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Chapter 1. Introduction

Decision procedures are algorithms that can determine whether a formula in
a given logical theory is valid or satisfiable. An important distinction between
these algorithms and general-purpose theorem provers is the level of automa-
tion. Decision procedures are fully automatic; they always terminate with either
positive or negative answers. In formal program verification, hundreds of thou-
sands of verification conditions are generated. Program verification will never
be practical if human efforts are needed to prove these formulas, most of which
are repetitive, tediously long and mathematically uninteresting. Decision proce-
dures can automatically discharge verification conditions that fall in the scope
of certain decidable theories, and hence relieve users of verification systems
from tedious interaction with general-purpose theorem provers. Besides their
indispensable role in rigorous formal verification, decision procedures are also
of great importance in model checking and program analysis where automatic
proof engines can improve the overall efficiency and increase the analysis accu-
racy.

Decision procedures exist for many specialized logical domains including
integers, reals as well as for many data structures frequently appearing in pro-
grams such as lists, queues, sets and multi-sets. These specialized decision
procedures can only handle a particular class of formulas in a particular theory.
Programs, even of very simple kind, however, often involve multiple data do-
mains, resulting in verification conditions spanning multiple logical theories.
To be able to verify high-level programs with rich data types, we have to find
decision procedures that can reason on complex domains.

Designing a decision procedure not only requires a good understanding of
the algebraic properties of the specific domains, but also requires a lot of effort
and often ingenuity to exploit these algebraic properties. Decision procedures
for simple domains are well-studied in this way; by exploiting specific structures
of the domains, efficient algorithms are obtained whose complexity in most
cases matches the optimal theoretical bounds. Designing a decision procedure
for a combined theory from scratch, however, is not practical because there
are potentially many different combinations. Combined structures, however,
usually are constructed in a modular way, by imposing additional constructs on
component substructures. Therefore, it is natural to investigate whether decision
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procedures for such combined structures can be obtained modularly, namely,
by utilizing decision procedures for the component theories as black boxes.

This line of investigation goes back to Nelson and Oppen who discovered a
combination procedure for stably infinite quantifier-free theories with disjoint
signatures. The procedure combines satisfiability procedures for component
theories using equality propagation. The applicability of the Nelson-Oppen
method, however, is limited mainly by two conditions: (i) it works only with
quantifier-free theories and, (ii) it requires that the signatures of component
theories are disjoint. It turns out that these two restrictions are very hard to
remove in spite of much research in this direction. There are several recent ad-
vances for combining quantified theories or non-disjoint theories. The practical
applicability of these general combination methods, however, is limited in that
these methods require additional nontrivial conditions on component theories
or structures. In fact accumulated evidence shows that the existence of modular
combinations like the Nelson-Oppen method should be viewed as an exception.
In combining theories with quantifiers or non-disjoint signatures, we should not
expect the same level of modularity as in the Nelson-Oppen schema, but rather
rely on close examination of the characteristics of the combining constructs as
well as the properties of the individual component theories.

Our Contribution

This thesis presents another approach to the combination problem; instead of
seeking solutions to general purpose combinations, we study specific combi-
nation problems by exploiting algebraic properties of the combined domain.
As a result, we offer novel solutions to an important class of decision problems
which commonly appear in program verification, namely, the mixed constraints
on data structures with constraints on “integral measures” of those data struc-
tures. Such constraints can express a wide range of program properties, in
particular memory safety properties such as absence of memory overflow and
out-of-bound array access, which are crucial for program correctness.

The combination consists of recursively defined data structures and Pres-
burger arithmetic integrated by the size function that maps a data object to its
size. This kind of combination tightly links data domains with integer domains,
rendering a combination that does not fall under the Nelson-Oppen framework
nor any other current combination techniques.

Our approach is to reduce constraints on data structures to constraints on
integers, and in the presence of quantifiers, to reduce quantifiers on data objects
to quantifiers on integers. The technical development divides into three parts.

Decision Procedures for Term Algebras with Presburger Arithmetic. Term
Algebras can model a variety of tree-like data types such as records, lists, stacks,
etc., which are essential constructs in programming languages. We developed
the basic reduction technique, namely, extraction of accurate integer constraints
from term constraints. From the construction of accurate integer constraints that



precisely characterize term constraints, we can derive decision procedures for
the combined constraints by utilizing decision procedures for term algebras and
decision procedures for integer arithmetic.

We showed that for structures with infinite constant domain such an ac-
curate integer constraint, which is satisfiable if and only if the corresponding
term constraint is satisfiable, can be effectively computed and is expressible by
a quantifier-free Presburger formula linear in the size of the term constraint.
For structures with finite constant domain we introduce an additional counting
constraint to account for the fact that with finitely many constants the num-
ber of distinct terms of a particular length is bounded. We showed that also
this counting constraint is expressible by a quantifier-free Presburger formula.
The latter decision procedure directly extends Oppen’s decision procedure for
infinite data domains to finite domains.

For the first-order theory, we first developed a new quantifier elimination
procedure for the theory of pure term algebras which can eliminate blocks of
quantifiers of the same kind in one step. Then we extended it to a decision
procedure for the theory of term algebras with integer constraints by, again,
extracting integer constraints from term constraints combined with a reduction
of quantifiers on term variables to quantifiers on integer variables. The com-
plexity of the new decision procedure is k-fold exponential for formulas with k
quantifier alternations. This is optimal in the sense that the theory of pure term
algebras itself has non-elementary complexity.

Decision Procedures for Queues with Presburger Arithmetic. A queue is a
typical data type of linear structure. It is widely used in programming languages
and forms the basis for many concurrent algorithms and communication proto-
cols. As a queue can grow at both ends, it does not fall in the category of recursive
data structures, which can be modeled as term algebras. For this reason, we have
further improved the reduction technique and developed new normalization
procedures to handle the distinguished properties of queues. With these new
improvements, we designed decision procedures for the quantifier-free theories
as well as quantifier elimination procedures for the first-order theories.

Decidability of the First-order Theory of Knuth-Bendix Order. Using quanti-
fier elimination and the reduction technique developed for solving the decision
problem of term algebras augmented with Presburger arithmetic, we proved the
decidability of the first-order theory of Knuth-Bendix Order, thereby solving a
long-standing open problem in term rewriting (officially listed as RTA open
problem 99 since 2000).

