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Abstract. Wegive the�rst analysesin multicommoditynetworksof boththeworst-caseseverity of Braess'sPara-
dox and the price of anarchyof sel�sh routing with respectto the maximumlatency. Our �rst main result is a
constructionof an in�nite family of two-commoditynetworks, relatedto the Fibonaccinumbers,in which both
of thesequantitiesgrow exponentiallywith thesizeof thenetwork. This constructionhaswide implications,and
demonstratesthatnumerousexisting analysesof sel�sh routing in single-commoditynetworkshave no analogues
in multicommoditynetworks,evenin thosewith only two commodities.This dichotomybetweensingle-andtwo-
commoditynetworksis arguablyquiteunexpected,giventhenegligible dependenceonthenumberof commodities
of previouswork onsel�sh routing.
Our secondmain result is an exponentialupperboundon theworst-possibleseverity of Braess's Paradoxandon
the price of anarchyfor the maximumlatency, which essentiallymatchesthe lower boundwhen the numberof
commoditiesis constant.
Finally, we useour family of two-commoditynetworks to exhibit a naturalnetwork designproblemwith intrinsi-
cally exponential(in)approximability:while thereis a polynomial-timealgorithmwith anexponentialapproxima-
tion ratio,subexponentialapproximationis unachievablein polynomialtime(assumingP 6= N P).

1 Intr oduction

Sel�sh Routing and the Price of Anarchy A recenttrendin theoreticalcomputerscienceis to analyzetheextentto
which equilibria in a noncooperativegameapproximatea socialoptimum.Themostpopularmeasureis theprice of
anarchy [15] (alsocalledthecoordinationratio [13]), de®nedastheworst-caseratio betweentheobjective function
valueof a Nashequilibriumof a gameandthatof anoptimalsolution.Thepriceof anarchyis thusde®nedrelative to
a gameandto anobjective function.

In this paper, we will studyoneof the mostpopularmodelsfor price of anarchyanalyses,the so-calledsel�sh
routingmodel.Sel®shroutingis a mathematicalmodelof how noncooperativeagentsroutetraf®c in a network with
congestion.Formally, the gametakesplacein a directedmulticommodity�o w network, whereeachedgepossesses
a continuous,nondecreasinglatency function that modelshow the performanceof an edgedegradesas it becomes
increasinglycongested.The traf®c in the network is assumedto comprisea large numberof independentnetwork
users,so thateachindividual hasnegligible impacton theexperienceof others.Underthis assumption,equilibria—
�ows at Nashequilibrium—arenaturallyde®nedas the multicommodity�o ws in which all traf®c travels only on
minimum-latency paths.

As in mostnoncooperativegames,�o wsatNashequilibriumareinef®cient,in thesensethatthey neednotoptimize
naturalobjective functions.Onesuchobjective function,theaveragelatency incurredby traf®c, hasbeenextensively
studied.Beginningwith RoughgardenandTardos[21] andcontinuingwith studiesof ever-increasinggenerality[4, 6,
16,18,22], exactworst-caseboundson thepriceof anarchywith respectto theaveragelatency havebeenestablished
underawide varietyof differentassumptions.
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The Maximum Latency Objective As in many combinatorialoptimizationproblems,permittinganobjective func-
tion to averagethe costof differentuserscanbe problematicfrom a fairnessperspective. Speci®cally, to attainor
approximatea �o w thatminimizestheaveragelatency, someusersmayneedto besacri®cedto very costlypaths,in
orderto reducethecongestionencounteredby others.This unfairnessinherentin theaveragelatency measuremoti-
vatesmodifying theobjective functionto bemoreattunedto thoseuserson themostcostlypaths.Arguably, themost
obviousway to accomplishthis is to aspiretowardminimizing themaximumlatency incurredby any user.

Comparedto theaveragelatency objective, considerablylessis known aboutthepriceof anarchyrelative to the
maximumlatency. The®rst paperon thetopic is by Weitz [25], whoseresultswewill review below. Most relevantfor
usis a paperby Roughgarden[19], whereonly thespecialcaseof single-commoditynetworks,networksin whichall
traf®c sharesthesamesourceanddestination,wereconsidered.Themainresultof [19] statesthat,if latency functions
areallowedto bearbitrarycontinuous,nondecreasingfunctions,thenthe(worst-case)priceof anarchywith respectto
themaximumlatency objective in single-commoditynetworkswith atmostn verticesis preciselyn � 1.

Roughgarden[19] alsomadetwo conjecturesaboutthis priceof anarchyin multicommoditynetworks.Theweak
conjecture of [19] assertsthat in multicommoditynetworks, this price of anarchycanbe boundedby a function of
thenumberof vertices,edges,andcommoditiesin thenetwork. As a point of contrast,simpleexamplesshow thatno
suchboundis possiblefor thepriceof anarchyrelative to theaveragelatency, unlessadditionalstructureis imposed
on the network latency functions[21]. The strong conjecture of [19] statesthat the price of anarchywith respect
to the maximumlatency remainsn � 1 in multicommoditynetworks.This conjecturewasmotivatedin part by the
provable equivalenceof single-commodityand multicommoditynetworks for the price of anarchyrelative to the
averagelatency [6,18].

