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Abstract. We give the rst analysesn multicommoditynetworksof boththeworst-casesererity of Braesss Para-
dox andthe price of anarchyof sel sh routing with respectto the maximumlateng. Our rst mainresultis a
constructionof anin nite family of two-commoditynetworks, relatedto the Fibonaccinumbersjn which both
of thesequantitiesgrow exponentiallywith the size of the network. This constructionhaswide implications,and
demonstratethat numerousxisting analyseof sel sh routingin single-commaoditynetworks have no analogues
in multicommoditynetworks, evenin thosewith only two commoditiesThis dichotomybetweersingle-andtwo-
commoditynetworksis arguablyquite unexpected giventhe neggligible dependencen the numberof commaodities
of previouswork onsel sh routing.

Our secondmainresultis an exponentialupperboundon the worst-possibleseverity of Braesss Paradoxandon
the price of anarchyfor the maximumlateng, which essentiallymatcheghe lower boundwhenthe numberof
commoditiegs constant.

Finally, we useour family of two-commoditynetworks to exhibit a naturalnetwork designproblemwith intrinsi-
cally exponential(in)approximability:while thereis a polynomial-timealgorithmwith anexponentialapproxima-
tion ratio, subeponentialapproximatioris unachi@ablein polynomialtime (assuming® 6 N P).

1 Intr oduction

Sel sh Routing and the Price of Anarchy A recenttrendin theoreticalcomputersciences to analyzethe extentto
which equilibriain a noncooperatie gameapproximatea socialoptimum.The mostpopularmeasurés the price of
anarchy [15] (alsocalledthe coodinationratio [13]), de®nedasthe worst-caseaatio betweernthe objective function
valueof a Nashequilibriumof agameandthatof anoptimalsolution.The price of anarchyis thusde®nedrelative to
agameandto anobjective function.

In this paper we will studyone of the mostpopularmodelsfor price of anarchyanalysesthe so-calledsel sh
routing model.Sel®shroutingis a mathematicamodelof how noncooperatie agentsoutetraf®c in a network with
congestionFormally, the gametakesplacein a directedmulticommodity o w network, whereeachedgepossesses
a continuous nondecreasingateng function that modelshow the performanceof an edgedegradesasit becomes
increasinglycongestedThe traf®c in the network is assumedo comprisea large numberof independenhetwork
userssothateachindividual hasnegligible impacton the experienceof others.Underthis assumptionequilibria—

ows at Nashequilibrium—are naturally de®nedas the multicommodity o ws in which all traf®c travels only on
minimum-latenyg paths.

Asin mostnoncooperatiegames,o wsatNashequilibriumareinef®cient,in thesenseahatthey neednotoptimize
naturalobjective functions.Onesuchobjective function, the averagelateng incurredby traf®c, hasbeenextensvely
studied Beginningwith RoughgardemandTardos[21] andcontinuingwith studiesof ever-increasinggenerality[4, 6,
16,18,22], exactworst-casdoundson the price of anarchywith respecto the averagdateny have beenestablished
underawide variety of differentassumptions.

? UC Berkeley, ComputerScienceDivision, SodaHall, Berkeley, CA 94720.Supportecby a UC Berkeley Researclirellowship.
Email: henrylin@cs.berkeley.edu
*? Departmenbf ComputerScience StanfordUniversity, 462 GatesBuilding, Stanford,CA 94305.Supportedn partby ONR
grantN00014-04-1-072andDARPA grantW911NF-04-9-0001Email: tim@cs.stanford.edu
Cornell University, Departmenibf ComputerScienceUpsonHall, Ithaca,NY 14853.Supportedn partby NSF grant CCR-
032553 NSFgrant0311333andONR grantN00014-98-1-058%mail: eva@cs.cornell.edu
Y Googlelnc., MountainView, CA. Email: walkover@gmail.com

?2?2?



The Maximum Latency Objective As in mary combinatorialoptimizationproblems permittingan objective func-
tion to averagethe costof differentuserscan be problematicfrom a fairnessperspectie. Speci®cally to attainor
approximatea o w thatminimizesthe averagelateng, someusersmay needto be sacri®cedo very costly paths,in
orderto reducethe congestiorencounteredby others.This unfairnessnherentin the averagelatengy measuremoti-
vatesmodifying the objective functionto be moreattunedto thoseuserson the mostcostly paths.Arguably the most
obviousway to accomplistthisis to aspiretoward minimizing the maximumateng incurredby ary user

Comparedo the averagelateng objective, considerablyessis known aboutthe price of anarchyrelative to the
maximumlateng. The®rst paperonthetopicis by Weitz [25], whoseresultswe will review belon. Mostrelevantfor
usis a paperby Roughgardefil9], whereonly the specialcaseof single-commaoditynetworks, networksin which all
traf®c shareghe samesourceanddestinationwereconsideredThemainresultof [19] stateghat,if lateng functions
areallowedto bearbitrarycontinuousnondecreasinfunctions,thenthe (worst-caseprice of anarchywith respecto
themaximumlateng objective in single-commoditynetworkswith atmostn verticesis preciselyn 1.

