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Generalized Efficiency Bounds In Distributed Resource Allocation

Jason R. Marden Tim Roughgarden

Abstract

Game theory is emerging as a popular tool for distributed control of multiagent systems. In order

to take advantage of these game theoretic tools the interactions of the autonomous agents must be

designed within a game theoretic environment. A central component of this game theoretic design is

the assignment of a local objective function to each decision-maker. One promising approach to utility

design is assigning each agent an objective function in accordance with the agent’s Shapley value. This

method frequently results in games that possess many desirable features including the existence and

efficiency of pure Nash equilibria. In this paper we explore the relationship between the Shapley value

utility design and the resulting efficiency of both pure Nash equilibria and coarse correlated equilibria.

To study this relationship we introduce a simple class of resource allocation problems. Within this class

of resource allocation problems, we derive an explicit relationship between the structure of the resource

allocation problem and the efficiency of the resulting equilibria. Lastly, we derive a bicriteria bound for

this class of resource allocation problems. By bicriteria bound, we mean a bound on the value of the

optimal allocation relative to the value of an equilibrium allocation with additional agents.

I. INTRODUCTION

Resource allocation is a fundamental problem that arises in many application domains ranging

from the social sciences to engineering [2]–[7]. One example is the problem of routing infor-

mation through a shared network where the global objective is to minimize average delay [7].

An alternative example is the problem of allocating sensors to a given mission space where the

global objective is to maximize coverage area [6]. Regardless of the specific application domain,

the central objective is always the same: allocate resources to optimize a given global objective.
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Research has focused on both centralized and distributed approaches for resource allocation

[2], [5], [8]–[13]. In this paper, we study distributed algorithms for resource allocation where

our motivation stems from large-scale engineering systems where a centralized control approach

is neither desirable or in some cases possible. For example, a centralized control approach

may be infeasible for the aforementioned sensor allocation problem because of the complexity

associated with a potentially large number of sensors, the vastness/uncertainty of the mission

space, or potential stealth requirements that restrict communication capabilities. A desirable

yet challenging control approach would be to establish a distributed control algorithm that

allows the sensors to allocate themselves effectively over the mission space without the need

for global intervention [14], [15]. Such an algorithm would eliminate the need for centralized

communication and introduce an inherent robustness to communication failures, sensor failures,

and environmental uncertainties. While desirable, establishing such a distributed control algo-

rithm comes with its share of challenges. Is it possible to characterize the global behavior that

results from the interactions of a large group of autonomous agents each acting independently

in response to its own local information? How can we coordinate the agents behavior to ensure

that the emergent global behavior is desirable? What do we give up in terms of efficiency as we

transition from a centralized to a distributed control approach?

A popular tool for distributed resource allocation is game theory [11]–[13], [16]–[18]. Game

theory is a well established discipline in the social sciences used for describing the emergent

global behavior in social systems such as traffic networks, social networks, and auctions. More

generally, “Game theory is a bag of analytical tools designed to help us understand the phe-

nomena that we observe when decision-makers interact” [19]. The appeal of applying game

theoretic tools to distributed engineering systems stems from the fact that the underlying decision

making architecture in social systems and the desired decision making architecture in distributed

engineering systems are identical. That is, local decision based on local information where the

emergent global behavior depends on a compilation of these local decisions. Furthermore, the

field of game theory provides a vast array of tools that are extremely valuable for the design

and control of distributed engineering systems [20]–[22].

In order to take advantage of these game theoretic tools for distributed engineering systems,

the interactions of the autonomous agents must be designed within a game theoretic environment.

This means that the system designer must specify the following elements: (i) the set of decision-
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makers, (ii) a set of actions for each decision-maker, and (iii) a local objective function for

each decision-maker. While specifying the decision-makers and their respective actions can be

relatively straightforward, assigning local objective functions is somewhat more opaque. There

are many pertinent issues that need to be considered when designing agent objective functions

including scalability, locality, tractability, and efficiency of the resulting stable solutions [16].

Unfortunately, there are very few existing methodologies for designing desirable objective

functions in distributed engineering systems [16]. One method that has shown promise is as-

signing each agent an objective function in accordance with the agent’s Shapley value [23].

This method frequently results in games that possess many desirable features including the

existence and efficiency of pure Nash equilibria. For example, in resource allocation problems

with submodular objective functions, assigning each agent an objective function in accordance

with the agent’s Shapley value guarantees that (i) a (pure) Nash equilibrium exists and (ii) that

all Nash equilibria are at least 50% efficient with respect to the global objective [16], [24].

Furthermore, recent results prove that these efficiency guarantees extend beyond Nash equilibria

to the set of no-regret points (or coarse correlated equilibria) [25]. This is important as there

are simple and efficient distributed algorithms that provide convergence to the set of coarse

correlated equilibria [26]–[28].

The above results highlight the potential of the Shapley value as a tool for designing distributed

engineering systems. The focus of this paper is to understand whether we can improve upon

these 50% efficiency guarantees. To facilitate the analysis, we introduce a specialized class

of resource allocation problems with anonymous players and submodular objective functions.

Within this class of resource allocation problems we characterize efficiency guarantees for any

set of submodular objective functions by exploiting the structure of the objective functions. Our

results provide significantly improved bounds over these 50% guarantees in many settings and

provide insight into the efficiency guarantees of the Shapley value for more general resource

allocation problems. Before formally stating our results, we introduce our model to make our

contributions more clear.

A. Our Model

We consider the class of resource allocation problems where there exists a set of agents

N = {1, ..., n} and a finite set of resources R = {r1, ..., rm} that are to be shared by the agents.
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Each agent i ∈ N is capable of selecting a collection of resources in a set Ai ⊆ 2R. An action

profile, or allocation, is represented by an action tuple a = (a1, a2, ..., an) ∈ A where the set

of action profiles is denoted by A = A1 × · · · × An. We restrict our attention to the class of

separable and anonymous welfare functions of the form

W (a) =
∑
r∈R

Wr (|a|r)

where |a|r = |{i ∈ N : ai = r}| is the number of agents that selected resource r in the allocation

a and Wr : {0, 1, ..., n} → R+ is the anonymous welfare function for resource r; hence, the

welfare generated at a particular resource depends only on the number of players using that

resource. In general a system designer would like to find an allocation that optimizes the system

welfare

aopt ∈ arg max
a∈A

W (a).

We focus on game theory as a tool for obtaining distributed solutions to resource allocation

problems. We model the interactions of the agents as a strategic form game where the agent set

is N , the action set of each agent is Ai, and each agent is assigned a utility function Ui : A → R.

Here, the assigned utility functions are used as a mechanism for the agents to evaluate alternatives

given the current allocation of the other agents. One promising methodology for utility design

is the Shalpey value [16]. In the case of anonymous welfare functions, the Shapley value utility

design simplifies to the following form

Ui(ai, a−i) =
∑
r∈ai

1

|a|r
Wr(|a|r). (1)

The Shapley value utility design in (1) ensures that the resulting game is an instance of a

congestion game; therefore, a pure Nash equilibrium is guaranteed to exist [29].1 This is true

irrespective of the agent set N , the resource set R, the action sets {Ai}i∈N , and the welfare

functions {Wr}r∈R. However, there are no general results characterizing the efficiency of the

Nash equilibria that result from using the Shapley value utility design.