Braess's Paradox Braess's Paradoxis thefollowing counterintuitivefact:addingadditionaledgesto a network with
sel®shroutingcanmakeall of thetraf®c worseoff. Firstdiscoveredin 1968[3], Braess'sParadoxhassincemotivated
a vastnumberof follow-up papers;see[17] for a survey. Almost all existing work on theparadoxcon®nesattention
to closevariationson or analoguesof Braess's original examplein a four-nodenetwork. Only recentlyhave larger,
moresevereversionsof Braess's Paradoxbeendiscovered.Speci®cally, Roughgarden[17] de®nedanin®nite family
of networks,beginningwith Braess's original example,thatshows thataddingedgesto a single-commoditynetwork
with n verticescanincreasethelatency experiencedby all of thetraf®c (andhencethemaximumlatency) by a factor
of bn=2c. It wasalsoshown in [19] thatnogreaterincreaseis possiblein single-commoditynetworks,but theproofof
thiscruciallyusedthecombinatorialstructureof �o wsatNashequilibriumin suchnetworks.Onceagainthestorywas
left incomplete:arethenetworksof [17] theworstexamplespossible,or aremoresevereversionsof Braess'sParadox
lurking in thericherlandscapeof multicommoditynetworks?

Our Results In this paper, we establishnearlymatchingupperandlower boundson both thepriceof anarchywith
respectto themaximumlatency andon theworst-possibleseverity of Braess's Paradoxin multicommoditynetworks.
Our resultsresolvebothof theconjecturesin [19]—onein theaf®rmative,onein thenegative—andalsogive the®rst
demonstrationthatBraess's Paradoxis provablymoreseverein multicommoditynetworksthanin single-commodity
ones.Speci®cally, our two mainresultsarethefollowing.

– We give a parameterizedconstruction,basedon the Fibonaccinumbers,that shows that addingoneedgeto a
two-commoditynetwork with n verticescanincreasethelatency of all traf®c by a2
 (n ) factor.

– We prove that the price of anarchywith respectto the maximumlatency in networks with k commodities,n
vertices,andm edgesis 2O(min f kn;m log n g) .

Theconstructionusedto provethe®rst resulthaswide implications.In particular, for all existingapproximation-type
analysesof sel®shroutingthatwereonly known to hold for single-commoditynetworks[14,17,19], thisconstruction
rulesoutany reasonableextensionto multicommoditynetworks,eventhosewith only two commodities.For example,
removing oneedgefrom asingle-commoditynetwork canonly decreasethemaximum(or average)latency of aNash
�o w by a factorof 2 [14], while ourconstructionshowsthata singleedgeremoval cancauseanexponentialimprove-
ment in the averageandthe maximumlatency (even with only two commodities).This dichotomybetweensingle-
andtwo-commoditynetworksis somewhatunexpected,giventhenegligible role that thenumberof commoditieshas
playedin previouswork in this area[6,18,21].



The ®rst resulteasilyimplies a lower boundof 2
 (n ) on the price of anarchyfor the maximumlatency in mul-
ticommoditynetworks, asan optimal �o w hasthe option of ignoring edgesthat arecausingBraess's Paradox.By
thesamereasoning,thesecondresultimplies thataddingany numberof edgesto a network with k commodities,n
vertices,andm edgescanonly increasethemaximumlatency by a 2O(min f kn;m log n g) factor. Our upperandlower
boundson boththepriceof anarchyandon theworst-possibleseverity of Braess's Paradoxarethusessentiallytight
for networkswith a constantnumberof commodities.

Finally, we considerthe following network designproblem,motivatedby the goal of detectingand avoiding
Braess's Paradox:given a network, ®nd the subnetwork with the smallestmaximumlatency. Using our family of
two-commoditynetworksandideasfrom thegapreductionsof [17] thatapplyto thesingle-commodityversionof the
problem,we prove that thereis no polynomial-timealgorithmfor this network designproblemwith subexponential
approximationratio (assumingP 6= N P). Sinceour upperboundon thepriceof anarchytrivially impliesthatanex-
ponentialperformanceguaranteeis achievable,thisnetwork designproblemis arareexampleof anaturaloptimization
problemwith intrinsicallyexponentialapproximability.

Further Related Work Therehave beennumerousprice of anarchyanalysesin the pastfew years.Studyof the
original load-balancingmodelof KoutsoupiasandPapadimitriou[13] continuesunabated;see[7,10] for surveys.A
survey of thesel®shroutingmodelstudiedhere,includingresultson thepriceof anarchy, canbefoundin [20]. Other
noncooperativegameshavealsobeenstudiedrecentlyfrom a priceof anarchyperspective, includingfacility location
games[8,24], network designgames[1,9], andresourceallocationgames[12].

