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Crossover events for a linear programming problem were introduced by Vavasis 
and Ye and provide important insight into the behavior of the path of centers. The 
complexity of a layered-step interior-point algorithm presented by them depends 
on the number of disjoint crossover events and the coefficient matrix A ,  but not 
on b and c. In this short note, we present a linear programming instance with more 
than n2/8 disjoint crossover events. o 1996 Academic Press, inc. 

Interior-point methods for linear programming have been developed 
tremendously since the presentation of Karmarkar (1984). Recently Vavasis 
and Ye (1994) proposed a layered-step primal-dual interior-point algo- 
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rithm, whose number of operations has an upper bound that depends only 
on the coefficient matrix A and not on b and c. 

Crossover events for a linear programming problem were introduced by 
Vavasis and Ye (1994) and provide important insight into the behavior of 
the path of centers. The number of operations of the layered-step interior- 
point algorithm depends on the number of disjoint crossover events. Al- 
though the number depends on b and c, they prove that it is bounded by 
n(n - 1)/2. The question of whether there could be more than n crossover 
events was left open in Vavasis and Ye (1994). If one could prove that the 
number is bounded by O(n) ,  the complexity of the layered-step interior- 
point algorithm could be reduced by a factor of n. In this short note, we 
present a linear programming instance with more than n2/8 disjoint cross- 
over events. We believe that the instance is of great help in understanding 
the behavior of the path of centers. 

Let n 2 m > 0 be integers. For an m X n matrix A and vectors b E Rm 
and c E Rn, the instance LP(A,  b, c)  denotes the primal-dual pair of linear 
programming problems 

minimize cTx 

subject to A x  = b,  x 2 0 

and 

maximize bTy 

subject to ATy + s = c, s 2 0. 

We assume that the primal-dual pair has a feasible interior point (x ,  y, s) 
(i.e., x > 0 and s > 0). For each p > 0,  we denote by ( ~ ( p ) ,  y (p ) ,  ~ ( p ) )  
the solution of the system 

where e is the vector of 1's and X = diag(x) is the diagonal matrix such 
that Xe = x. The solution is called a center and the set of centers P = 

{ ( ~ ( w ) ,  y (p) ,  s(w))  : p > 0) is called the path of centers. 
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for our instance, where b and c depend on a positive parameter E that must 
be much less than llg. 

We say that two crossover events (PI, p i ,  i l ,  jl) and (p2,  p i ,  i2, j2) with 
pl > p2 are disjoint if pi 2 p2. Vavasis and Ye proved that the number 
of disjoint crossover events is bounded by n(n - 1)/2. 

Let m be a positive integer and let n = 2m. We denote the m X m 
identity matrix by I. Let E > 0 be a constant which is much smaller than 
llg. Then we define an instance LP(A, 6, c) by 

where the number of 0's in c is m. Then for any p > 0, the center (x(p), 
y(p), ~ ( p ) )  is the positive solution of the system 

xi + xi+n1 = ci f o r i = 1 , 2 , .  . . , m ,  

yi + si = 0 f o r i = 1 , 2 , .  . . , m ,  

yr + s ~ + ~  = &lm f o r i =  1 ,2 , .  . . ,m ,  

xisi = p for i = 1,2, . . . , m, 

Xr+mS,+m = IU f o r i = 1 , 2 , .  . . , m .  

By solving the system of five variables (xi, xitm, yi, si, si+,J and five equations 
for each i, we have that 

Then s, = pIxi, sitm = pIxi+, , and yi = -si are easily obtained from these 
expressions. When the value of p decreases from 1 to 0, approximate values 
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of xi,  xi+,, si and si+, at a center are shown in Table I for each i = 1, 
2, . . . , m, where A, ( j  = 1,  2, 3, 4) are real numbers between 1 and 3. 
When p is much greater than E'("+'), xi and x,+,, are almost constant with 
respect to p ,  and s, and si+, are almost linear with respect to p .  When p 
is much less than E'("+'), x, and si+, are almost constant with respect to p ,  
and si and xi+, are almost linear with respect to p .  

From Table I, we can compute the layers at the centers (x(p), y(p), 
s(p)) as follows: If p E [&"+I, 11 then p = m and 

if p E [10gcmi2, ( 1 0 g ) - ' ~ ~ + ~ ]  then p = m + 1 and 

if p = E " + ~  then p = m and 

and so on. If p = c2,+' then p = m + 1 and 

It is easy to see that if j E (1, 2, . . . , m} then 

j < m + 1 at (x(pl'), y(pl'), s(pl')) E P where p" E (0, E ~ + J + ~ ]  

and ~ ( p " ) ~  + 0, ~ ( p " ) ~ + ,  + 0 as p" -+ 0. Hence while p decreases from 
E"+' to E~,+', there are m disjoint crossover events (E"", cnH2, m + 1, I),  
(&m+2, cmt3 , m + 1 , 2 ) , . . .  , (E~,, E~"'+', m + 1, m). Similarly, while p 

TABLE I 
AITKOXIMATE VALLJES AT A CEN I EK 
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decreases from E ~ ( " ' + ' )  to E ~ " ' + ~  , there are m - 1 crossover events, and so 
on. As a total, the number of disjoint crossover events is 

We have presented a linear programming instance with more than n 2 / 8  
crossover events. This result indicates that the path of centers consists of 
more than n 2 / 8  parts each of which defines a partition of {1,2, . . . , n)  as 
layers. As discussed in Vavasis and Ye (1994), we can also see that the 
path consists of almost straight parts and curved parts, and the number of 
such parts is bounded by twice of the number of crossover events. From 
Table I, we can observe that the projection { (x i ,  si, s,+J : (x ,  y ,  s )  E 
P) of the path of centers consists of two almost straight parts and one 
curved part for p around el("'+'). Thus the path of centers appears to consist 
of ( n / 2 )  + 1 straight parts and n / 2  curved parts, which is much less than 
the number of crossover events. So if we could trace each almost straight 
part of the path in a constant number of steps, it might yield a very efficient 
algorithm for linear programming. 

Vavasis and Ye have told us that Mike Todd constructed a similar exam- 
ple with the order of n2 disjoint crossover events for their earlier primal 
layered-step algorithm. 
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