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Abstract. The Nelson-Oppen combination method combines decision
procedures for first-order theories satisfying certain conditions into a
single decision procedure for the union theory. The Nelson-Oppen com-
bination method can be applied only if the signatures of the combined
theories are disjoint.
Combination tableaux (C-tableaux) are an extension of Smullyan tableaux
for combining first-order theories whose signatures may not be disjoint.
C-tableaux are sound and complete, but not terminating in general.
In this paper we show that, when we combine first-order theories that
share the theory of dense order, C-tableaux can be made terminating
without sacrificing completeness. Thus, C-tableaux provide a decision
procedure for the combination of first-order theories sharing the theory
of dense order.

1 Introduction

In 1979, Nelson and Oppen [7] invented what is still considered to be the state-
of-the-art method for combining decision procedures. Given two theories T1, T2

satisfying certain conditions, the Nelson-Oppen method combines the available
decision procedures for T1 and T2 into a decision procedure for the combined
theory T1 ∪ T2.

In order to be applicable, the Nelson-Oppen method requires that the sig-
natures of the theories T1 and T2 are disjoint. This disjointness requirement has
revealed very hard to lift, as witnessed by the fact that, more than two decades
after Nelson and Oppen’s seminal paper was published, non-disjoint combination
research is still in its infancy.

Recently, Zarba [15, 16] invented a general method for combining theories
over disjoint signatures. His method is based on Combination tableaux (C-tableaux),
an extension of Smullyan tableaux that generalizes the Nelson-Oppen method
to the combination of theories whose signatures may not be disjoint.

C-tableaux are sound and complete with respect to unsatisfiability in the
combined theory. Soundness means that if there exists a C-tableau proof that a
formula is unsatisfiable, then the formula is indeed unsatisfiable. Completeness
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means that if a formula is unsatisfiable, then there exists a C-tableau proof that
demonstrates the unsatisfiability.

In general, C-tableaux are not terminating. In other words, a procedure based
on C-tableaux may run forever if it receives as input a formula that is satisfiable
in the combined theory.

In this paper we address the problem of making C-tableaux terminating.
The idea is to find suitable restrictions to the tableau rules that enforce termi-
nation without sacrificing completeness. We show that this is possible when one
combines theories that share the dense orders.

The theory of dense order models a predicate symbol < as a linear order
that is dense in the following sense: For every two elements x, y, if x < y then
there exists an element z between x and y, that is, x < z and z < y. Examples
of domains that are densely ordered include the set of rational numbers and the
set of real numbers.

We show that if T1 and T2 are theories that properly extend the theory
of dense order, and whose signatures share only the predicate symbol <, then
C-tableaux can be made terminating, and therefore they provide a decision pro-
cedure for the combined theory T1 ∪ T2.

Related work. Related results on non-disjoint combination exist in term rewrit-
ing for rewriting systems sharing constructors [3, 8], in unification for equational
theories sharing either constant symbols [9] or constructors [1, 2], and in con-
straint satisfiability for theories sharing constructors [10, 14].

Organization of the paper. The paper is organized as follows. In Section 2 we
introduce some preliminary notions that will be used in what follows. In Section 3
we describe the Nelson-Oppen combination method, and in Section 4 we describe
C-tableaux. In Section 5 we show how C-tableaux can be made terminating
when combining theories sharing the dense orders. Finally, in Section 6 we draw
conclusions from our work.

2 Preliminaries

2.1 Syntax

A signature Σ consists of a set ΣC of constants, a set ΣF of function symbols,
and a set ΣP of predicate symbols.

Given a set V of variables, we denote with Terms(Σ, V ) the set of terms
built from the variables in V and the symbols in Σ. An element of Terms(Σ, V )
is a Σ-term. Terms(Σ) stands for Terms(Σ, ∅).

A Σ-atom is either an expression of the form P (t1, . . . , tn), where P ∈ ΣP

and t1, . . . , tn are Σ-terms, or an expression of the form s = t, where = is the
equality logical symbol and s, t are Σ-terms, or one of the symbols true, false .
Σ-formulae are constructed by applying in the standard way the connectives ¬,



∧, ∨, → and the quantifiers ∀, ∃ to Σ-atoms. Σ-literals are Σ-atoms or their
negations. Σ-sentences are Σ-formulae with no free variables.