This decidability result is obtained by quantifier elimination on a complex
structure containing term algebras and Presburger arithmetic. In this structure,
we have a weight function mapping terms to integers as well as various bound-
ary functions mapping integers to terms. In addition, the Knuth-Bendix order
is expanded in two directions. First, the order is decomposed into three disjoint



suborders depending on which of three conditions is used in the definition. Sec-
ondly, all orders (including the suborders) are extended to gap orders, which
assert the least number of distinct objects between two terms. Moreover, as
Knuth-Bendix order is recursively defined on a lexicographic extension of it-
self, gap orders are extended to tuples of terms. Thus we actually established
the decidability of a richer theory. In constructing the quantifier elimination
procedure, we overcame several technical challenges, including simplification
of complex literals, elimination of integer quantifiers, elimination of equality,
elimination of negative literals, and proof of termination.

Knuth-Bendix order has numerous applications in term rewriting and the-
orem proving, along with lexicographic path order. In ordered term rewriting, a
strategy built on ordering constraints can dynamically orient an equation, at the
time of instantiation, even if the equation is not uniformly orientable. This pro-
vides a powerful tool to prove the termination of rewriting systems. In ordered
resolution and paramodulation, ordering constraints are used to select maximal
literals to perform resolution. It also serves as enabling conditions for inference
rules and such conditions can be inherited from previous inferences at each
deduction step. This helps to prune redundancy of the search space without
compromising refutational completeness. Unfortunately, the first-order theory
of lexicographic path order is undecidable. Therefore, our result on the decid-
ability of Knuth-Bendix order may greatly benefit future algorithm design in
term rewriting and theorem proving.

It is interesting that the combination of term algebras with integer arithmetic
can help solve an open problem in another quite different field. We believe that
this demonstrates the effectiveness of our approach to the combination problem;
studying concrete combination types where richer algebraic properties can be
exploited.

Thesis Organization and Publications

Chapter 2 presents decision procedures for the theory of term algebras with inte-
gers. It introduces the technique to reduce term constraints to integer constraints,
and in the presence of quantifiers, term quantifiers to integer quantifiers. These
decision procedures were first published, without proofs, in IJCAR’04 [60] (Best
Paper Award) and in TPHOLs’04 [61]; an expanded version, including proofs,
appears in [64]. The work in Section 2.5 (verifying red-black trees) will appear
in [65]. Chapter 3 adapts the reduction technique to construct decision proce-
dures for the theory of queues with integer arithmetic. A part of this work was
published in FSTTCS’05 [63]. Chapter 4 presents the proof of decidability of the
first-order theory of Knuth-Bendix order using quantifier elimination and the
reduction technique developed for the theory of term algebras with Presburger
arithmetic. This result was published in CADE’05 [62]. Chapter 5 concludes the
thesis with a discussion of future work.



Preliminaries

We assume the first-order syntactic notions of variables, parameters and quan-
tifiers, and semantic notions of structures, satisfiability and validity as in [16].

All decision procedures for quantifier-free theories presented in this thesis
are refutation-based; to determine the validity of a formula ϕ, they determine the
unsatisfiability of ¬ϕ, which further reduces to determining the unsatisfiability
of each disjunct in the disjunctive normal form of ¬ ϕ. Henceforth, in discussions
related to quantifier-free theories, a quantifier-free formula always refers to a
conjunction of literals.

All decision procedures for the first-order theories presented in this thesis are
based on quantifier elimination. A theory T is said to admit quantifier elimination if
any formula can be equivalently (modulo T) and effectively transformed into a
quantifier-free formula. If a theory admits quantifier elimination, then the truth
value of any sentence is reducible to the truth value of a ground formula.

We present algorithms in a nondeterministic manner; whenever we say
“guess φ”, we mean to add a valid (w.r.t. the context) disjunction

∨

i φi (where
φ is one of the disjuncts) to the target formula. When we replace φ by

∨

i φi
or directly introduce

∨

i φi, it should be understood that an implicit disjunctive
splitting is carried out and we work on each resultant disjunct “simultane-
ously”.

Chapter 2. Decision Procedures for Term Algebras with
Presburger Arithmetic

In this chapter we present the integration of Presburger arithmetic with term
algebras. It first introduces the technical machinery and then presents decision
procedures for quantifier-free theories and quantified theories.

Term algebras can represent an important class of recursively defined data
structures known as recursive data structures. This class of structures satisfies
the following two properties of term algebras: (i) the data domain is the set of
data objects generated exclusively by applying constructors, and (ii) each data
object is uniquely generated. Examples of such structures include lists, stacks,
counters, trees and records; queues do not belong to this class as they are not
uniquely generated: they can grow at both ends. The combined constraints can
express memory safety properties (e.g., absence of memory overflow) and other
augmented properties of data structures (e.g., being a balanced tree).

Our language of the integrated theory has two sorts; the integer sort Z and
the term sort T. The language is the set-theoretic union of the language of term
algebras and the language of Presburger arithmetic plus the additional integer
functions mapping terms to natural numbers. Formulas are formed from term
literals and integer literals in the usual way. Term literals are exactly the literals in
the theory of term algebras. Integer literals are those that can be built up from
primitive integer terms (the length function applied to Σ-terms), addition and
the other usual arithmetic functions and relations.



Formally we define the structure of term algebras with one integer function
as TAZ = 〈TA; PA; | · | : T → N〉, where TA is a term algebra, PA is Presburger
arithmetic, and |·| is the length function defined recursively by (i) for any constant
a, |a| = 1, and (ii) for a term α(t1, . . . , tk), |α(t1, . . . , tk)| = 1+

∑k
i=1 |ti|. The extended

language is denoted by L Z
T

. Note that we choose to use the length function just
for ease of presentation. Generalizing it into a weight function that assigns an
arbitrary nonnegative integer to each symbol, or a height function that gives
the length of the maximum path does not require any essential changes to our
techniques. In fact we can have more than one length function (see Section 2.5).