As notedabove,Weitz [25] wasthe®rst to studythepriceof anarchyof sel®shroutingunderthemaximumlatency
objective.Weitz [25] notedthat,for single-commoditynetworksandclassesof restrictedlatency functions,theprice
of anarchyfor themaximumlatency is no morethanthat for theaveragelatency objective. For example,a theorem
of RoughgardenandTardos[21] boundingthe price of anarchywith respectto the averagelatency objective then
impliesthatthepriceof anarchyfor themaximumlatency in single-commoditynetworkswith linearlatency functions
is at most4=3, anda matchinglower boundis furnishedby theoriginal form of Braess's Paradox[3,25]. However,
upperboundson thepriceof anarchywith respectto themaximumlatency objective do not imply upperboundson
thepriceof anarchywith respectto theaveragelatency objective: for example,thepriceof anarchyfor themaximum
latency objective is at mostn � 1 in single-commoditynetworkswith arbitrarylatency functions[19], while theprice
of anarchyfor theaveragelatency canbearbitrarily largeevenin two-node,two-link networks[21].

Weitz [25] also gave a family of networks that shows that this price of anarchyis 
 (n) for multicommodity
networkswith n verticesandlinearlatency functions.Concurrentlywith Roughgarden[19], Correa,Schulz,andStier
Moses[5] studiedthemaximumlatency objectivefrom severaldifferentperspectives.Theresultsof [5] mostlyconcern
thecomputationalcomplexity of computinganoptimalsolutionandtheextent to which multiple objective functions
canbesimultaneouslyoptimized,andaredisjoint from thosein [19] andin thepresentwork.

2 Preliminaries

TheModel We now describeour modelof sel®shrouting, following RoughgardenandTardos[21]. We will study
a multicommodity�o w network, describedby a directedgraphG = (V; E) andk source-destinationvertex pairs
(s1; t1); : : : ; (sk ; tk ). We denoteby r i theamountof traf®c thatwishesto travel from thesourcesi to thedestination
t i —thetraf�c rate. ThegraphG cancontainparalleledges,but we canexcludeself-loops.We will denotethesi -t i

pathsof G by Pi . We assumethatPi is non-emptyfor all i , andde®neP = [ k
i =1 Pi .

A �ow is anonnegativevectorindexedby P. By f e wemeantheamount
P

P 2P : e2 P f P of �o w thattraversesedge
e. With respectto anetwork G andavectorr of traf®c rates,a�o w is feasibleif

P
P 2P i

f P = r i for all commoditiesi .
We assumethat thenetwork G suffers from congestioneffects,andto modelthis we give edgee a nonnegative,

continuous,nondecreasinglatencyfunction`e thatdescribesthetime neededto traversetheedgeasa functionof the
edgecongestionf e. Givena �o w f , the latency `P of a pathP is the sumof the latenciesof theedgesin thepath:
`P (f ) =

P
e2 P `e(f e). We will call a triple of theform (G; r; `) aninstance.

Ourobjectivefunctionis themaximumlatency incurredbya�o w, de®nedformallybyM (f ) = maxP 2P : f P > 0 `P (f ).
With respectto aninstance(G; r; `), a �o w thatminimizesM (�) over all feasible�o ws will becalledoptimal. Since



thefeasible�o ws of aninstanceform a compactsubsetof EuclideanspaceandM (�) is a continuousfunction,every
instanceadmitsanoptimal�o w.

Flowsat NashEquilibrium We next de®nethe �o ws thatwe expectto arisefrom sel®shrouting.Assumingthatall
network usershavenegligible sizeandwantto minimizethelatency experienced,weexpectall usersto travel onpaths
with minimum-possiblelatency. We formalizethis in thenext de®nition.

De�nition 1. A �ow f feasiblefor (G; r; `) is at Nashequilibrium, or is a Nash�o w, if for every i 2 f 1; 2; : : : ; kg
andtwo pathsP1; P2 2 Pi with f P1 > 0,

`P1 (f ) � `P2 (f ):

Happily, Nash�o wsalwaysexist, andall Nash�o wsof aninstancehaveequalmaximumlatency.

Proposition1 Let (G; r; `) bean instance.

(a) There is at leastoneNash�ow for (G; r; `).
(b) If f ; ~f areNash�ows for (G; r; `), thenM (f ) = M ( ~f ).

Proposition1 is classical;for example,it follows from argumentsof Beckmann,McGuire,andWinsten[2].
De®nition 1 implies that in a Nash�o w, all of the traf®c of a given commodityexperiencesa commonlatency.

We will sometimesusethenotationL i (G; r; `) to denotethecommonlatency of thei th commodity'straf®c in aNash
�o w for (G; r; `); analogouslyto Proposition1(b), this is well de®ned(i.e., independentof theparticularNash�o w).

We will alsobene®tfrom thefollowing alternativede®nitionof a Nash�o w, which was®rst notedby Smith[23].
It is aneasyconsequenceof De®nition1.

Proposition2 A �ow f feasiblefor (G; r; `) is at Nashequilibriumif andonly if
X

e2 E

`e(f e)f e �
X

e2 E

`e(f e) ~f e (1)

for every�ow ~f that is feasiblefor (G; r; `).

ThePrice of Anarchy We now formalizewhatwe meanby thepriceof anarchy. As notedin theintroduction,it is the
ratioof theobjectivefunctionvaluesof a �o w atNashequilibriumandanoptimal�o w. If (G; r; `) is aninstance,then
theprice of anarchy of (G; r; `), denoted� (G; r; `), is the ratio M (f )=M (f � ), wheref is a Nash�o w andf � is an
optimal �o w. Proposition1 ensuresthat thepriceof anarchyof an instanceis well de®nedprovidedM (f � ) > 0. If
M (f � ) = 0, thenf � is alsoa �o w at Nashequilibriumandwe de®nethepriceof anarchyof theinstanceto be1.

