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@ Termination Proof. To rank system states:

(x=3,y=2)>x=3,y=1)

@ Ordered Resolution. To restrict the search space:

AvC =-A'vVC(C o =mgu(A,A")
(CVvC)or (VBe CUC')|Ac £ Bo]

@ Ordered Rewriting. To orient commutative equations:

X+y—y+x if (x+y)o>(y+x)o
Yy+X—oX+y if (x+y)o<(y+x)o

[Fundamental: Satisfiability Problem of Ordering Constraints }

4/57



Knuth-Bendix Order Decidability of KBO Conclusions
Beyond Existential Fragments

TOTAL SIMPLIFICATION RULE: [KKR90, CT97]

s > t]ec
slvlp = t | (cAC Aslp=u)

(u->vi]c)

5/57



Knuth-Bendix Order Decidability of KBO Conclusions
Beyond Existential Fragments

TOTAL SIMPLIFICATION RULE: [KKR90, CT97]

s > t]ec
svlp = t | (cAC Aslp=u)

(u->vi]c)

IT STATES THAT

s — t | cis simplified (at position p) to s[v], = t| (c Ac’ Aslp = u)
by u — v | ¢’ provided

TAEVYYV(s) (¢ = 3IV(u) (¢’ Aslp=u)) ,

which necessarily involves quantifier alternation.
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QFT: Quantifier-free Theory.
UQT: Unary Quantified Theory.
GQT: General Quantified Theory.
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[Reduction from term domain to integer domain! }

@ Reduce term constraints to integer constraints.

T. Zhang, H.B. Sipma, and Z. Manna, Decision Procedures for
Recursive Data Structures with Integer Constraints. IJCAR 04.

@ Reduce term quantifiers to integer quantifiers.

T. Zhang, H.B. Sipma and Z. Manna, Term Algebras with Length
Function and Bounded Quantifier Alternation. TPHOLSs’04.
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Term Algebras

A term algebra 7A : (TA;C, A, S, T ) consists of

@ TA: The term domain.

@ (C: set of constructors: a, 8,7, ....

@ A : setof constants: a,b,c,.... ACC.
@ S: set of selectors: a = (sf,...,sy).

@ 7 : set of testers. Is, for a € C.

NOTE THAT

Each element in TA is uniquely generated by constructors.
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LISP List

SIGNATURE

( list; {cons, nil}; {nil}; {car, cdr}; {ISnil, IScons} )

AXIOMS

Ispir(x) © =IScons(X)
x = car(cons(x,y))
y = cdr(cons(x,y))
Isni(x) < {car, cdr}t(x) = x

Iscons(X) <> cons(car(x), cdr(x)) = x
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Knuth-Bendix Order

A Knuth-Bendix order (KBO) <*? is parametrically defined with
@ w: TA — N: a weight function such that
wia(t,.... t)) = w(a) + Y w(t).

== <7 a linear precedence order on C such that

A <7 a2 <7 ...<7 Q|c)-
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Knuth-Bendix Order

A KBO </ is recursively defined (with respect to w and <) such
that u < v if one of the following conditions holds.

@ w(u) < w(v)
@ w(u) = w(v) and type(u) <“ type(v)

= ow(u) =w(v), u=a(ur,...,u), v=a(w,...,v%), and

A(1<isk Au<®vAvj(1j<i—> y=y)).
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Consider the KBO on LISP list structure parameterized with

w(cons) = w(nil) =1 and nil <” cons.
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Quantifier Elimination

@ Suffices to eliminate 3-quantifiers from primitive formulas
Ax (A(X) A ... AAN(X)),
where A;(X) (1 < i < n) are literals.

= Suffices to assume A; # x =t if x ¢ t, because

Ix(x=tAe(x,¥)) < ¢t ¥).
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For simplicity, we only use selectors and testers in our language.

NOTATION

@ The depth of x in a selector term t is the number of selectors in t.
For example, the depth of x in s¢(...(Sa(X)...)) is n.

