Generalized Colourings (Matrix Partitions) of Cographs

Tomás Feder 268 Waverley St., Palo Alto, CA 94301, USA

tomas@theory.stanford.edu,

Pavol Hell School of Computing Science Simon Fraser University Burnaby, B.C., Canada V5A 1S6

pavol@cs.sfu.ca,

and Winfried Hochstättler FernUniversität in Hagen D-58084 Hagen, Germany

Winfried.Hochstaettler@fernuni-hagen.de

Abstract

Ordinary colourings of cographs are well understood; we focus on more general colourings, known as matrix partitions. We show that all matrix partition problems for cographs admit polynomial time algorithms and forbidden induced subgraph characterizations, even for the list version of the problems. Cographs are the largest natural class of graphs that have been shown to have this property. We bound the size of a biggest minimal M-obstruction cograph G, both in the presence of lists, and (with better bounds) without lists. Finally, we improve these bounds when either the matrix M, or the cograph G, is restricted.

1 Introduction

Cographs are a well understood class of graphs [4, 5, 14, 18]. A recursive definition is as follows. The one-vertex graph K_1 is a cograph; if G^′ and G^{′′} are cographs, then so are the disjoint union G^′ ∪ G^{′′} and their join G^′ + G^{′′} (obtained from G^′ ∪ G^{′′} by adding all edges joining vertices of G^′ to vertices of G^{′′}). It follows that the complement of a cograph is a cograph, and in fact the join of G^′ and G^{′′} is the complement of the disjoint union of G^′ and G^{′′}. It is not hard to show that G is a cograph if and only if it contains no induced path with four vertices [18]. Cographs can be recognized in linear time [5], and they can be represented, in the same time, by their cotree [5], which embodies the sequence of binary operations ∪, +, from the recursive definition, used in their construction. Many combinatorial optimization problems can be efficiently solved on the class of cographs, using the cotree representation [4, 5, 14]. This includes computing the chromatic number, and, more specifically, deciding if a cograph G is k-colourable. This suggests looking at more general colouring problems for the class of cographs. In fact, such investigations have already begun in [6, 19].

In [3, 7, 10, 11], a framework was developed, which encompasses many generalizations of colourings. Let M be a symmetric m by m matrix over 0, 1, ∗. An M-partition of a graph G is a partition of the vertex set V (G) into m parts V_1, V_2, . . . , V_m such that V_i is a clique (respectively independent set) whenever M(i, i) = 1 (respectively M(i, i) = 0), and there are all possible edges (respectively no edges) between parts V_i and V_j whenever M(i, j) = 1 (respectively M(i, j) = 0). Thus the diagonal entries prescribe when the parts are cliques or independent sets, and the off-diagonal entries prescribe when the parts are completely adjacent or nonadjacent (with ∗ meaning no restriction). A graph G that does not admit an M-partition is called an M-obstruction, and is also said to obstruct M. A minimal M-obstruction is a graph G which is an M-obstruction, but such that every proper induced subgraph of G admits an M-partition. If M is a set of matrices, we say that G is a minimal M-obstruction if it is an M-obstruction for all M ∈ M, but every proper induced subgraph of G admits an M-partition for some M ∈ M.

Given a graph G, we sometimes associate lists with its vertices: a list L(v) of a vertex v is a subset of {1, 2, . . . , m}, and it prescribes the parts to which v can be placed. In other words, a list M-partition of G (with respect to the lists L(v), v ∈ V (G)) is an M-partition of G in which each vertex v belongs to a part V_i with i ∈ L(v). Note that the trivial case when all lists are L(v) = {1, 2, . . . , m} corresponds to the situation when no lists are given. M-obstructions and minimal M-obstructions (as well as M-obstructions and minimal M-obstructions) for graphs G with lists L are defined in the obvious way.

In the (list) M-partition problem, we have a fixed matrix M, and are asked to decide whether or not a given graph G (with lists) does or does not admit a (list) M-partition (with respect to the given lists).

