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Abstract. Term algebras have wide applicability in computer science. Unfortunately, the decision problem for term algebras has a nonelementary
lower bound, which makes the theory and any extension of it intractable
in practice. However, it is often more appropriate to consider the bounded
class, in which formulae can have arbitrarily long sequences of quantifiers
but the quantifier alternation depth is bounded. In this paper we present
new quantifier elimination procedures for the first-order theory of term
algebras and for its extension with integer arithmetic. The elimination
procedures deal with a block of quantifiers of the same type in one step.
We show that for the bounded class of at most k quantifier alternations,
regardless of the total number of quantifiers, the complexity of our procedures is k-fold exponential (resp. 2k fold exponential) for the theory of
term algebras (resp. for the extended theory with integers).

1 Introduction
The theory of term algebras, also known as the theory of finite trees, axiomatizes
the Herbrand universe. It has wide applicability in computer science. In programming languages many so-called recursive data structures can be modeled
as term algebras [19]; in theorem proving it is essential to the unification and
disunification problem [18, 3]; in logic programming, it is used to define formal
semantics [14]. Other applications can be found in computational linguistics,
constraint databases, pattern matching and type theory.
In this paper we consider an arithmetic extension of the theory of term
algebras. Our extended language has two sorts; the integer sort Z and the term
sort TA. Intuitively, the language is the set-theoretic union of the language of term
algebras and the language of Presburger arithmetic plus the additional length
function (.)L : TA → Z. Formulae are formed from term literals and integer
literals using logical connectives and quantifications. Term literals are exactly
those literals in the language of term algebras. Integer literals are those that
?
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can be built up from integer variables (including the length function applied to
TA-terms), the usual arithmetic relations and functions. This type of arithmetic
extension has been used in [10, 11] to show that the quantifier-free theory of
term algebras with Knuth-Bendix order is NP-complete.
Our interest originates from program verification as term algebras can model
a wide range of tree-like data structures. Examples include lists, stacks, counters,
trees, records and queues. To verify programs containing these data structures
we must be able to reason about these data structures. However, in program
verification decision procedures for a single theory are usually not applicable
as programming languages often involve multiple data domains, resulting in
verification conditions that span multiple theories. A common example of such
“mixed” constraints are combinations of data structures with integer constraints
on the size of those structures. In [24] we gave a quantifier-elimination procedure
for this extended theory.
Unfortunately the theory of term algebras has nonelementary time complexity [7, 3, 22], which makes the theory and any extension of it intractable in
practice. However, as observed by many [20, 8], in consideration of the complexity of logic theories, the meaning of a formula soon becomes incomprehensible
as the number of quantifier alternations increases. In practice we rarely deal with
formulae with a large quantifier alternation depth. Therefore it is worthwhile
to investigate the class of formulae which can have arbitrarily long sequences
of quantifiers of the same kind while the total number of quantifier alternations
is bounded by a constant number. We call such formulae alternation bounded.
In this paper we present new quantifier elimination procedures for the theory
of term algebras as well as the extended theory with integers. Our procedures
can eliminate a block of quantifiers of the same kind in one step. For the bounded
class of at most k quantifier alternations, regardless of the total number of
quantifiers, the complexity is k-fold exponential (resp. 2k fold exponential) for
the theory of term algebras (resp. for the extended theory with integers).
Related Work and Comparison. Presburger arithmetic (PA) was first shown
to be decidable in 1929 by the quantifier elimination method [6]. Efficient algorithms were later discovered by Cooper et al [5, 20]. It was shown in [20] and [8],
respectively, that the upper bound and the lower bound of the bounded class in
the theory of PA is one exponential lower than the whole theory.
The decidability of the first-order theory of term algebras was first shown by
Mal’cev using quantifier elimination [17]. This result was reproved in different
settings [16, 3, 9, 2, 1, 21, 13, 12, 24]. The lower bound of any theory of pairing
functions was shown to be nonelementary in [7]; this result was strengthened in
[4] to a hereditarily nonelementary lower bound. This lower bound complexity
applies to the theory of term algebras as term algebras with a binary constructor
can express pairing functions. Using techniques in [4], [22] showed that theories
of finite trees, infinite and rational trees are all hereditarily nonelementary.
Quantifier elimination has been used to obtain decidability results for various extensions of term algebras. [16] showed the decidability of the theory
of infinite and rational trees. [2] presented an elimination procedure for term