We present decision procedures for the quantifier-free and the first-order the-
ory of term algebras with length function and integer constraints, for structures
with both finite and infinite constant domain. We will use the following nota-
tion for these theories. Th∀(TA) and Th∀(TAZ) denote the quantifier-free theory
of, respectively, pure term algebras and term algebras with a length function
and Presburger arithmetic constraints. Similarly, Th(TA) and Th(TAZ) denote
the full first-order theory of pure term algebras and term algebras with a length
function and Presburger arithmetic constraints. The decision procedures for
Th∀(TAZ) are based on Oppen’s algorithm for acyclic recursive data structures
with infinite data domain ([45]). To decide satisfiability of a term constraint ϕ,
Oppen’s procedure constructs a DAG for ϕ, extracts from this DAG all implied
equalities between terms, and then checks for inconsistencies with disequalities
in ϕ. We extend this procedure to Th∀(TAZ) by extracting an implied length
constraint from the term constraint. We show that for structures with infinite
constant domain such a length constraint, which is satisfiable if and only if the
term constraintϕ is satisfiable, can be effectively computed and is expressible by
a quantifier-free Presburger formula linear in the size of ϕ. For structures with
finite constant domain we introduce an additional counting constraint to account
for the fact that with finitely many constants the number of distinct terms of
a particular length is bounded. We show that also this counting constraint is
expressible by a quantifier-free Presburger formula. The latter decision proce-
dure directly extends Oppen’s decision procedure for infinite data domains to
finite domains. As a case study, we analyze the red-black tree algorithm using
Th∀(RBZ), the theory of a term algebra with two integer functions. This serves
as an example on how to apply our method to theories of term algebras with
more than one integer function. The complexity of all decision problems for the
quantifier-free theories present in this chapter is NP-complete.

For the first-order theory, we first present a new quantifier elimination pro-
cedure for Th(TA) and then extend it to an elimination procedure for Th(TAZ).
Our elimination procedure for Th(TA) is based on the elimination procedure
in [19], but can eliminate blocks of quantifiers of the same kind in one step.
We extend it to a decision procedure for Th(TAZ) by, again, extracting integer
constraints from term constraints combined with a reduction of quantifiers on
term variables to quantifiers on integer variables. The complexity of elimination
procedures for the first-order theories present in this chapter is k-fold exponen-
tial for prenex formulas with k quantifier alternations, regardless of the number



of quantifiers. This is optimal in the sense that the theory of pure term algebras
itself is non-elementary.

The decision procedures for Th∀(TAZ) and Th(TAZ) were first published,
without proofs, in [60]. The improved version that allows elimination of blocks
of quantifiers was published in [61]. In that paper we showed that the complexity
of our decision procedures was 2k-fold exponential for k quantifier alternations
for Th(TAZ). The presentation in this chapter bases on [64] which provides
an extended presentation of [60, 61], improves the complexity of the decision
procedure for Th(TAZ) to k-fold exponential for k quantifier alternations, and
includes all the proofs. The work in Section 2.5 will appear in [65].

Main Theorem

Consider ΦT and ΦZ are solvable in their respective theories. It is a simple but
crucial observation thatΦT∧ΦZ is solvable if and only if the length constraintΦ∆
induced byΦT does not contradictΦZ. We call a Presburger formulaΦ∆ a length
constraint completion (LCC) of a term constraint ΦT if Φ∆ exactly characterizes
the solution set of ΦT. The whole thesis work builds on the following central
theorem.

Main Theorem ([60]). LetΦ∆ be an LCC for ΦT. Then TAZ |=∃ ΦT ∧ΦZ if and
only if PA |=∃ Φ∆ ∧ΦZ.

By this theorem the decision problem reduces to the computation of desired
LCCs in Presburger arithmetic. In fact we need a refined notion of LCC defined
forΦT∧θZ. (In the thesis, we call it an LCC forΦT relativized to θZ, or an RLCC
for ΦT/θZ.)

Decision Procedures for Quantifier-free Theories

We have the following scheme for combining quantifier-free theories.

Generic Decision Procedure. Input: ΦT ∧ΦZ.

1. Return FAIL if TA 6|=∃ ΦT.
2. For each partition Φ(i)

T
∧ θ(i)

Z
ofΦT:

(a) Compute an LCCΦ(i)
∆ for Φ(i)

T
∧ θ(i)

Z
.

(b) Return SUCCESS if PA |=∃ Φ(i)
∆ ∧ΦZ.

3. Return FAIL.

For structures with infinite constant domain, an LCC for ΦT can be “read
off” from the DAG representation of ΦT. However, for structures with finite
constant domain the case is more complicated; LCCs are induced not only by
the structures of objects, but also by the size of the constant domain. For this
purpose we introduce counting constraints. A counting constraint is a predicate
CNTk,n(x) (k > 0, n ≥ 0) that is true if and only if there are at least n+1 different



terms of length x in TA with a constant domain having k constants. As an
example, consider Lisp list structures with nil being the only constant, CNT1,n(x)
is x ≥ 2m − 1 ∧ 2 - m where m is the least number such that the m-th Catalan
number Cm =

1
m
(2m−2

m−1
) is greater than n. This is not surprising as Cm gives the

number of binary trees with m leaves (that tree has 2m − 1 nodes). Counting
constraints also play an important role in reducing term constraints to integer
constraints in the decidability proof of the first-order theory of Knuth-Bendix
order (Chapter 4).

For all quantifier-free theories, we show that the corresponding LCCs can
be expressed in Presburger arithmetic and computed in linear time. It follows
that all decision problems for quantifier-free theories considered in this chapter
are NP-complete.

Verifying Red-Black Trees

Our method for deriving decision procedures can be applied to theories with
more than one integer function on terms. In Section 2.5 we show a theory of a
term algebra with two integer functions to express the properties of red-black
trees.

Formally the structure of red-black trees is

RBZ = 〈RB; PA; | · |max, | · |min : Trb →N 〉 ,

where, RB denotes the term algebra with the domain Trb built up by construc-
tors, red and black, and one constant nil; |x|max (resp. |x|min) gives the maximal
(resp. minimal) number of black nodes that x can have on a path. The corre-
sponding language is denoted by L Z

RB.
In L

Z
RB the property that x is a red-black tree can be expressed by the con-

junction of the following three conditions.

(§1) |x|max = |x|min any maximal path of x contains the same number of black nodes,
(§2) |x|max > 0 any red node of x must have two black children,
(§3) Isblack(x) the root of x is black.