We shall mostly focus on matrices M which have no diagonal ∗’s. If M has a diagonal ∗, then every graph G admits an M-partition; however, if lists are involved we will allow diagonal ∗’s. A matrix without diagonal ∗’s may be written in a block form, by first listing the rows and columns with diagonal 0’s, then those with diagonal 1’s. The matrix falls into four blocks, a k by k diagonal matrix A with a zero diagonal, an ℓ by ℓ diagonal matrix B with a diagonal of 1’s, and a k by ℓ off-diagonal matrix C and its transpose. We shall say that M is a constant matrix, if the off-diagonal entries of A are all the same, say equal to a, the off-diagonal entries of B are all the same, say b, and all entries of C are the same, say c. In this case, we also say that M is an (a, b, c)-block matrix. Note that we may assume that a ≠ 0 and b ≠ 1, or else we can decrease k or ℓ.

Let M be a fixed matrix; if we prove that all cographs that are minimal M-obstructions have at most K vertices, then we can characterize Mpartitionability of cographs by a finite set of forbidden induced subgraphs.

The complement M of a matrix M has all 0’s changed to 1’s and vice versa. It is clear that G admits an M-partition if and only if G admits an M-partition, and that this also applies in the obvious way to M-partitions with lists, and to M-partitions.

If the matrix M is a (∗, ∗, ∗)-block matrix, then an M-partition of G is precisely a partition of the vertices of G into k independent sets and ℓ cliques. Such partitions have been introduced in [1] (see also [10, 11, 17]), and further studied in [15, 16] for the class of chordal graphs (see also [12, 13]) and in [9] for the class of perfect graphs. More recently, they have been studied (without lists) for the class of cographs in [6, 19].

Suppose M is an m by m matrix; we shall refer to the integers 1, 2, . . . , m as parts, since they index the set of parts in any M-partition of a graph. Given two sets of parts, P, Q ⊆ {1, 2, . . . , m}, we define M_{P,Q} to be the submatrix of M obtained by taking the rows in P and the columns in Q. We also let M_P denote M_{P,P} .

2 List Partition Problems

We first prove that for every matrix M the list M-partition problem for cographs can be solved in polynomial time, and characterized by finitely many forbidden induced subgraphs (with lists). By contrast, it is shown in [12, 13] that there exist matrices M for which the M-partition problem restricted to chordal graphs is NP-complete, even without lists.

Many of our arguments use the following observation. A disconnected graph G = G_1 ∪G_2 has an M-partition if and only if G_1 has an M_P -partition and G_2 has an M_Q-partition, for some matrix M ∈ M and sets P, Q of parts such that M_{P,Q} contains no 1. Of course the argument applies also with lists, if we view G_1, G_2 as inheriting the corresponding lists. We shall state this in the contrapositive form as follows.

Lemma 2.1 Let M be fixed, and let G = G_1 ∪ G_2 be a disconnected graph, with lists.

Then G is an M-obstruction if and only if for any matrix M ∈ M and any two sets P, Q of parts from M such that M_{P,Q} does not contain a 1, the graph G_1 (with the corresponding lists) is an M_P -obstruction, or the graph G_2 (with the corresponding lists) is an M_Q-obstruction.

Suppose M is fixed, and G = G_1 ∪ G_2 is disconnected. Let M_1 be a set of matrices M_P , where M ∈ M and P is a set of parts in M, such that G_1 is an M_P -obstruction, and let M_2 be a set of matrices M_Q, where M ∈ M and Q is a set of parts in M, such that G_2 is an M_Q-obstruction. If, for any M ∈ M, and any sets of parts P, Q of M such that M_{P,Q} does not contain a 1, we have M_P ∈ M_1 or M_Q ∈ M_2, then the lemma ensures that for any subgraphs G^′_1 of G_1 and G^′_2 of G_2 which are M_1-obstruction and M_2-obstruction respectively, the subgraph G^′ = G^′_1 ∪ G^′_2 of G is also an M-obstruction. Thus the minimality of G also implies the minimality of G_1, G_2. Such sets M_1, M_2 can be always chosen - for instance as the sets of all matrices M_P such that G_1 is an M_P -obstruction, respectively all matrices M_Q such that G_2 is an M_Q-obstruction.