Roughgardefil9] alsomadetwo conjecturesboutthis price of anarchyin multicommoditynetworks. Theweak
conjectue of [19] assertghatin multicommoditynetworks, this price of anarchycanbe boundedby a function of
thenumberof vertices edgesandcommoditiedn the network. As a point of contrastsimpleexamplesshow thatno
suchboundis possiblefor the price of anarchyrelative to the averagelateng, unlessadditionalstructureis imposed
on the network lateng functions[21]. The strong conjectue of [19] statesthat the price of anarchywith respect
to the maximumlateng remainsn 1 in multicommoditynetworks. This conjecturewas motivatedin part by the
provable equivalenceof single-commodityand multicommodity networks for the price of anarchyrelative to the
averagdateny [6, 18].

Braesss Paradox Braesss Paradoxis thefollowing counterintuitve fact: addingadditionaledgeso a network with
sel®shroutingcanmalke all of thetraf®c worseoff. Firstdiscoveredin 1968[3], Braesss Paradoxhassincemotivated
avastnumberof follow-up paperssee[17] for a suney. Almost all existing work on the paradoxcon®nesattention
to closevariationson or analogue®f Braesss original examplein a four-nodenetwork. Only recentlyhave larger,
moresevereversionsof Braesss Paradoxbeendiscovered.Speci®cally Roughgardeiil 7] de®nedanin®nite family
of networks, beginningwith Braesss original example,thatshavs thataddingedgego a single-commoditynetwork
with n verticescanincreasehelateny experiencedy all of thetraf®c (andhencethe maximumlateng) by afactor
of bn=2c. It wasalsoshavn in [19] thatno greatelincreasas possiblein single-commoditynetworks, but the proof of
this crucially usedthe combinatoriaktructureof o wsatNashequilibriumin suchnetworks.Onceagainthestorywas
leftincompletearethe networksof [17] theworstexamplespossible pr aremoresevereversionsof Braesss Paradox
lurking in thericherlandscap@f multicommoditynetworks?

Our Results In this paper we establishnearlymatchingupperandlower boundson both the price of anarchywith
respecto the maximumlateng andon the worst-possibleseverity of Braesss Paradoxin multicommaoditynetworks.
Our resultsresohe both of theconjecturesn [19]—onein theaf®rmative, onein the negatve—andalsogive the ®rst
demonstratiothat Braesss Paradoxis provably moreseverein multicommoditynetworksthanin single-commodity
ones.Speci®cally ourtwo mainresultsarethefollowing.

— We give a parameterizeaonstructionbasedon the Fibonaccinumbers that shawvs that addingone edgeto a
two-commoditynetwork with n verticescanincreasehelateny of all traf®c by a2 (") factor

— We prove that the price of anarchywith respectto the maximumlateng in networks with k commaodities,n
verticesandm edgeds 2°(min fkmm log ng) |

The constructiorusedto prove the ®rst resulthaswide implications.In particular for all existing approximation-type
analyse®f sel®shroutingthatwereonly known to hold for single-commaoditynetworks[14,17,19], this construction
rulesoutary reasonablextensionto multicommoditynetworks,eventhosewith only two commaoditiesFor example,
removing oneedgefrom a single-commoditynetwork canonly decreas¢éhe maximum(or average)ateng of aNash
o w by afactorof 2 [14], while our constructiorshavs thata singleedgeremoval cancauseanexponentiaimprove-
mentin the averageandthe maximumlatengy (evenwith only two commaodities).This dichotomybetweensingle-
andtwo-commoditynetworksis someavhatunexpectedgiventhe negligible role thatthe numberof commoditieshas
playedin previouswork in this area[6, 18,21].



The ®@rst resulteasilyimplies a lower boundof 2 (") on the price of anarchyfor the maximumlateng in mul-
ticommodity networks, asan optimal o w hasthe option of ignoring edgesthat are causingBraesss Paradox.By
the samereasoningthe secondresultimplies thataddingany numberof edgeso a network with k commoditiesn
vertices,andm edgescanonly increasethe maximumlateng by a 2°(min fkmm log ng) factor Our upperandlower
boundson boththe price of anarchyandon the worst-possibleseverity of Braesss Paradoxarethusessentiallytight
for networkswith a constannhumberof commodities.