algebras with membership predicate in the regular tree language. [1] presented
an elimination procedure for structures of feature trees with arity constraints.
[21] showed the decidability of term algebras with queues. [13] showed the
decidability of term powers, which generalize products and term algebras. [24]
extended the quantifier elimination procedure in [9] for term algebras with
length function.
Traditionally, methods for quantifier elimination for term algebras follow
one of two approaches: they either perform transformations in the constructor
language [17, 3, 16, 12], or they work in the selector language [9, 21]. In the first
approach formulae are reduced to a boolean combination of a specific kind of
formulae called “solved forms”, which include ordinary literals. In this respect
[3] is essentially a dual of [16] with the special formulae being universally
quantified. In [12] selectors are used to convert solved forms to quantifier-free
formulae. In the second approach, formulae are transformed into a form in
which the quantified variable is not embedded in selectors and only occurs in
disequalities. Methods following the first approach can deal with a block of
quantifiers of the same type in one step. They all rely on the “independence
lemma” ([17], page 277, also see Thm. 1 in this paper) which states that “there
are enough elements to satisfy a certain set of disequalities and equalities.”
However, this does not hold in the language with finite signature and length
function. Methods following the second approach can only handle a single
quantifier at a time.
Our elimination procedures are carried out in the language with both selectors and constructors. The method combines the extraction of integer constraints
from term constraints with a reduction of quantifiers on term variables to quantifiers on integer variables.
Paper Organization. Section 2 provides the preliminaries: it introduces the notation and terminology. Section 3 defines term algebras. Section 4 describes a
new elimination procedure for the theory of term algebras. Section 5 introduces
the theory of term algebras with integer arithmetic and presents the technical
machinery for handling the length function. Section 6 presents the main contribution of this paper: it expands the elimination procedure in Section 4 for the
extended theory with integers. Section 7 concludes with some ideas for future
work. Due to space limitation all proofs have been omitted from this paper.
They are available for reference in the extended version of this paper at the first
author’s website.

2 Preliminaries
We assume the first-order syntactic notions of variables, parameters and quantifiers, and semantic notions of structures, satisfiability and validity as in [6].
We explain concepts and terminology important to this paper as follows.
A signature Σ is a set of parameters (function symbols and predicate symbols)
each of which is associated with an arity. The function symbols with arity 0 are

also called constants. The set of Σ-terms T (Σ, X) is recursively defined by: (i)
every constant c ∈ Σ or variable x ∈ X is a term, and (ii) if f ∈ Σ is an n-place
function symbol and t1 , . . . , tn are terms, then f (t1 , . . . , tn ) is a term. If θ is a
formula, we use Σ(θ) to denote the set of terms occurring in θ. The length of a
term t, written len(t), is defined recursively by: (i) for any constant a, len(a) = 1,
P
and (ii) for a term α(t1 , . . . , tk ), len(α(t1 , . . . , tk )) = ki=1 len(ti ) + 1.
An atomic formula (atom) is a formula of the form P(t1 , . . . , tn ) where P is
an n-place predicate symbol and t1 , . . . , tn are terms (equality is treated as a
binary predicate symbol). A literal is an atomic formula or its negation. A variable occurs free in a formula if it is not in the scope of a quantifier. A formula
without quantifiers is called quantifier-free. A ground formula is a formula with
no variables. A sentence is a formula in which no variable occurs free. Every quantifier-free formula can be put into disjunctive normal form, that is, a
disjunction of conjunctions of literals.
We use x to denote a set of variables, say, x1 , . . . , xn , and ∃x (resp. ∀x) as an abbreviation of ∃x1 , . . . , ∃xn (resp. ∀x1 , . . . , ∀xn ). When we write θ(x), we mean that
x occur free in θ. Any formula θ can be put into prenex form Q1 x1 , . . . , Qn xn θ(x),
where Qi ’s are either ∃ or ∀ and θ(x) is quantifier-free. We call θ(x) the matrix
of θ. We say that θ has quantifier (alternation) depth m if Q1 , . . . , Qn can be divided into m blocks such that all quantifiers in a block are of the same type and
quantifiers in two consecutive blocks are different.
A Σ-structure (or Σ-interpretation) A is a tuple hA, Ii where A is a non-empty
domain and I is a function that associates each n-place function symbol f (resp.
predicate symbol P) with an n-place function f A (resp. relation PA ) on A. We
usually denote A by hA; Σi which is called the signature of A.
A variable assignment σ (or variable valuation) is a function that assigns each
variable an element of A. We use ~xσ to denote the assigned values of x under
σ. We write ~x when σ is clear from the context. The truth value of a formula is
determined by an interpretation and a variable assignment.
A formula θ is satisfiable (or consistent) if it is true under some variable
assignment; it is unsatisfiable (or inconsistent) otherwise. A formula θ is valid
if it is true under every variable assignment. A formula θ is valid if and only if
¬θ is unsatisfiable.
By a theory of structure A, written Th(A), we shall mean the class of all
valid sentences in A. We use BCk (A) denote the subclass of Th(A) in which all
sentences have at most k quantifier alternations.
A theory T is said to admit quantifier elimination if any formula can be equivalently (modulo T) and effectively transformed into a quantifier-free formula.
If a theory admits quantifier elimination, then every sentence is reducible to a
ground formula. Therefore, if ground literals are decidable, then a quantifier
elimination procedure becomes a decision procedure.
Presburger arithmetic (PA) is the first-order theory of addition in the arithmetic of integers. The corresponding language and structure are denoted, respectively, by LZ and AZ = hZ; 0, +, <i.
We define exp0 ( f (n)) = f (n) and expm+1 ( f (n)) = 2expm ( f (n)) .