Corollary 2.2 Let M be fixed, and let G = G_1 ∪ G_2 be a disconnected graph, with lists. Let M_1 and M_2 be chosen as described above.

Then G is an M-obstruction if and only if G_1 is an M_1-obstruction and G_2 is an M_2-obstruction.

Moreover, if G is a minimal M-obstruction, then G_1 is a minimal M_1- obstruction, and G_2 is a minimal M_2-obstruction.

Let f(m) be the smallest integer such that for every m by m matrix M and every minimal M-obstruction cograph G with lists, G has at most f(m) vertices. (In other words, f(m) is the largest size, i.e., number of vertices, of a minimal M-obstruction cograph, over all m by m matrices M.)

Theorem 2.3 For every integer m, we have

f(m) ≤ a^mm!

where a =^1_{ln(3/2)} .

Proof. We apply Corollary 2.2 with M consisting of the single matrix M. Clearly a minimal M-obstruction has size at most equal to the sum of the sizes of minimal M^′-obstructions for all M^′ ∈ M; thus we have

f(m) ≤ 2 ∑ i<m ( m i ) f(i).

By induction, letting a = 1/ln(3/2), we have

f(m) ≤ 2m!a^m ∑ 0<j≤m

1/(j!a^j ) ≤ 2m!a^m(e^{1/a} − 1) = a^mm!.

Lemma 2.1 also yields an efficient algorithm to solve the list M-partition problem in the class of cographs. We consider the cotree of G, associating with each node t of the cotree (corresponding to a cograph G_t involved in the construction of G) a family of matrices M_t. The family M_t consists of all matrices M_X , for X ⊆ {1, 2, . . . , m}, such that G_t obstructs M_X . If t is a node of the cotree with children t^′, t^{′′} corresponding to G_t = G_t′ ∪ G_t′′ , we know that G_t obstructs M_X if and only if for any P ⊆ X, Q ⊆ X with M_{P,Q} not containing 1, the graph G_t′ obstructs M_P or the graph G_t′′ obstructs M_Q. Thus from the families M_t′ , M_t′′ we can compute the family M_t. If G_t = G_t′ + G_t′′ , we use complementation, as discussed earlier. Since the leaves of the cotree are single vertex cographs, each leaf t has M_t = ∅. Then the given cograph G, is at the root r of the cotree, G = G_r, and we conclude G has a list M-partition if and only if M ∉ M_r.

Each set M_t has at most 2^m members, since there are at most 2^m subsets of {1, 2, . . . , m}. Thus we obtain the following bound. (Note that 2^{O(m)} accounts also for the time to check if M is one of the matrices in M_r.)

Corollary 2.4 Every list M-partition problem for cographs can be solved in time 2^{O(m)}n, linear in n.

We could, of course, proceed similarly, to solve the cograph list Mpartition problem for a family M of matrices.

We note that in [6] there are efficient algorithms solving related partition problems for cographs, for special matrices M, but not necessarily of fixed size.

We now derive a lower bound on f(m). The special m by m matrix M_m has m diagonal zeros, and all off-diagonal entries ∗. Thus a list M_mpartition of G is precisely a list m-colouring of G. It turns out that there are very large cograph minimal M_m-obstructions. Since we are dealing with list colourings, we shall use the corresponding terminology.

Theorem 2.5 For every positive integer m, there exists a minimal M_mobstruction cograph G, with lists, of size (e−1−ϵ(m))m!, where 1 ≥ ϵ(m) = o(1).

Proof. We shall construct a cograph G, with lists from the set {1, . . . , m} of colours, that does not have a list colouring, but each of its proper induced subgraphs does. The construction will be done recursively. For each subset of colours, K ⊆ {1, 2, . . . , m}, we shall construct a graph G(K), with lists from {1, . . . , m}, such that

• G(K) is list colourable with colours from a set S ⊆ {1, . . . , m} if and only if |S| ≥ |K| and S ≠ K, and,

• for each v ∈ V (G), the subgraph G(K)\v is list colourable with colours from the set K.

Then G = G({1, 2, . . . , m}) will be a minimal M_m-obstruction, as desired.