Finally, we considerthe following network designproblem, motivated by the goal of detectingand avoiding
Braesss Paradox:given a network, ®nd the subnetvark with the smallestmaximumlateng. Using our family of
two-commoditynetworksandideasfrom the gapreductionsof [17] thatapplyto the single-commodityersionof the
problem,we prove thatthereis no polynomial-timealgorithmfor this network designproblemwith subeponential
approximatiorratio (assuming® 6 N P). Sinceour upperboundon the price of anarchytrivially impliesthatan ex-
ponentialperformancguaranteés achievable this network designproblemis arareexampleof anaturaloptimization
problemwith intrinsically exponentialapproximability

Further Related Work Therehave beennumerousprice of anarchyanalysesn the pastfew years.Study of the
original load-balancingnodelof Koutsoupiasand Papadimitriou[13] continuesunabatedsee[7, 10] for sureys. A
suney of thesel®shroutingmodelstudiedhere,including resultson the price of anarchycanbefoundin [20]. Other
noncooperatie gameshave alsobeenstudiedrecentlyfrom a price of anarchyperspectie, includingfacility location
gamed8, 24], network designgameq1, 9], andresourceallocationgameq12].

As notedabove, Weitz [25] wasthe®rst to studytheprice of anarchyof sel®shroutingunderthe maximumlateng
objective. Weitz [25] notedthat, for single-commoditynetworks andclassef restrictedateng functions,the price
of anarchyfor the maximumlateng is no morethanthatfor the averagelateng objective. For example,a theorem
of Roughgarderand Tardos[21] boundingthe price of anarchywith respectto the averagelatengy objective then
impliesthatthe price of anarchyfor themaximumlateng in single-commaoditynetworkswith linearlateng functions
is at most4=3, anda matchinglower boundis furnishedby the original form of Braesss Paradox[3, 25]. However,
upperboundson the price of anarchywith respecto the maximumlateng objective do notimply upperboundson
the price of anarchywith respecto the averageateng objective: for example the price of anarchyfor the maximum
lateng/ objectveis atmostn 1 in single-commoditynetworkswith arbitrarylateng functions[19], while the price
of anarchyfor theaveragdateng canbearbitrarily largeevenin two-node two-link networks[21].

Weitz [25] also gave a family of networks that shavs that this price of anarchyis (n) for multicommodity
networkswith n verticesandlinearlateng functions.Concurrentlywith Roughgardeffil9], Correa,Schulz,andStier
Mosegq5] studiedthemaximumlateng objectivefrom severaldifferentperspecties. Theresultsof [5] mostlyconcern
the computationatomplexity of computingan optimal solutionandthe extentto which multiple objective functions
canbesimultaneouslyptimized,andaredisjointfrom thosein [19] andin the presentvork.

2 Preliminaries

The Model We now describeour model of sel®shrouting, following Roughgarderand Tardos[21]. We will study
a multicommodity o w network, describedby a directedgraphG = (V;E) andk source-destinatiomertex pairs

ti—thetrafc rate ThegraphG cancontainparalleledgesput we canexclude self-loops.We will denotethe s;-t;
pathsof G by P;. We assumehatP; is non-emptyfor all i, andde®neP :P[ ik:l P;.

A ow isanonngativevectorindexedby P . By f e wemeantheamount  ppp .o p fp Of 0 wthattraversesdge
e. With respecto anetwork G andavectorr of traf®c ratesa o w isfeasibleif 5 fp = ri forall commodities.

We assumehatthe network G suffers from congestioreffects,andto modelthis we give edgee a nonneyative,
continuousnondecreasingatencyfunction” ¢ thatdescribeghetime neededo traversethe edgeasa functionof the
edgecongestion‘ e- Givena ow f, thelateny “p of apathP is the sumof the latenciesof the edgesin the path:
p(f) = op elfe). Wewill callatriple of theform (G; r; ") aninstance

Ourobjectivefunctionis themaximumlateng incurredby a o w, de®nedormallybyM (f ) = max 2p :t,>0 p(f).
With respecto aninstancg(G;r; ), a o w thatminimizesM () over all feasible o ws will be calledoptimal Since



thefeasible o ws of aninstanceform a compactsubsef EuclideanspaceandM () is a continuousfunction, every
instanceadmitsanoptimal o w.

Flows at NashEquilibrium We next de®nethe o ws thatwe expectto arisefrom sel®shrouting. Assumingthatall
network usershave nggligible sizeandwantto minimizethelatengy experiencedye expectall userdo travel on paths
with minimum-possibldateng. We formalizethisin the next de®nition.

De nition 1. A ow f feasiblefor (G;r; ") is at Nashequilibrium, or is a Nash o w, if for everyi 2 f1;2;:::;kg
andtwo pathsP1; P, 2 P; withfp, > 0,
pu(f) e (F):

Happily, Nash o ws alwaysexist, andall Nash o ws of aninstancehave equalmaximumlateng.

Proposition1 Let(G;r; ) beaninstance

() Theeis atleastoneNash ow for (G;r;").
(b) If f;fare Nash ows for (G;r; "), thenM (f ) = M ().