3 Term Algebras
We present a general language and structure of term algebras. For simplicity,
we do not distinguish syntactic terms in the language from semantic terms in
the corresponding structure. The meaning should be clear from the context.
Definition 1. A term algebra ATA : hTA; A, C, S, T i consists of
1. TA: The term domain, which consists of all terms built up from constants by applying
constructors. Elements in TA are called TA-terms.
2. A: A finite set of constants: a, b, c, . . .
3. C: A finite set of constructors: α, β, γ, . . . The arity of α is denoted by ar(α). An
object is α-typed (or an α-term) if its outmost constructor is α.
4. S: A finite set of selectors. For a constructor α with arity k, there are k selectors
sα1 , . . . , sαk in S. For a term x, sαi (x) returns the ith component of x if x is an α-term
and x itself otherwise.
5. T : A finite set of testers. For each constructor α there is a corresponding tester Isα .
For a term x, Isα (x) is true if and only if x is an α-term. In addition there is a special
tester IsC such that IsC (x) is true if and only if x is a constant. Note that there is
no need for individual constant testers as x = a serves as Isa (x).
We denote by LTA the language for ATA .
Unless mentioned otherwise, in this paper we assume that LTA is finite.
However, the techniques presented here can be modified to handle the case
of infinite languages. In particular, the decision problems become considerably
easier if we allow LTA to have infinitely many constants. We leave the detailed
discussion to the extended version of this paper.
The theory of term algebras is axiomatizable as follows [9].
Proposition 1 (Axiomatization of Term Algebras [9]). Let zα be z1 , . . . , zar(α) . The
following formula schemes, in which variables are implicitly universally quantified over
TA, axiomatize Th(ATA ).
A. t(x) , x, if t is built solely by constructors and t properly contains x.
B. a , b, a , α(x1 . . . , xar(α) ), and α(x1 . . . , xar(α) ) , β(y1 , . . . , yar(β) ), if a and b are
distinct constants and if α and β are distinct
constructors.
V
C. α(x1 , . . . , xar(α) ) = α(y1 , . . . , yar(α) ) →
V 1≤i≤ar(α) xi = yi .
D. Isα (x) ↔ ∃ zα α(zα ) = x; IsC (x) ↔ α∈C ¬Isα (x).
E. sαi (x) = y ↔ (∃zα (α(zα ) = x ∧ y = zi )) ∨ (∀zα (α(zα ) , x) ∧ x = y).
In general selectors and testers can be defined by constructors and vice
versa. One direction has been shown by (D) and (E), which are pure definitional
axioms.
Example 1. Consider the LISP list structure
Alist = hlist; {nil}, {cons}, {car, cdr}, {Iscons }i

where list denotes the domain, nil denotes the empty list, cons is the 2-place
constructor (pairing function) and car and cdr are the corresponding left and
right selectors (projectors) respectively. It is not difficult to verify that Alist is an
instance of term algebras.
We use the notation α = (sα1 , . . . , sαk ) to mean that α is a constructor with
ar(α) = k and sα1 , . . . , sαk are the corresponding selectors of α. We call a term t a
constructor term (resp. selector term) if the outmost function symbol of t is a
constructor (resp. a selector). We assume that no constructor term appears inside
selectors as simplification can always be done. For example, sαi (α(x1 , . . . , xk ))
simplifies to xi (1 ≤ i ≤ k) and s j (α(x1 , . . . , xk )) simplifies to α(x1 , . . . , xk ) for
α . β. We use L, M, N, . . . to denote selector sequences. If L = s1 , . . . , sn , Lx is an
abbreviation for s1 (. . . (sn (x) . . .)). We say a selector term sαi (t) is proper if Isα (t)
holds. We can make selector terms proper with type information.
β

Definition 2 (Type Completion). θ0 is a type completion of θ if θ0 is obtained from
θ by adding tester predicates such that for any term s(t) exactly one literal of the form
Isα (t) (α ∈ C) or IsC (t) is present in θ0 .
Example 2. Let α = (sα1 , sα2 ). A possible type completion for y = sα1 sα2 x is y =
sα1 sα2 x ∧ Isα (x) ∧ IsC (sα2 x). With this type information we can simplify y = sα1 sα2 x
to y = sα2 x by Axioms (D) and (E) in Prop. 1.