If t is a term, vars(t) denotes the set of variables occurring in t. If ϕ is a
formula, vars(ϕ) denotes the set of free variables occurring in ϕ. If Φ is a set of
terms or a set of formulae, vars(Φ) =

⋃

ϕ∈Φ vars(ϕ).
For convenience, we identify conjunction of formulae ϕ1 ∧ · · · ∧ ϕn with the

set {ϕ1, . . . , ϕn}, and we abbreviate the literal ¬(x = y) with x 6= y.

2.2 Semantics

Definition 1. Let Σ be a signature. A Σ-interpretation A with domain A
over a set V of variables is a map which interprets each variable x ∈ V as an
element xA ∈ A, each constant c ∈ ΣC as an element cA ∈ A, each function
symbol f ∈ ΣF of arity n as a function fA : An → A, and each predicate symbol
P ∈ ΣP of arity n as a subset PA of An. �

Unless otherwise specified, we use the convention that calligraphic letters
A, B, . . . denote interpretations, and that the corresponding Roman letters A,
B, . . . denote the domains of the interpretations.

Let A be a Σ-interpretation over a set V of variables. For a Σ-term t over
V , we denote with tA the evaluation of t under the interpretation A. Likewise,
for a Σ-formula ϕ over V , we denote with ϕA the truth-value of ϕ under the
interpretation A. If T is a set of Σ-terms over V , we denote with TA the set
{tA | t ∈ T}.

A formula ϕ is satisfied by an interpretation A if it evaluates to true under
A. If ϕ is satisfied by A, we say that A is a model of ϕ. A Σ-formula ϕ over a
set V of variables is:

– valid, if it is satisfied by all Σ-interpretations over V ;
– satisfiable, if it is satisfied by some Σ-interpretation over V ;
– unsatisfiable, if it is not satisfiable.

Let Ω be a signature, and let A be an Ω-interpretation over some set U of
variables. For a subset Σ of Ω and a subset V of U , we denote with AΣ,V the
Σ-interpretation obtained by restricting A to interpret only the symbols in Σ
and the variables in V . In particular, AΣ stands for AΣ,∅.

Definition 2. Let Σ be a signature, and let A and B be Σ-interpretations over
some set V of variables. A map h : A → B is an isomorphism of A into B if
the following conditions hold:

– h is bijective;
– h(uA) = uB for each variable or constant u ∈ V ∪ΣC;
– h(fA(a1, . . . , an)) = fB(h(a1), . . . , h(an)), for each n-ary function symbol
f ∈ ΣF and a1, . . . , an ∈ A;

– (a1, . . . , an) ∈ PA if and only if (h(a1), . . . h(an)) ∈ PB, for each n-ary
predicate symbol P ∈ ΣP and a1, . . . , an ∈ A. �

We write A ∼= B to indicate that there exists an isomorphism of A into B.



2.3 Theories

Definition 3. Let Σ be a signature. A Σ-theory is any set of Σ-sentences. �

Given a Σ-theory T , a T -model is a Σ-interpretation that satisfies all sen-
tences in T . A Σ-formula ϕ over a set V of variables is:

– T -valid, if it is satisfied by all T -models over V ;

– T -satisfiable, if it is satisfied by some T -models over V ;

– T -unsatisfiable, if it is not T -satisfiable.

Given a Σ-theory T , the satisfiability problem of T is the problem of deciding,
for each Σ-formula ϕ, whether or not ϕ is T -satisfiable. Similarly, the quantifier-

free satisfiability problem of T is the problem of deciding, for each quantifier-free
Σ-formula ϕ, whether or not ϕ is T -satisfiable.

Definition 4. A theory is universal if all its sentences are of the form (∀∗)ϕ,
where ϕ is quantifier-free. �

Definition 5. A Σ-theory T is stably infinite if every quantifier-free Σ-
formula ϕ is T -satisfiable if and only if it is satisfied by a T -model A whose
domain A is infinite. �

Examples of stably infinite theories include the theory of equality,1 the theory
of integers, the theory of reals, the theory of lists, the theory of arrays, and the
theory of sets.