@ By depth,(x), we mean the maximum depth of x in ¢.

@ Formulas are assumed to be type complete, i.e., the type of every
term is asserted by a tester literal.

= Selector terms are assumed to be proper. For example,
car(x) # cdr(x) abbreviates car(x) # cdr(x) A ISgons(X).

17 /57
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Main Idea

@ Solved Form. Eliminating 3x from (3x)¢(x, ¥) is easy once

@(x,y) is solved in x.

v Depth Reduction. Transforming ¢(x, ¥) into a solved form amounts
to peeling off selectors in front of x, since

¢(x,y) solved in x if and only if depth,(x) = 0.
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/\u,- <X A /\x < v A ¢(Y),
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where x does not appear in u;, v; and ¢’.
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Solved Form

@ ¢(x,y) is solved in x if it is in the form
Au,- <X A /\x < v A ¢(Y),
i<m jsn
where x does not appear in u;, v; and ¢’.
= |f o(x, ) is solved in x, then (3x) ¢(x, ¥) simplifies to

¢'(¥) A /\ ui <5’ v,

i<m.j<n

where x <§b y, called gap order, states there is an increasing chain
from x to y of length at least n.
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Depth Reduction: Case 1

All occurrences of x have depth greater than 0.
In this case, Ax¢(x, y) must be in the form

Axe'(s{(x), ..., 8¢ (X),¥),
which can be rewritten to

Axt, .o Xk (X4 -5 Xk, ¥
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Some occurrences of x have depth 0 and some do not.
Decompose 0-depth occurrences of x in terms of
s{(x),...,s¢(x),

which amounts to expressing x <° t and t <X? x using

s{(x),...,s¢(x).
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Depth Reduction: Case 2

Some occurrences of x have depth 0 and some do not.

Decompose 0-depth occurrences of x in terms of
s{(x),...,s¢(x),

which amounts to expressing x <° t and t <X? x using
s{(x),...,s¢(x).

[Then apply the reduction as in Case 1!]
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Language Extensions

Decompose < into three disjoint suborders <%, <P and <.

Extend <%, <P and </ to <%, <P and </, respectively.
@ Add boundary functions to delineate gap orders.
@ Add Presburger arithmetic explicitly to represent the weight function.

= Extend all aforementioned notions to tuples of terms.
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Suborders

WEIGHT ORDER

PRECEDENCE ORDER

def

u<Pv w(u) = w(s) & type(u) <7 type(v)

LEXICOGRAPHICAL ORDER

u<'v. 2L w(u)=w(v) & type(u) = type(v) & u <k v
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def
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WEIGHT GAP ORDER

def
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kb

def
u<bv == u<fvAu<Pv
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Gap Orders

KB GAP ORDER

def
u<kv == (Quy---3Aup) (u <kb . <kb ... kb kb v)

WEIGHT GAP ORDER

def
u<Vv == u<fvaAu<rv
PRECEDENCE GAP ORDER
def
u<bv == u<fvAu<Pv

LEXICOGRAPHICAL GAP ORDER

u<hbv == u<fvau<yv
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Boundary Functions

0%, 1% : N — TA: 0P, 1P : N2 — TA such that

: the smallest term of weight n
: the smallest term of weight n and type ap
: the largest term of weight n

: the largest term of weight n and type a,
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Boundary Functions

0%, 1% : N — TA: 0P, 1P : N2 — TA such that

: the smallest term of weight n

)
0P(n, p) : the smallest term of weight n and type p
) : the largest term of weight n

)

: the largest term of weight n and type a,

EXAMPLE

w pl qw w aw pl
Uu<g v o \/ u <p, 1(uw) <fip O(VW) <ps V
ny+nz+n3=>5
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Counting Constraints
CNT ,(x) states that
there are at least n + 1 distinct TA-terms of weight x.
In particular, CNT(x) (or Tree(x)) states that

X is a legitimate weight of a term.
EXAMPLE

0%, <Pl 1%, & CNT,(x)

NOTE THAT

CNT ,(x) is expressible in Presburger arithmetic.