Finally, thepriceof anarchy� (I ) of a collectionI of instancesis de®nedin theobviousway:

� (I ) = sup
(G;r ;` )2I

� (G; r; `):

3 Braess's Paradox in Multicommodity Networks

In this section,we provethatBraess's Paradoxcanbemuchmoreseverein multicommoditynetworksthanin single-
commoditynetworks.In fact,therewill bea “phasetransition”of sorts:theworst-caseseverity of Braess'sParadoxis
polynomialin single-commodityinstances,but exponentialin two-commodityinstances.Thefamily of instancesthat
we constructin this sectionwill alsoserveasastartingpoint for our inapproximabilityresultsin Section5.

We will begin this sectionby formally statingthepropertiesof our constructionin Theorem3 below. Prior to de-
tailing thisconstructionandprovingTheorem3,wewill discussits many consequencesfor multicommoditynetworks.

Our family of two-commodityinstancesis closelyrelatedto theFibonaccinumbers. Recallthatfor a nonnegative
integerp, thepth FibonaccinumberFp is de®nedasfollows:F0 = 0, F1 = 1, andFp = Fp� 2 + Fp� 1 for p � 2. It is
well known thatFp � c � � p asp ! 1 , wherec � 0:4472and� � 1:618is thegoldenratio.

We cannow statethemainresultof thissection.



Theorem3. There is an in�nite family f (Gp; r p; `p)g1
p=1 of instanceswith thefollowing properties:

(a) (Gp; r p; `p) hastwo commoditiesandO(p) verticesandedgesasp ! 1 ;
(b) for p odd,L 1(Gp; r p; `p) = Fp� 1 + 1 andL 2(Gp; r p; `p) = Fp;
(c) for p even,L 1(Gp; r p; `p) = Fp + 1 andL 2(Gp; r p; `p) = Fp� 1;
(d) for all p, there is a subgraph H p of Gp with one lessedge than Gp that satis�es L 1(H p; r p; `p) = 1 and

L 2(H p; r p; `p) = 0.

Theorem3 hasanumberof implications.We begin by notingtwo immediatecorollariesof thetheorem.

Corollary 1. Addinga singleedge to an n-vertex two-commodityinstancecanincreasethelatencyof all traf�c by a
2
 (n ) factorasn ! 1 .

Corollary 2. If I n is thesetof instanceswith at mostn vertices,then� (I n ) = 2
 (n ) asn ! 1 .

Furthermore,Corollary1 trivially impliesthatfor everyk � 2, addinga singleedgeto ann-vertex k-commodity
instancecanincreasethelatency of all traf®c by a 2
 (n ) factorasn ! 1 .

Theorem3 andCorollaries1 and2 show thata numberof previously establishedpropertiesof single-commodity
instancesdo not carryover to multicommoditynetworks.In particular, thefollowing statementsareknown to hold in
single-commodityinstances.

(1) Adding oneedgeto a single-commodityinstancecanonly increasethemaximumor averagelatency of a Nash
�o w by a factorof 2 [14].

(2) Addingany numberof edgesto ann-vertex single-commodityinstancecanonly increasethemaximumor average
latency of a Nash�o w by a factorof bn=2c [17].

(3) The price of anarchywith respectto maximumlatency in an n-vertex single-commodityinstanceis at most
n � 1 [19].

Theorem3 andCorollaries1 and2 demonstratethatall of thesestatementsutterly fail to extendto multicommodity
networks,evento thosewith only two commodities.Thisdichotomystandsin contrastto otherwork onsel®shrouting,
suchasboundson thepriceof anarchywith respectto theaveragelatency objective function,wherethereis provably
noseparationbetweensingle-commodityandmulticommodityinstances[18,6].

We now give theconstructionof the family of instancesclaimedin Theorem3. We begin by de®ningthegraph
Gp for p � 1, seeFigure1. We will describetheconstructiononly for p odd; theconstructionfor evenp is similar.
We begin with two paths,which we will call P1 andP2. The(p + 3)-vertex pathP2, drawn vertically in Figure1, is
s2 ! w0 ! w1 ! � � � ! wp ! t2. The(p + 4)-vertex pathP1, drawn horizontallyin Figure1, is s1 ! a ! w1 !
v1 ! � � � ! vp ! t1. We alsoaddthefollowing edgesbetweenthetwo paths:

– (a; wi ) for all positiveeveni ;
– (vi ; wi ) for all positiveeveni ;
– (s2; vi ) for all oddi at mostp � 2;
– (wi ; vi ) for all oddi .