By combinatorial analysis on tree structures, we show that the corresponding
LCCs can be computed in Presburger arithmetic in linear time. It follows that
Th∀(RBZ) is NP-complete. In fact by the techniques presented in the subsequent
sections, we can show that Th(RBZ) admits quantifier elimination and hence is
decidable. To the best of our knowledge, it is the first known decidable first-
order theory of a balanced tree structure.

Decision Procedures for Quantified Theories

We first show a new quantifier elimination procedure for the theory of pure
term algebras (Section 2.6). It eliminates a block of quantifiers of the same kind
in one step regardless of the length of the block. It follows that the complexity of



this elimination procedure is k-fold exponential for formulas with k quantifier
alternations.

To get an LCC in the combined theory we need to express in Presburger
arithmetic the set of legitimate lengths such that a certain number of distinct
terms of any length in the set can co-exist. For quantifier-free theories we used
a notion called equality completion, which basically is the maximal consistent set
of all equality and disequality information. However, in the situation of quan-
tifier elimination, we have to deal with parameters (i.e., universally quantified
variables). In general the computation of an equality completion introduces
more literals, especially disequalities, which may again destroy the completion
because it may cause generation of new terms in the subsequent operations. To
avoid compromising convergence, we introduce the notion of clusters which is
weaker than equality completion but contains sufficient information to allow
extracting counting constraints.

To construct an LCC forΦT(x, y)∧θZ(x, y) (where y denote parameters), we
require that ΦT(x, y) ∧ θZ(x, y) be cluster complete and in strongly solved form,
that is,ΦT(x, y) is solved in x and all literals of the form Ly , t(x, y), where y ∈ y
and t(x, y) is a constructor term (properly) containing x, are redundant. We say
that (∃x : T)[ΦT(x, y)∧ θZ(x, y)] is in strongly solved form ifΦT(x, y)∧ θZ(x, y) is
strongly solved in x.

We outline the key step of this elimination procedure. After a sequence of
normalization and removal of redundant disequalities, we obtain

(∃x : T)
[

Φ(1)
T

(x, y) ∧ Φ(2)
T

(y) ∧ θZ(x, y) ∧ ΦZ(x, y, z)
]

,

which is in strongly solved form and cluster complete. We compute an LCC
Φ∆(x, y) for Φ(1)

T
(x, y) ∧Φ(2)

T
(y) ∧ θZ(x, y), producing the equivalent

(∃x : T)
[

Φ(1)
T

(x, y) ∧ Φ(2)
T

(y) ∧ Φ∆(x, y) ∧ ΦZ(x, y, z)
]

,

which reduces to

Φ(2)
T

(y) ∧ (∃u : Z)
[

Φ∆(u, y) ∧ ΦZ(u, y, z)
]

.

Here a block of existential term quantifiers is transformed into a block of exis-
tential integer quantifiers.

Related Work and Comparison.

Our component theories are both decidable. Presburger arithmetic was first
shown to be decidable in 1929 by quantifier elimination [16]. A more efficient
algorithm was later discovered by Cooper [12] and further improved by Reddy
and Loveland [46]. It is well-known that recursive data structures can be mod-
eled as term algebras which were shown to be decidable by Malcev using quan-
tifier elimination [36]. This result was proved again several times in different
settings [34, 9, 19, 8, 3, 49, 30, 29, 60]. Quantifier elimination has been used to ob-
tain decidability results for various extensions of term algebras. Maher showed



the decidability of the theory of infinite and rational trees [34]. Comon and
Delor presented an elimination procedure for term algebras with membership
predicate in the regular tree language [8]. Backofen presented an elimination
procedure for structures of feature trees with arity constraints [3]. Rybina and
Voronkov showed the decidability of term algebras with queues [49]. Kuncak
and Rinard showed the decidability of term powers, which are term algebras
augmented with coordinate-wise defined predicates [30]. Decision procedures
for the quantifier-free theory of recursive data structures were discovered by
Nelson, Oppen et al. [40, 45, 15]. Oppen gave a linear algorithm for acyclic struc-
tures [45] and (with Nelson) a quadratic algorithm for cyclic structures [40]. If
the values of the selector functions on constants are specified, then the problem
is NP-complete [45].

A general combination method for decision procedures for quantifier-free
theories was developed by Nelson and Oppen in 1979 [39]. The method requires
that component theories be loosely coupled, that is, have disjoint signatures, and
are stably infinite1[53]. Tinelli and Ringeissen presented a general theoretical
framework for combining satisfiability procedures of theories with non-disjoint
signatures [54]. Tinelli and Zarba generalized Nelson-Oppen’s method to theo-
ries in multisorted languages [55]. Armando, Ranise and Rusinowitch presented
a uniform framework using superposition for deriving decision procedures for
certain combined theories [1]. Ghilardi presented a set of model-theoretical
conditions for the existence of Nelson-Oppen combination schema on theories
having non-disjoint signatures [18]. But none of these general purpose combi-
nation methods are applicable to the combination of our component theories,
which is a multisorted theory with a function mapping elements in one sort to
another.

Zarba constructed decision procedures for a combined theory of sets and
integers and a theory of multisets and integers, respectively [59, 58]. The inte-
gration of Presburger arithmetic with recursive data structures was discussed
by Bjørner [5] and an incomplete procedure was implemented in STeP (Stanford
Temporal Prover) [6].

Integer constraints not only arise in the combination of decision procedures,
but they are also useful as an auxiliary extension to encode properties on data
structures. This line of investigation goes back to Skolem who showed the de-
cidability of the first-order theory of Boolean algebras by reducing constraints
on sets to constraints on the cardinality of sets [51]. It readily follows from the re-
duction technique that the first order theory of sets with cardinality constraints
in Presburger arithmetic is decidable [17]. Recently, Revesz [47], and Kuncak
and Rinard [31] independently presented decision procedures for this theory. A
combination of Presburger arithmetic and term algebras was used by Korovin
and Voronkov to show that the quantifier-free theory of term algebras with
Knuth-Bendix order is NP-complete [26, 27]. Along this line of investigation we
proved the decidability of the first-order theory of Knuth-Bendix orders [62]

1 A theory is stably infinite if a quantifier-free formula in the theory is satisfiable if and
only if it is satisfiable in an infinite model.



using quantifier elimination (Chapter 4). The elimination procedure makes ex-
tensive use of Presburger arithmetic in the reduction of quantifiers on term
variables to quantifiers on integer variables.