The focus of this paper is purely on understanding the efficiency of the resulting Nash equilibria

when utilizing the Shapley value utility design in (1). To make the resulting analysis tractable we

1An action profile a ∈ A is a pure Nash equilibrium if for every agent i ∈ N we have Ui(ai, a−i) = maxa′
i
∈Ai

Ui(a
′
i, a−i)

where a−i = {a1, . . . , ai−1, ai+1, . . . , an} denotes the collection of action of all players other than player i. We will commonly

express a pure Nash equilibrium as just a Nash equilibrium.
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consider two simplifications to the above class of resource allocation problems. First, we focus

purely on singleton actions where each agent’s action set is of the form Ai ⊆ R. Second, we

restrict our attention to submodular welfare functions {Wr(·)}r∈R.2 In the case of anonymous

welfare functions, submodularity implies that the welfare functions satisfy the following condi-

tions: (i) positive, i.e., Wr(k) ≥ 0 for all k ≥ 0, (ii) non-decreasing, i.e., Wr(k) ≥ Wr(k−1) for

all k ≥ 1 and (iii) have decreasing marginal returns, i.e., Wr(k)−Wr(k−1) ≥ Wr(k+1)−Wr(k)

for all k ≥ 1. We define such a resource allocation game, which we will refer to as a single

selection anonymous distributed welfare game with the Shapley value utility design, by the tuple

G = {N,R, {Wr}r∈R, {Ai}i∈N , {Ui}i∈N}. We denote the set G as the entire class of such games.

We use the worst case measure of the price of anarchy (PoA) to measure the efficiency of

equilibria [32]. Informally, the price of anarchy provides an upper bound on the ratio between

the performance of an optimal allocation aopt and a Nash equilibrium ane. More formally, the

price of anarchy is defined as

PoA = sup
G∈G

(
max
ane∈G

W (aopt;G)

W (ane;G)

)
Therefore, our definition implies that the price of anarchy will always be greater than or equal

to 1. According to our definition, a 50% efficiency guarantee would correspond to a price of

anarchy of 2. Defining the price of anarchy in this fashion will be convenient for the upcoming

analysis.

B. Our Results

Our first result focuses on bounding the efficiency of pure Nash equilibria in the setting where

the agents are symmetric. By symmetric, we mean that the action set of each agent is identical,

i.e., Ai = Aj . Within this setting, in Theorem 2 we prove that given n agents the price of

anarchy relative to pure Nash equilibria is of the form

W (aopt)

W (ane)
≤ 1 + max

r∈R, k≤m≤n

{
Wr(k)

Wr(m)
− k

m

}
. (2)

Accordingly, (2) provides a systematic methodology for computing a price of anarchy for a

specific resource allocation problem by exploiting the structure of the objective functions Wr.

2Submodularity corresponds to a notion of decreasing marginal returns and is a common feature of many objective functions

for engineering applications ranging from content distribution [30] to coverage problems [31].
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As we will show in Example 1, this characterization will lead to significant improvements over

the 50% efficiency guarantees presented in [16], [24].

Our second result focuses on bounding the efficiency of a broader class of equilibria, termed

coarse correlated equilibria, in the setting where the agents are asymmetric. By asymmetric, we

mean that the action set of each agent is no longer identical, i.e., Ai 6= Aj . Here, a coarse

correlated equilibrium is represented by a distribution over the joint action set, i.e., zcce ∈ ∆(A)

where ∆(A) denotes the simplex over the finite joint action set A.3 The performance associated

with a coarse correlated equilibrium is taken as the expected value of the welfare. Obviously,

by considering a broader setting with a broader set of equilibria the price of anarchy can only

degrade over the characterization presented in (2). Within this setting, in Theorem 6 we prove

that given n agents the price of anarchy relative to coarse correlated equilibria is of the form

W (aopt)

W (zcce)
≤ 1 + max


maxr∈R,k≤m≤n

(
Wr(k)
Wr(m)

−
(

max{m+k−n,0}+min{n−m,k}·β̃r(m)
m

))
,

maxr∈R,k≤m≤n

(
1−

(
max{k+m−n,0}+min{n−m,k}·β̃r(k)

k

))
,

(3)

where

β̃r(m) =
m

m+ 1

Wr(m+ 1)

Wr(m)
.

To highlight the implications of the characterizations presented in Theorems 2 and 6 we

consider the following example.

Example 1 Consider a resource allocation problem where each resource rj ∈ R has a sub-

modular objective of the form Wrj (x) = xdj where dj ∈ [0, 1]. Without loss of generalities let

0 ≤ d1 ≤ ... ≤ dn ≤ 1. Suppose each agent i ∈ N is assigned a utility function according

to the Shapley value as in (1). Figure 1 highlights the price of anarchy for both the symmetric

and asymmetric settings as a function of d1 where d1 varies between [0, 1] when there are 100

agents. The price of anarchy is always bounded by 2; however, as d1 → 1, i.e., the objective

functions become closer to linear, the price of anarchy approaches 1. This example illustrates

that the structure of the welfare function plays a prominent role in bounding the efficiency of

either pure Nash equilibria or coarse correlated equilibria. Notice that the price of anarchy for

the asymmetric setting is higher than the price of anarchy for the symmetric setting as expected.

3We will formally define coarse correlated equilibria in Section III.
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Fig. 1. Consider the resource allocation problem depicted in Example 1 where each resource rj ∈ R has a submodular objective

of the form Wrj (x) = xdj where dj ∈ [0, 1] and each agent i ∈ N is assigned a utility function in accordance with the Shapley

value as in (1). Without loss of generalities let 0 ≤ d1 ≤ ... ≤ dn ≤ 1. This figure highlights the price of anarchy for both the

symmetric and asymmetric settings as a function of d1 where d1 varies between [0, 1] when there are 100 agents. The price of

anarchy is always bounded by 2; however, as d1 → 1, i.e., the objective functions become closer to linear, the price of anarchy

approaches 1. Notice that the price of anarchy for the asymmetric setting is higher than the price of anarchy for the symmetric

setting as expected.

Our second set of results focus on establishing bicriteria bounds, which we also refer to

as the relative price of anarchy, for both the symmetric and asymmetric settings. By bicriteria

bounds, we mean a bound on the value of the optimal allocation relative to the value of an

equilibrium allocation with additional agents. Note that such a bound is incredibly useful for

weighing the relative cost/benefit of improving system behavior through (i) advancements in

the underlying control design or (ii) introducing additional agents to the system. In particular, a

bicriteria bound permits us to explore the tradeoff between the computational expense associated

with more sophisticated dynamics for equilibrium selection, such as log-linear learning [33]–

[35], and the physical cost associated with adding more agents to our system. For the symmetric

setting, in Theorem 3 we prove that given ln players in a pure Nash equilibrium and n players

in a optimal allocation where l ∈ {1, 2, . . . }, the relative price of anarchy (or bicriteria bound)

is bounded above by

W (aopt;n)

W (ane; ln)
≤ max

{
1,

1

l
+ max

r∈R, k≤m≤ln

(
Wr(k)

Wr(m)
− k

m

)}
. (4)
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Fig. 2. Consider the resource allocation problem depicted in Example 1 where each resource rj ∈ R has a submodular

objective of the form Wrj (x) = xdj where dj ∈ [0, 1] and each agent i ∈ N is assigned a utility function in accordance with

the Shapley value. Without loss of generalities let 0 ≤ d1 ≤ ... ≤ dn ≤ 1. This figure highlights the relative price of anarchy

for both the symmetric and asymmetric settings as a function of d1 where d1 varies between [0, 1] when there are 100 agents

when l = 2 and l = 3. The blue lines indicate the relative price of anarchy for pure Nash equilibria and symmetric agents

given in Theorem 3 while the green lines indicate the relative price of anarchy for coarse correlated equilibria and asymmetric

agents given in Theorem 8. Note that the relative price of anarchy associated with the symmetric setting is always less than

the price of anarchy associated with the asymmetric setting as expected. However, the gap between the two bounds is relatively

small. Furthermore, both bounds ensure that the performance associated with equilibrium behavior matches optimal behavior for

certain ranges of d1. For example, when l = 2, performance associated with a pure Nash equilibrium matches optimal behavior

for d1 ≥ 0.23 while performance associated with a coarse correlated equilibrium matches optimal behavior for d1 ≥ 0.25.