26 /57
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Knuth-Bendix Order with Presburger
Arithmetic

KBOT = (TA,PA, ()", <5, 0°(..), 1°(..))
where ne N, # € {w, p, I}, * € {w, p},
()" : weight function,

<B, : gap orders,
0*(...), 1°(...) : boundary functions
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Knuth-Bendix Order with Presburger
Arithmetic

KBOT = (TA,PA, ()W, <4, 0°(..), 1°(...))

where ne N, # € {w, p, I}, * € {w, p},

()" : weight function,

S 3

<" : gap orders,
0*(...), 1°(...) : boundary functions

EXAMPLE

EIx:TA(O(";’(W) <b x <} 12";W))

27/57
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Quantifier Elimination for Knuth-Bendix Order

INPUT: (3x) ¢(X,Yy)
while x # 0 do
if (Vx € X) depth,(x) > 0 then

DECOMPOSITION

Depth Reduction:
SIMPLIFICATION

VARIABLE SELECTION ‘

else {(Ix € X) depth,(x) = 0}
Elimination
end if
end while

28/57
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Select a variable x € X such that s{*(x) appears in ¢(X, ¥).
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Variable Selection

Select a variable x € X such that s7*(x) appears in (X, ¥).

NOTE THAT

The selection is done in depth-first manner; we always choose vari-
ables generated in the previous round.

29/57
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Decomposition

i Rewrite (3X) (X, y) to

a

Axqy ... AxIX A st(x) =xi A o(X,¥) |.

1<i<k

v Rewrite x <’ﬁ, tandt <‘f1 x to quantifier-free formulas where x

only occurs in s{(x).....s/(x).
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Decomposition

i Rewrite (3X) (X, y) to

Ixy .. A AX ( A st (x) =x;i A (X, )7)).

1<i<k
1= Rewrite x <$, tandt <‘f1 x to quantifier-free formulas where x
only occurs in s{(x), ..., s/(x).
RESULTING IN
Axq ... AxIx (1 /\ksio‘(x) =X A ¢’(s$‘(x),...,s,‘f(x),(i\x),y)).
<i<

30/57
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Axq ... IxIX /\ sT(x) =xi A @' (87(x),....s¢(x), (X\ x),¥)
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= Replace s(x) by x; in ¢'.
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@ Replace s{(x) by x;in ¢'.
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Simplification

NOwW

Axq ... IxIX /\ sT(x) =xi A @' (87(x),....s¢(x), (X\ x),¥)

1<i<k

@ Replace s{(x) by x;in ¢'.

@ Remove A s/(x) = x; from the matrix.

1<i<k

@ Remove Jx from the prenex.

RESULTING IN

Axy . AN\ X) (@ (X\ X), X150, Xk, ) ) -
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Elimination

NOW

dx /\u,-<kbx A /\X<kaj A ¢(Y) ]

i<m j<n
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Elimination

NOW
dx /\u,- <Ko x A /\X<kb vi A (V) |
i<m j<n
which simplifies to
up <5° vi A ¢'(¥)

A ‘U is the greatest of {u;|i < m}”

A "vj is the smallest of {v;|j < n}”".

32/57
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Technical Tricks

@ Elimination of Equalities.
Hx( X = 0lcarpyywss) A car(x) <§ cdr(x) )

vz Simplification of Selector Terms.

car(O(”(Vcar(X))w)).
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Technical Tricks

@ Elimination of Equalities.

3% (X = Offcar(ryyers)

A car(x) <4 cdr(x) )
@ Simplification of Selector Terms.

car(O(”(Vcar(x))w)).
@ Elimination of Negations.

ﬂ(car(x) <y cdr(x)).

