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Abs t r ac t .  It i s  shown t h a t  t h e  maximum and t h e  median of a  s e t  of 

n  elements can  be  found by n processors  i n  O(1) time w?'.th 

p r o b a b i l i t y  approaching 1 a s  n tends  t o  i n f i n i t y .  The naximum- 

f i n d i n g  a lgor i thm runs on t h e  WRAM model whereas t h e  median-finding 

a lgo r i thm i s  i n  t h e  p a r a l l e l  computation t r e e  model. These models 

a r e  of course  s t rong  bu t ,  a s  we have shown i n  a previous paper,  

a r e  very  u s e f u l  f o r  des igning  good s e r i a l  a lgor i thms based on 

p a r a l l e l  ones. Our p a r a l l e l  p r o b a b i l i s t i c  a lgori thms i n  t h i s  

paper y i e l d  i n t e r e s t i n g  s e r i a l  p r o b a b i l i s t i c  a lgori thms.  
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1. In t roduc t ion  

We w i l l  d i s c u s s  h e r e  p r o b a b i l i s t i c  a lgor i thms t h a t  make no e r r o r s ,  i.e., 

a lgor i thms which invo lve  random moves and y e t  always te rmina te  w i th  the  c o r r e c t  

outcome. The time-complexity i s  measured by t h e  expected time t h a t  i t  takes  t o  

s o l v e  t h e  worst-case in s t ance .  Thus, t h e  expec ta t ion  is  def ined  r e l a t i v e  t o  t h e  

i n t e r n a l  randomization of t h e  a lgor i thm.  I n  f a c t ,  f o r  t h e  a lgor i thms presented 

h e r e  we can  make s t r o n g e r  claims regard ing  t h e  (random) running time i n  t h e  

worst-case.  The format w i l l  b e  t h e  fol lowing:  The p r o b a b i l i t y  p(n) t h a t  t h e  

a lgo r i thm te rmina tes  w i t h i n  t (n )  t ime u n i t s  tends t o  1 a s  n approaches 

i n f i n i t y .  Moreover, t (n) w i l l  be  cons t an t !  

To o u r  knowledge, t h e r e  i s  no good example i n  s e r i a l  computation where t h e  

o p t i o n  of randomization l eads  t o  a s i g n i f i c a n t l y  b e t t e r  time bound, given t h a t  

t h e  c o r r e c t  outcome should always be  produced. It i s  thus i n t e r e s t i n g  t o  f i n d  

t h a t  randomization i s  very  h e l p f u l  i n  p a r a l l e l  computation. This  i s  demonstrated 

i n  two cases :  Finding t h e  maximum and the  median. Our main mot iva t ion  comes 

from [Ml] where w e  showed how t o  use  good p a r a l l e l  a lgor i thms i n  t h e  des ign  of 

s e r i a l  a lgor i thms.  Here we in t roduce  a new f e a t u r e  which l e t s  us  produce 

i n t e r e s t i n g  p r o b a b i l i s t i c  a lgor i thms from p a r a l l e l  p r o b a b i l i s t i c  ones. Appl ica t ions  

of t h e  r e s u l t s  of t h i s  paper a r e  g iven  i n  a companion paper [M2] where a dynzmic 

computat ional  geometric problem i s  so lved  w i t h  t h e  a i d  of our  a lgo r i thm f o r  

t h e  maximum. An a p p l i c a t i o n  a long  t h e  same l i n e s  was a l s o  g iven  by Zemel [ Z ] .  

Our f i r s t  example i s  of f i n d i n g  t h e  maximum. It has  neen proved by 

L.  Va l i an t  [V]  t h a t  log log  n comparisons a r e  r equ i r ed  f o r  n processors  I n  

o r d e r  t o  f i n d  t h e  maximum i n  a s e t  of n elements.  Va l i an t  a l s o  gave a n  

O(log1og n) a lgo r i thm i n  t h e  s t r o n g  model of comparisons ( l a t e r  c a l l e d  t h e  

p a r a l l e l  computation t r e e  [BH]), which was l a t e r  extended by Shi loach  and 



Vishkin [SV] t o  a weaker model. It i s  i n t e r e s t i n g  t o  no te  t h a t  t h e  exac t  maxi- 

mum can be  found by a randoinizing a lgo r i thm i n  expected O(1) t ime on n 

processors ,  i n  t h e  l a t t e r  model. 