For the asymmetric setting, in Theorem 8 we prove that given ln players in a coarse correlated

equilibrium and n players in a optimal allocation where l ∈ {1, 2, . . . }, the relative price of

anarchy (or bicriteria bound) is bounded above by

W (aopt;n)

W (zcce; ln)
≤ 1/l + max

 maxr∈R,k≤min{m1,n},m1≤ln
(
Wr(k)
Wr(m1)

− k
m1+1

Wr(m1+1)
Wr(m1)

)
,

maxr∈R,m2≤ln
(
1− m2

m2+1
Wr(m2+1)
Wr(m2)

)
.

(5)

Note that the bicriteria bound for pure Nash equilibria given in (4) is always greater than or

equal to 1 which means that this bound can be used to derive the number of additional agents

necessary to match the performance of the optimal allocation. On the other hand, the bicriteria

bound for coarse correlated equilibria given in (5) may attain values less than 1. Since the price

of anarchy associated with coarse correlated equilibria must be greater than or equal to the
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price of anarchy associated with pure Nash equilibria, the bound given in (5) can be used to

strengthen the bound given in (4) by providing a characterization of the price of anarchy when

values are less than 1. Figure 2 illustrates these bounds on the resource allocation problem given

in Example 1.

Lastly, in Section IV we conclude the paper with a detailed study of these bounds on the well-

studied vehicle target assignment problem [36] which represents a special class of the resource

allocation problems discussed in this paper.

II. THE SYMMETRIC CASE

In this section, we focus on deriving efficiency bounds for pure Nash equilibria in the above

class of resource allocation problems with symmetric agents. By symmetric, we mean that each

agent’s action set is identical, i.e., Ai = R for all i ∈ N . We consider asymmetric agents in

Section III.

A. Review of Valid Utility Games

We begin by reviewing the results the results in [24] pertaining to valid utility games. A valid

utility game is any game which satisfies the conditions set forth in the following theorem.

Theorem 1 (Vetta, 2002 [24]) Consider a game with agents N , action sets {Ai}i∈N , utility

functions {Ui}i∈N , and a global objective W : A → R+. Suppose the following conditions are

satisfied:
(i) The global objective W is submodular.4

(ii) For every agent i ∈ N and action profile a ∈ A we have Ui(a) ≥ W (a)−W (∅, a−i) where

∅ represents the “null” action.5

(iii) For every action profile a ∈ A the agents’ utility functions satisfy
∑
i∈N Ui(a) ≤ W (a).

Then if a pure Nash equilibrium exists the price of anarchy is 2.

4A global objective function W is submodular if for any action profile a ∈ A, agent sets S ⊆ T ⊆ N , and agent i ∈ N

we have W (aS∪{i})−W (aS) ≥W (aT∪{i})−W (aT ) where aS = {ai : i ∈ S}. Here, we use the shorthand notation aS to

describe the action profile a = (aS , {∅}j /∈S), i.e., all players j /∈ S selected the null action.
5Alternative, a player’s utility is always greater than or equal to the player’s marginal contribution to the global objective W .
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B. Bounding the Efficiency of Pure Nash Equilibria

It is straightforward to show that every single selection anonymous distributed welfare game

with submodular resource specific welfare functions and the Shapley value utility design satisfies

Conditions (i)–(iii) in Theorem 1 [16]. Hence, Theorem 1 ensures that the price of anarchy is at

most 2 irrespective of the number of resources or the number of players. The central question

that we explore in this section is whether this price of anarchy of 2 is tight. It turns out that we

can significantly sharpen this price of anarchy bound by taking into account the structure of the

welfare function and the number of agents as shown in the following theorem.

Theorem 2 Consider any anonymous single selection distributed welfare game with n agents,

symmetric action sets, the Shapley value utility design, and submodular welfare functions. The

price of anarchy associated with pure Nash equilibria is equal to

W (aopt)

W (ane)
= 1 + max

r∈R, k≤m≤n

{
Wr(k)

Wr(m)
− k

m

}
. (6)

Proof: Let ane and aopt represent a Nash equilibrium and an optimal allocation respectively.

For notational simplicity, define |ane| = {x1, ..., xm} and |aopt| = {y1, ..., ym}. Let zr denote the

number of agents that select resource r in both ane and aopt, i.e.,

zr =
∣∣∣{i ∈ N : ane

i = r} ∩
{
i ∈ N : aopt

i = r
}∣∣∣ .

Note that zr ≤ min{xr, yr} for all resources r ∈ R.

We begin with a fairly generic derivation. First, we utilize the fact that the Shapley value

utility is budget-balanced, i.e., W (a) =
∑
i∈N Ui(a) for any action profile a ∈ A, and the fact

that ane is a Nash equilibrium to derive the following

W (ane) =
∑
i∈N

Ui(a
ne
i , a

ne
−i),

≥
∑
i∈N

Ui(a
opt
i , ane

−i),

=
∑
r∈R

zr
Wr(xr)

xr
+ (yr − zr)

Wr(xr + 1)

xr + 1
. (7)

May 21, 2012 DRAFT



11

Let R1 and R2 denote the resources on which xr ≥ yr and xr < yr, respectively. Focusing on

the second set of terms in (7), we have that for any resource r ∈ R2

(yr − zr)
Wr(xr + 1)

xr + 1
= (xr − zr)

Wr(xr + 1)

xr + 1
+ (yr − xr)

Wr(xr + 1)

xr + 1
,

≥ (xr − zr)
Wr(xr + 1)

xr + 1
+ (yr − xr) (Wr(xr + 1)−Wr(xr)) ,

≥ (xr − zr)
Wr(xr + 1)

xr + 1
+Wr(yr)−Wr(xr),

where the second and third steps result from the discrete concavity of Wr. Therefore

∑
r∈R2

(yr − zr)
Wr(xr + 1)

xr + 1
≥

∑
r∈R2

(
(xr − zr)

Wr(xr + 1)

xr + 1
+Wr(yr)−Wr(xr)

)
,

= W (aopt)−
∑
r∈R1

Wr(yr) +
∑
r∈R2

(
(xr − zr)

Wr(xr + 1)

xr + 1
−Wr(xr)

)
,

where the equality results from adding and subtracting
∑
r∈R1

Wr(yr). Plugging into (7) and

simplifying gives us

W (ane) ≥ W (aopt) +
∑
r∈R1

(
zr
Wr(xr)

xr
+ (yr − zr)

Wr(xr + 1)

xr + 1
−Wr(yr)

)

+
∑
r∈R2

(
zr
Wr(xr)

xr
+ (xr − zr)

Wr(xr + 1)

xr + 1
−Wr(xr)

)
. (8)

Since the players are symmetric, this means that each player i ∈ N can select any resource

r ∈ R. Therefore, permuting the players in the optimal location aopt is well-defined and yields

another optimal solution. Thus, for every pure Nash equilibrium ane, we can choose the optimal

allocation aopt such that, for every resource r ∈ R, there is a set of min{xr, yr} players that use

r in both ane and aopt. Accordingly, for every resource r ∈ R1 we have zr = yr and for every

resource r ∈ R2 we have zr = xr. Therefore, after the appropriate cancellations, (8) simplifies

to

W (ane) ≥ W (aopt) +
∑
r∈R1

(
yr
Wr(xr)

xr
−Wr(yr)

)
,

= W (aopt)−
∑
r∈R1

Wr(xr)

(
Wr(yr)

Wr(xr)
− yr
xr

)
. (9)

Define

γ(n) = max
r∈R, k≤m≤n

(
Wr(k)

Wr(m)
− k

m

)
. (10)
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Substituting (10) into (9) gives us

W (ane) ≥ W (aopt)− γ(n)
∑
r∈R1

Wr(xr)

≥ W (aopt)− γ(n)W (ane).