2.4 Dense orders

Let ΣO be the signature containing the binary predicate symbol < (less than).
The theory TO of dense order (without endpoints) is defined by the following
ΣO-sentences:

(∀x)¬[x < x] (irreflexivity)

(∀x)(∀y)(∀z)[x < y ∧ y < z → x < z] (transitivity)

(∀x)(∀y)[x < y ∨ x = y ∨ y < x] (trichotomy)

(∀x)(∀y)[x < y → (∃z)[x < z ∧ z < y]] (density)

(∀x)(∃y)[y < x] (no first element)

(∀x)(∃y)[x < y] (no last element).

The satisfiability problems of TO is decidable, a result proved by Langford [6].

1 Since we regard = as a logical symbol, for us the theory of equality and the empty
theory are the same theory.



2.5 The theory TR of reals

An example of a domain that satisfies the theory of dense order is the domain of
real numbers. More precisely, let ΣR be the signature containing a constant sym-
bol cr, for each rational number r ∈ Q, a binary function symbol + (addition), a
unary function symbol − (minus), a binary function symbol × (multiplication)
and a binary predicate symbol < (less than). The theory TR of the reals is the
set of all ΣR-sentences that are true in the standard interpretation A of the
reals. This interpretation has domain A = R, and interprets the symbols in ΣR

according to their standard meaning over R.

Clearly, the theory of reals properly extends the theory of dense order, that
is, TO ⊂ TR. It follows that for every formula ϕ, if ϕ is TO-valid then ϕ is also
TR-valid.

The satisfiability problem of TR is decidable, a result proved by Tarski [12].

3 Nelson-Oppen

Let Σ1 and Σ2 be signatures, and let Ti be a Σi-theory, for i = 1, 2. Assume that
there exist decision procedures P1 and P2 such that, for i = 1, 2, Pi can decide
the quantifier-free satisfiability problem of Ti. The Nelson-Oppen combination
method uses P1 and P2 as black boxes in order to decide the (T1∪T2)-satisfiability
of quantifier-free (Σ1 ∪Σ2)-formulae.

Provided that Σ1∩Σ2 = ∅, and that T1 and T2 are stably infinite, the Nelson-
Oppen combination method provides a decision procedure for the quantifier-free
satisfiability problem of T1 ∪ T2.

We now describe the Nelson-Oppen combination method. Without loss of
generality, we restrict ourselves to conjunctions of literals. Note that this can
always be done because every quantifier-free formula ϕ can be effectively con-
verted into an equisatisfiable formula in disjunctive normal form ψ1 ∨ · · · ∨ ψn,
where each ψi is a conjunction of literals. Then ϕ is satisfiable if and only if at
least one of the disjuncts ψi is satisfiable.

Thus, let Γ be a conjunction of (Σ1∪Σ2)-literals. The Nelson-Oppen method
consists of two phases: variable abstraction and check.

In the variable abstraction phase we convert Γ into a conjunction Γ1 ∪ Γ2

satisfying the following properties:

(a) each literal in Γi is a Σi-literal, for i = 1, 2;

(b) Γ1 ∪ Γ2 is (T1 ∪ T2)-satisfiable if and only if so is Γ .

Note that all properties can be effectively enforced with the help of new
auxiliary variables.

We call Γ1 ∪ Γ2 a conjunction of literals in separate form. Moreover, we
denote with shared (Γ1, Γ2) the set of variables occurring in both Γ1 and Γ2, that
is, shared(Γ1, Γ2) = vars(Γ1) ∩ vars(Γ2).

In order to describe the check phase, we introduce the notion of arrangement.



Definition 6. Let E be an equivalence relation over some set V of variables.
The arrangement of V induced by E is defined as the conjunction:

arr(V,E) = {x = y | x, y ∈ V and (x, y) ∈ E} ∪

{x 6= y | x, y ∈ V and (x, y) /∈ E} . �

Let Γ1 ∪ Γ2 be a conjunction of literals in separate form, and let V =
shared (Γ1, Γ2). In the check phase we perform the following two steps, for each
equivalence relation E of V :

Step 1. If Γ1 ∪ arr(V,E) is T1-satisfiable go to the next step; otherwise output
fail;

Step 2. If Γ2 ∪ arr(V,E) is T2-satisfiable output succeed; otherwise output
fail.

