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ABSTRACT: This note discusses a problem that is analyzed in a recent report by Eaves and
Rothblum. It deals with computation over any ordered field F. However, knowledge of ordered field
theory is not required. The model of computation is that of the random access machine where each
register holds a single element « € F. The primitive operations are the arithmetic operations +, —, x

and +, comparisons and data transfers. It is shown how algorithms can be extended to solve problems
with parametric data.



A Note on Sensitivity Analysis in Algebraic Algorithms

Nimrod Megiddo

We discuss here one problem that is analyzed in a recent report by Eaves and Rothblum [ER].
Previous papers that used related methods are listed in the references. Our discussion here is about
computation over any ordered field F. However, knowledge of ordered field theory is not required
here. For the reader who is interested in concrete computation, the ordered field of the rational
numbers may be taken as an example. We do not need F to be real closed or archimedian. The
model of computation is the random access machine where each register holds a single element « € F.

The primitive operations are the arithmetic operations +, —, x and +, comparisons (that is, given
two elements a, B € F, the machine can recognize whether a < B) and, of course, data transfers. In
this model an algorithm & receives input in the form of a vector a = (a, ..., a,) € F*. The algorithm
outputs a vector 8= (fy,...,Bn) € F". We note that the elements 0 and 1 can be used in the usual
way to encode information so that this model can in particular be used to solve combinatorial problems
with data taken from F. It is also obvious that in this model an algorithm can, in particular, recognize
whether a given element a equals O or 1, even if the elements 0 and 1 are not given explicitly.

Without further restrictions an algorithm may attempt to divide by 0 and alsoc may not halt.

Definition 0.1. Let « be an algorithm. An input a € F" is valid for «f if, given a, & reaches the
halting state. In particular, throughout the execution & never attempts to divide by 0.

We are interested in the following question of parametric extension of algorithms in this model.
Imagine that the input vector a = (aji,...,a,) consists of the values of n rational functions (over F)
AW, ..., ) (for example, a;= f;(0)). Furthermore, suppose there is some & > 0 such that a= f(f) is
a valid input for «f for any ¢ such that |s] <e. We would like to extend o into an algorithm o *
that computes some & >0 and provides a “closed-form™ description of the output of «f relative to
all t such that |¢] <&. This is the problem of sensitivity analysis or local parametric computing. The
sense of the closed-form is explained below. Essentially, this means a piecewise rational function
with a small number of pieces.

We will describe a fairly simple extension of this kind that is valid under a natural assumption
as follows. Given the vector-function f, let Tf(r) denote the running time (that is, the number of
primitive operations executed by «f) in case the algorithm is given the values of f at ¢ (assuming
|£] <e€). The natural assumption is that Ty(f) is bounded over some neighborhood of 0.

The idea behind the extension is fairly intuitive. Rational functions can be operated with like

field elements. Of course, the costs of the operations (that is, the number of elementary operations



of the machine) depend on the degrees of the polynomials involved and the specific algorithms used
for carrying out these operations on rational functions. Suppose a rational function g(f) = p(f) /q(t)
is represented by two vectors of field elements containing the coefficients of the polynomials p(¢) and
q(¢r). Then it is straightforward to carry out and represent the results of the arithmetic operations
applied to rational functions. If one is interested in maintaining an inferval of values of ¢ over which
all the current functions are well-defined, then one has to exclude zeros of functions A(f) before
executing a division g(t) + A(). We explain below how this can be done. Comparisons between two
functions depend of course on the value of z. However, when we compare two rational functions g{r)
and h(t), well-defined in a neighborhood of O, there is a § > 0 such that the comparison is uniform
over each of the open intervals (-8,0) and (0,8). In other words, either g(r) < h(t) for all ¢ in the
same interval, or g(f) 2 A(?) for all ¢ in the same interval. We show below how to determine such a
8. It follows that we can extend an algorithm «f so that the “program variables” become rational
functions rather than field elements. More precisely, at any instant during the execution there is a
&> 0 such that for each program variable X there are at most two more “variables” associated with
X: (i) a rational function X, () well-defined over (0,8) and (ii) a rational function X_(r) well-defined
over (—48,0). Often there will be just one function X(r) from which X_(r), X and X, () are obtained
trivially by restriction. To simplify the discussion, let us without loss of generality consider only the
interval (0, §).

There is an easy estimation problem that needs to be solved each time the extended algorithm
attempts to carry out a division or a comparison. Suppose g(t) =p(r) /q(¥) and h(f) =r(f) /s(t) are
rational functions, that is, p,q,r and s are polynomials such that ¢(¢) and s(f) do not vanish in (0,8§).
We wish to find a &', 0 <&’ < 8 such that i(f) = g(t) /A(r) is well-defined over (0,8'). The representation
of i(f) as a quotient of two polynomials is easily obtained by polynomial multiplication. For comparison
we have to determine a &' such that either g(f) < A(¢) for all € (0, 8') or g(f) > h(t) for all t e (0,5").

In both cases the problem of determining & can obviously be reduced to the following problem:

Given a polynomial p(f) = wg + w1f + ... + m,t" (assuming @, # 0), find a A > 0 such that p(s) # 0 for
all e (0,A).

The solution of this problem is summarized in the following proposition.

Proposition 0.2. Let p(f) = mg+ w1t + ... + mp” (n 2 1) be a polynomial over F such that both w, # 0 and
mg#£ 0. Let A= |t]| < Min{1, |mg| /(1711 + ...+ |7, 1)}. Under these conditions, for every t such that
1] <A p() #0.

Proof. Suppose ¢ satisfies the condition stated in the proposition. Note that the triangle inequality
la+ Bl € la| + | B] holds over any ordered field. It follows that
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S>lapl =l +c+ 7, D]l > 0.

Obviously, the assumption that mg# O is not restrictive since a factor of the form # can be eliminated.

This discussion leads to the following theorem:

Theorem 0.3. Suppose A is an algorithm over F and f(t) = (f1(t), ..../n (1)) is a vector of rational functions
over F satisfying the following conditions:

(i) There exists an element € >0 such that for every t € (—e,e), f(t) is a valid input for .

(ii) There exists an integer T = T(f) such that for every t € (~¢,e), o halts on f(t) within T elementary operations.
Under these conditions, there exists an element 8, 0 < 8 < €, such that over each of the open intervals (—8,0) and
(0,8), f executes the same sequence of elementary operations for all t in the same interval. Furthermore, the
outputs can be described by rational functions over these intervals, and these functions can be computed by an
extended algorithm & * within T (f) “elementary” operations on rational functions.

Proof. The proof of the theorem goes by induction on the number k of the step in the execution
of the algorithm. Obviously, the extended algorithm simulates the original algorithm over two nested
sequences of intervals (—8;,0) and (0,6;). There remains the question of halting. But, since «f is
assumed to obey a uniform time bound in a some neighborhood of O (given the rational functions as
input) it follows that . * halts within this uniform time bound, interpreted as the number of rational
functions operations.

Note that in numbers of elementary field operations « * runs longer, and obviously the degrees
of the polynomials involved may grow exponentially during the execution. Thus, usually, the running
times of the two algorithms are not polynomially related. However, in the worst case, if «f terminates
in T operations over (—¢,c) then o * requires no more that 20(1) operations. Also, note that Tarski's

principle was not used in our construction.
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