Finally, we completeGp by addingwhatwe will call anextra edge, de®nedastheedge(s1; w0).
For all p, the traf®c ratevectorrp will be r p

1 = r p
2 = 1. To completethe construction,we thereforeneedonly

describethe edgelatency functions.All edgeswill eitherpossessa constantlatency function,or a latency function
thatapproximatesa stepfunction.We next introducenotationfor thelatter functiontype.For a positive integeri and
a positive real number� , f i

� will denotea continuous,nondecreasingfunction satisfyingf i
� (x) = 0 for x � 1 and

f i
� (x) = Fi for x � 1 + � . (The function f i

� canbe de®nedarbitrarily on (1; 1 + � ), provided it is continuousand
nondecreasing.)

For i 2 f 0; 1; : : : ; p� 1g, wede®netheedgeei to be(wi ; wi +1 ) if i is evenand(vi ; vi +1 ) if i is odd.(SeeFigure1.)
We now de®nethe latency functions p̀ for Gp asfollows,where� is suf®ciently small (to bechosenlater): for each
i > 0, edgeei receivesthelatency function`p(x) = f i

� (x), edgee0 receivesthelatency function`p(x) = f 1
� (x), edge

(s1; a) receivesthelatency function`p(x) = 1, andall otheredgesreceive thelatency function`p(x) = 0.
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Fig.1. Constructionof the instance(Gp ; r p ; `p ) whenp = 7. Dottededge(s1 ; w0) is the“extra edge”.Edgeswith non-constant
latency functionsarelabelled.

With theconstructionin hand,we now turn toward proving Theorem3 for odd p (the argumentsfor even p are
similar).Part (a) is obvious.Part (d) is easyto see:if H p is obtainedfrom Gp by removing theextraedge(s1; w0) and
f is the�o w thatroutesoneunit of traf®c on bothP1 andP2, thenf is at Nashequilibriumfor (Gp; r p; `p), showing
thatL 1(H p; r p; `p) = 1 andL 2(H p; r p; `p) = 0. (SeeFigure2.)

To ®nishtheproofof Theorem3 (for p odd),we needonly provepart(b). We will accomplishthis via a sequence
of lemmas,the®rstof whichrequiressomefurtherde®nitions.First,wewill saythata�o w f , feasiblefor (Gp; r p; `p),
�oods theinstanceif f ei � 1 + � for all i 2 f 0; 1; : : : ; p � 1g. Thusif f �oods (Gp; r p ; `p), all edgelatenciesareat
theirmaximum,asin Figure3. Second,we introducenotationfor someof thepathsof Gp. For i even,Qi will denote
theuniques1-t1 pathwhich traversesedgeei beforeany odd labellededges,andincludesno otheredgeof P2. For
i odd,Qi will denotetheuniques2-t2 pathwhich traversesedgeei beforeany evenlabellededges,andincludesno
otheredgeof P1. We will call the pathsQ0; : : : ; Qp� 1, togetherwith the “axis-aligned”pathsP1 andP2, theshort
paths. Thenext lemmajusti®esthis terminology, at leastfor �o ws that�ood theinstance(Gp; r p; `p).

Lemma 1. If f �oods (Gp; r p; `p) with p odd,then:

(a) `P (f ) � Fp� 1 + 1 for everys1-t1 pathP, andequalityholdsfor shortpaths;
(b) `P (f ) � Fp for everys2-t2 pathP, andequalityholdsfor shortpaths.

We will only provepart(b) of Lemma1, astheproof of part(a) is similar. In theproof,we will usethefollowing
lemmaaboutFibonaccinumbers,which is easyto verify.

Lemma 2. Let j and p be odd positiveintegers with j < p, and I the evennumbers betweenj andp. Then,F j +P
i 2 I Fi = Fp.

We now proveLemma1.

Proof of Lemma1: Let P beans2-t2 path.Let j bethelargestoddnumbersuchthatej 2 P, or 0 if thereis no such
number. We only needto prove thecasewherej > 0, sincethej = 0 andj = 1 casesarethesame.If j > 0, thenP
containsej andalsoei for all eveni betweenj andp. Sincef �oods (Gp; r p; `p), Lemma2 impliesthat`P (f ) � Fp.
Moreover, this inequalityholdswith equalityfor shortpaths.�
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Fig.2. Nash¯ow in (H p ; r p ; `p ), with p = 7, whereH p is Gp with theextraedge(s1 ; w0) removed.Solidedgescarry¯ow, dotted
edgesdonot.Edgelatenciesarewith respectto theNash¯ow. Unlabellededgeshave zerolatency.
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Fig.3. Nash¯ow in (G p ; r p ; `p ), with p = 7. Solid edgescarry ¯ow, dottededgesdo not. Edgelatenciesarewith respectto the
Nash¯ow. Unlabellededgeshave zerolatency.



Our®nal lemmastatesthatrouting�o w onshortpathssuf®cesto �ood theinstance(Gp; r p; `p). For thestatement
of the lemma,recall that the parameter� controlshow rapidly the non-constantlatency functionsof (Gp; r p; `p)
increaseastheamountof �o w on theedgeexceedsone.

Lemma 3. For all p odd and � suf�ciently small, there is �ow f , with f P > 0 only for short pathsP, that �oods
(Gp; r p; `p).

Proof. De®nethe �o w f as follows. First, for i = 0; 1; : : : ; p � 1, route2� ( i +1) units of �o w (of the appropriate
commodity)on theshortpathQi . This routesstrictly lessthanoneunit of �o w of eachcommodity. The remaining
�o w is thenroutedon theshortpathsP1 andP2.