If there exists an equivalence relation E of V for which we output succeed

then we declare that Γ1 ∪ Γ2 is (T1 ∪ T2)-satisfiable. If instead we output fail

for each equivalence relation E of V then we declare that Γ1 ∪ Γ2 is (T1 ∪ T2)-
unsatisfiable.

Provided that the signatures Σ1 and Σ2 are disjoint, and that the theories
T1 and T2 are stably infinite, then the Nelson-Oppen method just described is
correct. The following theorem summarizes this result.

Theorem 7. Let Ti be a stably infinite Σi-theory, for i = 1, 2, and let Σ1∩Σ2 =
∅. Also, assume that the quantifier-free Ti-satisfiability problem is decidable.

Then the Nelson-Oppen combination method provides a decision procedure for

the quantifier-free satisfiability problem of T1 ∪ T2. �

3.1 An example in which all goes well

Let TR be the theory of reals, let Σf = {f}, where f is a unary function symbol,
and let Tf be the theory of equality over the signature Σf .

Since ΣR ∩Σf = ∅, and since both TR and Tf are stably infinite, Theorem 7
tells us that the Nelson-Oppen method is able to correctly combine TR and Tf .

Consider the conjunction

Γ =

{

x+ y = z ,
f(x) 6= f(y)

}

.

We have that Γ is (TR∪Tf )-satisfiable: A (TR∪Tf )-model A of Γ can be obtained
by letting A = R, xA = 1, yA = 2, zA = 3, and fA(a) = a, for each a ∈ R.

Let us apply the Nelson-Oppen combination method to Γ . In the variable
abstraction phase we do not need to introduce new variables, and we simply
return the conjunctions

ΓR = {x+ y = z} , Γf = {f(x) 6= f(y)} .

Since shared (ΓR, Γf ) = {x, y}, there are only two equivalence relations to
examine: either (x, y) ∈ E or (x, y) /∈ E. In the former case Γf ∪ {x = y} is



Tf -unsatisfiable. However, in the latter case we have that ΓR ∪ {x 6= y} is TR-
satisfiable and that Γf ∪ {x 6= y} is Tf -satisfiable. Thus, we correctly conclude
that Γ is (TR ∪ Tf )-satisfiable.

3.2 An example in which something goes wrong

Let TR be the theory of reals, let ΣM = {f,<}, and let TM be the theory defined
by

TM = TO ∪ { (∀x)(∀y)[x < y → f(x) < f(y)] } ,

where TO is the theory of dense order. Intuitively, TM models f as a monotone
increasing function with respect to the dense order <.

Since ΣR ∩ ΣM = {<}, the Nelson-Oppen combination method cannot be
applied in order to combine TR in TM. As an example of what can go wrong,
consider the conjunction

Γ =















u < v ,
u = x+ 1 ,
v = y + 1 ,

¬(f(x) < f(y))















.

We have that Γ is (TR ∪ TM)-unsatisfiable. In particular, the unsatisfiability is
caused by the shared predicate symbol <. In fact, the first three literals imply
x < y, whereas the last literal implies ¬(x < y).

However, the Nelson-Oppen method is unable to detect the unsatisfiability.
To see this, let us apply the method to Γ . In the variable abstraction phase, we
obtain the conjunctions

ΓR =







u < v ,
u = x+ 1 ,
v = y + 1







, ΓM =

{

u < v ,
¬(f(x) < f(y))

}

.

Let V = shared(ΓR, ΓM) = {x, y, u, v}. For the check phase, consider the
equivalence relation E induced by the partition {{x}, {y}, {u}, {v}}. In other
words, E models all variables in V as different. We have that both ΓR∪arr(V,E)
is TR-satisfiable and that ΓM ∪ arr (V,E) is TM-satisfiable. Thus, the Nelson-
Oppen method incorrectly concludes that Γ is (TR ∪ TM)-satisfiable.