= Termination.
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(carpyvrs) car(x) <§ cdr(x) )
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Elimination of Equalities

EXAMPLE

Hx(x:OW

(carcywis) A car(x) <g cdr(x) )

== Reverse Substitution =

Hx( X = 0l cartyrisy A car(off

((car(y+5)) <4 cr(Off

((car(x))W—i-S)) )
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CONTINUE WITH

x ( X = OEA(/car(x))W—l—S) A car (O(M(/car(x))W+5)) < car (O(Vanr(x))W-',—S)) )
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Elimination of Equalities

CONTINUE WITH

ElX( X = OE’anr(x))W—l—S) A car(O("an,(X))erS)) <g Cdr(o{{car(x))‘”—i—S)) )
== Reduction to Integer Quantifiers =

Tree((car(x))" +5) A Tree((cdr(x))" + 5)
A (@) + (car(x))" + (cdr(x))" = (car(x))" + 5
A Car(o(char(x))WJrS)) <Z Cdr(o&car(x))WJrS))

A(car(x))”
A(cdr(x))"
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Elimination of Equalities

Tree((car(x))" +5) A Tree((cdr(x))" + 5)
A (@) + (car(x))" + (cdr(x))” = (car(x))” +5

AN Car(O((Car(X))W+5)) <Z Cdr(o(zcar(x))w+5))

A(car(x))”
A(cdr(x))”
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Elimination of Equalities

o Tree((car(x))” +5) A Tree((cdr(x))" + 5)
J(car(x)) A (@) + (car(x))" + (Cdr( NY = (car(x))¥ +5

A(car(x))" "
A car(0((gar(x)yw-5)) <{ cdr( Ocar(x))*+5))

1= Renaming =

Tree(z) A Tree(y)
3zAy| A ()" +z+y=2z+5
A car(0(})) <4 cdr(0(y))
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EXAMPLE

€ar(0((car(x)yv))
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Simplification of Selector Terms

EXAMPLE
€ar(0((car(x)yv))
which simplifies to
O (car())")

where f4/(+) is an integer function expressible in Presburger
arithmetic.
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EXAMPLE

—|(car(x) <y cdr(x))

simplifies to
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Introduction

EXAMPLE

simplifies to

Knuth-Bendix Order Conclusions
Elimination of Negations

—|(car(x) = cdr(x))

cdr(x) <Y car(x)
v (cdr(x))" = (car(x))"”
v car(x) 2{ cdr(x)
v car(x) 25 cdr(x).
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[Termination is subtle as many complexity measures increase. 1

1= Depth reduction increases the depth of other variables.

For example, x #t becomes

\/ s(t) # xi v =lse(1),

1<i<k
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1=~ Depth reduction introduces more existential quantifiers.

For example, (3X) ¢(X,y) becomes

Axq ... AxAX | Iso(X) A /\ st(x)=xi A o(X,¥)].
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Introduction Knuth-Bendix Order Conclusions
Termination

1=~ Depth reduction introduces more order literals.

For example, u <z v becomes

ol qw w AW pl
\/ u <p, (") <y O(VW) <pg V-
ny+n2+n3=>5
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1= Depth reduction introduces more equalities.

For example, x </t becomes

car(x) = car(t) A cdr(x) < cdr(t).
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Termination

1= Depth reduction introduces more equalities.

For example, x </t becomes

car(x) = car(t) A cdr(x) < cdr(t).

‘Why terminate? |

42 /57



Introduction Knuth-Bendix Order Conclusions
Termination

REAL MEASURE
Open Gap Order Literals: gap orders between ordinary terms.

43/57



Introduction Knuth-Bendix Order Conclusions
Termination

REAL MEASURE
Open Gap Order Literals: gap orders between ordinary terms.

EXAMPLE

v u<hv u<§v u<yv
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Introduction Knuth-Bendix Order Conclusions
Termination

REAL MEASURE
Open Gap Order Literals: gap orders between ordinary terms.