Propositionl is classicalfor example,it follows from argumentof BeckmannMcGuire,andWinsten[2].
De®nition 1 impliesthatin a Nash o w, all of the traf®c of a given commodityexperiencesa commonlateng.
We will sometimesisethenotationL; (G;r; ") to denotethecommonlateng of theith commoditystraf®c in aNash
ow for (G;r; *); analogouslyto Propositionl(b), thisis well de®ned(i.e.,independenof the particularNash o w).
We will alsobene®tfrom the following alternatve de®nitionof a Nash o w, which was®rst notedby Smith[23].
It is aneasyconsequencef De®nition 1.

Proposition2 A ow f feasiblefor (G;r; ") is at Nashequilibriumif andonly if

X
“e(fe)fe “e(fe)fe )

e2E e2E

for every ow fthatis feasiblefor (G;r; 7).

ThePrice of Anarchy We now formalizewhatwe meanby the price of anarchyAs notedin theintroduction,it is the

ratio of the objective functionvaluesof a o w at Nashequilibriumandanoptimal o w. If (G;r; ") isaninstancethen

the price of anarchy of (G;r; "), denoted (G;r; "), istheratioM (f )=M (f ), wheref isaNash ow andf isan

optimal o w. Propositionl ensureghatthe price of anarchyof aninstances well de®nedprovidedM (f ) > 0. If

M (f ) = 0,thenf isalsoa ow atNashequilibriumandwe de®nethe priceof anarchyof theinstanceto be 1.
Finally, theprice of anarchy (I ) of acollectionl of instancess de®nedin the obviousway:

(1)Y= sup (G;r;"):
(Gsr;)2l

3 BraesssParadoxin Multicommodity Networks

In this section,we prove that Braesss Paradoxcanbe muchmoreseverein multicommoditynetworksthanin single-
commoditynetworks. In fact,therewill bea“phasetransition”of sorts:theworst-caseseverity of Braesss Paradoxis
polynomialin single-commaoditynstancesbut exponentialin two-commodityinstancesThefamily of instanceshat
we constructin this sectionwill alsosene asa startingpointfor ourinapproximabilityresultsin Section5.

We will begin this sectionby formally statingthe propertiesof our constructiorin Theorem3 below. Prior to de-
tailing this constructiorandproving TheorenB, we will discussts mary consequencdsr multicommoditynetworks.

Our family of two-commaodityinstancess closelyrelatedto the Fibonaccinumbes. Recallthatfor anonnegyative
integerp, the pth Fibonaccinumberf, is de®nedasfollows: R = 0,F1 = 1,andF, = Fp 2+ Fp (forp 2.ltis
well knownthatF, ¢ Pasp! 1 ,wherec 0:4472and 1:618is thegoldenratio.

We cannow statethe mainresultof this section.



Theorem 3. Theris anin nite familyf (GP;rP; ‘p)gg:l of instanceswith the following properties:

(@) (GP;rP; P) hastwo commoditieand O(p) verticesandedgesasp! 1 ;

(b) for podd,L1(GP;rP;"P) = Fp 1+ LandL(GP;rP;"P) = Fp;

(c) for peven,L1(GP;rP;*P) = Fp+ LandLo(GP;rP;"P) = Fp 1;

(d) for all p, ther is a subgaph HP of GP with one lessedg than GP that satisesL;(HP;rP;’P) = 1 and
Lo(HP;r?;"P) = 0.

Theorem3 hasa humberof implications.We begin by notingtwo immediatecorollariesof thetheorem.

Corollary 1. Addinga singleedge to an n-vertex two-commaoditynstancecanincreasethe latencyof all traf ¢ by a
2 (M factorasn! 1.

Corollary 2. If | , is thesetof instanceswith at mostn verticesthen (1,) =2 (Masn! 1 .

FurthermoreCorollary 1 trivially impliesthatfor everyk 2, addinga singleedgeto ann-vertex k-commodity
instancecanincreasedhelateng of all traf®c by a2 (") factorasn! 1 .

Theorem3 andCorollariesl and2 shav thata numberof previously establishegropertiesof single-commaodity
instanceslo not carry over to multicommoditynetworks. In particular the following statementgreknown to holdin
single-commoditynstances.

(1) Adding oneedgeto a single-commodityinstancecanonly increase¢he maximumor averagelateny of a Nash
o w by afactorof 2 [14].

(2) Addingany numberof edgego ann-vertex single-commaoditynstancecanonly increasehe maximumor average
lateng of aNash o w by afactorof bn=2c [17].

(3) The price of anarchywith respectto maximum lateng in an n-vertex single-commodityinstanceis at most
n 1[19].

Theorem3 andCorollariesl and2 demonstrat¢hatall of thesestatementsitterly fail to extendto multicommodity
networks,evento thosewith only two commoditiesThisdichotomystandsn contrasto otherwork onsel®shrouting,
suchasboundson the price of anarchywith respecto the averagelateng objective function,wherethereis provably
no separatiorbetweersingle-commodityandmulticommodityinstance$18, 6].