The Nelson-Oppen combination method is unable to detect the unsatisfia-
bility because it does not take into account the shared predicate symbol <. We
will see in the next section that, by using C-tableaux, we are able to detect the
unsatisfiability.

4 Combination tableaux

In this section we describe Combination tableaux (C-tableaux), an extension
of Smullyan tableaux for combining theories whose signatures may not be dis-
joint [15, 16].



Let Σ1 and Σ2 be arbitrary signatures (that is, not necessarily disjoint),
and let Ti be a Σi-theory, for i = 1, 2. Also, assume that there exist decision
procedures P1 and P2 such that, for i = 1, 2, Pi can decide the quantifier-free
satisfiability problem of Ti. Using P1 and P2 as black boxes, C-tableaux provide
a method for checking the (T1 ∪ T2)-satisfiability of (Σ1 ∪Σ2)-formulae.

Zarba [16] proved that if the theories T1 and T2 are universal then C-tableaux
are sound and complete for the (T1∪T2)-unsatisfiability of any (Σ1∪Σ2)-formula
ϕ.2 Unfortunately, in this paper we are interested in the theory of dense order,
which is not universal. Nevertheless, in Section 5 we will prove that C-tableaux
remain sound and complete when combining theories sharing the dense orders.

Since in this paper we do not address quantifiers, we will describe a version
of C-tableaux that deals only with quantifier-free formulae. Thus, we can con-
veniently restrict ourselves to conjunctions of literals. Moreover, by using the
variable abstraction phase of the Nelson-Oppen combination method, we can
further restrict ourselves to conjunctions of literals in separate form.

Definition 8 (C-tableaux). Let Γ = Γ1 ∪ Γ2 be a conjunction of literals in
separate form. An initial C-tableau for Γ is a tree consisting of one branch
whose nodes are labeled with the literals in Γ . A C-tableau for Γ is either an
initial C-tableau for Γ or is obtained by applying the rules in Figure 1 to an
initial C-tableau for Γ . �

The intuition behind the rules in Figure 1 is as follows. The closure rule is used in
order to detect inconsistencies. The decomposition rule is used to let the decision
procedures for T1 and T2 “agree” on the truth-value of every atom.

The intuition behind the abstraction rule is more complex. Suppose that t
is a Σ1-term but not a Σ2-term. Then the decision procedure for T1 “knows”
about t, but the decision procedure for T2 does not. After an application of the
abstraction rule, the decision procedure for T2 is aware of the existence of t.

We now define when a C-tableau is closed.

Definition 9. Let B be a branch of a C-tableau T. We say that B is closed if
it contains the literal false . A branch which is not closed is open. A C-tableau
is closed if so are all its branches; otherwise it is open. �

C-tableaux are sound, as stated by the following theorem.

Theorem 10 (Soundness [16]). Let Γ be a conjunction of (Σ1 ∪Σ2)-literals.
If there exists a closed C-tableau for ϕ then Γ is (T1 ∪ T2)-unsatisfiable. �

Under the assumption that T1 and T2 are universal, C-tableaux are also
complete.

Theorem 11 (Completeness [16]). Let T1 and T2 be universal theories, and

let Γ be a conjunction of (Σ1 ∪ Σ2)-literals. If Γ is (T1 ∪ T2)-unsatisfiable then

Γ has a closed C-tableau. �

2 We need the hypothesis that T1 and T2 are universal because the completeness proof
relies on the Herbrand Theorem.



Abstraction rule

t = w

Where t is either a Σ1-term or a Σ2-term, and w is a newly generated variable.

Decomposition rules

x = y | x 6= y P (x1, . . . , xn) | ¬P (x1, . . . , xn)

Where x, y, x1, . . . , xn are variables already occurring in the branch and
P ∈ ΣP

1 ∩ ΣP

2 .

Closure rule

`1
...

`n

false

Provided that there exists an index i ∈ {1, 2} such that `1, . . . , `n are Σi-literals
and {`1, . . . , `n} is Ti-unsatisfiable.