Finally, rearranging shows that
W (aopt)

W (ane)
≤ 1 + γ(n).

To prove that this bound is tight, consider a resource allocation problem with resource set

R = {r1, r2, . . . , rn} where each resource has a scaled resource-specific welfare function of the

form Wr(S) = cr · W̃ (S) where cr > 0 is a scaling coefficent and W̃ : 2N → R is the “base”

welfare function. Notice that the chosen constants cr do not impact the price of anarchy bounds

given in (6). Let

{k∗,m∗} ∈ arg max
k≤m≤n

(
W̃ (k)

W̃ (m)
− k

m

)
and for simplicity suppose that n is divisible by m∗. Denote the scaling coefficient associated

with resource rk as ck. Let ck = 1 for all k ∈ {1, . . . , n/m∗}. For all k ∈ {n/m∗ + 1, . . . , n},

define the scaling coefficient to satisfy

ck
(
W̃ (1)− W̃ (0)

)
=
W̃ (m∗)

m∗

Here, a pure Nash equilibrium is characterized by m∗ agents at each of the first n/m∗ resources,

i.e., all resources rk ∈ R where ck = 1. The optimal allocation is characterized by k∗ agents

at each of the first n/m∗ resources and the remaining agents alone at the additional resources.

Accordingly, the inefficiency of this equilibrium is

W (aopt)

W (ane)
=

n
m∗
W̃ (k∗) +

(
n− nk∗

m∗

)
W̃ (m∗)
m∗

n
m∗
W̃ (m∗)

,

= 1 +
W̃ (k∗)

W̃ (m∗)
− k∗

m∗
,

which precisely equals the derived price of anarchy bound in (6).

The value of Theorem 2 is that it provides a systematic method for establishing a price

of anarchy by identifying the situation that gives rise to the worst efficiency given any set

of submodular welfare functions. Regardless of the structural form of the welfare function,

establishing a price anarchy simplifies to a maximization of (6) over the parameter set k ≤ m ≤ n

and R.
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C. A Bicriteria Bound for Pure Nash Equilibria

In this section we explore the relative price of anarchy, or bicriteria bound, in single selection

anonymous distributed welfare game with submodular objective functions. By bicriteria bound,

we mean a bound on the value of the optimal allocation relative to the value of an equilibrium

allocation with additional agents. The following theorem establishes an explicit relationship

between the price of anarchy and the number of additional agents present at the Nash allocation.

Theorem 3 Consider any anonymous single selection distributed welfare game with symmetric

action sets, the Shalpey value utility design, and submodular welfare functions. The relative price

of anarchy associated with any pure Nash equilibrium with ln players and an optimal allocation

with n players where l ∈ {1, 2, . . . } is bounded above by
W (aopt;n)

W (ane; ln)
≤ max

{
1,

1

l
+ γ(ln)

}
. (11)

Proof: Let ane and aopt represent a pure Nash equilibrium and an optimal allocation

respectively. For notational simplicity, define |ane| = {x1, ..., xm} and |aopt| = {y1, ..., ym}.

Here, we have
∑m
k=1 xk = ln and

∑m
k=1 yk = n. Let R1 and R2 denote the resources on which

xr ≥ yr and xr < yr, respectively. Since the game is symmetric, we can define hypothetical

deviations for the players from ane as follows:

(i) For each r ∈ R2, xr players deviate from r to itself, i.e., do not deviate at all.

(ii) For each r ∈ R2, (lyr − xr) players from resources in R1 deviate to r.

(iii) The remaining players (on R1) do not deviate.

Let ã be the resulting action profile after the above deviations and let gr denote the number of such

players utilizing resource r ∈ R1 after the above deviations. Since
∑
r∈R xr = l

∑
r∈R yr and lyr

players deviated to each resource r ∈ R2, i.e., through (i) and (ii), we have
∑
r∈R1

gr = l
∑
r∈R1

yr.

Since gr ≤ xr for each resource r ∈ R1, we have

W (ane; ln) =
ln∑
i=1

Ui(a
ne),

≥
ln∑
i=1

Ui(ãi, a
ne
−i),

=
∑
r∈R1

gr
Wr(xr)

xr
+
∑
r∈R2

xr
Wr(xr)

xr
+
∑
r∈R2

(lyr − xr)
Wr(xr + 1)

xr + 1
,

=
∑
r∈R1

gr
Wr(xr)

xr
+
∑
r∈R2

Wr(xr) +
∑
r∈R2

(lyr − xr)
Wr(xr + 1)

xr + 1
. (12)
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Focusing on the third set of terms in (12) gives us∑
r∈R2

(lyr − xr)
Wr(xr + 1)

xr + 1
=

∑
r∈R2

(yr − xr)
Wr(xr + 1)

xr + 1
+
∑
r∈R2

(lyr − yr)
Wr(xr + 1)

xr + 1
,

≥
∑
r∈R2

(Wr(yr)−Wr(xr)) + (l − 1)
∑
r∈R2

yr
Wr(xr + 1)

xr + 1
,

≥
∑
r∈R2

(Wr(yr)−Wr(xr)) + (l − 1)
∑
r∈R2

yr
Wr(yr)

yr
,

= l
∑
r∈R2

Wr(yr)−
∑
r∈R2

Wr(xr),

where the final inequality follows from the discrete concavity of Wr and the fact that yr ≥ xr+1

for every r ∈ R2. Plugging into (12) and simplifying gives us

W (ane; ln) ≥
∑
r∈R1

gr
Wr(xr)

xr
+ l

∑
r∈R2

Wr(yr). (13)

By the statement of the theorem, we are done unless W (aopt;n) ≥ W (ane; ln), so suppose

that this is the case. For each resource r ∈ R1, multiply the welfare function Wr by a constant

λr which satisfies

λr
Wr(xr)

xr
= min

r∈R2

Wr(xr + 1)

xr + 1
.

Since the allocation {x1, . . . , xm} represents an allocation for a pure Nash equilibrium, we know

that λr ≤ 1 for all r ∈ R2. Since xr ≥ yr for all resource r ∈ R1, this welfare function scaling

decreases the welfare of ane by at least as much as aopt. Since W (aopt;n) ≥ W (ane; ln), this

decrease only increases the ratio W (aopt;n)/W (ane; ln).

The point is that we can assume, for the remainder of the analysis, that all resources in R1

have a common value of Wr(xr)/xr. Recalling that
∑
r∈R1

gr = l
∑
r∈R1

yr and continuing the

above derivation yields

W (ane; ln) ≥
∑
r∈R1

gr
Wr(xr)

xr
+ l

∑
r∈R2

Wr(yr),

=
∑
r∈R1

lyr
Wr(xr)

xr
+ l

∑
r∈R2

Wr(yr),

=
∑
r∈R1

lyr
Wr(xr)

xr
+ lW (aopt;n)− l

∑
r∈R1

Wr(yr),

= l

W (aopt;n)−
∑
r∈R1

Wr(xr)

(
Wr(yr)

Wr(xr)
− yr
xr

) ,
≥ l

(
W (aopt;n)− γ(ln)W (ane; ln)

)
.
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Rearranging terms proves that

W (aopt;n)

W (ane; ln)
≤ max

{
1,

1

l
+ γ(ln)

}
.

With regards to the bound set forth in the previous theorem, it seems natural that the bound of
1
l

+ γ(ln) may hold in general irrespective of whether W (aopt;n) ≥ W (ane; ln). The following

example demonstrates that such intuition is false.