4 A New Quantifier Elimination Procedure for Th(ATA )
In this section we present a new quantifier elimination algorithm for the theory
of term algebras and show that the algorithm only needs exponential time to
eliminate a block of quantifiers of the same kind. The algorithm works mainly in
the constructor language while using selectors as auxiliary tools. The algorithm
is also the basis for the elimination procedure for the extended theory presented
in Section 6.
Normal Form. It is well-known that eliminating arbitrary quantifiers reduces
to eliminating existential quantifiers from formulae in the form
∃x(A1 (x) ∧ . . . ∧ An (x)),

(1)

where Ai (x) (1 ≤ i ≤ n) are literals [9]. We can also assume that A0i s are not of the
form x = t as ∃x(x = t ∧ θ(x, y)) simplifies to θ(t, y), if x does not occur in t, to
∃xθ(x, y) if t ≡ x, and to false by Axiom (A) if t is a term which is built solely by
constructors and properly contains x.
Nondeterminism. In this paper all transformations are done on formulae of
Wthe
form (1). Whenever we say “guess θ”, we mean to add a valid disjunction Wi θi
(where θ is one of theW
disjuncts) to the matrix of (1). When we replace θ by i θi
or directly introduce i θi , it should be understood that an implicit disjunctive
splitting is carried out and we work on each resultant disjunct in the form (1)
“simultaneously”.

Simplification. For simplicity, in the description of algorithms, we omit tester
literals unless they are needed for correctness proof. We may also assume that the
matrix of (1) is type complete and basic simplifications are carried out whenever
applicable. For example, for a nonempty selector sequence L, we replace Lx , x
by true and Lx = x by false. Similarly for t(x) , x and t(x) = x where t(x) is a
term properly containing x.
Notation. In the algorithm we use the following notation: x denote the set of
existentially quantified variables; y denote the set of (implicitly) universally
quantified parameters; s, t, u denote TA-terms; G, H denote (possibly empty) selector blocks; f, g, h denote index functions with ranges clear from the context;
numerical superscripts are parenthesized. Index functions are used to differentiate multiple occurrences of the same variables.
Note that in each step the algorithm manipulates the formula ∃x : θ(x, y) to
produce a version of the same form (or multiple versions of the same form in
case disjunctions are introduced), and thus in each step ∃x : θ(x, y) refers to the
updated version rather than to the original input formula.
Definition 3 (Solved Form). We say θTA (x, y) is in the solved form (with respect to
x), if x are not in equalities, not asserted to be constants and not inside selector terms.
We say ∃x θTA (x, y) is in the solved form if θTA (x, y) is.
The elimination goes as follows. A sequence of equivalence-preserving transformations will bring the input formula into a disjunction of formulae in the
solved form which have solutions under any instantiation of parameters. Therefore, the whole block of existential quantifiers ∃x can be eliminated by removing
all literals containing x in the matrix.
Algorithm 1. Input: ∃x : θ(x, y).
1. Type Completion. Guess a type completion of θ(x, y) and simplify every selector
term to a proper one.
2. Elimination of Selector Terms Containing x. Replace all selector terms containing x by the corresponding equivalent constructor terms according to Axiom (E).
For example sα1 x = y becomes ∃z2 , . . . , zk α(y, z2 , . . . , zk ) = x for ar(α) = k. It may
increase the number of existential quantifiers, but leaves parameters unchanged.
From now on, x never appear inside selector terms.
3. Elimination of Equalities between Constructor Terms. Replace
α(t1 , . . . , ti ) = α(t01 , . . . , t0i )

(2)

by 1≤i≤k ti = Repeat until no equality of the form (2) appears.
4. Elimination of Disequalities between Constructor Terms. Replace
t0i .

V

α(t1 , . . . , ti ) , α(t01 , . . . , t0i )

(3)

by 1≤i≤k ti , t0i . Repeat until no equality of the form (3) appears. At this point we
may assume that each disjunct (that has not been simplified to false) is in the form
^
^
h^
i
∃x :
x f (i) , ti (x, y) ∧
Gi y g(i) , si (x, y) ∧
Hi yh(i) = ui (x, y) .
(4)
W

i

i

i

5. Elimination of Equalities Containing x. Solve equations of the form Hi yh(i) =
ui (x, y), where ui (x, y) is a constructor term containing x, in terms of Hi yh(i) such
that the result is a set of equations in the selector language. For example, with
α = (sα1 , sα2 ), the solution set of sα2 y = α(α(x1 , y1 ), y2 ) is
x1 = sα1 sα1 sα2 y,

y1 = sα2 sα1 sα2 y,

y2 = sα2 sα2 y.

V
Solving i Hi yh(i) = ui (x, y) and eliminating all x’s occurring in solved equations,
we obtain
∃x :

h^
i

(2)

x f (2) (i) , ti (x, y) ∧

^
i

(2)

(2)

Gi y g(2) (i) , si (x, y) ∧
^
i

i
(2)
(3)
Hi yh(2) (i) = Hi yh(3) (i) . (5)

6. Elimination of Constants. If for some x ∈ x, IsC (x) appears in (5), we instantiate
x to each constant to eliminate ∃x. We still use (5) to denote the resulting formula.
V (2)
(2)
7. Elimination of Quantifiers. Rewrite i Gi y g(2) (i) , si (x, y) as
^
i

G(3)
y g(3) (i) , s(3)
(x, y) ∧
i
i

^
i

G(4)
y g(4) (i) , s(4)
(y),
i
i

(4)

where x do not appear in si (y). Then (5) can be rewritten as
∃x :

h^
i

(2)

x f (2) (i) , ti (x, y) ∧
^
i

^
i

i
(3)
(3)
Gi y g(3) (i) , si (x, y) ∧

G(4)
y g(4) (i)
i

, s(4)
(y) ∧
i

^
i

Hi(2) yh(2) (i) = Hi(3) yh(3) (i) . (6)

We claim that
∃x :

h^
i

(2)

x f (2) (i) , ti (x, y) ∧

^
i

(3)

(3)

Gi y g(3) (i) , si (x, y)

i

(7)

is valid and hence (6) is equivalent to
^
i

(4)

(4)

Gi y g(4) (i) , si (y) ∧

^
i

(2)

(3)

Hi yh(2) (i) = Hi yh(3) (i) .