Figure 1: C-tableau rules.

In general, C-tableaux are not terminating. Nontermination is caused by the
abstraction rule, which requires that we add a literal of the form t = w, for each
(Σ1 ∪ Σ2)-term t. Clearly, when ΣF

1 ∪ ΣF
2 6= ∅, there is an infinite number of

such terms.3

Although in general C-tableaux are not terminating, in Section 5 we will
show that, when we combine theories sharing the dense orders, C-tableaux can
be made terminating without sacrificing completeness.

4.1 An example

Let TR be the theory of reals, let ΣM = {f,<}, and let TM be the theory defined
by

TM = TO ∪ { (∀x)(∀y)[x < y → f(x) < f(y)] } ,

where TO is the theory of dense order.

In Section 3.2 we saw that the Nelson-Oppen combination method cannot be
used in order to combine TR and TM. In particular, we saw that the Nelson-Oppen

3 Technically speaking, nontermination is due to more than the presence of infinitely
many terms. The problem is that, in general, the abstraction rule cannot be safely
restricted to a finite subset of (Σ1 ∪ Σ2)-terms without sacrificing completeness.



1. u < v

2. u = x + 1
3. v = y + 1
4. ¬(f(x) < f(y))

5. x < y

6. false

7. ¬(x < y)
8. false

Figure 2: A closed C-tableau.

combination method incorrectly concludes that the conjunction

Γ =















u < v ,
u = x+ 1 ,
v = y + 1 ,

¬(f(x) < f(y))















is (TR ∪ TM)-satisfiable, despite the fact that Γ is (TR ∪ TM)-unsatisfiable.
Let us see what happens if, instead of the Nelson-Oppen combination method,

we use C-tableaux.
Figure 2 shows a closed C-tableau for Γ . Denoting with `i the literal labeling

node i, the inferences can be justified as follows:

– `1, `2, `3, `4 are the formulae occurring in Γ .
– `5 and `7 are obtained by means of an application of the second decomposi-

tion rule.
– `6 is obtained by using the closure rule, exploiting the fact that {`4, `5} is
TM-unsatisfiable.

– `8 is obtained by using the closure rule, exploiting the fact that {`1, `2, `3, `5}
is TR-unsatisfiable.

Since the C-tableau in Figure 2 is closed, we correctly conclude that Γ is
(TR ∪ TM)-unsatisfiable.

5 Dense orders

C-tableaux can be made terminating when we combine theories that share the
dense orders.

Let Ti be a Σi-theory extending the theory TO of dense orderings, for i = 1, 2.
In other words, we have

T1 = TO ∪ S1 ,

T2 = TO ∪ S2 ,



for some sets of sentences S1, S2. Assume that Σ1 ∩ Σ2 = {<}. Assume that
there exist decision procedures P1 and P2 such that, for i = 1, 2, Pi can decide
the quantifier-free satisfiability problem of Ti.

We now describe how to use C-tableaux to obtain a decision procedure for
the quantifier-free satisfiability problem of T1 ∪ T2. As a corollory, we will also
obtain a decision procedure for the quantifier-free satisfiability problem of TR∪TM

considered in Sections 3.2 and 4.1.
Without loss of generality, let Γ = Γ1 ∪ Γ2 be a conjunction of literals in

separate form. In order to decide whether Γ is (T1∪T2)-satisfiable, we construct
an initial C-tableau for Γ , and then we repeatedly apply the rules in Figure 1.
However, when applying the rules, we impose the following restriction:

Restriction 1. All rule applications must be regular, that is, an appli-
cation of a rule R to a branch B is forbidden if it would add a literal
already occurring in B.

Restriction 2. An application of the abstraction rule to a branch B is
allowed to add a literal t = w only if:
– t is not a variable;
– t already occurs in B.

If during this process we obtain a closed C-tableau, then we declare that Γ
is (T1 ∪ T2)-unsatisfiable. If instead we obtain an open C-tableau for which no
rule can be applied without violating the restrictions, then we declare that Γ is
(T1 ∪ T2)-satisfiable.

