY73fsygkWKmFsY8=">AAAB7HicdZDLSgMxFIbPeK31VnXpJlgEV0NGvHVXdOOygtMW2qFk0rSNzWSGJFMoQ9/BjQsVtz6QO9/GtB1FRX8IHL7/HHLOHyaCa4Pxu7OwuLS8slpYK65vbG5tl3Z26zpOFWU+jUWsmiHRTHDJfMONYM1EMRKFgjXC4dXUb4yY0jyWt2acsCAifcl7nBJjUb09YjSbdEpl7J5ir3LmIezimdAX8XJShly1Tumt3Y1pGjFpqCBatzycmCAjynAq2KTYTjVLCB2SPmvZUpKI6SCbbTtBh5Z0US9W9kmDZvT7REYircdRaDsjYgb6tzeFf3mt1PQugozLJDVM0vlHvVQgE6Pp6ajLFaNGjG1BqOJ2V0QHRBFqbEBFG8Lnpej/wj92Ky6+OSlXL/M0CrAPB3AEHpxDFa6hBj5QuIN7eIQnJ3YenGfnZd664OQze/BDzusHf+qPRw==</latexit>



Recap	
  of	
  proof	
  structure	
  

1.  A	
  useful	
  decomposiPon	
  of	
  polytopes	
  

2.  “Smooth	
  version”	
  of	
  the	
  problem	
  

3.  Proving	
  the	
  smooth	
  version	
  

4.  Going	
  from	
  smooth	
  version	
  to	
  actual	
  version	
  

≈	
  1	
  

≈	
  0	
  



§  Previous	
  best	
  seed	
  length	
  had	
  linear	
  dependence	
  
on	
  m	
  

§  Many	
  interesPng	
  future	
  direcPons:	
  	
  

§  Other	
  complexity	
  measures	
  of	
  polytopes?	
  

§  ConnecPons	
  to	
  extension	
  complexity?	
  

§  PRGs	
  for	
  other	
  geometric	
  sets?	
  

§  PRG	
  for	
  all	
  convex	
  sets?	
  	
  

Summary	
  

An	
  ε-­‐PRG	
  for	
  m-­‐facet	
  polytopes	
  over	
  {0,1}n	
  with	
  seed	
  length:	
  

Our	
  main	
  result	
  

of	
  size	
  n	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  polylog(m)	
  
Discrepancy	
  set	
  

poly(log	
  m,	
  1/ε)	
  	
  	
  log	
  n	
  	
  	
  .	
  