Theorem 1. All transformations in Alg. 1 preserve equivalence.
Theorem 2. Alg. 1 eliminates a block of quantifiers in time 2O(n) .
Theorem 3. BCk (ATA ) is decidable in O(expk (n)).

(8)

5 Term Algebras with Length Function
In this section we introduce the extended theory and present the technical
machinery needed to handle lengths of TA-terms in the elimination procedure.
Definition 4. The structure of the extended language is AZ
= (ATA ; AZ ; (.)L : TA →
TA
Z) where ATA is a term algebra, AZ is Presburger arithmetic, and (.)L denotes the length
Z
Z
Z
function; for a term t, (tL )ATA = len(tATA ). We denote by LTA
the language for AZ
.
TA

We call terms of sort TA (resp. Z) TA-terms (resp. integer terms), similarly
for constants, variables, quantifiers and formulae. We also use “term” for “TA”
when there is no confusion. A TA-term can occur inside the length function. We
call this type of occurrence integer occurrence to distinguish it from the normal
term occurrence.
If t is a set of TA-terms, we use t L to denote the set of all integer occurrences,
in the context, of the form (Lt)L where t ∈ t and L denotes a (possibly empty)
block of selectors.
Example 3. The formula ∃x∃y : TA (x , y ∧ xL = yL ) states that there exists at
least two distinct terms t1 , t2 ∈ TA such that len(t1 ) = len(t2 ). Note that the first
occurrence of x is an ordinary term while the second one is integral. The same
for the occurrences of y.

Instead of writing n = tL to indicate the connection between term variables and the corresponding integer variables, we abuse the notation a bit
by using tL as formal variables directly in Presburger
formulae. For example,
h
i
∃xL : Z θZ (xL ) → ∃x : TA θTA (x) stands for ∀xL : Z θZ (xL ) → ∃x : TA θTA (x) , which
h
i
in turn is a shorthand for ∀n : Z θZ (n) → ∃x : TA (θTA (x) ∧ n = xL ) .
5.1 Counting Constraints
As before, to eliminate ∃x from ∃x : TA θTA (x, y), we first put ∃x : TA θTA (x, y)
into solved form. However, this alone does not suffice as the constraints on the
lengths of x may restrict the solution set of x.
Example 4. The truth value of ∃x1 ∃x2 : TA (x1 , x2 ∧ xL1 = xL2 = 3) depends on the
existence of two distinct terms of length 3.
Hence we need to know the number of distinct TA-terms at certain length.
Definition 5 (Counting Constraint). A counting constraint is a predicate CNT αk,n (x)
(k > 0, n ≥ 0) that is true if and only if there are at least n + 1 different α-terms of
length x in ATA with k constants. CNTk,n (x) is similarly defined with α-terms replaced
by TA-terms.
Example 5. For AZ
= (Alist ; AZ ) with one constant, CNTcons
1,n (x) is x ≥ 2m−1∧2 - m
list

where m is the least number such that the m-th Catalan number Cm = m1 2m−2
m−1
is greater than n. This is not surprising as Cm gives the number of binary trees
with m leaves (that tree has 2m − 1 nodes).
Lemma 1 ([24]). CNTαk,n (x) and CNTk,n (x) are expressible in Presburger arithmetic.

5.2 Equality Completion
Often formulae do not have all the information required to construct counting
constraints. Consider the formula ∃x : TA (y1 , x ∧ y2 , x ∧ y1 , y2 ). Without
knowing equality relations between the lengths of x, y1 and y2 , we can not find
the integer constraint on the length of x. So in order to construct counting constraints, we need equality information between terms and equality information
between lengths of terms.
Definition 6 (Equality Completion). Let S be a set of TA-terms. An equality completion θ of S is a formula consisting of the following literals: for any u, v ∈ S, exactly
one of u = v and u , v, and exactly one of uL = vL and uL , vL are in θ.
Let θ be a conjunction of literals. We say that θ0 is an equality completion of
θ, if θ0 is a conjunction of an equality completion of Σ(θ) and tester literals in θ.
We are only interested in compatible equality completions, i.e., θ is a subformula
of θ0 .
Example 6. Let ar(α) = 2 and θ be y , α(x, z) ∧ Isα (y), then Σ(θ) = {x, y, z, α(x, z)}.
A possible equality completion of θ is
^
Isα (y) ∧ yL = (α(x, z))L ∧ xL = zL ∧ yL , xL ∧
t , t0 .
(9)
t,t0 ∈Σ(θ);t.t0