Chapter 3. Decision Procedures for Queues with Presburger
Arithmetic

In this chapter we present the integration of Presburger arithmetic with queues.
It first adapts the technical machinery introduced in Chapter 2 and then presents
decision procedures for quantifier-free theories and quantified theories.

Queues are widely used in many fields of computer science such as com-
munication networks, job scheduling and simulation. They also provide an
important synchronization mechanism in modeling distributed protocols and
hence form the basis of many concurrent algorithms.

As in the case of term algebras, we use a multi-sorted language which
has three sorts: atoms (A), integers (Z), and queues (Q). The language is the
set-theoretic union of the language of queues and the language of Presburger
arithmetic connected by the length function | · | : Q →N. It allows us to express
semantics of string operations in the C language. For example, strncmp can be
expressed in the existential theory of queues with prefix relation and Presburger
arithmetic as follows.

strncmp(const char ∗s1, const char ∗s2, size t n) :
res = 0 ∧ ∃q ( |q| = n ∧ q � s1 ∧ q � s2 )

∨ res > 0 ∧
[

(s1 , s2 ∧ s2 � s1 ∧ |s2| ≤ n)

∨ ∃q
(
∨

c<c′
(q ◦ c′ � s1 ∧ q ◦ c � s2 ∧ |q| < n)

) ]

∨ res < 0 ∧
[

(s1 , s2 ∧ s1 � s2 ∧ |s1| ≤ n)

∨ ∃q
(
∨

c<c′
(q ◦ c′ � s2 ∧ q ◦ c � s1 ∧ |q| < n)

) ]

.

We present decision procedures for quantifier-free theories of queues with
Presburger arithmetic. We consider two kinds of quantifier-free theories, based
on whether they include the prefix relation or not. We also present a quantifier
elimination procedure for the first-order theory of queues with integers. The
elimination procedure removes a block of existential quantifiers in one step.
In all developments, we assume that the atom domain is finite; the decision
problems in an infinite domain are considerably easier.

In Chapter 2 we gave decision procedures for the theory of term algebras
with integer constraints. The method relies on a key normalization process to
extract integer constraints from term constraints. The normalization partitions
terms into stratified clusters such that (1) each cluster consists of pairwise un-
equal terms (trees) of the same length, and (2) disequalities between composite



terms (proper trees) in a cluster are implied by disequalities in the clusters of
lower ranks. Property (2) allows the construction of a satisfying assignment in
a bottom-up fashion, while providing integer constraints that precisely charac-
terize the satisfiability of the clusters. Thus, (1) and (2) allow us to reduce the
satisfiability of the original formula to the satisfiability of computable integer
constraints. The decision procedures presented in this chapter rely on the same
idea. But for queues, disequalities cannot be normalized into stratified clus-
ters, because queues are not uniquely generated (they can grow at both ends).
Consider, for example, the constraint

X , Y ∧ aX , Yb ∧ Xa , bY ∧ |X| = |Y| .

Clearly infinitely many assignments of the form {X = (ba)nb,Y = a(ba)n} sat-
isfy X , Y, but neither aX , Yb nor Xa , bY. As a consequence, we cannot
construct a satisfying assignment inductively. In this chapter we present new
normalization procedures that allow the computation of a cut length Lt for all
queue variables: below Lt all satisfying assignments can be enumerated; above
Lt integer constraints can be computed that are equisatisfiable with the original
formula.

The decision procedures for Th∀(QZ) and Th(QZ) were first published, with-
out proofs, in [63]. This chapter provides an extended presentation of [63],
presents a decision procedure for Th∀(Q+

Z
), the quantifier-free theory with the

prefix predicate, and includes all the proofs.

Technical Machinery

Given a quantifier-free formula ΦQ ∧ θZ, we first compute Φ∆+, an over-
approximation of the LCC for ΦQ ∧ θZ. Φ∆+ over-approximates the LCC in
the sense that any satisfying assignment forΦQ ∧ θZ also satisfies Φ∆+, but not
necessarily vice versa. The next goal is to narrow down Φ∆+ to Φ∆ so that for
any satisfying assignment forΦ∆, there is a satisfying assignment for ΦQ ∧ θZ.

It is a simple observation that if ΦQ is satisfiable, then it can be satisfied by
sufficiently long queues: there exists a cut length δ such that ifQ |=∃ ΦQ, then for
any solution (li)n (i. e., l0, . . . , ln) for Φ∆+ such that li ≥ δ, there exists a solution
(αi)n forΦQ such that |αi| = li. Let CΦ(δ) denote

∧

X∈VQ(ΦQ) |X| ≥ δ,whereVQ(ΦQ)
denotes the set of variables of sort Q and appearing in ΦQ. It is easily seen that
Φ∆+ ∧ CΦ(δ) ∧ θZ is an LCC for ΦQ ∧ CΦ(δ) ∧ θZ. So computing LCCs reduces
to computing an upper bound of δ. However, there exist anomalies in which δ
is not the smallest max{(µi)n} such that

QZ |=∃ ΦQ ∧
∧

0<i≤n
|Xi| = µi ,

where (Xi)n enumerate VQ(ΦQ). To avoid anomalies we separate the search
for a satisfying assignment into two cases. We compute a cut length Lt ≥ δ
and enumerate all assignments σ with |JXKσ| < Lt, while for |JXKσ| ≥ Lt the



satisfiability of the queue constraints is reduced to the satisfiability of integer
constraints in the same way as in Chapter 2.

The computation of Lt is based on the observation that an assignment σ is
satisfying if every JXKσ includes a unique “marker” at the same, fixed, position.
Such a marker can be constructed by concatenating a “shortest unused prefix”,
called delimiter, and a unique identifier (for each queue variable and proper
constant queue), called color. Let Lp be the length of a shortest delimiter (there
can be more than one). Let Lc be the length of colors (all colors are of the
same length). We show that Lc + Lp = Lt ≥ δ. We call a length configuration the
conjunction

∧

X∈VQ(ΦQ) AX where AX is either |X| = i (for some i < Lt) or |X| ≥ Lt.
The purpose of C is to “refine” the over-approximation ofΦ∆+. It can be shown
thatΦ∆+∧C∧θZ is an LCC forΦQ∧C∧θZ. A partial assignment ∂ is compatible
with a configuration C if for any variable X, JXK∂ is defined if and only if |X| = i
(for some i < Lt) occurs in C. We have

Generic Decision Procedure for QZ. Input: ΦQ ∧ θZ ∧ΦZ.