EXAMPLE
v u<4v u <§ v u<§v
I qw w P 4w w |
% U <g 1(uw) 0(uw) <3 1(uw) O(VW) <3V
REASON

@ No transformation generates new OGOLs.
@ The final elimination step removes at least one OGOL.

@ Without OGOLs, the depths of terms strictly decrease!
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Example

Consider the KBO on LISP list structure parameterized with
w(cons) = w(nil) =1 and nil <” cons.
Consider the formula
3x(car(x) <b cdr(cdr(x)) A cdr(cdr(car(x))) <4 y)

where depth(x) = 3.
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3x(car(x) <_’2 cdr(cdr(x)) A cdr(cdr(car(x))) <’3 y)

I
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Example

3x(car(x) <b cdr(cdr(x)) A cdr(cdr(car(x))) <4 y)

O -

Xo :

X11

: car(x)

cdr(x)

. car(car(x

e o
X290 .
e

cdr(cdr(x

(x))
cdr(car(x))
(x))
cdr(cdr(car(x)))
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Example

3x(car(x) <b cdr(cdr(x)) A cdr(cdr(car(x))) <4 y)

Xop @ cdr(cdr(x

0 xy @ car(x)
Xz 1 cdr(x)
ﬁ x11 : car(car(x

(x))
x12 : cdr(car(x))
(x))
X122 : cdr(cdr(car(x)))

Solution: x =7

45/57



Select x.

Knuth-Bendix Order and Its Decidability
- ) |4B/57




Introduction Knuth-Bendix Order Conclusions
Example

Select x.
Decompose x in terms of car(x) and cdr(x). We have

Ix3IxiAxz ( car(x) = x1 A cdr(x) = xz

A car(x) < cdr(cdr(x) ) A cdr(cdr( car(x) )) <5 ¥ )-
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Example

Select x.
Decompose x in terms of car(x) and cdr(x). We have

Ix3IxiAxz ( car(x) = x1 A cdr(x) = xz
A car(x) <j cdr( edr(x) ) A cdr(cdr( car(x))) <4 y ).
Simplification.
Axq EIXQ( xi <hcdr(xe) A cdr(cdr(xq)) <4 y),

where depth(xq) = 2 and depth(xz) = 1.
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Continue with

Axy EIX2( X1 <b cdr(xo) A cdr(cdr(x1)) <4 y).

47 /57



Introduction Knuth-Bendix Order Conclusions
Example

Continue with
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Example

Continue with
Axy EIXQ( X1 <b cdr(xo) A cdr(cdr(x1)) <4 y).

Select xj.
Decompose xi.

3x13xz( car(x;) = car(cdr(x2)) A cdr(xy) <, cdr(cdr(x2))

A cdr( cdr(x1) ) <4 y ).
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Example

Continue with
Axy EIXQ( X1 <b cdr(xo) A cdr(cdr(x1)) <4 y).

Select xj.
Decompose xi.

Axq sz( car(x;) = car(cdr(x2)) A cdr(xy) <, cdr(cdr(x2))
A cdr( cdr(xt) ) <4 ¥ ).
Simplification.
sz3x113x12( x11 = car(cdr(x2)) A xi2 <b cdr(cdr(xz))

A cdr( Xq2 ) <éy)
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Continue with
dAxodx11dXq2 (X11 = car(cdr(xz)) AN X2 <I2 cdr(cdr(xz))

A cdr(xi2) <b y )
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Example

Continue with
AxoAx11Axq2 (x11 = car(cdr(xz)) A Xq2 <j, cdr(cdr(x2))
A cdr(xi2) <b y )
Elimination. Since depth(x11) = 0, we have

E|xz3x12( X12 <p cdr(cdr(xz)) A cdr(xi2) <5y )
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Continue with

Elx23x12( Xi2 <b cdr(cdr(x)) A cdr(xi2) <4 y).
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Example

Continue with
Elx23Ix12( X1z <h cdr(cdr(x2)) A cdr(xi2) <4 y).