To completetheproof,we needto show thatf �oods (Gp; r p; `p)—thatf ei � 1 + � for all p 2 f 0; 1; : : : ; p � 1g
provided� is suf®ciently small.We will provethis inequalityonly for i odd;theargumentfor eveni is similar.

Thesecondcommodityusesedgeei only in theshortpathQi , on which it routes2� ( i +1) unitsof �o w. The®rst
commodityusesedgeei in all of its �o w pathsexceptfor theshortpathsQj for j evenandgreaterthani . Thetotal
amountof �o w onei is thusat least

2� ( i +1) + 1 �
X

j � 0

2� ( i +2+2 j ) = 1 + 2� ( i +1) �
4
3

� 2� ( i +2) > 1 + 2� ( i +3) :

Thus,provided� � 2� (p+3) , f �oods (Gp; r p; `p), andtheproof is complete.

Theorem3(b)now follows immediatelyfrom De®nition1, Lemma1, andLemma3.

4 Upper Boundson the Price of Anarchy

We now turn toward proving upperboundson the price of anarchyand,as a consequence,on the worst-possible
severity of Braess's Paradox.We will aim for anupperboundthatmatchesthe lower boundof Theorem3, andwill
largelysucceedin thisgoal.

We begin by proving a very weakboundon thepriceof anarchy, a boundthatdependson parametersotherthan
thesizeof thenetwork. While not interestingin its own right, this boundwill playa crucialrole in laterproofsin this
section.

Lemma 4. Let f bea Nash�ow andf � a feasible�ow for aninstance(G; r; `), whereG hasm edges.For everyedge
e of G with f e > f �

e ,

`e(f e) �
m

P
i r i

f e � f �
e

� max
e

`e(f �
e ): (2)

Proof of Lemma4: Let F � E denotetheedgese of G for which f e > f �
e . Usinginequality(1) in Proposition2 and

thefactthat`e(f �
e ) � M (f � ) whenever f �

e > 0, we canderive thefollowing crudebound:
X

e2 F

`e(f e)( f e � f �
e ) �

X

e2 E nF

`e(f e)( f �
e � f e)

�
�

max
e

`e(f �
e )

� X

e2 E nF

(f �
e � f e)

� max
e

`e(f �
e ) � m �

X

i

r i :

Thelemmanow followseasily. �

We next useLemma4 asa bootstrapfor deriving upperboundson thepriceof anarchythatdependonly on the
sizeof the network. We will accomplishthis asfollows. For an arbitraryinstance,we will setup a linear program,
with edgelatenciesasvariables,thatmaximizesthepriceof anarchyamonginstancesthatare“basicallyequivalent”
to thegiveninstance.We will de®neour notionof equivalenceso thatLemma4 ensuresthat the linearprogramhas
a boundedmaximum,andwill thenanalyzethe verticesof the feasibleregion of the linear programto derive the
following bound.



Theorem4. If (G; r; `) is an instancewith n verticesandm edges,then

� (G; r; `) = 2O(m log n ) :

Beforeimplementingtheproofapproachoutlinedabove,we statea propositionthatboundsthemaximumsizeof
theoptimalvalueof a linearprogramwith a constraintmatrixwith entriesin f� 1; 0; 1g.

Proposition5 Let A bean m � n matrix with entriesin f 0; � 1g andat most� non-zero entriesin each row. Let b
be a real-valuedm-vector, and let the linear programmaxx i subjectto Ax � b havea �nite maximum.Then,this
maximumis at mostn� n kbk1 , wherekbk1 denotesmaxj jbj j.

Proposition5 canbeprovedwith Cramer's ruleanda simpleboundon thedeterminant.We omit furtherdetails.

Proofof Theorem4: Let (G; r; `) beaninstancewith n verticesandm edges.Let f andf � beNashandoptimal�o ws
for (G; r; `), respectively. We aimto show that� (G; r; `) = 2O(m log n ) .

We begin by performingsomepreprocessingon theinstance(G; r; `). First, if f e = f �
e = 0 for someedgee, then

that edgecanbe removed from the instancewithout affecting its � -value.We canthereforeassumethat f �
e > 0 or

f e > 0 for every edgee. Second,we canassumethat `e(0) = 0 whenever f �
e = 0. To seewhy, notethat replacing

the latency function `e(x) of suchan edgeby the function equal to (e.g.) minf x=f e; 1g � `e(x) leaves the Nash
�o w unaffectedwhile only decreasingthemaximumlatency of f � andhenceincreasingthe � -valueof the instance.
Combiningthesetwo assumptions,we canassumewithout lossof generalitỳ e(f �

e ) � M (f � ) for everyedgee of G.
We now setupa linearprogramthatattemptsto furthertransformthelatency functionsto make the� -valueof the

given instanceaslargeaspossible.In the linear program,the �o w amountsf f eg andf f �
e g, aswell asthe latencies

f `e(f �
e )g with respectto f � , will beheld®xed.Therewill beanonnegativevariablề e(f e) representingthelatency of

edgee with respectto the�o w f . Sothatthenew latency functionsarenondecreasing,we imposethefollowing linear
constraints,whichwecall monotonicityconstraints:

– For all edgese with f e = f �
e , ^̀e(f e) = `e(f �

e ).
– For all edgese with f e < f �

e , ^̀
e(f e) � `e(f �

e ).
– For all edgese with f e > f �

e , ^̀
e(f e) � `e(f �

e ).