1. For each C ∈ C,
(a) Guess a satisfying ∂ compatible with C and update C, Φ∆+, θZ and ΦZ

accordingly.
(b) If succeed, return SUCCESS if PA |=∃ C ∧Φ∆+ ∧ θZ ∧ΦZ.

2. Return FAIL.

Section 3.4 presents a decision procedure for Th∀(QZ). Section 3.5 presents a
decision procedure for Th∀(Q+

Z
), the quantifier-free theory with the prefix pred-

icate. It involves sophisticated normalization procedures for the computation
of length configurations. Section 3.6 presents a quantifier elimination procedure
for Th(QZ), which can remove a block of quantifiers of the same kind in one
step.

Related Work and Comparison.

Bjørner gave a decision procedure for the quantifier-free theory of queues with
subsequence relations which consist of prefix, suffix and sub-queue relations
[5]. Bjørner also discussed the integer combination for the case of infinite atom
domain without the subsequence relations. The quantifier elimination and the
complexity of the first-order theory of queues were given by [48] and [50],
respectively. By a standard encoding (in which a queue is represented as sets
of natural numbers), the first order theory of queues with prefix relation can be
interpreted by WS1S, and hence it is decidable. This theory also admits quantifier
elimination [4]. Thomas studied theories of words with “equal length” predicate
which can be viewed as special integer constraints [52].

Recently Klaedtke and Ruess showed the decidability of a fragment of WS1S
with cardinality constraints (WS1Scard) and the undecidability of WS1Scard for
certain fragments with second-order quantifier alternation [24]. By the stan-
dard encoding, the first-order theory of queues with prefix relation and integers



can be interpreted in WS1Scard. In particular, the quantifier-free fragment can
be interpreted in the decidable fragment of WS1Scard which does not contain
alternation of second-order quantifiers on variables occurring in cardinality
constraints. Though interpretation in general renders elegant decidability re-
sults, it produces less efficient decision procedures in practice, especially if the
host theory has high complexity (in this case even the existential WS1S is non-
elementary). Moreover, it is unlikely that any interpretation can put the full
first-order theory of queues with integer arithmetic into a decidable fragment
of WS1Scard.

Chapter 4. Decidability of the First-order Theory of
Knuth-Bendix Order

In this chapter we present the decidability proof of the first-order theory of
Knuth-Bendix order by quantifier elimination. This is the most important con-
tribution of this thesis.

Two kinds of orderings are widely used in term rewriting and theorem prov-
ing. One is recursive path ordering (RPO) which is based on syntactic precedence
[14]. The other is Knuth-Bendix ordering (KBO, [25, 2]) which is of hybrid nature;
it relies on numerical values assigned to symbols as well as syntactic precedence
[25]. In ordered term rewriting, a strategy built on ordering constraints can dy-
namically orient an equation, at the time of instantiation, even if the equation
is not uniformly orientable. This provides a powerful tool to prove the termi-
nation of rewriting systems [10]. In ordered resolution and paramodulation,
ordering constraints are used to select maximal literals to perform resolution.
It also serves as enabling conditions for inference rules and such conditions
can be inherited from previous inferences at each deduction step. This helps
to prune redundancy of the search space without compromising refutational
completeness [43].

Solving ordering constraints therefore has fundamental importance to or-
dered rewriting and ordered resolution. The decision procedures for quantifier-
free constraints of both types of orderings have been well-studied [7, 21, 41, 38,
42, 26, 27]. However, situations arise where we need to decide the truth values
of quantified formulas on those orderings, especially in the ∀∗∃∗ fragment. Ex-
amples include checking the soundness of simplification rules in constrained
deduction. Consider a “total simplification scheme” given in [23, 11].

s → t | c
s[v]p → t | (c ∧ c′ ∧ s|p = u) (u → v | c′) ,

where s|p denotes the subterm occurring at position p in s and s[v]p denotes the
term obtained from s by substituting v for s|p, states that s→ t | c is simplified to
s[v]p → t | (c∧c′∧s|p = u) by u→ v | c′ provided for all assignments for variables
in s which satisfies c, there exists an assignment for variables in u which satisfies



c′ and s|p = u. The soundness of this rule is formally expressed as

TA |= ∀V(s)∃V(u)
[

c → (c′ ∧ s|p = u)
]

,

which necessarily involves quantifier alternation. To determine the soundness
of such simplification rules, we need to be able to reason in the ∀∗∃∗ fragment.

Unfortunately, the full first-order theory of lexicographic path ordering
(LPO), the most popular form of RPO, is undecidable [56, 11] except for the
special case where the language only has unary functions and the precedence
order is total [37]. Until now it has been an open question whether the first-
order theory of Knuth-Bendix order is decidable (RTA open problem ] 99). In
this chapter we answer this question affirmatively by showing that an extended
theory of term algebras with Knuth-Bendix order admits quantifier elimination.

The basic framework is the combination of term algebras with Presburger
arithmetic. The combination is more tightly coupled than TAZ presented in
Chapter 2: not only do we have a weight function mapping terms to integers,
but we also have various boundary functions mapping integers to terms. In ad-
dition, the Knuth-Bendix order is expanded in two directions. First, the order
is decomposed into three disjoint suborders depending on which of three con-
ditions is used in the definition. Secondly, all orders (including the suborders)
are extended to gap orders, which assert the least number of distinct objects
between two terms. Moreover, as Knuth-Bendix order is recursively defined on
a lexicographic extension of itself, gap orders are extended to tuples of terms.
Thus we actually establish the decidability of a richer theory.

Proof Plan

The quantifier elimination procedure relies on the following two ideas: solved
form and depth reduction.

