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1 Syntax

e The language of Lrs: €, ¢, Ad, ~Ad and a constant L,, for every ordinal
a.

e The terms of Lrg:

— Every constant L, is an atomic set term of stage a.

— If ay,...,a, are set terms of stages < «, then
{‘T € La | F(CC,G,l, s 7an)La}

is a set term of stage a.

2 Semantics

The standard interpretation of Lrg is given by
(1) L™ =Ly,
(2) {x € Lo | F(z,a1,...,a,)t°} ={z €L, | Ly E F(z,a},...,ak)}.
Proposition 2.1. (1) For every set term s of stage o we have s¥ € Lg1.
(2) Li=Es€e Ly iff LEs=t for some set term t with stg(t) < a.
(8) L= Ad(t) iff Let= L, for some k € Reg with < stg(t).

(4) LEse{ze L, | F(x)} iff LEt=sAF(t) for some set term t with
stg(t) < a.



3 The theory KP1

The theory KP1 = the theory of KPw + the following axioms.

Adl (Vu)[Ad(u) = w € u A Tran(u)]

Ad2 (Vz)(Vy)[Ad(z) NAd(y) =z €yVyex Ve =y

Ad3 (Vz)[Ad(z) = (Pair)®A(Union)® A(Ag—Separation)® A(Ag—Collection)?]
Lim (Vz)(3u)[Ad(u) Az € ul

4 Classification of formulas
\/-type formulas:

ser, Ad(t), AVB, (Frer)G(x)
/\-type formulas:

s¢r, -Ad(), AAB, (Vxer)G(z)

5 Characteristic sub-sentences-set

The characteristic sub-sentences-set C(F') for all sentences F' of \/-type is defined
inductively as follows.
e C(ser)={t=s|stglt)<a}ifr=1L
Clser)={t=sANF(t)|stglt) <a}lifr={xeL,| F(z)}
o C(Ad(t)) ={L.=t| K € Reg Ak <stg(t)}
C(
C(

o C(AV B) = {A, B}
(Jr € 1)G@)) = {G(t) | stg(t) <a} if r =L
o C((3z € 1)G(z)) = {G(t) ANF(t) | stg(t) < a} ifr = {x € Lo | F(z)}

For A-type sentences F

C(F) = {~G | G € C(~F)}

If G € C(F) and F' is neither a disjuction nor a conjuction, then G is of the
form H(t) where t is a set term. Define

or (G) = stg(t).



Lemma 5.1. For every sentence F of \/-type we have
LEF if L \/ G
GEC(F)
and for every sentence F of \\-type we have

LEF if L N\ G

GEC(F)

6 A Semi-formal system

Definition 6.1. Define relation E* A for finite sets of Lrs-sentences A in-
ductively as follows.

(V) Fisof\/-type, =0 A, G for some G € C(F) where ay < o and op(G) < a

=
EYAF
(A\) F is of N-type, =*¢ A, G for all G € C(F) where ag < o
=
EYAF

Lemma 6.1. For a Lrs-sentence F,

LEF if Qa)E"F
proof sketch. Consider the case where F' is of \/-type.
LEF & LE \/ G
GeC(F)
< LG for some G € C(F)
& (38) =P G for some G € C(F)

(let @« = maz{or(G), 5})
= @) E°F

Lemma 6.2. For a X1-sentence F' and an ordinal v we have
E* Pl =L, EF
Proof. Let F = 32G(x) where G(x) is Ay.
FCFP e B (FG(x)"
= Gz € Ly)G(x)"
=" (Fr € Ly)G(2)

=Y G(t) for some t with stg(t) < v,stg(t) < a,ap < «
L, E 32G(x)
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7 Rank of Lis-expression

Definition 7.1. Define the rank rk(E) of an Lrgs-expression E inductively as
follows.

o rk(L,) =w- -«

k({z € Lo | F(z)}) := max{rk(Ly) + 1,vk(F(Ly)) + 2}

=

(

(
o rk(Ad(t)) := rk(-Ad(t)) := rk(t) + 5
o k(s € t) :=rk(s ¢ t) := maz{rk(s) + 6,rk(t) + 1}
o rk(AV B) := rk(A A B) := maz{rk(A),rk(B)} + 1

o rk((3z € 5)F(z)) := rk((Vz € 8)F(z)) := maz{rk(s), rk(F(Lo)) + 2}

Example 7.1. Ifb # Lo, then rk(Lo € b) = rk(b) + 1.
proof sketch.

rk(Lo € b) = max{rk(Lo) + 6,rk(b) + 1}
max{w -0+ 6,rk(b) + 1}
rk(b) +1

Example 7.2. If a # Lo,b # Lo, then rk(a = b) = maz{rk(a),rk(d)} + 4.
proof sketch.

rk(a=b) = rk(Vxecafzed
= maz{rk(Vz € a

AVzx € blx € a])

zeb]),rk(Ve € bz €al)} +1

,tk(Lg € b) + 2}, max{rk(b),rk(Lo € a) + 2} } + 1

= maz{maz{rk(a),rk(b) + 3}, maz{rk(b),rk(a) + 3} } + 1
maz{rk(a),rk(b)} + 4.

|
[

= maz{maz{rk(a

 —

Lemma 7.1. Let b be an Lrs formula and c be a set term. We have
stg(c) < a = rk(b(c)) < max{w - a,rk(b(Lo)) + 1}.

proof sketch. By induction on the structure of b. Consider the case where b =
(Fz € s)F(z,y). So b(c) = (Fz € s)F(x,c) and b(Ly) = (3z € s)F(x, Lg). By
the definition we have

rk(b(c)) = max{rk(s),rk(F (Lo, c)) + 2}.