Example 2 Consider a situation with two resource r1 and r2 with resource specific welfare

functions
√
x and

√
4x/5 respectively. Let n = 2 and l = 4. Then 1/l + γ(ln) = 0.5 as

γ(ln) = 0.25. One can observe this by noticing that
√

1/
√

4−1/4 = 0.25. In this example, aopt,

which consists of 2 players, has one player on each resource for a total welfare of 1 +
√

4/5.

The Nash allocation, ane, which consists of 8 players, has 5 players on resource r1 and 3 players

on resource r2 for a total welfare of
√

5 +
√

12/5. Note that W (ane; 8)/W (aopt; 2) ≈ 0.5005

which violates the above bound.

III. THE ASYMMETRIC CASE

In this section we focus on deriving more general efficiency bounds for resource allocation

problems with asymmetric agents. By asymmetric, we mean that each agent’s action set is not

necessarily identical, i.e., Ai need not equal Aj for all agents i, j ∈ N . Here, we focus on

characterizing efficiency bounds for a more general class of equilibria, termed coarse correlated

equilibria, which pertain to distributions over the joint action set A. More specifically, consider

a joint distribution z = {za}a∈A ∈ ∆(A) where 1 ≥ za ≥ 0 denotes the component of the

distribution associated with the joint action profile a. A joint distribution z ∈ ∆(A) is a coarse

correlated equilibria if for all agents i ∈ N and actions a′i ∈ Ai [21]:

∑
a∈A

Ui(a)za ≥
∑
a∈A

Ui(a
′
i, a−i)za. (14)

The set of coarse correlated equilibria, which are commonly referred to as no-regret points,

contain the set of correlated equilibria, mixed Nash equilibria, as well pure Nash equilibria. The

question that we focus on in this section is how the efficiency bounds derived in Section II

extend to this broader class of equilibria where the welfare associated with a joint distribution
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z ∈ ∆(A) is taken as the expected welfare, i.e.,

W (z) =
∑
a∈A

W (a)za.

The importance of these bounds stem from the existence of simple and efficient dynamical

processes which converge to the set of coarse correlated equilibria for any games [26]–[28].

A. A Motivating Example

We begin by focusing on whether the efficiency bounds for pure Nash equilibria given in

Theorems 2 and 3 hold for the more general setting considered here. The following two examples

shows that relaxations in either direction, i.e., considering pure Nash equilibria with asymmetric

agents or considering mixed Nash equilibria with symmetric agents, violates the derived bounds.

Example 3 (Asymmetric Action Sets) Consider a situation with n+ 1 resources and n asym-

metric players where each player i can select either resource i or i + 1. The resource specific

welfare functions are of the form Wr1(x) =
√
x and Wrk(x) =

(
1/
√

2
)k−2

for all k ≥ 2

and x ≥ 1. The price of anarchy bound for pure Nash equilibria and symmetric agents given

in Theorem 2 is 5/4. For the asymmetric case, there exists a pure Nash equilibrium where

each agent i selects resource i + 1 which yields a total welfare is 1/(1 − 1/
√

2) as n → ∞.

The optimal allocation is when each agent i selects resource i which yields a total welfare of

(2−1/
√

2)/(1−1/
√

2) as n→∞. This lower bounds the price of anarchy as 2−1/
√

2 ≈ 1.29

which violates the price of anarchy bound for symmetric agents given in Theorem 2.

Example 4 (Mixed Nash equilibria) Consider a situation with 3 symmetric players, 3 resources,

and each resource has an identical welfare function of the form Wr(x) = x0.9. The optimal

welfare associated with this setting is 3 achieved when each agent selects a distinct resource.

The price of anarchy bound for pure Nash equilibria and symmetric agents given in Theorem 2

is 1.0387 = 1 + (1)/(30.9) − 1/3. There is a mixed Nash equilibrium where each agent selects

the resources with a uniform strategy (1/3, 1/3, 1/3). This mixed Nash equilibrium yields an

expected welfare of 2.876 and an efficiency ratio of 3/2.876 = 1.0431. Hence, this efficiency

bound violates the price of anarchy bound for symmetric agents given in Theorem 2.
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B. Preliminaries: Smoothness Arguments

“Smoothness arguments” represent an efficient methodology for proving price of anarchy

bounds for more general equilibrium concepts than that of pure Nash equilibria [25]. A smooth-

ness argument requires proving that for some constants λ, µ > 0 the following holds: for every

pair of allocations a, a∗ ∈ A (equilibrium, optimal, and otherwise),
n∑
i=1

Ui(a
∗
i , a−i) ≥ λ ·W (a∗)− µ ·W (a). (15)

By [25], establishing such a λ, µ > 0 implies a price of anarchy bound of (1+µ)/λ for all mixed

Nash equilibria, correlated equilibria, and coarse correlated equilibria. We will refer to such a

price of anarchy bound as the robust price of anarchy. It is important to note that the derivations

given in Section II do not utilize smoothness arguments as only the optimal allocation aopt and

Nash allocation ane were considered. Furthermore, such smoothness arguments also hold for

establishing bicriteria bounds where there are variations in the number of agents in the two

allocations a and a∗.

C. Bounding the efficiency of coarse correlated equilibria

We begin by proving that the price of anarchy bound of 2 in Theorem 1 also covers all mixed

Nash equilibria, correlated equilibria, and coarse correlated equilibria.

Theorem 4 Consider any single selection distributed welfare game with n agents, asymmetric

action sets, the Shapley value utility design, and submodular welfare functions. The robust price

of anarchy is bounded above by 2.

Proof: Let a and a′ represent any two allocations and let |a| = {x1, ..., xm} and |a′| =

{y1, ..., ym}. Let zr denote the number of agents that select resource r in both a and a′, i.e.,

zr = |{i ∈ N : ai = r} ∩ {i ∈ N : a′i = r}| .

Note that zr ≤ min{xr, yr} for all resources r ∈ R. The proof of Theorem 2 demonstrates that

∑
i∈N

Ui(a
′
i, a−i) ≥ W (a′) +

∑
r∈R1

(
zr
Wr(xr)

xr
+ (yr − zr)

Wr(xr + 1)

xr + 1
−Wr(yr)

)

+
∑
r∈R2

(
zr
Wr(xr)

xr
+ (xr − zr)

Wr(xr + 1)

xr + 1
−Wr(xr)

)
(16)
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where R1 and R2 denote the resources on which xr ≥ yr and xr < yr, respectively. Using the

fact that (16) is increasing in zr, setting zr = 0 for each r ∈ R gives us the lower bound

∑
i∈N

Ui(a
′
i, a−i)

≥ W (a′) +
∑
r∈R1

(
yr
Wr(xr + 1)

xr + 1
−Wr(yr)

)
+
∑
r∈R2

(
xr
Wr(xr + 1)

xr + 1
−Wr(xr)

)
, (17)

≥ W (a′) +
∑
r∈R1

yr
Wr(xr + 1)

xr + 1
−
∑
r∈R1

Wr(yr)−
∑
r∈R2

Wr(xr),

≥ W (a′) +
∑
r∈R1

(Wr(yr + xr)−Wr(xr))−
∑
r∈R1

Wr(yr)−
∑
r∈R2

Wr(xr), (18)

≥ W (a′)−W (a). (19)

where (18) stems from the discrete concavity of Wr and (19) stems from the fact that Wr is

nondecreasing. Accordingly, the game is smooth with parameter λ = 1 and µ = 1. Therefore,

the robust price of anarchy is 2.

Theorem 4 proves that the efficiency bound of 2 holds for all coarse correlated equilibria

even in the setting with asymmetric players. The following theorem demonstrates that we can

provide a tighter characterization of the robust price of anarchy by exploiting the structure of

the objective functions.