We now give the constructionof the family of instanceslaimedin Theorem3. We begin by de®ningthe graph
GP forp 1, seeFigurel. We will describethe constructioronly for p odd;the constructiorfor even p is similar.
We begin with two paths,which we will call P; andP,. The(p + 3)-vertex pathP,, drawn vertically in Figurel, is
So ! owe! wy! ' wp! to. The(p+ 4)-vertex pathP,, drawn horizontallyin Figurel,iss; ! a! wy !
vy ! I vp ! t1. Wealsoaddthefollowing edgeshetweerthetwo paths:

— (a;w;) for all positive eveni;

— (vj; w;) for all positive eveni;

— (s2;Vv;) for all oddi atmostp 2
— (w;j;v;) for all oddi.

Finally, we completeGP by addingwhatwe will call anextra edge, de®nedasthe edge(s ; wo).

For all p, the traf®c ratevectorr® will ber} = r% = 1. To completethe constructionwe thereforeneedonly
describethe edgelateng functions.All edgeswill eitherpossess constantiateng function, or a lateng function
thatapproximates stepfunction. We next introducenotationfor the latterfunctiontype. For a positive integeri and
a positive real number , f ' will denotea continuousnondecreasingunction satisfyingf '(x) = Oforx 1and
fi(x) = Fiforx 1+ .(Thefunctionf' canbede®nedarbitrarilyon (1;1+ ), providedit is continuousand
nondecreasing.)

Fori 2 f0;1;:::;p 1g,wede®netheedgeg tobe(w;;w;., ) if i isevenand(v;;vi.1 ) if i isodd.(SeeFigurel.)
We now de®nethelateng functions™® for GP asfollows, where is suf®ciently small (to be chosenater): for each
i > 0, edgee; receivesthelateng function™P(x) = f(x), edgeey recevesthelatengy function™P(x) = f 1(x), edge
(s1; @) recevesthelateng function P(x) = 1, andall otheredgegecevethelateng function™P(x) = 0.



Fig. 1. Constructionof theinstance(GP; rP; P) whenp = 7. Dottededge(s:1;Wo) is the “extra edge”.Edgeswith non-constant
lateng functionsarelabelled.

With the constructionin hand,we now turn toward proving Theorem3 for odd p (the argumentsfor evenp are
similar). Part(a)is obvious.Part(d) is easyto see:if HP is obtainedrom GP by remaving theextraedge(s; ; wp) and
f isthe o w thatroutesoneunit of traf®c on both P, andP,, thenf is atNashequilibriumfor (GP; rP; *P), shawving
thatL;(HP;rP;"P) = 1andL,(HP;rP; P) = 0. (SeeFigure2.)

To ®nishtheproof of Theorem3 (for p odd), we needonly prove part(b). We will accomplishthisvia asequence
of lemmasthe®rst of whichrequiressomefurtherde®nitions First,we will saythata o w f , feasiblefor (&;rP; "P),
oods theinstancef fo, 1+ foralli 2 f0;1;:::;p 1g. Thusif f oods (GP;rP;P), all edgelatenciesareat
theirmaximum,asin Figure3. Secondwe introducenotationfor someof the pathsof GP. Fori even,Q; will denote
theuniques; -t; pathwhich traversesedgee; beforeary oddlabellededgesandincludesno otheredgeof P,. For
i odd,Q; will denotethe uniques;-t, pathwhich traversesedgee; beforeary evenlabellededgesandincludesno

paths Thenext lemmajusti®esthis terminology atleastfor o wsthat ood theinstancg@;rP;P).

Lemmal. If f oods (GP;rP; P) with p odd,then:

(@ "p(f) Fp 1+ Llforeverys;-t; pathP, andequalityholdsfor shortpaths;
(b) "p(f) F, foreverys;-t, pathP, andequalityholdsfor shortpaths.

We will only prove part(b) of Lemmal, asthe proof of part(a) is similar. In the proof, we will usethefollowing
lemmaaboutFibonaccinumberswhichis easyto verify.

pemma 2. Letj andp be odd positiveintegers with j < p, and| the evennumbes betweerj andp. Then,F; +
i21 Fi = Fp.
We now prove Lemmal.
Proofof Lemmal: Let P beans,-t> path.Letj bethelargestoddnumbersuchthate; 2 P, or Oif thereis no such
numberWe only needto prove thecasewherej > 0, sincethej = 0andj = 1 casesarethesamelf j > 0, thenP

containsg; andalsoe; for all eveni betweerj andp. Sincef oods (GP;rP; P), Lemma2impliesthat'p (f) Fp.
Moreover, this inequalityholdswith equalityfor shortpaths.



Fig.2.Nashowin (H P;rP; P), with p = 7, whereH P is GP with theextraedge(s; ; wo) remaved.Solid edgesarry ow, dotted
edgedo not. Edgelatenciesarewith respecto the Nash ow. Unlabellededgeshave zerolateng.