The second example d e a l s  w i t h  t h e  gene ra l  s e l e c t i o n  problem. An open 

ques t ion  i n  p a r a l l e l  computation i s  whether s e l e c t i o n  i s  s u b s t a n t i a l l y  e a s i e r  

t han  s o r t i n g .  The ques t ion  was r a i s e d  by Va l i an t  [V]  i n  t h e  con tex t  of t he  

p a r a l l e l  computation t r e e  model. It i s  n o t  known how t o  d e t e r m i n i s t i c a l l y  s o r t  

a s e t  o f  n elements on n processors  i n  O(1og n) time. On t h e  o t h e r  hand 

a n  expected number of Q( log  n) comparisons i s  r equ i r ed  f o r  s o r t i n g  on n 

processors .  S u r p r i s i n g l y ,  i t  i s  poss ib l e  t o  e x a c t l y  s o l v e  the  s e l e c t i o n  prob- 

lem i n  O(1) expected time i n  t h e  p a r a l l e l  computation t r e e  model. So, t h i s  

i s  ano the r  c a s e  where randomization h e l p s  s i g n i f i c a n t l y .  

2. F inding  t h e  Maximum 

We f i r s t  l e t  each of Fn processors  sample a n  element of t h e  s e t .  S ince  

t h i s  i s  done i n  p a r a l l e l ,  some of t h e  processors  may s a n p l e  t h e  same elements 

s o  t h i s  i s  l i k e  "sampling wi th  replacement." The expected number of d i s t i n c t  

elements i n  t h e  sample i s  r n  - own) .  

I n  t h e  next  s t e p  we f i n d  t h e  maximum of t h e  sample, d e t e r m i n i s t i c a l l y  

i n  cons tan t - t ime,  by comparing every p a i r  of sample elements.  The d e t a i l s  of 

t h e  implementation of t h i s  s t e p  i n  t h e  WRAM model ( r equ i r ing  concurren t  reads  

and w r i t e s )  a r e  i n  [SV] . 
Given the  sample-maximum, we now compare each element of t h e  s e t  wi th  

t h i s  maximum and "discard" the  ones t h a t  a r e  smal le r .  This  i s  done i n  cons tan t -  

t ime ( sub jec t  t o  concurrent  read) .  I f  t h e  number of t h e  remaining elements i s  

s m a l l e r  than  then  i t  t akes  one s t e p  of comparisons t o  f i n d  t h e  maximum. 



(See [SV] f o r  t h e  implementation).  Otherwise, we aga in  sample fi elements,  

determine t h e i r  maximum, and s o  on. 

We w i l l  now prove t h a t  t h e  p r o b a b i l i t y ,  t h a t  we w i l l  be done a f t e r  two 

sampling s t e p s ,  i s  approaching 1 when n tends  t o  i n f i n i t y .  

Le t  X 1 , X  be independent random v a r i a b l e s  uniformly d i s t r i b u t e d  over 
s 

[O,l ' j ,  where s = LC]. Let  Yi = lnXil ( i  = 1, ..., s )  s o  t h a t  Y. r ep re sen t s  t h e  
1 

rank of the element sampled by Xi. Le t  X(l) < ... < X denote t h e  o rde r  
- ( s )  

s t a t i s t i c s  of {xl ,..., Xs] and l e t  Y(l) j ... < V  be  t h e  o rde r  s t a t i s t i c s  
- ( s )  

. It i s  well-known ( see  [W, p. 2361 ) t h a t  X has  t h e  d e n s i r y  
( s )  I 

s-1 S S 
func t ion  f ( x )  = sx  s o  t h a t  i t s  mean i s  - s+l 

arid i t s  va r i ance  i s  
2 

(s+l)  (s+2) 
Asymptot ical ly ,  t h e  mean of Y i s  hence n - fi and i t s  s tandard  

( s  I 
I 

d e v i a t i o n  i s  n . Thus, t he  p r o b a b i l i t y  t h a t  Y > n-n 
1/2+€ 