If rk(b(c)) = rk(s), then
rk(b(c)) < maz{rk(s),rk(F (Lo, Lo)) +2} +1
< rk(b(Lo)) +1
< maz{w - a,rk(b(Lg)) + 1}.
Suppose that rk(b(c)) = rk(F (Lo, c)) + 2. By the induction hypothesis we have
rk(F (Lo, c)) < maz{w - a,rk(F (Lo, Lo)) + 1}
Now consider if rk(F (Lo, ¢)) < w -« or not. If it is the first case, then
rk(F(Lo,c)) +2 <w-a.
and hence
rk(b(c)) = maz{rk(s),rk(F(Lo,c)) + 2}
< maz{w - a,rk(b(Lg)) + 1}.
If it is the second case, then
rk(b(c)) max{rk(s),rk(F(Lo,c)) + 2}
maz{rk(s),rk(F (Lo, Lo)) + 1+ 2}
maz{rk(s) + 1,rk(F (Lo, Lo)) + 1 + 2}
rk(b(Lo)) + 1
mazx{w - a,vk(b(Lo)) + 1}.

IN I IAN A

Lemma 7.2. stg(c) < a=rk(F(c))+1<rk(se{x € Ly | F(x)}).
proof sketch. If stg(c) < a =, then
rk(F(e))+1 < maz{w- o+ 1,rk(F(Lg)) + 2}
= max{rk(Ls) + 1,rk(F(Lo)) + 2}
= rk(se{zeL,| F(x)})
(]

Theorem 7.1. For G € C(F) we have rk(G) < rk(F).

proof sketch. Consider only the case where F' = (3z € {y € L, | H(y)}) K(z).
We have
G=H(t)NK(t) and stg(t) < a.

rk(G) maz{rk(H(t)),rk(K(t))} +1

maz{maz{w - o, rk(H(Lo)) + 1}, maz{w - o, rk(K (Lg)) + 1} } + 1
maz{w - a+ 1,rk(H(Lo)) + 2,rk(K (Lo)) + 2}

= maz{rk(z € L, | H(z)}),rk(K (L)) + 2}

= rk(F).
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Lemma 7.3. For an Lrs sentence F and all G € C(F)
or(G) < rk(F).

proof sketch. Consider the case where G = H(t) with t = {z € L, | F(z)}.
Then

or(G) =stg(t) < a <rk({z € L, | F(z)}) < rk(G) < rk(F).

O
Theorem 7.2. For Lrs sentences I
LEF = KR
proof sketch. By Theorem 7.1 and Lemma 7.3. o

8 Another semi-formal system

Definition 8.1. Define relation -5 A for finite sets of Lrs-sentences A induc-
tively as follows.

(V) FeAnV-type, F50 A, G for some G € C(F) with g <  and op(G) < «
=
AN

(A) FeAnA-type, Fo¢ A, G for all G € C(F) with ag < a
=
A

(cut) F50 A, A, 50 A=A for some ag < o and some A with rk(A) < p
=
oA

Ref.) Fir € 1I%, (32 € L)z # OAF?] € A, -2 A, FE k€ Reg, k, p+1 < «
2 P
=
o A
Lemma 8.1 (Soundness). - A = L =\ A.

Theorem 8.1 (Cut Elimination). If -5 AT and L & F' for all F € T', then
E~A.

proof sketch. Case (/).
There exists F' € AUT such that

0% AT, G for all G € C(F) where ag < a



If F el then L = Gy for some Gy € C(F). By induction hypothesis we have
oo A
and since ag, < a we have
E*A
If F ¢T, then FF € A. By induction hypothesis we have
EYC A,G for all G € C(F) with ag < «
By the definition of relation =%, we have
EYAF
which is the same as
E*A

Case (cut).
In this case we have

50 A T A and B0 AT, =A for some ag < a and some A with rk(A) <p

Without loss of generality, let us assume that L £ A. Then by induction
hypothesis we have
= A

Case (Refy)
We have
(3z€ L)z #0AF* € AUT, S AT, Fhe

If L £ (32 € L)z # 0 A F?], then L [~ FE~. By the induction hypotheis we
have

o A
which implies
R
ILE (3z€ Ly)[z#0A F?], then (3z € L)[z # 0 A F?] € A. Since
rk((3z € L)z #0AF?]) =k <
we have
E* (3z € Ly)[z #0A F7]

and hence

= A