The recursion starts with sets K consisting of a single element i. The graph G({i}) is a single vertex with list {1, . . . , m} \ i. This graph clearly satisfies the above conditions. The graph G(K) with K ⊆ {1, . . . , m} and |K| ≥ 2 is recursively defined as the disjoint union of all graphs G(K \ j) for j ∈ K, together with an additional vertex v_K , with list {1, . . . , m}, that is adjacent to all other vertices. Note that each G(K) is a cograph, by induction.

Let S be a set of colours such that G(K) has a list colouring with colours from S, and let j_0 denote the colour of v_K in such a colouring. Then each graph G(K \ j) has a list colouring using the colours from S \ j_0, and hence, by induction, |S \ j_0| ≥ |K \ j|, and S ≠ K. On the other hand, if we remove v_K , all components G(K \ j) are colourable with colours from K by induction, and if we remove any other vertex v ∈ G(K \ j_0), then, again by induction, we can colour G(K \ j_0) \ v and all G(K \ j), for j ≠ j_0, with colours from K \ j_0, and colour v_K by j_0.

Thus G = G({1, . . . , m}) is a minimal M_m-obstruction (with lists). Let g(k) denote the number of vertices of a graph G(K) with |K| = k. Then g(1) = 1 and g(k) = 1 + kg(k − 1), and hence

g(m) = m−1∑ i=0 m! (m − i)!

= m! ∑ 1≤i≤m

1/i! = m!(e − 1 − ϵ(m)),

where 1 ≥ ϵ(m) =

∑_∞

i=m+1 1 i! = o(1).

Corollary 2.6 For every integer m, we have

(e − 1 − o(1))m! ≤ f(m) ≤ a^mm!

for a = 1/ln(3/2).

3 Partition Problems Without Lists

For the remainder of the paper, we shall focus on the M-partition problem without lists. This implies that we now think of M in the block form, having k diagonal 0’s and ℓ diagonal 1’s, with m = k + ℓ. Specifically, the parts 1, 2, . . . , k will be independent sets, and the parts k + 1, k + 2, . . . , k + ℓ = m will be cliques.

Given that we have no lists, we can improve the general bounds on the size of cograph minimal M-obstructions G. This is what we shall do in the present section. In the following two sections we shall obtain even better bounds when either the matrices M, or the cographs G, are restricted.

Lemma 3.1 Let M be a collection of matrices, each of size at most m.

If G is a minimal M-obstruction cograph with maximum clique size r, then G has at most g(m, r) ≤ 2

(_{m+r} r ) + (_{m+r−1} r−1 ) − (_{m+r−2} r−2 ) − m − 1 vertices.

The same conclusion applies if G has maximum independent set size r.

Proof. Suppose G has maximum clique size r. Since G is a cograph, its vertices can be partitioned into three graphs G_0, G_1, G_2 with no edges between G_0 and G_1, G_2, and with all edges between G_1 and G_2, where G_1 and G_2 are non-empty. We may assume that G^′ = G_1 + G_2 contains a clique of r vertices; in particular, there exists an integer 1 ≤ t ≤ r − 1 such that the maximum clique size in G_1 is r − t and in G_2 is at most t. We now consider how many vertices are needed to ensure that G does not admit an M-partition for any matrix M ∈ M. Note that no matrix M ∈ M can contain the submatrix M_r (defined above Theorem 2.5), since G is perfect, and hence r-colourable.

Let g(m, r) denote the maximum number of vertices in a minimal Mobstruction cograph G with maximum clique size r. We derive a recurrence on g(m, r) by estimating separately G_0, G_1, and G_2. If G_0 is not empty, then G^′ has an M-partition for some M ∈ M, and since M does not contain M_r, each clique of size r in G^′ is placed in some set P of t ≤ r parts such that M_P contains a 1. This ensures that G_0 cannot use at least one part of M. Thus G_0 can be described as a minimal M^′-obstruction where all matrices in M^′ have size at most m − 1, i.e., G_0 has at most g(m − 1, r) vertices. On the other hand, G_1 and G_2 have at most g(m, r−t) respectively g(m, t) vertices, as noted above. We obtain the recurrence

g(m, r) ≤ g(m − 1, r) + g(m, r − t) + g(m, t),

g(0, r) = 1, g(m, 1) ≤ m + 1.