( s )  

approaches 1 f o r  every  s > 0. Equiva len t ly ,  t h e  number of remaining elements 1 

a f t e r  t h e  f i r s t  s t e p  is o ( n  112+E), w i th  p r o b a b i l i t y  approaching 1, f o r  every 

E > 0. Now, cons ide r  t he  second s t e p .  Using t h e  same no ta t ion ,  l e t  now 

'i 
= ln1'2+ee~.1 . Thus Yi i s  t h e  rank of t h e  element sampled by 

1 
(during 

1/2+€ 
I 

t h e  second s t e p ) ,  r e l a t i v e  t o  t h e  remaining s e t ,  assuming t h i s  s e t  has  n I 

elements.  Now t h e  mean of Y i s  a sympto t i ca l ly  equal  t o  
( s )  

Thus t h e  mean of th2 number of elements remaining a f t e r  t he  second s t e p  i s  

E asympto t i ca l ly  n . Obviously, t h e  a c t u a l  number i s  l e s s  than  n1/2, wi th  

p r o b a b i l i t y  approaching 1. 



3. Finding the  Median 

The a lgo r i thm f o r  t h e  median i s  i n  t h e  p a r a l l e l  computation t r e e  model, 

i . e . ,  we count  on ly  comparisons a s  t ime consuming opera t ions .  The a lgor i thm 

i s  r e l a t e d  t o  t h a t  of [FR] f o r  s e r i a l  s e l e c t i o n .  

Like i n  t h e  c a s e  of t h e  maximum, we s tar t  by sampling elements. 

Next, we s e l e c t  from t h e  sample two elements,  namely, t h e  ones whose ranks 

1 6 
r e l a t i v e  t o  t h e  sample a r e  - fi 2 n , where s > 0 i s  a number t o  be determined 

2 

l a t e r .  

Now, g iven  the  two elements ,  i t  takes  two rounds of comparisons t o  f i n d  

t h e i r  ranks r e l a t i v e  t o  t h e  i n p u t  s e t ,  merely by comparing them wi th  every  

element.  Then, i t  can  be decided which elements may be  d iscarded  and what i s  

t h e  rank of t h e  median r e l a t i v e  t o  t h e  remainder of t h e  s e t .  The remainder 

c o n s i s t s  of t he  elements t h a t  l i e  between t h e  two we have s e l e c t e d ,  wi th  

p r o b a b i l i t y  approaching 1. 

Asstme t h a t  we a r e  l e f t  w i t h  m elements ,  and we need t o  f i n d  our  median, 

which has a rank of r r e l a t i v e  t o  t h e  remainder. I f  m < fi then we can 

t e rmina te  i n  one s t e p  of comparisons. Otherwise, we aga in  sample fi elements 

from t h e  remainder and s e l e c t  t h e  ones whose ranks,  r e l a t i v e  t o  t h e  sample, a r e  

r 8 
- - ' \ m i n e  The process  cont inues  i n  t h i s  way u n t i l  we are l e f t  w i t h  less 
m 

t han  ]G elements.  

We w i l l  now prove t h a t  t h e  

sampling s t e p s ,  i s  approaching 1 

1 1 
Z < C < T '  

Le t  Xi, Yi, X(i) and Y ( i >  

p r o b a b i l i t y ,  t h a t  we w i l l  b e  done a f t e r  t h r e e  

when n tends t o  i n f i n i t y ,  provided 

be a s  above. The v a r i a b l e  X 
(k) 

has t he  

k 
b e t a  d i s t r i b u t i o n  B(k, s-k+l) [W, p. 2361. A s  such, i t s  mean equals  - s-tl 

whi le  i t s  va r i ance  i s  equal  t o  k(s-k+l) ( s ee  [w, p. 1741 ). 1 f  s = \r;; 
(S-kl) (s+2) 



E 
and k = a, fi - n , then the mean 

implies t h a t  the  expected rank of 

did= e-112 i s  
1 

a - n  + 0(-). This 
fi+l fi 

the  element sampled by X 
( k) 

( i  . e . , the  mean 

of Y(k)) i s  a n - n 
1/2+e + 0 T n ) .  Simi lar ly ,  t h e  variance of X i s  equal t o  