Additionally, we will insist that the (®xed) �o w f be at Nashequilibrium with respectto the (variable) latencies
f ^̀

e(f e)g. Thereareseveralwaysthatthis requirementcanbeencodedwith linearconstraints.For this proof,we will
be contentwith the following naive approach:for every commodityi , andevery pair of pathsP; ~P 2 Pi for which
f ( i )

e > 0 for all e 2 P, we insist that
P

e2 P
^̀
e(f e) �

P
e2 ~P

^̀
e(f e) in our linearprogram.Sincethis linearprogram

hasa smallnumberof variables,we will notbehamperedby its potentiallymassivenumberof constraints.
By construction,our constraintsensurethe following: for every feasiblesolution f ^̀(f e)g, thereis an instance

(G; r; ^̀) with continuous,nondecreasinglatency functions ^̀, so that theselatency functions interpolatetheir two
prescribedvaluesandf is a Nash�o w for (G; r; ^̀). Considertheobjective functionmax ^̀

e(f e) for an edgee. Our
key claim is that theresultinglinearprogramis not unbounded.For edgese with f e � f �

e , theclaim is obviousfrom
the constraints.For edgese with f e > f �

e , theclaim follows from Lemma4 andthe fact that all parameterson the
right-handsideof thebound(2) are®xedin thelinearprogram.

Sincethemaximumof theabove linearprogramis bounded,we canapplyProposition5. In our linearprogram,
therearea total of m variables,of which eachconstraintcontainsat most2n. Theright-handsideof eachconstraint
is either a 0 or a term of the form `e(f �

e ). By our preprocessingstep,`e(f �
e ) � M (f � ) for all edgese. Hence,

Proposition5 implies that themaximumof the linearprogramis at mostmn O(m ) � M (f � ). Hence,returningto the
original instance(G; r; `), wemusthave`e(f e) � mnO(m ) � M (f � ) for all edgese. Sincea�o w pathof f cancontain
only n edges,wecanconcludethat� (G; r; `) � nmn O(m ) = 2O(m log n ) . �

Whenthenumberof commoditiesis small(e.g.,aconstant),wecanimprovetheboundto 2O(kn ) usingadifferent
way to encodetheconstraintthatf mustbeat Nashequilibriumwith respectto f ^̀

e(f e)g.

Theorem6. If (G; r; `) is an instancewith n verticesandk commodities,then

� (G; r; `) = 2O(kn ) :



Proof. To prove our bound,we startwith the linear programdescribedin Theorem4. We leave the objective and
monotonicityconstraintsthe same,but replacethe constraintsthat ensuref is a Nashequilibrium for f ^̀

e(f e)g. To
ensurethe latenciesf ^̀

e(f e)g de®nea Nashequilibrium for f , we introducean auxiliary variabled̂i (v) for each
commodityi andfor every vertex v 2 V reachablefrom thatcommodity'ssourcesi , which will representthelength
of theshortestpathfrom si to v, with respectto thelatenciesf ^̀

e(f e)g. Now, wede®nethefollowing constraints:

– d̂i (si ) = 0, for all commoditiesi .
– d̂i (u) + ^̀

e(f e) = d̂i (v), for all edgese = (u; v) andcommoditiesi with f ( i )
e > 0.

– d̂i (u) + ^̀
e(f e) � d̂i (v), for all edgese = (u; v) andcommoditiesi .

To completetheproof,weneedto show:

(a) A setof latenciesf ^̀
e(f e)g is feasiblefor our linearprogramif andonly if it de®nesaNashequilibriumfor f .

(b) Thelatency variablescanberemoved,yieldingalinearprogramwith kn variables,thatcanbeboundedby 2O(kn ) .

To prove theforwarddirectionof (a), it is easyto seethatwith our constraints,for every commodityi , eachpath
P 2 Pi , with f ( i )

e > 0 for all e 2 P, musthave lengthpreciselyequalto d̂i (t i ). Furthermore,no pathin P 2 Pi

mayhave lengthstrictly lessthand̂i (t i ). Therefore,for everycommodityi andeveryP; ~P 2 Pi , with f ( i )
e > 0 for all

e 2 P,
P

e2 P
^̀
e(f e) �

P
e2 ~P

^̀
e(f e), andour latenciesde®nea Nashequilibriumfor f . To provetheotherdirection

of (a),notethatfor any setof latencieŝ̀ e(f e) de®ninga Nashequilibriumfor f , we cande®nêdi (v) to bethelength
of theshortestpathfrom si to v, andwe havea feasiblesolutionfor our linearprogram.

With (a) proven,we know that themaximumvalueof our linearprogramis preciselythemaximumedgelength
thatoccursin any Nashequilibriumfor �o w f . As before,notethatLemma4 impliesour linearprogramis bounded,
andwecanapplyProposition5 to boundthemaximumvalueof thelinearprogram.