In order to bound g(m, r) we consider the quantity

h(m, r) = 2 ( m + r r ) + ( m + r − 1 r − 1 ) − ( m + r − 2 r − 2 ) . Using the well-known identity

(_n k ) − (_{n−1} k−1 ) = (_{n−1} k ) we find that

h(m, r) − h(m, r − 1) = h(m − 1, r),

and thus

(h(m, r)−h(m, r−1))−(h(m, r−1)−h(m, r−2)) = h(m−1, r)−h(m−1, r−1) = 2 ( m + r − 2 r ) + ( m + r − 3 r − 1 ) − ( m + r − 4 r − 2 ) ≥ 0.

(Note that

(_{m+r−2} r ) ≥ (_{m+r−4} r−2 ) .) Therefore h(m, r − (t + 1)) + h(m, t + 1) ≤ h(m, r − t) + h(m, t) for t + 1 ≤ r − t, and so h(m, r − t) + h(m, t) ≤ h(m, r−1)+h(m, 1). Using the recursion for g(m, r) we conclude inductively that g(m, r) ≤ h(m, r) − m − 1, namely

g(m, r) ≤ h(m − 1, r) − m − 2 + h(m, r − t) − m − 1 + h(m, t) − m − 1 ≤ h(m − 1, r) + h(m, r − 1) + h(m, 1) − 3m − 4 = h(m, r) + 2(m + 1) + 1 − 3m − 4 = h(m, r) − m − 1.

The case of maximum independent set size r follows by complementation.

Theorem 3.2 Any minimal M-obstruction cograph G has at most O(8^m/ √ m) vertices.

Proof. We shall consider a cotree for G, and associate with each node t of the cotree a set M_t of submatrices of M, obstructed by the graph G_t corresponding to the node t, and such that G_t obstructs M_t if and only if the two graphs G_t′ , G_t′′ , corresponding to the two children t^′, t^{′′} of t in the cotree, obstruct M_t′ and M_t′′ respectively. This is analogous to the algorithm inherent in Corollary 2.2. The root t_0 of our cotree will have M_{t0} consisting of the one (given) matrix M, and the corresponding (given) graph G_{t0} = G. The total number of vertices of G is precisely the number of leaves in the cotree. If G_t has maximum clique size at most m̃, and if all matrices in M_t have size at most m̃, then the entire branch of the cotree rooted at t contains at most 2

(_{2m̃} m̃ ) + (_{2m̃−1}

m̃−1 ) − (_{2m̃−2}

m̃−2 ) − m̃ − 1 leaves, by the above lemma. If G_t = G_t′ ∪ G_t′′ , and if both G_t′ and G_t′′ contain a clique of size greater than k (the number of diagonal 0’s in M), then we can choose M_t′ and M_t′′ to consist of matrices with maximum size smaller than the maximum size of a matrix in M_t. Indeed, any M^′-partition of G_t′ (or of G_t′′ ), with M^′ ∈ M_t, uses a part j of M which is a clique (j > k), and which therefore cannot be used by G_t′′ (respectively G_t′ ); thus it suffices to certify the non-partitionability of G_t′ and G_t′′ for matrices of strictly smaller size. Similarly, if G_t = G_t′ + G_t′′ , and both G_t′ and G_t′′ contain an independent set of size greater than ℓ, it suffices to certify their non-partitionability for matrices of size strictly smaller than the maximum size of a matrix in M_t.

We let g(m̃) denote the maximum size of a minimal M-obstruction cograph G, over all sets M consisting of matrices of size at most m̃. Suppose G = G^′ ∪ G^{′′} (the case G = G^′ + G^{′′} is similar), and the maximum clique sizes in G^′, G^{′′} are c^′, c^{′′} respectively, with c^′ ≥ c^{′′}. We have observed above that if c^′ ≥ c^{′′} > k, then G has at most 2g(m̃ − 1) vertices. If c^{′′} ≤ c^′ ≤ m̃, then both G^′ and G^{′′} have size at most 2

(_{2m̃} m̃ ) + (_{2m̃−1}

m̃−1 ) − (_{2m̃−2}

m̃−2 ) − m̃ − 1 by the lemma, whence G has size at most 2[2

(_{2m̃} m̃ ) + (_{2m̃−1}

m̃−1 ) − (_{2m̃−2}

m̃−2 ) − m̃ − 1].