Select xqo.
Decompose x12.

sz3x12( car(xi2) = car(cdr(cdr(x2))) A car(xi2) <b cdr(cdr(xz))

A cdr(xiz) <5y )-
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Introduction Knuth-Bendix Order Conclusions
Example

Continue with
AxpIxiz ( X1z <b cdr(cdr(xz)) A cdr(xiz) <b y ).

Select xqo.
Decompose x12.

sz3x12( car(xi2) = car(cdr(cdr(x2))) A car(xi2) <b cdr(cdr(xz))
A cdr(xiz) <5 y)-

Simplification.

sz3x1213x122( X121 = car(cdr(cdr(x2))) A Xxi21 <b cdr(cdr(x2))

I
AN X2 <3 Y)
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Continue with
AxodAX121 X122 ( X121 = car(cdr(cdr(xz))) A Xq22 <I2 Cdl’(Cdf(Xg))

A Xiz2 <y )
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Example

Continue with

3X23X1213X122(X121 = car(cdr(cdr(x2))) A Xiza <b cdr(cdr(x2))
A Xi22 <13 y )

Elimination. Since depth(x121) = 0, we have

3X23X122( X122 <I2 cdr(cdr(xz)) AN X2 <é y )
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Example

Continue with

AxodX122 (| X122 <I2 CdI’(Cdr(Xg)) A X122 <l y )
3
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Example

Continue with
3X23X122( X122 <I2 CdI’(Cdr(Xg)) A X122 <l3 y )
Elimination. Guessing a gap order completion, we have

3X23X122( X122 <I2 Cdf'(Cdf'(Xg)) <q y ),
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Example

Continue with
sz3x122( X122 <h cdr(cdr(xz)) A Xiz2 <4 y )
Elimination. Guessing a gap order completion, we have
sz3x122( X122 <b cdr(cdr(xz)) <! y )
which simplifies to

3X2( O(VZCdf(cdr(xz)))w) <l2 Cdr(CdI’(XZ)) <I1 }/)
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Example

Continue with
sz3x122( X122 <h cdr(cdr(xz)) A Xiz2 <4 y )
Elimination. Guessing a gap order completion, we have
sz3x122( X122 <b cdr(cdr(xz)) <! y )
which simplifies to

3X2( O(VZCdf(Cdr(xz)))w) <l2 Cdr(CdI’(XZ)) <I1 }/)

(5= The number of OGOLs reducedto 1! |
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Continue with

e (O(( cdr(car(x2)) )™) <, cdr(cdr(x2)) < y)‘
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Example

Continue with

e (O(( cdr(car(x2)) )™) <, cdr(cdr(x2)) < y)‘

Depth Reduction. Repeating twice the bEPTH-REDUCTION
subprocedure, we have

d X000 (O(WX222 " <’2 X222 <I1 }’)-
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Continue with

EPY ov <L Xooo <!y ).
202 ( ™3 222 <3 Y )

Reduce term quantifiers to integer quantifiers.

32(0(‘”2)<gy/\ Tree(z)).

Eliminate integer quantifiers.

OE"’yW : <Ly A Tree(y").
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Introduction Knuth-Bendix Order Conclusions
Example

Continue with

3 x ov < xom <by )
202 ( ™3 222 <3 Y )

Reduce term quantifiers to integer quantifiers.

32(0(‘”'2)<gy/\ Tree(z)).

Eliminate integer quantifiers.

ov <Ly A Tree( y").