We now prove that, by using Restrictions 1 and 2, C-tableaux are sound,
complete, and terminating. Therefore, they provide a decision procedure for the
satisfiability problem of the union of theories sharing the dense orders.

Theorem 12 (Termination). Using Restrictions 1 and 2, C-tableaux are ter-

minating. �

Proof. Let Γ = Γ1 ∪ Γ2 be a conjunction of literals in separate form, and let
T be a C-tableau obtained by exhaustively applying the rules in Figure 1 to an
initial C-tableau for Γ . We want to show that T is finite.

Since the decomposition and closure rules never add a new term to T, it
follows that the number of new variables introduced by the abstraction rule is
finite. Therefore, every rule can be applied only a finite number of times, which
implies that all branches in T are finite. Thus, T must also be finite. �

Since C-tableaux are already sound without Restrictions 1 and 2, they are
also sound with the restrictions.

Theorem 13 (Soundness). Let Γ = Γ1 ∪ Γ2 be a conjunction of (Σ1 ∪ Σ2)-
literals. If there exists a closed C-tableau for ϕ then Γ is (T1∪T2)-unsatisfiable.�

The completeness proof relies on the following Combination Theorem, inde-
pendently due to Ringeissen [10] and Tinelli and Harandi [13].



Theorem 14 (Combination Theorem). Let Σ1 and Σ2 be signatures, let Φi

be a set of Σi-formulae, for i = 1, 2, and let Vi = vars(Φi). Also, let Σ = Σ1∩Σ2

and V = V1 ∩ V2.

Then Φ1 ∪ Φ2 is satisfiable if and only if there exists a Σ1-interpretation A
satisfying Φ1 and a Σ2-interpretation B satisfying Φ2 such that

AΣ,V ∼= BΣ,V . �

We will also use the following lemma, which can be proved using a back-and-
forth argument due to Hausdorff [4].4

Lemma 15. Let A and B be two enumerable TO-models. Then A ∼= B. �

Finally, we will use the following terminology. We say that a branch B is satu-

rated if no rule can be applied to it without violating either one of Restrictions 1
and 2.

Lemma 16. Let B be an open and saturated branch of a C-tableau T. Then B

is (T1 ∪ T2)-satisfiable. �

Proof. Let V = vars(B), and let θi be the set of Σi-literals occurring in B, for
i = 1, 2. Since B is open, there exist a T1-model A of θ1 and a T2-model B of θ2.
Without loss of generality, we can assume that A and B are enumerable, that
is, |A| = |B| = ℵ0.

Our goal is to merge the interpretations A and B into a (T1 ∪ T2)-model of
θ1 ∪ θ2. This goal can be accomplished by an application of the Combination
Theorem 14 if we can show that A{<},V ∼= B{<},V .

Let us define a map f : V A → V B by letting

f(xA) = xB , for each x ∈ V .

By saturation with respect to the decomposition rules, f is a bijective func-
tion preserving the ordering<. In other words, a <A b if and only if f(a) <B f(b),
for each a, b ∈ V A.

Let a1, a2, . . . , am be, in increasing order, the elements of V A. Likewise, let
b1, b2, . . . , bm be, in increasing order, the elements of V B. Then f(ai) = bi, for
each i = 1, . . . ,m.

Consider the open intervals

(−∞, a1) = {a ∈ A | a < a1}

and

(−∞, b1) = {b ∈ B | b < b1} .

4 In literature, Hausdorff’s back and forth argument has customarily been attributed
to Cantor. A recounting of this mis-attribution was written by Silver [11].



Since both intervals are TO-models, by Lemma 15 there exists a bijective map

g−∞ : (−∞, a1) → (−∞, b1)

such that a <A b if and only if h(a) <B h(b), for all a, b ∈ (−∞, a1). Similarly,
if we let

(am,+∞) = {a ∈ A | am < a}

and
(bm,+∞) = {b ∈ B | bm < b}

then there exists a bijective map

g+∞ : (am,+∞) → (bm,+∞)

such that a <A b if and only if h(a) <B h(b), for all a, b ∈ (am,+∞). Finally, if
we let

(ai, ai+1) = {a ∈ A | ai < a < ai+1}

and
(bi, bi+1) = {b ∈ B | bi < b < bi+1} ,

for each i = 1, . . . ,m− 1, then there exist bijective maps

gi : (ai, ai+1) → (bi, bi+1)

such that a <A b if and only if h(a) <B h(b), for all a, b ∈ (ai, ai+1).
Define a map h : A → B by letting

h(a) =



















f(a) , if a = ai , for some i ∈ {1, . . . ,m} ,

g−∞(a) if a < a1 ,

g+∞(a) if am < a ,

gi(a) if ai < a < ai+1 , for some i ∈ {1, . . . ,m− 1} .

