Matchings and Cycle Decompositions in Hypercubes

Tomás Feder^∗ Carlos Subi

1 Introduction

The connection between perfect matchings and Hamiltonian cycles of the hypercube has been extensively studied. Fink [10] proved the conjecture of Kreweras [13] that for any perfect matching M of the d-dimensional hypercube, d ≥ 2, there exists a second perfect matching M^′ such that the union H = M ∪ M^′ forms a Hamiltonian cycle. In fact Fink showed that this is still the case if M is a perfect matching of the complete graph induced by the vertices of the d-dimensional hypercube, d ≥ 2, while M^′ is restricted to edges of the hypercube itself. In this paper we prove generalizations of this result.

After a long series of results, the authors of this paper [9] showed that if M_d is the number of perfect matchings of the d-dimensional hypercube and H_d is the number of Hamiltonian cycles of the d-dimensional hypercube, then H_d = m^{2−o(1)}_d .

2 Weak Decomposition into Cycles

A weak cycle in a graph is either a cycle or two parallel copies of a single edge, considered a cycle of length two. A weak r-cycle decomposition of a graph is a collection of disjoint paths and r weak cycles that span all the vertices of the graph.

Theorem 1 Let G be the d-dimensional hypercube, d ≥ 1, and let K be the clique on the vertices of G. Let M be a matching of K that is not perfect and such that M has s edges that are in G. Let r ≤ ⌈s/d⌉. Then G has a perfect matching M^′ such that M ∪ M^′ is a weak r-cycle decomposition of K.

Proof. For the base case d = 1, M is empty and M^′ consists of the single edge of G. Suppose d ≥ 2.

Some dimension of G has at most ⌊s/d⌋ out of the s edges of M in G, say dimension 1. Thus out of these s edges, some s_1, s_2 are in the two (d − 1)-dimensional hypercubes G_1, G_2 separated by dimension 1, with s_1 + s_2 ≥ ⌈(d − 1)s/d⌉. Let M_1, M_2 be the matchings induced by M on the vertices of the cliques K_1, K_2 on the vertices of G_1, G_2 respectively. One of M_1, M_2, say M_1, is not a perfect matching. We may by induction find a weak r_1-cycle decomposition of K_1 given by M_1 ∪ M^′_1 for any r_1 ≤ ⌈s_1/(d − 1)⌉. If a path of this decomposition goest for u to v in K_1, and both u and v have edges (u, u^′), (v, v^′) in M that traverse at least dimenension 1, we add the corresponding edges (u^′, v^′) to M_2 to obtain M^{′′}_2 . If M^{′′}_2 is not perfect, we may by induction find a weak r_2-cycle decompostion of K_2 given by M^{′′}_2 ∪ M^′_2 for any r_2 ≤ ⌈s_2/(d − 1)⌉. This gives by induction any r = r_1 + r_2 ≤ ⌈s_1/(d − 1)⌉ + ⌈s_2/(d − 1)⌉

∗268 Waverley Street, Palo Alto, CA 94301. Email: tomas@theory.stanford.edu

≥ ⌈(s_1 + s_2)/(d − 1)⌉

≥ ⌈⌈(d − 1)s/d⌉/(d − 1)⌉

≥ ⌈s/d⌉.

If M^{′′}_2 is perfect, we may remove an edge of M^{′′}_2 to obtain M^{′′′}_2 , and then find a weak (r_2 − 1)-cycle decomposition of G_2 given by M^{′′′}_2 ∪ M^′_2, which after adding the removed edge gives a weak r_2-cycle decomposition of K_2 without paths. If r_2 = 0, we may increase in this case r_2 by 1 and decrease r_1 by 1, unless r_1 = r_2 = 0 in which case no cycles are needed and result follows by choosing instead dimension 1 to separate two vertices of G that are not matched in M.

Corollary 1 Let G be the d-dimensional hypercube, d ≥ 1, and let K be the clique on the vertices of G. Let M be a perfect matching of K such that M has s edges that are in G. Let r ≤ ⌈s/d⌉. Then G has a perfect matching M^′ such that M ∪ M^′ is a weak r-cycle decomposition of K without paths.