Theorem 5 Consider any single selection distributed welfare game with n agents, asymmetric

action sets, the Shapley value utility design, and submodular welfare functions. The robust price

of anarchy is bounded above by

1 + max
r∈R

max
k≤m≤n

max

{
Wr(k)

Wr(m)
− β(n)

k

m
, 1− β(n)

}
(20)

where

β(n) = min
r∈R

min
1≤x≤n

Wr(x+ 1)/(x+ 1)

Wr(x)/x
.
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Proof: Consider the proof of Theorem 4 up to equation (17). The first nontrivial term in

(17) can be bounded below by

∑
r∈R1

(
yr
Wr(xr + 1)

xr + 1
−Wr(yr)

)
= −

∑
r∈R1

Wr(xr)

[
Wr(yr)

Wr(xr)
− yr
xr

(
Wr(xr + 1)

Wr(xr)

xr
xr + 1

)]
,

≥ −
∑
r∈R1

Wr(xr)

[
Wr(yr)

Wr(xr)
− yr
xr
β(n)

]
,

≥ −
∑
r∈R1

Wr(xr) ·max
r∈R

max
k≤m≤n

(
Wr(k)

Wr(m)
− β(n)

k

m

)
,

≥ −W (a) ·max
r∈R

max
k≤m≤n

(
Wr(k)

Wr(m)
− β(n)

k

m

)
.

The second nontrivial term in (17) can be bounded below by

∑
r∈R2

(
xr
Wr(xr + 1)

xr + 1
−Wr(xr)

)
= −

∑
r∈R2

Wr(xr)

[
1−

(
Wr(xr + 1)

Wr(xr)

xr
xr + 1

)]
,

≥ −
∑
r∈R2

Wr(xr) (1− β(n)) ,

≥ −W (a) · (1− β(n)) .

Accordingly, we have that for any action profiles a, a′ ∈ A,

∑
i∈N

Ui(a
′
i, a−i) ≥ W (a′)− δ(n)W (a)

where

δ(n) = max
r∈R

max
k≤m≤n

max

{
Wr(k)

Wr(m)
− β(n)

k

m
, 1− β(n)

}
.

Hence, the robust price of anarchy is 1 + δ(n).

First, it is important to highlight that δ(n) ≥ γ(n) as expected since the price of anarchy

associated with pure Nash equilibria cannot be larger than the price of anarchy associated with a

broader class of equilibria. For example, in the case of constant welfare functions, i.e., Wr(x) = c

for all x ≥ 1, we have that

γ(n) = max
k≤m≤n

(
Wr(k)

Wr(m)
− k

m

)

= 1− 1

n
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and

δ(n) = max
k≤m≤n

max

{
Wr(k)

Wr(m)
− β(n)

k

m
, 1− β(n)

}

= max
{

1− 1

2n
,
1

2

}
= 1− 1

2n
.

Here, δ(n) uses the fact that β(n) = 1/2 where the minimizer is x = 1.

The following theorem shows that the robust price of anarchy bound presented in Theorem 5

can be further improved by exploiting the following property in the above derivation. Consider

any two allocation a and a′ and suppose there are x players using resource r in a and y players

using resource r in a′. If x + y > n, then the number of players using both resource r in both

a and a′ is at least x+ y − n. The following theorem makes this idea precise.

Theorem 6 Consider any single selection distributed welfare game with n agents, asymmetric

action sets, the Shapley value utility design, and submodular welfare functions. The robust price

of anarchy is bounded above by 1 + η(n) where

η(n) = max


maxr∈R,k≤m≤n

(
Wr(k)
Wr(m)

−
(

max{m+k−n,0}+min{n−m,k}·β̃r(m)
m

))
,

maxr∈R,k≤m≤n

(
1−

(
max{k+m−n,0}+min{n−m,k}·β̃r(k)

k

)) (21)

where

β̃r(m) =
m

m+ 1

Wr(m+ 1)

Wr(m)
.

Proof: Consider the proof of Theorem 4 up to equation (16). One way to slightly optimize

the analysis in the proof of Theorem 5 is to observe that if xr + yr > n, then the number zr

of shared players is at least xr + yr − n. Accordingly, the first nontrivial term in (16) can be
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bounded below by

∑
r∈R1

zr
Wr(xr)

xr
+ (yr − zr)

Wr(xr + 1)

xr + 1
−Wr(yr)

=
∑
r∈R1

zr

(
Wr(xr)

xr
− Wr(xr + 1)

xr + 1

)
+ yr

Wr(xr + 1)

xr + 1
−Wr(yr),

≥
∑
r∈R1

max{xr + yr − n, 0}
(
Wr(xr)

xr
− Wr(xr + 1)

xr + 1

)
+ yr

Wr(xr + 1)

xr + 1
−Wr(yr),

=
∑
r∈R1

max{xr + yr − n, 0}
Wr(xr)

xr
+ min{n− xr, yr}

Wr(xr + 1)

xr + 1
−Wr(yr),

= −
∑
r∈R1

Wr(xr)

(
Wr(yr)

Wr(xr)
− max{xr + yr − n, 0}

xr
− min{n− xr, yr}

xr + 1

Wr(xr + 1)

Wr(xr)

)

≥ −W (a) ·max
r∈R

max
k≤m≤n

(
Wr(k)

Wr(m)
−
(

max{m+ k − n, 0}+ min{n−m, k} · β̃r(m)

m

))
.

where the first inequality stems from the fact that Wr(xr)/xr ≥ Wr(xr + 1)/(xr + 1) and the

last inequality stems from the fact that xr ≥ yr for all resources r ∈ R1. The second nontrivial

term in (16) can be bounded below by

∑
r∈R2

(
zr
Wr(xr)

xr
+ (xr − zr)

Wr(xr + 1)

xr + 1
−Wr(xr)

)

≥
∑
r∈R2

(
max{xr + yr − n, 0}

Wr(xr)

xr
+ min{n− yr, xr}

Wr(xr + 1)

xr + 1
−Wr(xr)

)
,

= −
∑
r∈R2

Wr(xr)

(
1− max{xr + yr − n, 0}

xr
− min{n− yr, xr}

xr + 1

Wr(xr + 1)

Wr(xr)

)
,

= −
∑
r∈R2

Wr(xr)

(
1− max{xr + yr − n, 0}

xr
− min{n− yr, xr}β̃r(xr)

xr

)
,

≥ −W (a) ·max
r∈R

max
k≤m≤n

(
1−

(
max{k +m− n, 0}+ min{n−m, k} · β̃r(k)

k

))
,

where the last inequality stems from the fact that xr < yr for all resources r ∈ R2. Therefore,

we have that ∑
i∈N

Ui(a
′
i, a−i) ≤ W (a)− η(n)W (a′)

which completes the proof.

Figure 3 illustrates the bounds derived in Theorems 5 and 6 bounds on the resource allocation

problem given in Example 1.
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Fig. 3. Consider the resource allocation problem depicted in Example 1 where each resource rj ∈ R has a submodular

objective of the form Wrj (x) = xdj where dj ∈ [0, 1] and each agent i ∈ N is assigned a utility function in accordance with

the Shapley value. Without loss of generalities let 0 ≤ d1 ≤ ... ≤ dn ≤ 1. This figure highlights the robust price of anarchy

for both the symmetric and asymmetric settings as a function of d1 where d1 varies between [0, 1] when there are 100 agents.

Theorem 2 provides the price of anarchy bound associated with pure Nash equilibria in the symmetric setting while Theorems 5

and 6 provide the price of anarchy bound associated with coarse correlated equilibria in the asymmetric setting. Note that the

gap between the two bounds is relatively small. However, there is definitely a gap as highlighted by Examples 3 and 4.

D. A Bicriteria Bound for Coarse Correlated Equilibria

In this section we derive bicriteria bounds for resource allocation problems with asymmetric

players. Unlike the analysis presented in Section II-C, the forthcoming bounds will hold for a

broad class of equilibria including coarse correlated equilibria. Hence, we will refer to this bound

as the robust bicriteria bound. As before, we will consider situations where there are n players

in the optimal allocation and ln players in the equilibrium allocation where l ∈ {1, 2, . . . }.