Then h is an isomorphism of A into B. �

Theorem 17 (Completeness). Let Ti be a Σi-theory, for i = 1, 2, and let

Σ1 ∩ Σ2 = {<}. Assume that T1 and T2 are both extensions of the theory TO

of dense order. Finally, let Γ be a conjunction of (Σ1 ∪ Σ2)-literals. If Γ is

(T1 ∪ T2)-unsatisfiable then Γ has a closed C-tableau. �

Proof. Assume, for a contradiction, that Γ has no closed C-tableau, and let T

be the C-tableau obtained by applying exhaustively the rules in Figure 1 to an
initial C-tableau for Γ .

Since Γ has no closed C-tableau, T must contain an open and saturated
branch B. By Lemma 16, B is (T1 ∪ T2)-satisfiable, which implies that Γ is also
(T1 ∪ T2)-satisfiable, a contradiction. �



Combining Theorems 12, 13, and 17 we obtain the following decidability
result.

Theorem 18 (Decidability). Let Ti be a Σi-theory, for i = 1, 2, and let Σ1 ∩
Σ2 = {<}. Assume that T1 and T2 are both extensions of the theory TO of

dense order. Finally, assume that the quantifier-free satisfiability problems of T1

and T2 are decidable. Then the quantifier-free satisfiability problem of T1 ∪ T2 is

decidable. �

We conclude this section mentioning the following complexity result.

Theorem 19 (Complexity). Let Ti be a Σi-theory, for i = 1, 2, and let Σ1 ∩
Σ2 = {<}. Assume that T1 and T2 are both extensions of the theory TO of

dense order. Finally, assume that the quantifier-free satisfiability problems of T1

and T2 are in NP. Then the quantifier-free satisfiability problem of T1 ∪ T2 is

NP-complete. �

Proof. NP-hardness follows by the NP-hardness of the propositional calculus.
To show membership in NP , note that we can check that a (Σ1∪Σ2)-formula

ϕ is (T1∪T2)-satisfiable by (1) guessing a disjunct Γ of a disjunctive normal form
of ϕ, (2) converting Γ into a (T1 ∪T2)-equisatisfiable separate form, (3) guessing
a branch B of a C-tableau for Γ , and (4) verifying that B is open and saturated.

Since the size of Γ is polynomially bounded by the size of ϕ, to prove NP-
completeness we only need to show that the size of B is polynomially bounded
by the size of Γ .

Let n be the number of terms occurring in Γ . Then the number of literals
added by the abstraction, decomposition, and closure rules is bounded by O(n2).
It follows that the size of B is polynomially bounded by the size of Γ . �

6 Conclusion

We proved that the combination of any two decidable theories sharing the theory
of dense order (without endpoints) is decidable. Since these theories share the
predicate symbol <, we could not use the Nelson-Oppen combination method,
because this method does not apply to theories whose signatures are not dis-
joint. Instead, we used C-tableaux, an extension of Smullyan tableaux that can
combine theories whose signatures are not disjoint.

C-tableaux are sound and complete, but not terminating in general. Nev-
ertheless, we showed that, when we combine theories sharing the dense orders,
C-tableaux can be made terminating without sacrificing completeness. Thus, C-
tableaux provide a decision procedure for the combination of theories sharing
dense orders.

We plan to continue our research on non-disjoint combination by investigat-
ing more cases of pairs of theories over non-disjoint signatures. In particular,
we are interested in the combination of theories sharing the discrete orders or
other ℵ0-categorical theories, and in the combination of theories sharing only
predicate symbols.
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