Solved Form. A quantifier-free formula ϕ(x, y) is solved in x if it is in the form
∧

i≤m
ui ≺

kb x ∧
∧

j≤n
x ≺kb v j ∧ ϕ

′(y) ,

where x does not appear in ui, vi and ϕ′. It is not hard to argue that (∃x) ϕ(x, y)
simplifies to

∧

i≤m, j≤n
ui ≺

kb
2 v j ∧ ϕ

′(y) ,

where ≺kb
n , called gap order, is an extension of ≺kb such that x ≺kb

n y states there
is an increasing chain from x to y with at least n − 1 elements in between [16,
page 196]. It is clear that the elimination of ∃x becomes straightforward once the
matrix ϕ(x, y) is solved in x, or equivalently, depthϕ(x) = 0 (where depthϕ(x),
called the depth of x in ϕ, is the maximal length of selector sequences appearing
in front of x in ϕ). That leads us to the notion of depth reduction.



Depth Reduction. Let us first consider the simple case where x’s outmost function
symbol is a proper constructor α and all occurrences of x have depth greater
than 0. By introducing new variables x1, . . . , xar(α) (called the descendants of x) to
represent x, we can rewrite ∃xϕ(x, y) to

∃x1, . . . ,∃xar(α) ϕ
′(x1, . . . , xar(α), y) ,

where ar(α) denotes the arity of α, andϕ′(x1, . . . , xar(α), y) is obtained fromϕ(x, y)
by substituting xi for sαi x (0 < i ≤ ar(α)), the immediate subterms of x. It is clear
that depthϕ′(xi) < depthϕ(x). If all occurrences of x have the same depth, then
by repeating the process we can generate a formula solved in x∗ where x∗ are
descendants of x. A difficulty arises when not all occurrences of x have equal
depth. So eventually we meet the situation where some occurrences of x have
depth 0 and some do not. Here we have to represent all occurrences of x of
depth 0 in terms of sα1 (x), . . . , sαar(α)(x). This amounts to reducing literals of the
form x ≺kb

n t and literals of the form t ≺kb
n x to quantifier-free formulas using

sα1 (x), . . . , sαar(α)(x). After that we can introduce new variables and do quantifier
manipulation just as in the simple case. Therefore by the depth reduction of x, we
actually mean reducing the depths of the descendants of x, and this essentially
depends on the reduction of x ≺kb

n t and t ≺kb
n x. In order to carry out the

reduction we need to extend the language extensively.

Language Extension

Decomposition of KBO. A Knuth-Bendix order ≺kb can be decomposed into three
disjoint orders, a weight order ≺w, a precedence order ≺p, and a lexicographic order
≺l:

u ≺w v ↔ w(u) < w(v) ,
u ≺p v ↔ w(u) = w(v) ∧ type(u) ≺Σ type(v) ,
u ≺l v ↔ w(u) = w(v) ∧ type(u) = type(v) ∧ u ≺kb v ,

where w(x) denotes the weight of x and type(x) denotes the outmost function
symbol of x.

Gap Orders. To express formulas of the form ∃x(u ≺] x ≺] v) (] ∈ {kb,w, p, l}), in
a quantifier-free language we need to extend all aforementioned orders to gap
orders ≺]n. A gap order u ≺]n v (n > 0) states that “u is less than v w.r.t. ≺], and
there are at least n − 1 elements in between.” Similarly, u �]n v (n > 0) states that
“u is less than v w.r.t. ≺], and there are exactly n − 1 elements in between”.

Boundary Functions. Consider the formula u �w
1 v. Intuitively it states “the

weight of u is less than the weight of v and there are no terms z such that
u ≺kb z ≺kb v, that is, u is the largest term of its weight and v is the smallest term
of its weight”. To express this we introduce boundary functions:



1. 0w :N→ T such that 0w(n) is the smallest term (w.r.t. ≺kb) of weight n,
2. 0p :N2 → T such that 0p(n, p) is the smallest term (w.r.t. ≺kb) of weight n

and type αp,
3. 1w :N→ T such that 1w(n) is the largest term (w.r.t. ≺kb) of weight n,
4. 1p :N2 → T such that 1p(n, p) is the largest term (w.r.t. ≺kb) of weight n and

type αp,
where, for all of the above, f (n) = ⊥ and f (n, p) = ⊥, if no such term exists.

Extensions to Tuples. The reduction of literals like x ≺kb
n t or t ≺kb

n x eventually
comes down to resolving relations between two terms of the same weight and
the same outmost function symbol. So we need to extend all aforementioned
notions to tuples of terms of the same total weight.

We denote the structure of term algebras with KBO, extended with gap
orders, boundary functions and Presburger arithmetic, by

TAZkb+ = 〈TAkb; TAZ; ≺]n,�]n, ] ∈ {kb,w, p, l}, n ≥ 0; 0∗(...), 1
∗
(...), ∗ ∈ {w, p}〉 ,

and the corresponding language by L Z
kb+ .

Key Elimination Procedure
The key elimination procedure is the one that eliminates term quantifiers. We
show below its high-level control-flow.

Input: (∃x : T) [ ϕkb+ (x, y, z) ∧ ϕZ(x, y, z) ].
while x , ∅ do

if (∀x ∈ x) depthϕkb+ (x) > 0 then
Depth Reduction

V S
D
S

else {(∃x ∈ x) depthϕkb+ (x) = 0}
Elimination

end if
end while

It is easily seen that this procedure is a greedy algorithm in the sense that it
tries to do Elimination as soon as the elimination condition (∃x ∈ x) depthϕkb+ (x) =
0 holds, that is, all term occurrences of x are of depth 0. Otherwise, the algorithm
tries to create the elimination condition using Depth Reduction which includes
three sequential sub-procedures: V S, D and S-
. We require that V S be done in depth-first manner.
As all depths are finite, this guarantees that a run eventually leaves Depth Re-
duction and enters Elimination.

Technical Difficulties
We overcome several technical difficulties to obtain the decidability proof.



Term Simplification. In principle, boundary terms can appear in the weight func-
tion or in selectors, selector terms can occur in the weight function, and the
weight function can be used to construct boundary terms. Repeating this pro-
cess we can build more and more complex terms. Lemma 4.3 eliminates this
superficial complication.