Since players are asymmetric in this setting, we will focus on the case where each player in the

optimal allocation has l “copies” in the equilibrium allocation.

Theorem 7 Consider any anonymous single selection distributed welfare game with asymmetric

action sets, the Shalpey value utility design, and submodular welfare functions. The robust

bicriteria bound associated with any coarse correlated equilibrium with ln players and an

optimal allocation with n players where l ∈ {1, 2, . . . } is bounded above by 1 + 1
l
.
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Proof: Let a be an action profile for the game consisting of ln players and a′ be an action

profile for the game consisting of n players. For notational simplicity, define |a| = {x1, ..., xm}

and |a′| = {y1, ..., ym}. Here, we have
∑m
k=1 xk = ln and

∑m
k=1 yk = n. Assume that for each

j ∈ {0, . . . , l − 1}, the players i ∈ {jn + 1, . . . , (j + 1)n} are in bijective correspondence with

the players in the original game. We write “a′i” even when i > n with the understanding that i

means [(i− 1) mod n] + 1. Accordingly, we have

l−1∑
j=0

 (j+1)n∑
i=jn+1

Ui(a
′
i, a−i)

 ≥
l−1∑
j=0

(∑
r∈R

yr
Wr(xr + 1)

xr + 1

)
,

≥
l−1∑
j=0

(∑
r∈R

Wr(xr + yr)−Wr(xr)

)
,

≥ l ·W (a′)− l ·W (a).

where the second inequality follows from the discrete concavity of Wr and the third inequality

follows from the fact that Wr is increasing. Hence, the game is smooth with parameters λ = l

and µ = l which gives a robust bicriteria bound of 1 + 1/l.

The following theorem strengthens the bound presented in Theorem 7 by exploiting the

structure of the objective functions.

Theorem 8 Consider any anonymous single selection distributed welfare game with asymmetric

action sets, the Shalpey value utility design, and submodular welfare functions. The robust

bicriteria bound associated with any coarse correlated equilibrium with ln players and an

optimal allocation with n players where l ∈ {1, 2, . . . } is bounded above by 1/l+ η(l, n) where

η(l, n) is defined as

η(l, n) = max

 maxr∈R,k≤min{m1,n},m1≤ln
(
Wr(k)
Wr(m1)

− k
m1+1

Wr(m1+1)
Wr(m1)

)
,

maxr∈R, m2≤ln
(
1− m2

m2+1
Wr(m2+1)
Wr(m2)

)
.

(22)

Proof: Consider the setup for the proof of Theorem 7. As before, define R1 = {r ∈ R :

xr ≥ yr} and R2 = {r ∈ R : xr < yr}. Incorporating R1 and R2 into the above proof gives us
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for any j ∈ {0, . . . , l − 1}
(j+1)n∑
i=jn+1

Ui(a
′
i, a−i)

≥
∑
r∈R

yr
Wr(xr + 1)

xr + 1
,

=
∑
r∈R1

yr
Wr(xr + 1)

xr + 1
+
∑
r∈R2

xr
Wr(xr + 1)

xr + 1
+
∑
r∈R2

(yr − xr)
Wr(xr + 1)

xr + 1
,

≥
∑
r∈R1

yr
Wr(xr + 1)

xr + 1
+
∑
r∈R2

xr
Wr(xr + 1)

xr + 1
+
∑
r∈R2

(Wr(yr)−Wr(xr)),

= W (a′)−
∑
r∈R1

(
Wr(yr)− yr

Wr(xr + 1)

xr + 1

)
−
∑
r∈R2

(
Wr(xr)− xr

Wr(xr + 1)

xr + 1

)
. (23)

Focusing on the first non-trivial term in (23) we have

∑
r∈R1

(
Wr(yr)− yr

Wr(xr + 1)

xr + 1

)
=

∑
r∈R1

Wr(xr)

(
Wr(yr)

Wr(xr)
− yr
xr + 1

Wr(xr + 1)

Wr(xr)

)
,

≤ W (a) max
r∈R, k≤min{m1,n},m1≤ln

(
Wr(k)

Wr(m1)
− k

m1 + 1

Wr(m1 + 1)

Wr(m1)

)
.

Focusing on the second non-trivial term in (23) we have

∑
r∈R2

(
Wr(xr)− xr

Wr(xr + 1)

xr + 1

)
=

∑
r∈R2

Wr(xr)

(
1− Wr(xr + 1)

Wr(xr)

xr
xr + 1

)
,

≤ W (a) max
r∈R, m2≤ln

(
1− m2

m2 + 1

Wr(m2 + 1)

Wr(m2)

)
.

Therefore, from (23) we obtain

l−1∑
j=0

 jn∑
i=jn+1

Ui(a
′
i, a−i)

 ≥
l−1∑
j=0

(W (a′)− η(l, n) ·W (a)) ,

= l ·W (a′)− l · η(l, n) ·W (a).

Hence, the game is smooth with parameters λ = l and µ = l · η(l, n) which gives a robust

bicriteria bound of 1/l + η(l, n).

Note that this bound is below 1 for welfare functions which η is sufficiently small. For example,

for linear welfare functions, η(l, n) = 0 for all l and n. Hence, we recover the tight bound of

1/l. See Figure 4 for an illustration of the bounds derived in this Section.
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Fig. 4. Consider the resource allocation problem depicted in Example 1 where each resource rj ∈ R has a submodular

objective of the form Wrj (x) = xdj where dj ∈ [0, 1] and each agent i ∈ N is assigned a utility function in accordance with

the Shapley value. Without loss of generalities let 0 ≤ d1 ≤ ... ≤ dn ≤ 1. This figure highlights the relative price of anarchy for

the asymmetric settings as a function of d1 where d1 varies between [0, 1] when there are 100 agents for l = 2 and l = 3. The

blue dotted lines indicate the the bounds provided in Theorem 7 while the green lines indicate the optimized bounds derived in

Theorem 8.

IV. ILLUSTRATING EXAMPLE: THE VEHICLE TARGET ASSIGNMENT PROBLEM

In this section we apply the theoretical developments in this paper to a special class of the

well-studied vehicle target assignment problem [36]. The considered vehicle target assignment

problems consist of a set of vehicles/weapons N = {1, ..., n}, each with a common detec-

tion/destroy probability p ∈ [0, 1], and a set of resources/targets R. Each vehicle can assign

itself to any single target, i.e., Ai ⊆ R. Lastly, each target has an anonymous submodular

welfare function of the form

Wr(k) = vr
(
1− (1− p)k

)
(24)

where vr ≥ 0 is the relative value of resource r and k ≥ 0. Here,
(
1− (1− p)k

)
captures the

joint detection/success probability associated with k vehicles with detection probability p. The

goal of the vehicle target assignment problem is to maximize the global welfare

W (a) =
∑
r∈R

Wr (|a|r)
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where we restrict our attention to the set of feasible allocations A =
∏
iAi.

To study the impact of the results contained within this paper, we analyze a game theoretic

formulation of the vehicle target assignment where each vehicle is assigned a Shapley value

utility of the form

Ui(ai, a−i) =
vr
(
1− (1− p)|a|r

)
|a|r

∣∣∣∣∣
r=ai

. (25)

Such a design approach will guarantee the existence of a pure Nash equilibrium irrespective

of the number of vehicles, the structure of the action sets, or the number or relative worth of

the targets. The value of this work is that it provides a systematic approach for evaluating the

efficiency of the resulting equilibria for a broad class of resource allocation problems including

the presented vehicle target assignment problem.

A. Efficiency Guarantees in the Vehicle Target Assignment Problem

We begin by stating the following corollary.