Proof. Remove any edge of M, apply the Theorem to obtain a decomposition having a single path joining the endpoints of the removed edge, and then add this edge to obtain the decomposition without paths.

3 Strong Decomposition into Cycles

A strong r-cycle decomposition is a weak r-cycle decomposition without cycles of length 2 (parallel edges).

Theorem 2 Let G be the d-dimensional hypercube, and let r ≥ 1. Suppose that for every perfect matching M of the clique K on the vertices of G, there exists another perfect matching M^′ of G such that M ∪ M^′ is a weak r-cycle decomposition without paths. Then this is also the case for any d^′ ≥ d, and for any d^{′′} ≥ d2^{d−1} the decomposition can be chosen to be strong.

Proof. Suppose the assumption holds for d^′ ≥ d, and consider d^′ + 1 dimensions. Let 1 be a dimension such that some edge of M traverses at least dimension 1. Then we may split G as G_1, G_2 across dimension 1, obtain a 0-cycle decomposition for G_1 as in the Theorem in the previous section, which again gives paths corresponding to additional edges giving a perfect matching M_2 for G_2. Now G_2 has d^′ dimensions, and by inductive hypothesis we obtain an r-cycle decomposition for G_2 that gives by extending the paths of G_1 joined across dimension 1 an r-cycle decomposition for G.

Suppose the assumption holds for d, and choose a large d^{′′}. If we choose dimension 1 to be traversed by at least 1/d^{′′} of the edges of M, the number of edges of M in one of the two subcubes across dimension 1 is reduced from 2^{d′′−1} to at most (d^{′′} −1)2^{d′′ −2}/d^{′′}. Repeating this process again for dimension 2 traversed by at least 1/(d^{′′} − 1) edges of M in the (d^{′′} − 1)-dimensional subcube, and so on, we obtain in the (d^{′′} − i)-dimensional subcube at most (d^{′′} − i)2^{d′′ −i−1}/d^{′′} edges of M. If d = d^{′′} − i, we will have no edges of M left in the d-dimensional cube if d2^{d−1} < d^{′′}. When we find the r cycles for d without edges of the original M, the decomposition will be strong for the original d^{′′} > d2^{d−1}.

For r = 2, the weak decomposition exists already at d = 3, and it is in fact strong unless M consists of alternating edges of a 6-cycle plus the edge joining the other 2 vertices at distance 3.

The decomposition for r = 2 is always strong at d = 4, as the difficult case arises only when for one cube with 2^3 vertices we choose alternating edges of the 6-cycle, for the other cube with 2^3 vertices we choose the opposite alteration of the 6-cycle, and join the corresponding unmatched vertices from the two cubes with 2^3 vertices. This is the only case that reduces to the case that is not strong for d = 3, and yet r = 2 cycles of length 8 can be found.

Corollary 2 A weak 2-cycle decomposition without paths can always be found for any matching if d ≥ 3, and A strong 2-cycle decomposition without paths can always be found for any matching if d ≥ 4.

4 Cycles and Trees

Theorem 3 Let G be the Cartesian product of two cycles C_2d_1 , C_2d_2 , of lengths 2^{d1} , 2^{d2} respectively. Then G can be embedded as a subgraph of the hypercube H of dimension d_1 + d_2 by a one-to-one correspondence between vertices of G and H.

Proof. C_2d_1 , C_2d_2 are Hamiltonian cycles of the hypercubes H_{d1} , H_{d2} of dimensions d_1, d_2 respectively, and H is the Cartesian product of these two hypercubes, so taking Cartesian products of the two cycles and the two hypercubes correspondingly the result follows.

Corollary 3 Let C_{ℓ1} , C_{ℓ2} , . . . , C_{ℓk} be k cycles C_{ℓi} of lengths ℓ_i respectively, so that the ℓ_i are even and add up to 2^d. Then the disjoint union of the C_{ℓi} can be embedded in the d-dimensional hypercube H_d by a one-to-one correspondence, and in such a way that some edge of C_{ℓi} and some edge of C_{ℓi+1 mod p} form opposite sides of a square, and the two edges so shared by C_{ℓi} with C_{ℓi−1 mod p} and C_{ℓi+1 mod p} are opposite edges of C_{ℓi} .