()
As 0}, <4 y = Tree(y"), we have
w |
Oymy <3 -

53/57



Introduction Knuth-Bendix Order Conclusions
Example
In summary,
w 1
O(yw) <3y =
Elx(car(x) <b cdr(cdr(x)) A cdr(cdr(car(x))) <4 y)
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In summary,

Oa’/w) <Ly =

EIx(car(x) <b cdr(cdr(x)) A cdr(cdr(car(x))) <4 y)

e
iz
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Example

In summary,

Oa’/w) <Ly =

EIx(car(x) <b cdr(cdr(x)) A cdr(cdr(car(x))) <4 y)

0 x1 : car(x)

X2 : cdr(x)
x11 : car(car

(x))
@ Xq2 @ cdr(car(x))
 cdr(cdr(x))

(cdr(

Xoo @ cdr

@ X122 : cdr(cdr(car(x)))
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Example

In summary,

Oa’/w) <Ly =

EIx(car(x) <b cdr(cdr(x)) A cdr(cdr(car(x))) <4 y)

0 x1 : car(x)

X2 : cdr(x)
x11 : car(car

(x))
@ Xq2 @ cdr(car(x))
 cdr(cdr(x))

(cdr(

Xoo : cdr

@ X122 : cdr(cdr(car(x)))

PR — oW
Solution: X120 O(yw).
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Introduction Knuth-Bendix Order Decidability of KBO
Conclusions and Open Problems

@ Orderings with Partial Precedence
Knuth-Bendix Order with Partial Precedence
@ Orderings on Nonground Term Domain
Knuth-Bendix Order on Nonground Term Domain
@ Multiple Orderings on One Term Domain

Two Knuth-Bendix Orders

[Difficulty: Lack of technique to deal with partial orderings. }
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Thank you for your attention!

Questions?

Knuth-Bendix Order and Its Decidability

) [57/57)




Introduction

Knuth-Bendix Order Decidability of KBO

Hubert Comon.

Solving symbolic ordering constraints.

International Journal of Foundations of Computer Science,
1(4):387-411, 1990.

Hubert Comon and Ralf Treinen.

The first-order theory of lexicographic path orderings is
undecidable.

Theoretical Computer Science, 176(1-2):67-87, 1997.

Jean-Pierre Jouannaud and Mitsuhiro Okada.
Satisfiability of systems of ordinal notation with the subterm
property is decidable.

In 18th International Colloquium on Automata, Languages and
Programming, volume 510 of LNCS, pages 455—468.
Springer-Verlag, 1991.

C. Kirchner, H. Kirchner, and M. Rusinowitch.
Deduction with symbolic constraints.
Revue Francaise d’ Intelligence Atrtificielle, 4(3):9-52, 1990.

57 /57



Introduction

Knuth-Bendix Order Decidability of KBO
Special issue on automated deduction.

Konstantin Korovin and Andrei Voronkov.

A decision procedure for the existential theory of term algebras with
the Knuth-Bendix ordering.

In Proc. 15th IEEE Symp. Logic in Comp. Sci., pages 291 — 302,
2000.

Konstantin Korovin and Andrei Voronkov.

Knuth-Bendix constraint solving is NP-complete.

In Proceedings of 28th International Colloquium on Automata,
Languages and Programming (ICALP’01), volume 2076 of Lecture
Notes in Computer Science, pages 979-992. Springer-Verlag,
2001.

Konstantin Korovin and Andrei Voronkov.

The decidability of the first-order theory of the Knuth-Bendix order
in the case of unary signatures.

In Proceedings of the 22th Conference on Foundations of Software
Technology and Theoretical Computer Science, (FSTTCS’02),

57 /57



Introduction

Knuth-Bendix Order Decidability of KBO

volume 2556 of Lecture Notes in Computer Science, pages
230—-240. Springer-Verlag, 2002.

Robert Nieuwenhuis.
Simple LPO constraint solving methods.
Information Processing Letters, 47(2):65—69, 1993.

Paliath Narendran and Michael Rusinowitch.

The theory of total unary RPO is decidable.

In CL 2000, volume 1861 of Lecture Notes in Artificial Intelligence,
pages 660—672. Springer-Verlag, 2000.

Paliath Narendran, Michael Rusinowitch, and Rakesh M.
Verma.

RPO constraint solving is in NP.