Fig.3. Nash'ow in (G ?;rP; P), with p = 7. Solid edgescarry ow, dottededgesdo not. Edgelatenciesarewith respecto the
Nash ow. Unlabellededgeshave zerolateng.



Our®nallemmastateghatrouting o w onshortpathssuf®cesto ood theinstancg@;rP; *P). For the statement
of the lemma,recall that the parameter controlshow rapidly the non-constantateng functionsof (GP;rP; P)
increaseastheamountof o w ontheedgeexceedsne.

Lemma 3. For all poddand sufciently small,thereis ow f, with fp > 0 only for shortpathsP, that oods
(GP;rP;°P).

Proof. De®nethe ow f asfollows. First,fori = 0;1;:::;p 1, route2 (*D unitsof ow (of the appropriate
commodity)on the shortpath Q;. This routesstrictly lessthanoneunit of ow of eachcommodity The remaining
o w is thenroutedon the shortpathsP; andP».

To completethe proof, we needto show thatf oods (GP;rP; P)—thatf,, 1+ forallp2f0;1;:::;p 1g
provided is suf®ciently small.We will provethisinequalityonly for i odd;theargumentfor eveni is similar.

The seconccommodityusesedgee; only in the shortpathQ;, onwhichit routes2 (* unitsof ow. The®rst
commodityusesedges; in all of its o w pathsexceptfor the shortpathsQ; for j evenandgreaterthani. Thetotal
amountof ow oneg isthusatleast

X
2 (i+1) +1 2 (i+2+2 j) = 1+ 2 (i+1) 2 (i+2) > 1+ 2 (i+3):

j 0

4
3

Thus,provided 2 (P¥3) f oods (GP;rP; P), andtheproofis complete.

Theorem3(b) now followsimmediatelyfrom De®nition 1, Lemmal, andLemma3.

4 Upper Boundson the Price of Anarchy

We now turn toward proving upperboundson the price of anarchyand, as a consequencegn the worst-possible
severity of Braesss Paradox.We will aim for anupperboundthat matcheghe lower boundof Theorem3, andwiill
largely succeedn thisgoal.

We begin by proving a very weakboundon the price of anarchya boundthatdepend®n parameterstherthan
the sizeof the network. While notinterestingn its own right, this boundwill play a crucialrolein laterproofsin this
section.

Lemmad4. Letf beaNashow andf afeasibleow for aninstance(G;r; "), whee G hasm edges.For everyedge
eof G withfe > f, p
. m T
e(fE) If I

fe e

maxe(fe): 2

Proofof Lemma4: LetF  E denotetheedgese of G for whichfe > f . Usinginequality(1) in Proposition2 and
thefactthat™(f,) M (f ) wheneerf, > 0, we canderive thefollowing crudebound:
X

X
e(fe)(fe  fe) e(fe)(fe  fe)

e2F e2 EnF
. X
max”e(fe) (fe  Te)
e2 EnF
X
mg\x‘e(fe) m ri:

Thelemmanow follows easily

We next useLemmad4 asa bootstrapfor deriving upperboundson the price of anarchythat dependonly on the
size of the network. We will accomplishthis asfollows. For an arbitraryinstancewe will setup alinear program,
with edgelatenciesasvariablesthat maximizesthe price of anarchyamonginstanceghatare“basically equivalent”
to the giveninstanceWe will de®neour notion of equivalencesothatLemma4 ensureghatthelinear programhas
a boundedmaximum,andwill thenanalyzethe verticesof the feasibleregion of the linear programto derive the
following bound.



Theorem4. If (G;r;") is aninstancewith n verticesandm edges,then
(G; r: \) - 20(m log n):

Beforeimplementingthe proof approactoutlinedabove, we statea propositionthatboundsthe maximumsize of
theoptimalvalueof alinearprogramwith a constraintmatrix with entriesin f 1, 0; 1g.

Proposition5 LetA beanm n matrix with entriesin f0; 1g andat most non-zeo entriesin ead row. Letb
be a real-valuedm-vector andlet the linear program maxx; subjectto Ax b havea nite maximumThen,this
maximumis at mostn  "kbk; , wherekbk; denotesnax; ji j.

Propositions canbe provedwith Cramers rule anda simpleboundon the determinantWe omit furtherdetails.

Proofof Theoem4: Let (G; r; *) beaninstancewith n verticesandm edgesLetf andf beNashandoptimal o ws
for (G;r;"), respectiely. We aimto shaw that (G;r;") = 20(mlegn)

We begin by performingsomepreprocessingntheinstancg(G;r; ). First,if f = f, = 0for someedgee, then
thatedgecanbe removed from the instancewithout affectingits -value.We canthereforeassumehatf, > 0 or
fe > O for every edgee. Secondwe canassumehat™<(0) = 0 wheneverf, = 0. To seewhy, notethatreplacing
the lateng function “¢(x) of suchan edgeby the function equalto (e.g.) minfx=f¢;1g “e(x) leavesthe Nash
o w unafectedwhile only decreasinghe maximumlateng of f andhenceincreasinghe -valueof theinstance.
Combiningthesetwo assumptionsye canassumevithoutlossof generality «(f,) M (f ) for everyedgee of G.