BeforeapplyingProposition5 however, we ®rst eliminatethelatency variables,which allows usto provea better
bound.Notethatfor any edgee = (u; v) with f i

e > 0 for somecommodityi , d̂i (u)+ ^̀
e(f e) = d̂i (v), sowecanreplace

any occurrenceof ^̀
e(f e) in our linearprogramwith d̂i (v) � d̂i (u). Furthermore,for any otheredges,f e = 0, andit

mustbethecasethat ^̀
e(f e) � M (f � ). For theseedges,anoptimalsolutionmustassignsomevaluexe � M (f � ) to

thelatencieŝ̀ e(f e), andthusfor theseedges,we cansubstitutethe ^̀
e(f e) variablewith theconstantxe valueusedin

theoptimalsolution.With thesesubstitutions,we have not changedtheoptimalvalueof our linearprogram,andwe
areonly left with O(kn) variables.Moreover, therearestill a constantnumberof variablesperconstraint,andeach
entryof b is still boundedby M (f � ). Therefore,applyingProposition5 boundsthepriceof anarchyby 2O(kn ) .

Corollary2 showsthatTheorem6 is essentiallytight for a constantnumberof commodities.

5 Exponential Inapproximability for Network Design

In thissection,wewill show thatanetwork designproblemthatis naturallymotivatedby Braess'sParadoxhasintrin-
sicallyexponentialapproximability. Theproblem,whichwecall MULTICOMMODITY NETWORK DESIGN (MCND),
is asfollows.

Givena (multicommodity)instance(G; r; `), ®nd a subgraphH of G thatminimizesM (H; r; `).

By M (H; r; `), we meanthemaximumlatency of a Nash�o w for (H ; r; `) (well de®nedby Proposition1). MCND
is tantamountto detectingandavoiding Braess's Paradox.For single-commodityinstances,this problemwasstudied
in [17].

Thetrivial algorithmis de®nedasthealgorithmthatalwaysreturnstheentiregraphG—thealgorithmthatalways
puntson trying to detectBraess's Paradox.The following was proved in [17]: the trivial algorithm is an bn=2c-
approximationalgorithmfor the specialcaseof single-commodityinstances;andfor every � > 0, no (bn=2c � � )-
approximationalgorithmexists(assumingP 6= N P). Here,we will succeedin proving analoguesof theseresultsfor
multicommoditynetworks,wherethebest-possibleapproximationratio is inherentlyexponential.

First, we notethatsinceTheorems4 and6 imply limits on the largestpossibleincreasein themaximumlatency
dueto Braess'sParadox,they alsotranslateto anupperboundon thetrivial algorithm.



Proposition7 Thetrivial algorithmis a 2O(min f kn;m log n g) -approximationalgorithmfor MCND.

Much moreinterestingis thenext result,which statesthat thereis no polynomial-timealgorithmwith subexpo-
nentialapproximationratio (assumingP 6= N P).

Theorem8. AssumingP 6= N P, there is no2o(n ) -approximationalgorithmfor MCND.

The proof of Theorem8 combinesideasfrom the gap reductionsof [17] for the single-commodityversionof
MCND with the family of two-commodityinstancesdescribedin Section3. Becauseof spaceconstraints,we will
contentourselvesherewith a high-level overview of theproof.

Recallthatin aninstanceof theNP-completeproblemPARTITION, wearegivenqpositiveintegersf a1; a2; : : : ; aqg
andseeka subsetS � f 1; 2; : : : ; qg suchthat

P
j 2 S aj = 1

2

P q
j =1 aj [11, SP12].Theideaof thereductionis to start

with aninstance(Gp; r p; `p) of theform describedin Section3,andto replacetheextraedge(s1; w0) with acollection
of paralleledgesrepresentinganinstanceI = f a1; : : : ; apg of PARTITION. Wewill givetheseedgeslatency functions
that simulate“capacities”,with an edgerepresentingan integer aj of I receiving capacityproportionalto aj . The
proof thenbreakdown into threeparts.First, if too many of theseparalleledgesareremovedfrom thenetwork, there
will be insuf®cient remainingcapacityto send�o w cheaply. To implementthis, we mustalsoaugmentthe latency
functionsof theedgese0; : : : ; ep� 1 of Section3 to have effective capacities.Second,if too few of theparalleledges
areremoved,theexcessof capacityresultsin a bad�o w at Nashequilibriumsimilar to thatof Figure3. Finally, these
two casescanbeavoidedif andonly if I is a “yes” instanceof PARTITION, in which caseremoving theappropriate
collectionof paralleledgesresultsin a network thatadmitsagoodNashequilibriumsimilar to thatof Figure2.

References

1. E. Anshelevich, A. Dasgupta,́E. Tardos,andT. Wexler. Near-optimalnetwork designwith sel�sh agents.In Proceedingsof
the35thAnnualACM Symposiumon theTheoryof Computing(STOC), pages511–520,2003.

2. M. Beckmann,C. B. McGuire,andC. B. Winsten.Studiesin theEconomicsof Transportation. YaleUniversityPress,1956.
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