Proof. Let d_1 = d−1 and d_2 = 1 in the theorem, so we have the partesian product of C_2d−1 with an edge C_2 (a 2-cycle). The cycles can be embedded in this product by traversing along C_2d−1 in parallel across C_2 two sets of paths P_{ℓ1/2}, P_{ℓ2/2}, . . . , P_{ℓk /2} of half the lengths of the corresponding cycles.

A binary tree is a tree with vertices of degrees 1, 2, 3. A binary tree with 2^d vertices is balanced if it has 2^{d−1} vertices in each side of the bipartition. It has been conjectured that every such binary tree can be embedded into a d-dimensional hypercube by a one-to-one correspondence. We consider a family of special trees with an edge (u, v), paths of lengths a and b attached at u, and paths of length c and d attached at v.

Corollary 4 Every balanced special tree can be embedded by a one-to-one correspondence into a d-dimensional hypercube.

Proof. If d = 1 then we have just an edge, and the result follows. Otherwise for the tree to be balanced we must have either a, b, c, d all even, or a, b, c, d all odd, or one of a, b even and one odd (say a even) and one of c, d even and one odd (say c even). Then a + c, b + d are even and say a + c ≥ 2. We may attach the endpoints of the paths of length a, c to each other, attach the enpoints of the paths of length b, d to each other, and join the vertices in the paths of lengths a, c at distance 1 from u, v respectively to each other. Then we have a cycle of length a + c and a cycle of length b+d+2 joined at a square, and the result follows from the previous corollary.

References

[1] L.M. Brègman, Certain properties of nonnegative matrices and their permanents, Soviet Math.

Dok., 14 (1973), 945–949.

[2] L.H. Clark, A new upper bound for the number of Hamiltonian cycles in the n-cube, J. Comb.

Infor. System Sci. 25 (2000), 35–37.

[3] L.H. Clark, J.C. George, and T.D. Porter, On the number of 1-factors in the n-cube, Congr.

Number 127 (1997), 67–69.

[4] E. Dixon and S. Goodman, On the number of Hamiltonian circuits in the n-cube, Proc. Amer.

Math. Soc., 50 (1975), 500–504.

[5] R.J. Douglas, Bounds on the number of Hamiltonian circuits in the n-cube, Discrete Math., 17 (1977), 143–146.

[6] C.P. Egoryčev, A solution of van der Waerden’s permanent problem, Dokl. Akad. Nauk SSSR 258 (1981), 1041–1044.

[7] D.I. Falikman, A proof of van der Waerden’s conjecture on the permanent of a doubly stochastic matrix, Mat. Zametki 29 (1981), 931–938.

[8] T. Feder, Stable networks and product graphs, Mem. Amer. Math. Soc. Vol. 555 (1995), 223 pp. [9] T. Feder and C. Subi, Nearly tight bounds on the number of Hamiltonian cycles of the hypercube and generalizations, Information Processing Letters 109 (2009), 267–272.

[10] J. Fink, Perfect matchings extend to Hamilton cycles in hypercubes, J. Comb. Theory Ser. B 97 (2007), 1074–1076.

[11] M.E. Fisher, Statistical mechanics of dimers on a plain lattice, Phys. Rev., 124 (1961), 278–286. [12] P.W. Kasteleyn, The statistics of dimers on a lattice I: The number of dimer arrangements on a quadratic lattice’, Physica, 27 (1961), 1209–1225.

[13] G. Kreweras, Matchings and Hamiltonian cycles on hypercubes, Bull. Inst. Combin. Appl. 16 (1996), 87–91.

[14] H. Minc, Upper bound for permanents of (0,1)-matrices, Bull. Amer. Math. Soc., 69 (1963), 789–791.

[15] M. Mollard, Un nouvel encadrement du nombre de cycles hamiltoniens du n-cube, European J. Combinatorics, 9 (1988), 49–52.

[16] A.L. Perezhogin and V.N. Potapov, On the number of Hamiltonian cycles in a Boolean cube (Russian), Diskretn. Anal. Issled. Oper. 8 (2001), 52–62.

[17] B.L. van der Waerden, Aufgabe 45, Jber. Deutsch. Math.-Verein. 35 (1926), 117.