We now setup alinear programthatattemptgo furthertransformthelateng functionsto make the -valueof the
giveninstanceaslarge aspossible.In thelinear program,the o w amountsff .g andf f . g, aswell asthe latencies
f e(fo)gwith respectof , will beheld®xed. Therewill beanonnegativevariable“e(f e) representinghelateng of
edgee with respecto the o w f . Sothatthenew latengy functionsarenondecreasingye imposethefollowing linear
constraintsyhich we call monotonicityconstaints

— Forall edgesswith f = fe,“e(fe) = Te(fe).
— For all edges with f¢ < fe,'\e(fe) Te(fe).
— For all edgess with f ¢ > fe,’\e(fe) Te(fe).

Additionally, we will insist that the (®xed) ow f be at Nashequilibrium with respectto the (variable)latencies
f “o(f ¢)g. Thereareseveralwaysthatthis requirementanbe encodedwith linearconstraintsFor this proof, we will
be contentwith the following naive aBproachfor every commodltyl andevery pair of pathsP; P~ 2 P; for which
f8) > oforalle2 P, weinsistthat a2 P “o(fe) 2P “(f &) in our linear program Sincethis linear program
hasa smallnumberof variableswe will notbe hamperedy its potentiallymassve numberof constraints.

By construction,our constraintsensurethe following: for every feasiblesolutionf “(f¢)g, thereis an instance
(G;r;®) with continuous,nondecreasindateny functions *, so that theselatengy funcuonsmterpolatethelr two
prescribedvaluesandf is a Nash ow for (G;r; ‘) Considerthe objective function max e(f ) for anedgee. Our
key claimis thattheresultinglinear programis notunboundedFor edges with f  f, theclaimis obviousfrom
the constraintsFor edgese with f¢ > f, theclaim follows from Lemma4 andthe factthatall parametersn the
right-handsideof thebound(2) are®xedin thelinearprogram.

Sincethe maximumof the above linear programis boundedwe canapply Proposition5. In our linear program,
thereareatotal of m variablesof which eachconstraintcontainsat most2n. Theright-handsideof eachconstraint
is eithera O or a term of the form “¢(f.). By our preprocessingtep, e(f) M (f ) for all edgese. Hence,
Proposition5 implies that the maximumof the linear programis at mostmn©(™) M (f ). Hence returningto the

originalinstancgG; r; "), wemusthave ¢(fe) mn°(M M (f ) for all edgese. Sincea o w pathof f cancontain
only n edgeswe canconcludethat (G;r;") nmn©@(m) = 20(mlogn)

Whenthe numberof commoditiess small(e.g.,aconstant)we canimprove theboundto 2° (k") usingadifferent
way to encodethe constrainthatf mustbeatNashequilibriumwith respecto f “¢(f¢)g.

Theorem®6. If (G;r; ") is aninstancewith n verticesandk commoditiesthen

(G;r;7) = 20tkn):



Proof. To prove our bound,we startwith the linear programdescribedn Theorem4. We leave the objective and
monotonicityconstraintshe same but replacethe constraintshat ensuref is a Nashequilibriumfor f “o(f ¢)g. To
ensurethe latenciesf “s(f )g de®nea Nashequilibrium for f , we introducean auxiliary variabled (v) for each
commodityi andfor everyvertex v 2 V reachabldrom thatcommodity’s sources;, which will representhelength
of theshortespathfrom s; to v, with respecto thelatencies “¢(f <)g. Now, we de®nethefollowing constraints:

— di(s)) = 0, for all commodities. .
- d\i(u) + Ae(f e) = d\i(v), for all edges = (u; v) andcommoditied with f & > 0.
— &)+ “(fe) di(v), forall edgese = (u;v) andcommodities.

To completethe proof, we needto show:

(a) A setof latencied “e(f )9 is feasiblefor our linearprogramif andonly if it de®nesa Nashequilibriumfor f .
(b) Thelatengy variablescanberemoved,yieldingalinearprogramwith kn variablesthatcanbeboundedy 20"

To prove the forwarddirectionof (a), it is easyto seethatwith our constraintsfor every commaodityi, eachpath
P2 P, with & > oforall e 2 P, musthave lengthpreciselyequalto d; (t;). Furthermoreno pathin P 2 P;
mayha‘ggIengthstrlctIyII;ssthanéI\(t ). Therefore for every commodityi andeveryP; P 2 P;, with f¢ () > oforall
2P, p elfe) wp e(fe), andourlatenciesde®nea Nashequilibriumfor f . To prove the otherdirection

of (a), notethatfor ary setof latencies’, e(f ¢) de®ninga Nashequilibriumfor f , we cande®né) (v) to bethelength
of theshortespathfrom s; to v, andwe have afeasiblesolutionfor ourlinearprogram.