5.3 Clusters
Equality completion is an expensive operation and it is hard to maintain if the
subsequent operations generate new terms (as in Alg. 6). Revisiting ∃x : TA (y1 ,
x ∧ y2 , x ∧ y1 , y2 ), it is easily seen that we need to know whether y1 = y2
or not only if we have guessed xL = yL1 = yL2 . In fact it suffices to have the
equality information between terms of the same length. This leads to the notion
of clusters.
Definition 7 (Clusters). Let [t] denote the equivalence class containing t with respect
to term equality. We say that C = {[t0 ], . . . , [tn ]} is a cluster if t0 , . . . , tn are pairwise
disjoint terms of the same length.
For notation simplicity we may assume that a cluster is a set with each member being an (arbitrarily chosen) representative of the corresponding equivalence class. A cluster is maximal if no superset of it is a cluster. A cluster C is
closed if C is maximal and for any maximal C0 , C∩C0 , ∅ → C = C0 . Two distinct
closed clusters are said to be mutually independent. A cluster is α-typed (called
α-cluster) if all of its elements are α-typed. The notions of maximality, closedness and mutual independence naturally generalize to typed clusters. Note that
an untyped maximal cluster may contain more than one typed maximal cluster.
The size of a cluster is the number of equivalence classes in it. The rank of a
cluster C, written rk(C), is the length of its terms. Clusters are partially ordered
by their ranks.

Example 7. In Ex. 6, formula (9) induces two mutually independent clusters
C1 : {[x], [z]} and C2 : {[y], [α(x, z)]} with C2 be α-typed and rk(C1 ) < rk(C2 ). In
fact any equality completion induces a set of mutually independent clusters. As
another example, the formula
x , y ∧ x , z ∧ xL = yL ∧ xL = zL ∧ Isα (x) ∧ Isα (y)
gives two maximal clusters C01 : {x, y} and C02 : {x, z}, with C01 be a α-cluster.
However, neither C01 nor C02 is closed and their ranks are incomparable.
5.4 Length Constraint Completion


In general, formulae are of the form ∃x : TA θTA (x, y) ∧ θZ (xL , yL ) , where
the lengths of x have been constrained by θZ (xL , yL ). For the construction of
accurate length constraints for x, we need to make θZ (xL , yL ) “complete” in the
sense defined below.
Definition 8 (Length Constraint Completion). Let θTA (x, y) be a formula of LTA
(1)
and θZ (xL , yL ) be a formula of LZ . Write θTA (x, y) as θTA (x, y) ∧ θ(2) (y) such that
(2)
L
L
θ (y) does not contain x. We say a formula ΘZ (x , y ) is a completion of θZ (xL , yL )
in x with respect to θTA (x, y) if the following formulae are valid:
h
i
I. ∀y : TA ∀x : TA θTA (x, y) ∧ θZ (xL , yL ) ↔ θTA (x, y) ∧ ΘZ (xL , yL ) .
h

i
II. ∀y : TA ∀xL : Z θ(2) (y) ∧ ΘZ (xL , yL ) → ∃x : TA θTA (x, y) ∧ ΘZ (xL , yL ) .
Example 8. Let ar(α) = 2, x = {x1 , x2 , x3 }, y = ∅, θTA (x1 , x2 , x3 ) be α(x1 , x2 ) = x3
and θZ (xL1 , xL2 , xL3 ) be xL1 < xL3 ∧ xL2 < xL3 . Consider the following formulae:
ΘZ : xL1 + xL2 + 1 = xL3 ∧ xL1 > 0 ∧ xL2 > 0,
Θ1Z : xL1 < xL3 ∧ xL2 < xL3 ∧ xL1 > 0 ∧ xL2 > 0,
Θ2Z : xL1 + xL2 + 1 = xL3 ∧ xL1 > 5 ∧ xL2 > 5.
It is not hard to argue that ΘZ is a completion of θZ (xL1 , xL2 , xL3 ) in x with respect
to θTA (x1 , x2 , x3 ). However neither Θ1Z nor Θ2Z is such a completion. Though Θ1Z
satisfies [I], it does not satisfies [II], as the assignment {xL1 = 3, xL2 = 3, xL3 = 4}
can not be realized by any assignment for x. On the other hand, Θ2Z satisfies [II],
but not [I], as the assignment {x1 = a, x2 = a, x3 = α(a, a)}, where a is a constant,
falsifies Θ2Z .
For the construction of length constraint completion, we require that θTA (x, y)
∧θZ (xL , yL ) induce a set of closed clusters and be in a special form defined below.
Definition 9. We say θTA (x, y) ∧ θZ (xL , yL ) is in strong solved form (with respect
to x) if θTA (x, y) is in solved form and all literals of the form Ly , t(x, y), where y ∈ y
and t(x, y) is a constructor term (properly) containing x, are redundant.