Depth Reduction. To reduce the depth of a variable to 0, we need to express
equality literals and gap order literals like u ./ v in formulas only containing
proper subterms of u and v. Due to the introduction of boundary terms and gap
orders, we have a total of 285 combinations to consider (reductions 4.59-4.344).
In the proofs of Lemmas 4.4-4.7, we list the most typical and sophisticated
reductions.

Termination. The argument for termination is quite subtle. First the depth reduc-
tion of a variable may be at the expense of increasing the depth of a term on the
other side of a predicate. Moreover, the depth reduction in general introduces
more existential quantifiers and more literals in one of resulting formulas. A
priori it is a surprise that a special type of order literal, called the open gap
order literal, plays a key role in the termination proof. In every step of the
transformation the number of open gap order literals in each resulting formula
is no more than that in the original formula. Moreover, the final elimination
procedure removes at least one open gap order literal if the eliminated variable
occurs in such literals. When all open gap order literals are gone, the depths of
terms will be strictly decreasing. The detailed argument is given in the proof of
Lemma 4.11.

Related Work and Comparison.

The decidability of the theory of RPO has been well-studied. Comon proves the
decidability of the quantifier-free theory of total lexicographic path ordering
(LPO, a variant of RPO) [7]. A similar result holds for RPO [21]. Nieuwen-
huis establishes the NP-completeness for the quantifier-free theory of LPO [41].
Narendran, Rusinowitch and Verma obtain a similar result for RPO [38]. A more
efficient algorithm for the quantifier-free theory of RPO is given by Nieuwenhuis
and Rivero [42]. Comon and Treinen show the undecidability of the first-order
theory of LPO and the undecidability of the first-order theory of RPO in case
of partial precedence [56, 11]. The decidability of the first-order theory of RPO
(LPO) in case of unary signature and total precedence is due to Narendran and
Rusinowitch [37]. The decidability of the first-order theory of RPO in case of
total precedence remains open.

Recently some partial decidability results for the theory of KBO have been
obtained. Korovin and Voronkov show the decidability of the quantifier-free
theory of term algebras with KBO [26]. They later improve the algorithm and
show that the quantifier-free theory of KBO is NP-complete [27]. Analogous to
[37], they also show the decidability of the first-order theory of KBO in the case
where all functions are unary [28].



Chapter 5. Conclusion

This thesis offers novel solutions to an important class of decision problems,
the mixed constraints on data structures with quantitative properties. We de-
veloped the reduction technique, namely, extraction of accurate integer con-
straints from data constraints, and in case of quantified theories, reduction of
quantifiers on data objects to quantifiers on integers. From the construction of
accurate integer constraints that precisely characterize data constraints, we can
derive decision procedures for the combined constraints by utilizing decision
procedures for data structures and decision procedures for Presburger arith-
metic. We presented decision procedures for term algebras with integers and
decision procedures for queues with integers. Using our reduction technique
and quantifier elimination, we proved the decidability of the first-order theory
of Knuth-Bendix Order, thereby solving a long-standing open problem in term
rewriting (officially listed as RTA open problem 99 since 2000).

We envisage that decision procedures will play a bigger role in formal meth-
ods, model checking and program analysis. They will render more valuable
tools for specifying and analyzing security applications, and embedded and
reactive systems. We plan to expand the thesis work in the following directions.

Security Verification. A vast majority of security problems of software systems
is caused by memory access violations such as stack or heap overflow and
out-of-bound array access. This brings unprecedented demands in reasoning
about memory safety properties, that is, memory accesses, in terms of various
data manipulations, always stay within designated boundaries. In fact, memory
safety properties are a subclass of the more general quantitative properties of
resource reallocation which can be expressed in the language of data structures
with integer constraints. We believe work in this thesis can be used as the basis
for specifying and verifying such quantitative properties.

High-level Static Analysis. Many advanced data structures are widely used in
industry-sized applications such as Java Runtime Library and C++ Standard
Template Library. They include linked lists, heaps, priority queues, hash tables,
skip lists, splay trees, etc. Program reliability and efficiency rely on high-level
properties of these data structures. The traditional low-level logic representation
of these structures easily leads to undecidability. Here the challenge is to strike
the right balance between expressive power and complexity. A specification
language should be well-designed so that it can model the core properties of
a data structure while retaining decidability or even low complexity. We be-
lieve more new decision procedures for advanced data structures will make
important contributions to high-level static analysis.

Verification of Embedded and Reactive Systems. It is of essential importance to
develop techniques for designing and analyzing embedded and reactive systems,
as they are ubiquitous in our daily lives, particularly in many safety-critical
devices that we use. One of the challenges that we would like to focus on is



to carry out symbolic exploration of the state-space efficiently. Such symbolic
computation unavoidably involves quantified formulas, while many first-order
theories either are undecidable or intractable due to high complexity. As many
have observed, however, we hardly deal with formulas with a large quantifier
alternation depth, and hence it is worthwhile to investigate the class of formulas
that can have arbitrarily long sequences of quantifiers of the same kind while
the total number of quantifier alternations is bounded by a constant number. In
the search of quantifier elimination procedures for the theory of term algebras
with integers and for the theory of queues with integers, we already aimed at
and successfully obtained block-wise quantifier eliminations which are practi-
cally more efficient than single-variable quantifier eliminations. We propose to
continue the development of more efficient quantifier eliminations, in particular
elimination procedures for the combined theory of integer and real arithmetic,
which finds applications in the verification of hybrid systems and real-time
systems.

More Powerful Decision Theories. On the theoretical front, we plan to search for
new powerful tools to prove decision problems. Currently we are investigating
the decidability of the theory of queues with integers and with subsequence
relations including subqueue, prefix and suffix relations. This theory has a very
strong expressive power; it can interpret the theory of word concatenation with
length function, the theory of Presburger arithmetic with divisibility predicate,
the theory of arrays, etc. Determining the decidability of this theory will have
far-reaching consequences for solving other decision problems. In particular,
it could give us a better understanding and classification of solutions to word
equations. Besides the theoretical importance, the decidability of this theory may
give us more powerful algorithms in pattern matching, which has numerous
applications in computer science. It can precisely characterize the semantics of
common string operations in the C language, and hence would be a powerful
tool to reason about memory safety properties. It may also lead to a decision
procedure for the theory of unbounded bit-vectors which potentially has many
applications in hardware verification.
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