With (a) proven,we know thatthe maximumvalueof our linear programis preciselythe maximumedgelength
thatoccursin any Nashequilibriumfor o w f . As before,notethatLemmad4 impliesour linear programis bounded,
andwe canapplyPropositions to boundthe maximumvalueof thelinear program.

BeforeapplyingPropositions however, we ®rst eliminatethe lateng variableswhich allows usto prove a better
bound Notethatfor ary edgee = (u; v) with f | > 0for somecommodityi, d (wW+ "\e(f e) = d\i(v), sowecanreplace
ary occurrencef “¢(f¢) in our linearprogramwith & (v) & (u). Furthermorefor any otheredgesf = 0, andit
mustbethecasethats(fc) M (f ). For theseedgesanoptimalsolutionmustassignsomevaluex, M (f ) to
thelatencies"\e(f ), andthusfor theseedgeswe cansubstitutehe Ae(f ) variablewith the constani, valueusedin
the optimal solution. With thesesubstitutionsye have not changedhe optimal value of our linear program,andwe
areonly left with O(kn) variablesMoreover, therearestill a constaninumberof variablesper constraintandeach
entryof bis still boundecby M (f ). Therefore applyingPropositions boundsthe price of anarchyby 2°(kn)

Corollary 2 shavs that Theoremé is essentiallytight for a constannhumberof commaodities.

5 Exponential Inapproximability for Network Design

In this sectionwe will shav thata network designproblemthatis naturallymotivatedby Braesss Paradoxhasintrin-
sically exponentialapproximability Theproblemwhichwe call MuLTIcCOMMODITY NETWORK DESIGN (MCND),
is asfollows.

Givena (multicommodity)instancgG; r; ), ®nd asubgraptH of G thatminimizesM (H;r; ).

By M (H;r; "), we meanthe maximumlateng of a Nash ow for (H;r;") (well de®nedby Propositionl). MCND
is tantamounto detectingandavoiding Braesss Paradox.For single-commoditynstancesthis problemwasstudied
in [17].

Thetrivial algorithmis de®nedasthealgorithmthatalwaysreturnsthe entiregraphG—thealgorithmthatalways
puntson trying to detectBraesss Paradox.The following was proved in [17]: the trivial algorithmis an bn=2c-
approximationalgorithmfor the specialcaseof single-commodityinstancesandfor every > 0, no (bn=2c  )-
approximatioralgorithmexists (assuming® 6 N P). Here,we will succeedn proving analogue®f theseresultsfor
multicommoditynetworks,wherethe best-possibl@pproximatiorratio is inherentlyexponential.

First, we notethatsinceTheoremst and 6 imply limits on the largestpossibleincreasen the maximumlateng
dueto Braesss Paradox they alsotranslateo anupperboundonthetrivial algorithm.



Proposition7 Thetrivial algorithmis a 2°(Min fknm log ng)_gnpmximationalgorithmfor MCND.

Much moreinterestingis the next result,which stateshat thereis no polynomial-timealgorithmwith subexpo-
nentialapproximatiorratio (assuming® 6 N P).

Theorem8. Assuming® 6 NP, thereis no 2°(") -approximationalgorithmfor MCND.

The proof of Theorem8 combinesideasfrom the gap reductionsof [17] for the single-commodityersion of
MCND with the family of two-commodityinstancesdescribedn Section3. Becauseof spaceconstraintsye will
contentoursel\esherewith a high-level overview of the proof.

andseekasubsetS f1;2;:::;q9 suchthat 25 @ = ]_1 aJ [11, SP12].Theideaof thereductlonls to start
with aninstancg/GP; rP; °P) of theform describedn Sect|0n3 andto replaceheextraedge(s; ; wp) with acollection
of paralleledgegepresenting@ninstancd = fay;:::;apgof PARTITION. Wewill givetheseedgedateng functions
that simulate“capacities”,with an edgerepresentinganintegera; of | receving capacityproportionalto a; . The
proofthenbreakdown into threeparts.First, if too mary of theseparalleledgesareremovedfrom the network, there
will be insuf®cient remainingcapacityto send o w cheaply To implementthis, we mustalso augmenthe lateng
functionsof theedgesep;:::;€, 1 of Section3 to have effective capacitiesSecondjf too few of the paralleledges
areremoved,the excessof capacnyresultsm abad o w at Nashequilibriumsimilar to thatof Figure3. Finally, these
two casescanbe avoidedif andonly if | is a“yes” instanceof PARTITION, in which caseremoving the appropriate
collectionof paralleledgegesultsin a network thatadmitsa goodNashequilibrium similar to that of Figure2.
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