Example 9. In Ex. 6, formula (9) is not in strong solved form. However, it can be
made into strong solved form by adding sα1 y , x or sα2 y , z.
The following predicates are needed to describe the construction algorithm:

P


n
Tree(t) : ∃x1 , . . . , xn ≥ 0 tL =
i=1 di xi + 1 ,
Par(α)
Nodeα (t, tα ) : tL = i=1 tLi + 1,


Var(α)
Treeα (t) : ∃tα Nodeα (t, tα ) ∧ i=1
Tree(ti ) ,
where tα stands for t1 , . . . , tar(α) and d1 , . . . , dn are the distinct arities of constructors. The predicate Tree(t) is true if and only if t L is the length of a well-formed
TA-term. The predicate Nodeα (t, tα ) forces the length of an α-term with known
children to be the sum of the lengths of its children plus 1. The predicate Treeα (t)
states the length constraint of a well-formed α-term.
Algorithm 2 (Length Constraint Completion). Input: θTA(x, y)∧θZ (xL , yL ), where
θTA (x, y) is a conjunction of literals in LTA and θZ (xL , yL ) is a conjunction of literals
in LZ . Initially set ΘZ (xL , yL ) = θZ (xL , yL ). For each term t occurring in θTA (x, y),
add the following to ΘZ (xL , yL ).
a.
b.
c.
d.
e.
f.
g.

tL = 1, if t is a constant.
tL = sL , if t = s.
Tree(t), if t is untyped.
Treeα (t), if t is α-typed.
Nodeα (t, tα ), if t is α-typed with children t α .
CNTk,n (tL ), if t occurs in an untyped clusters of size n + 1 and ATA has k constants.
CNTαk,n (tL ), if t occurs in an α-cluster of size n + 1 and ATA has k constants.

Lemma 2. If θTA (x, y) ∧ θZ (xL , yL ) is in strong solved form and induces a set of
mutually independent clusters, then ΘZ (xL , yL ) computed by Alg. 2 is a completion of
θZ (xL , yL ) in x with respect to θTA (x, y).
Lemma 3. Alg. 2 computes ΘZ (xL , yL ) in time O(n).

6 A New Quantifier Elimination Procedure for Th(AZ )
TA

). Since
In this section we expand Alg. 1 to an elimination procedure for Th(AZ
TA
Z
LTA has two sorts, namely Z and TA, we need to show elimination of integer
quantifiers as well as term quantifiers.
6.1 Eliminate Quantifiers on Integer Variables
We assume that formulae with quantifiers on integer variables are in the form


∃z : Z θZ (xL , y, z) ∧ θTA (x) ,
(10)

where y, z are integer variables and x are term variables. Since θTA (x) is in LTA ,
we can move θTA (x) out of the scope of ∃z, obtaining
∃z : Z θZ (xL , y, z) ∧ θTA (x).

(11)

Now ∃z : Z θZ (x , y, z) is essentially a Presburger formula and we can proceed
to remove the block of existential quantifiers using Cooper’s method [5, 20]. In
fact, we can defer the elimination of integer quantifiers until all term quantifiers
have been eliminated.
L

6.2 Eliminate Quantifiers on Term Variables
We assume that formulae with quantifiers on term variables are in the form


∃x : TA θTA (x, y) ∧ ΨZ (xL , yL , z) ,
(12)
where x, y are term variables, z are integer variables, and ΨZ (xL , yL , z) is an
arbitrary Presburger formula. The following algorithm is based on Alg. 1. To
save space, we do not list ΨZ (xL , yL , z) until needed.


Algorithm 3. Input: ∃x : TA θTA (x, y) ∧ ΨZ (xL , yL , z) .
Run Alg. 1 up to Step [7]. Apply the following subprocedures successively unless noted
otherwise.
1.
2.
3.
4.

Equality Completion (Alg. 4).
Elimination of Equalities Containing x (Alg. 5).
Propagation of Disequalities of the Form Ly , t(x, y) (Alg. 6).
Reduction of Term Quantifiers to Integer Quantifiers (Alg. 7).

The purpose of steps [1]- [3] is to transform (12) to a formula in strong normal form
which induces a set of mutually independent clusters. Therefore by Alg. 2 we can construct the length constraint completion for x which allows us to reduce term quantifiers
to integer quantifiers.
Algorithm 4 (Equality Completion). We assume the input formula is in the form
(renaming the first part of (7))
^
h^
i
∃x : TA
x f (i) , ti (x, y) ∧
Li y g(i) , si (x, y) ,
(13)
i

i

where ti , s j are: (i) quantified variables x, (ii) parameters y, (iii) selector terms of
parameters in the form Ly (y ∈ y), (iv) constants in A, or (v) constructor terms built
from terms in (i)-(iv). Let S be all terms including subterms which appear in (13). Guess
an equality completion of S. It is easily seen that an equality completion is of the form
(omitting integer literals)
^
h^
∃x : TA
x f (i) , ti (x, y) ∧
Li y g(i) , si (x, y) ∧
i

i

^
i

x f 0 (i) = t0i (x, y) ∧

^
i

i
L0i y g0 (i) = s0i (x, y) . (14)