Corollary 9 Consider any single selection vehicle target assignment problem with welfare func-

tions of the form (24) where each vehicle i ∈ {1, . . . , n} has a common detection probability p

and a utility function in accordance with the vehicle’s Shapley value as in (25). If the vehicles

are symmetric, then the price of anarchy for pure Nash equilibria is

W (aopt)

W (ane)
≤ 1 + max

k≤m≤n

(
1− (1− p)k

1− (1− p)m
− k

m

)
(26)

and the bicriteria bound for any l ∈ {1, 2, . . . } is bounded above by

W (aopt;n)

W (ane; ln)
≤ max

{
1,

1

l
+ max

k≤m≤ln

(
1− (1− p)k

1− (1− p)m
− k

m

)}
. (27)

If the vehicles are asymmetric, then the robust price of anarchy is bounded above by

W (aopt)

W (zcce)
≤ 1 + max


maxk≤m≤n

(
1−(1−p)k

1−(1−p)m −
(

max{m+k−n,0}+min{n−m,k}·β̃r(m)
m

))
,

maxk≤m≤n

(
1−

(
max{k+m−n,0}+min{n−m,k}·β̃r(k)

k

))
,

(28)

and the robust bicriteria bound for any l ∈ {1, 2, . . . } is bounded above by

W (aopt;n)

W (zcce; ln)
≤ 1/l + max

 maxk≤min{m1,n},m1≤ln
(

1−(1−p)k

1−(1−p)m1
− k

m1+1
1−(1−p)m1+1

1−(1−p)m1

)
,

maxk≤m2≤ln
(
1− m2

m2+1
1−(1−p)m2+1

1−(1−p)m2

)
,

(29)
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Fig. 5. This figure presents the price of anarchy as a function of detection probability for the vehicle target assignment problem

with 100 vehicles and the Shapley value utility design. For the situation consisting of an equal number of vehicles in both

the equilibrium and optimal allocation, it turns out that the efficiency bounds provided by Theorems 2 and 6 are identical as

highlighted above. For the bicriteria bounds, we plotted the case when l = 2 and l = 3. For these situations, the efficiency

bounds provided by Theorems 3 and 8 are close but not identical. As expected, the efficiency bound provided by Theorem 3 is

less than the efficiency bound provided by Theorem 8 for all situations which resulted in a price of anarchy ≥ 1.

where

β̃r(m) =
(

m

m+ 1

)(
1− (1− p)m+1

1− (1− p)m

)
.

In the above corollary, (26) follows from Theorem 2, (27) follows from Theorem 3, (28) follows

from Theorem 6, and (29) follows from Theorem 8.

Figure 5 plots the above efficiency guarantees for the vehicle target assignment problem with

100 vehicles and a common detection probability p ranging from 0 to 1. Notice that the gap

between the efficiency guarantees for pure Nash in the symmetric setting versus coarse correlated

equilibria in the asymmetric setting is virtually non-existent.

B. Monotonicity of α(n)

Most of the derived efficiency bounds presented in this paper requiring maximizing a given

function over the parameter set R and k ≤ m ≤ n. For example, as presented in Theorem 2,
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the price of anarchy pertaining to pure Nash equilibria for the symmetric setting is

1 + max
r∈R, m≤n

{
max
k≤m

(
Wr(k)

Wr(m)
− k

m

)}
.

However, when considering only submodular welfare functions, intuitively it seems natural that

the expression

αr(m) = max
k≤m

(
Wr(k)

Wr(m)
− k

m

)
(30)

is increasing as a function of m. Such a conclusion would greatly simplify computing the price

of anarchy in (6) by only requiring a search over the parameter set R and k ≤ n. However, the

following example shows that this intuition is incorrect for general submodular welfare functions.

Example 5 Suppose resource r has a piecewise linear welfare function of the form

Wr(x) =

 2x, ∀ x ∈ [0, 1],

x+ 1, ∀ x ∈ [1,∞).

Then it is straightforward to verify that for every m ≥ 1 we have

αr(m) =
m− 1

m2 +m
.

Hence, αr is not increasing with regards to m.

While submodularity is not enough to guarantee that αr is increasing with the number of

agents, the following lemma establishes a stronger condition of the welfare functions that ensures

this desired monotonicity. This lemma requires that the welfare function be defined over the real

numbers as opposed to just the integers, i.e., W r : R+ → R+.

Lemma 10 Suppose the welfare function at resource r satisfies

Wr(γk)

Wr(γm)
≥ Wr(k)

Wr(m)
(31)

for every γ ≥ 1 and n ≥ m ≥ k ≥ 0. Then αr(n) ≥ αr(m) for all n ≥ m ≥ 0.

Proof: Suppose

αr(m) =
Wr(k

∗)

Wr(m)
− k∗

m
.
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For any n > m, we have

αr(n) = max
k≤n

{
Wr(k)

Wr(n)
− k

n

}

≥
{
Wr((n/m)k∗)

Wr(n)
− (n/m)k∗

n

}

=

{
Wr((n/m)k∗)

Wr((n/m)m)
− k∗

m

}

≥
{
Wr(k

∗)

Wr(m)
− k∗

m

}
= αr(m)

We will now show that the objective function for the vehicle target assignment problem satisfies

Lemma 10; hence we obtain a simpler characterization of the price of anarchy.

Corollary 11 Consider any single selection vehicle target assignment problem with welfare

functions of the form (24) where each vehicle i ∈ {1, . . . , n} has a common detection probability

p and a utility function in accordance with the vehicle’s Shapley value as in (25). If the vehicles

are symmetric, then the price of anarchy pertaining to pure Nash equilibria is

PoA(n) = max
k≤n

(
1− (1− p)k

1− (1− p)n
+
n− k
n

)
(32)

Proof: To prove this we will show the welfare function satisfies the conditions of Lemma 10

which requires verifying that

1− (1− p)αk

1− (1− p)αm
≥ 1− (1− p)k

1− (1− p)m
(33)

for every α ≥ 1 and n ≥ m ≥ k. Let y = (1− p)m and δ = (1− p)k − (1− p)m ≥ 0. We know

that y ∈ [0, 1] and y + δ ∈ [0, 1]. Multiplying through and simplifying, we have to show

(1− y)(y + δ)α ≤ δ + yα − yα+1 − δyα

Using the binomial expansion, we have that

(1− y)(y + δ)α ≤ (1− y)(yα + δα)

= yα + δα − yα+1 − yδα

May 21, 2012 DRAFT



30

Combining the two inequalities and simplifying, it is sufficient to show that

δα(1− y) ≤ δ(1− yα)

which is true since δ ≥ δα ≥ 0 and (1− yα) ≥ (1− y) ≥ 0.

It turns out that this bound matches the price of anarchy bound for single selection anonymous

vehicle target assignment problems as derived in [16]. However, the price of anarchy in [16]

was derived explicitly for the specific vehicle target assignment problem and hence has limited

ability to be extended beyond that domain. Using the results in this paper, deriving this price of

anarchy boils down to a systematic procedure and requires no tweaking for the specific domain.

V. CONCLUDING REMARKS

There is a large body of literature focused on characterizing the inefficiency of Nash equilibria

for a wide array of application domains [37]. However, from a control theoretic perspective these

results are unsatisfying since utility functions can be designed in engineering systems. Hence,

developing utility design methodologies to optimize the price of anarchy is of fundamental

importance. This paper explores one promising utility design methodology for accomplishing

this task – the Shalpey value. The results in this paper provide guarantees on the efficiency of

the resulting equilibria when utilizing this Shapley value utility design for a class of resource

allocation problems. Future work involves extending this analysis to alternative utility design

methodologies, e.g., the marginal contribution utility and weighted Shapley value [16], with the

goal of identifying the methodology that optimizes the price of anarchy.
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