(k) 

E 
( a  n-n ) c n  - a \~;;+n%l) a ( l - a )  

hl 

6 + 1 )  0~i;+2) 6 

Thus, the  standard devia t ion of X 
(k) 

i s  asymptotical ly equal t o  

dcu(1 - ~ ) - I I ' ~ ' ~ ,  s o  t h a t  the  standard dev ia t ion  of Y 
(k) 

i s  asymptotical ly 

1 
= n 3 .  It thus follows t h a t  i f  c > - then the  probabi l i ty ,  t h a t  

4 , 
6 

Y 
(k) 

i s  l e s s  than m, i s  approaching 1. Analogously, f o r  R = + n , 

the  p robab i l i ty  t h a t  
(1.) 

i s  g r e a t e r  than an  i s  approaching 1. It thus 

follows t h a t ,  wi th  p robab i l i ty  approaching 1, the (cyn)-th order s t a t i s t i c  

of the  s e t  i s  between the  elements sampled by X 
(k) 

and X 
( A )  ' 

We w i l l  now consider the  number of remaining elements, given t h a t  t:e a r e  

l e f t  with the  middle range. 

Consider the  d i f fe rence  X - X 
( 4 )  (k)' 

This random var iab le  a l s o  has 

the  beta  d i s t r i b u t i o n  (see [W, p. 2381 ) 

$(R - k,  s - R + k + 1) .  

a-k 
I ts  mean equals - which i n  our case i s  Z"e -- 2n '-'I2. The corresponding s+13 v%+1 

number of inpu t  elements i s  asymptotical ly 2n 112+r. The variance of X - X (R) (k) 

i s  equal t o  

The standard devia t ion of X - X i s  asymptotical ly p . n  -1/2+€/2 so 
(4) (n) 

t h a t  the  standard devia t ion of the corresponding number of elements i s  



asympto t i ca l l y  fl n 112+c12. Thus, w i t h  p r o b a b i l i t y  approaching 1, t h e  number 

o f  remaining elements  a f t e r  t h e  f i r s t  sampling s t e p  i s  ~ ( n ~ / ~ - " ) .  The second 

sampling s t e p  w i l l  l e ave  u s  (with p r o b a b i l i t y  approaching 1) w i t h  on ly  

2 €  2n e-1'2-~(n1/2+c) = O(n ) elements .  Reca l l  t h a t  t h i s  ho lds  f o r  E > x. Now, 

a t h i r d  sampling s t o p  w i l l  l e ave  u s  (with p r o b a b i l i t y  approaching 1 )  w i t h  

e-1/2 2e  3e-112 1 1 
*O(n ) = O(n 2n ) elements .- Thus, i f  - 4 < e < 7, t h e  t h i r d  s t e p  

w i l l  l e ave  u s  w i t h  l e s s  t han  V% e lements ,  w i t h  p r o b a b i l i t y  approaching 1. 

I n  o t h e r  words, we w i l l  a lmost  s u r e l y  no t  need more than t h r e e  sampling s t e p s .  

4. Conclusion 

The main d i f f e r e n c e  between t h e  two a lgor i thms  i s  due t o  t h e  f a c t  t h a t  

t h e  maximum i s  of cou r se  always no t  sma l l e r  than t h e  sample-maximum whereas 

t h e  p o s i t i o n  of  t h e  median r e l a t i v e  t o  t h e  sample-median i s  no t  known i n  

advance, and r e q u i r e s  count ing  t h e  number of  "winners" i n  a round of comparisons. 

Th i s  i s  e s s e n t i a l l y  why we cannot  run  ou r  median-finding a lgo r i t hm i n  O(1) 

t ime i n  o t h e r  models. However, t h e  power of randomization i n  p a r a l l e l  computa- 

t i o n  i s  s u r p r i s i n g  and t h e  p o t e n t i a l  w i th  r e s p e c t  t o  p r o b a b i l i s t i c  s e r i a l  

a l g o r i  thrns i s  ve ry  promising. 

Discussions w i t h  IJ. F. Eddy, L .  Rudolph and U. Vlshkin a r e  g r a t e f u l l y  

acknowledged. 
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