Algorithm 5 (Elimination of Equalities Containing x). Let E denote the set of
equalities containing x. Exhaustively apply the following subprocedures until E is
empty. Pick an E ∈ E.
A. E is x = u. Then we know x does not occur in u and hence we can remove ∃x by
substituting u for all occurrences of x.
B. E is Ly = α(t1 (x, y), . . . , tk (x, y)). Then replace E by
sα1 Ly = t1 (x, y), . . . , sαk Ly = tk (x, y).
C. E is β(u1 (x, y), . . . , ul (x, y)) = β(u01 (x, y), . . . , u0l (x, y)). Then replace E by
u1 (x, y) = u01 (x, y), . . . , ul (x, y) = u0l (x, y).
Algorithm 6 (Propagation of Disequalities of the Form Ly , t(x, y)). We only
need to propagate those disequalities of the form Ly , t(x, y) such that (Ly)L = (t(x, y))L
and t(x, y) is a constructor term (properly) containing x. This is done by the following
sequence of disjunctive splittings.
Let D denote the set of disequalities of the above form. Exhaustively apply the
following subprocedures until D is empty. Pick D : Ly , α(t1 (x, y), . . . , tk (x, y)) ∈ D.
A. Disequality Splitting. Remove D from D and add to θTA (x, y)
¬Isα (Ly) ∨

_

1≤i≤k

sαi Ly , ti (x, y).

Return if we take ¬Isα (Ly); continue otherwise.
B. Length Splitting. Suppose we take sαj Ly , t j (x, y) (1 ≤ j ≤ k). Split on
(sαj Ly)L = (t j (x, y))L ∨ (sαj Ly)L , (t j (x, y))L .
Return if we take (sαj Ly)L , (t j (x, y))L ; continue otherwise.
C. Equality Splitting. Suppose the cluster of t j (x, y) contains u0 , . . . , un . Split on
_
i≤n

sαj Ly = ui ∨

^
i≤n

sαj Ly , ui

In case we take any disjunct sαj Ly = ui , return if ui does not contain x; rerun Alg.
5 otherwise. Note that Alg. 5 can only be rerun finitely many times as each run will
remove at least one existentially quantified variable.
V
The last case is that we choose i≤n sαj Ly , ui . This in general will increase the
size of D if some of ui (x)0 s are also constructor terms containing x. However if this
happens, ui (x)0 s will sit in a cluster whose rank is lower than that of the cluster of
α(t1 (x, y), . . . , tk (x, y)). As the rank ordering is well-founded, eventually the size of
D will decrease.

Algorithm 7 (Reduction of Term Quantifiers to Integer Quantifiers). Omitting the redundant disequalities of the form Ly , t(x, y), we may assume the resulting
formula be
h (1)
i
(2)
∃x : TA θTA (x, y) ∧ θTA (y) ∧ θZ (xL , yL ) ∧ ΨZ (xL , yL , z) ,

(15)

V
(1)
(2)
where θTA (x, y) is of the form i x f (i) , ti (x, y), θTA (y) does not contain x, θZ (xL , yL )
is the integer constraint obtained from Algs. 4, 6 (Step [B]), and ΨZ (xL , yL , z) is the PA
(1)
(2)
formula not listed before for simplicity. Now let θTA (x, y) denote θTA (x, y) ∧ θTA (y).
L
L
L
L
Call Alg. 2 to get the completion ΘZ (x , y ) of θZ (x , y ) in x with respect to θTA (x, y).
Now we claim that (15) is equivalent to
h
i
∃x : TA θ(1)
(x, y) ∧ θ(2)
(y) ∧ ΘZ (xL , yL ) ∧ ΨZ (xL , yL , z) ,
TA
TA

(16)

which in turn is equivalent to
h (2)
i
∃xL : Z θTA (y) ∧ ΘZ (xL , yL ) ∧ ΨZ (xL , yL , z) .

(17)

Lemma 4. Algs. 4,5 and 6 produce a formula in strong normal form which induces a
set of mutually independent clusters.
Theorem 4. All transformations in Alg. 3 preserve equivalence.
Theorem 5. Alg. 3 eliminates a block of quantifiers in time 22

O(n)

.

) is decidable in O(exp2k (n)).
Theorem 6. BCk (AZ
TA

7 Conclusion
We presented new quantifier elimination procedures for the theory of term algebras and for the extended theory with Presburger arithmetic. The elimination
procedures deal with a block of quantifiers of the same type at one step. The
complexity of one-step elimination is exponential (resp. double exponential) for
the theory of term algebras (resp. for the theory of term algebras with integers).
The double exponential complexity is due to the propagation of literals of
the form Ly , t(x, y) in a cluster. We believe that more refined length constraint
construction will remove this costly operation.
We plan to apply these methods to the first-order theory of queues [21] and
to the first-order theory of Knuth-Bendix order [23].
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