In Proceedings of the 12th International Workshop on Computer
Science Logic (CSL 98), volume 1584 of LNCS, pages 385 — 398.
Springer-Verlag, 1999.

Ralf Treinen.
A new method for undecidability proofs of first order theories.

57 /57



Introduction

Knuth-Bendix Order Decidability of KBO
Journal of Symbolic Computation, 14:437—457, 1992.

Ting Zhang, Henny B. Sipma, and Zohar Manna.

The decidability of the first-order theory of term algebras with
Knuth-Bendix order.

In Robert Nieuwenhuis, editor, the 20th International Conference on
Automated Deduction (CADE’05), volume 3632 of LNCS, pages
131-148. Springer-Verlag, 2005.

Hubert Comon.

Solving symbolic ordering constraints.

International Journal of Foundations of Computer Science,
1(4):387-411, 1990.

Hubert Comon and Ralf Treinen.

The first-order theory of lexicographic path orderings is
undecidable.

Theoretical Computer Science, 176(1-2):67-87, 1997.

Jean-Pierre Jouannaud and Mitsuhiro Okada.

57 /57



Introduction

Knuth-Bendix Order Decidability of KBO

Satisfiability of systems of ordinal notation with the subterm
property is decidable.

In 18th International Colloquium on Automata, Languages and
Programming, volume 510 of LNCS, pages 455—468.
Springer-Verlag, 1991.

C. Kirchner, H. Kirchner, and M. Rusinowitch.
Deduction with symbolic constraints.

Revue Francaise d’ Intelligence Atrtificielle, 4(3):9-52, 1990.
Special issue on automated deduction.

Konstantin Korovin and Andrei Voronkov.

A decision procedure for the existential theory of term algebras with
the Knuth-Bendix ordering.

In Proc. 15th IEEE Symp. Logic in Comp. Sci., pages 291 — 302,
2000.

Konstantin Korovin and Andrei Voronkov.

Knuth-Bendix constraint solving is NP-complete.

In Proceedings of 28th International Colloquium on Automata,
Languages and Programming (ICALP’01), volume 2076 of Lecture

57 /57



Introduction Knuth-Bendix Order Decidability of KBO

Notes in Computer Science, pages 979-992. Springer-Verlag,
2001.

Konstantin Korovin and Andrei Voronkov.

The decidability of the first-order theory of the Knuth-Bendix order
in the case of unary signatures.

In Proceedings of the 22th Conference on Foundations of Software
Technology and Theoretical Computer Science, (FSTTCS’02),
volume 2556 of Lecture Notes in Computer Science, pages
230—-240. Springer-Verlag, 2002.

Robert Nieuwenhuis.
Simple LPO constraint solving methods.
Information Processing Letters, 47(2):65—69, 1993.

Paliath Narendran and Michael Rusinowitch.

The theory of total unary RPO is decidable.

In CL 2000, volume 1861 of Lecture Notes in Artificial Intelligence,
pages 660—672. Springer-Verlag, 2000.

57 /57



Introduction

Knuth-Bendix Order Decidability of KBO

Paliath Narendran, Michael Rusinowitch, and Rakesh M.
Verma.

RPO constraint solving is in NP.

In Proceedings of the 12th International Workshop on Computer
Science Logic (CSL 98), volume 1584 of LNCS, pages 385 — 398.
Springer-Verlag, 1999.

Ralf Treinen.
A new method for undecidability proofs of first order theories.
Journal of Symbolic Computation, 14:437-457, 1992.

Ting Zhang, Henny B. Sipma, and Zohar Manna.

The decidability of the first-order theory of term algebras with
Knuth-Bendix order.

In Robert Nieuwenhuis, editor, the 20th International Conference on
Automated Deduction (CADE’05), volume 3632 of LNCS, pages
131-148. Springer-Verlag, 2005.

57 /57



	Introduction
	Knuth-Bendix Order
	Decidability of KBO
	Conclusions and Open Problems