If c^′ > m̃ and c^{′′} ≤ k we continue exploring the cotree, obtaining a sequence of graphs G^′_0, G^′_1, . . . , G^′_s, where G^′_i = G^′_{i+1} ∪ G^{′′}_{i+1} or G^′_i = G^′_{i+1} + G^{′′}_{i+1}. We always assume that if G^′_i = G^′_{i+1} ∪ G^{′′}_{i+1}, then G^′_{i+1} has a clique of size greater than m̃ and G^{′′}_{i+1} has maximum clique size at most k, and if G^′_i = G^′_{i+1} + G^{′′}_{i+1}, then G^′_{i+1} has an independent set of size greater than m̃ and G^{′′}_{i+1} has maximum independent set size at most ℓ. We now argue that the sequence cannot be too long, namely, that s ≤ 2^{m̃}. Indeed, we may assume that the sets M_t are reduced, in the sense that no M_P , M_Q ∈ M_t have P ⊆ Q (as any graph obstructing M_P also obstructs M_Q). If we let N_i denote the set of all maximal sets P of parts (out of the m parts of M) such that M_P ∈ M_t corresponding to G^′_i, then we see that N_{i+1} ≠ N_i, otherwise G^{′′}_{i+1} is not needed. Thus one maximal set is dropped in each step from N_i to N_{i+1}. This implies that s ≤ 2^{m̃}, and we obtain the general recurrence

g(m̃) ≤ 2^{m̃+1}[2 ( 2m̃ m̃ ) + ( 2m̃ − 1 m̃ − 1 ) − ( 2m̃ − 2 m̃ − 2 ) − m̃ − 2] + 2g(m̃ − 1)

≤ O(2^{3m̃}/ √ m̃) + 2g(m̃ − 1),

which solves to g(m) ≤ O(8^m/ √ m). We now define F (m) to be the size (number of vertices) of a largest minimal M-obstruction cograph G without lists, for any m by m matrix M. From the above theorem we have an upper bound on F (m); the following lower bound will follow from Theorem 5.2.

Corollary 3.3 We have

m^2/4 ≤ F (m) ≤ O(8^m/ √ m).

4 Constant matrices

In this section we prove that for each constant matrix M with k diagonal 0’s and ℓ diagonal 1’s, all cograph minimal M-obstructions have size at most (k + 1)(ℓ + 1). These M-partitions for constant matrices M (i.e., for (a, b, c)-block matrices M) have been investigated in the classes of perfect and chordal graphs in [9, 12, 13], and, in the case of (∗, ∗, ∗)-block matrices

(corresponding precisely to partitions into k independent sets and ℓ cliques), in [6, 15, 16, 19]. Recall that we do not consider lists in this section.

We illustrate the technique in the special case of (∗, ∗, ∗)-block matrices, proving the following result; special cases of this result have been proved, by a different technique, in [6], cf. also [19].

Theorem 4.1 Let M be a (∗, ∗, ∗)-block matrix. Then each minimal Mobstruction cograph is (k +1)-colourable, and partitionable into ℓ+1 cliques.

Proof. When ℓ = 0, each minimal M-obstruction is a minimal cograph G that is not k-colourable. Since cographs are perfect, G = K_{k+1}, which is both (k + 1)-colourable, and partitionable to (0 + 1) cliques. The case k = 0 follows by complementation, and we can proceed by induction on k + ℓ. Let the cograph G be a minimal M-obstruction; we may assume that G is disconnected, G = G_1 ∪ G_2 (or we can consider G instead). We shall now use Corollary 2.2, with the set M consisting of the single matrix M, and with all lists equal to {1, 2, . . . , m} (i.e., without lists); we shall be taking into account the special form of M to choose particular families M_1, M_2.

Specifically, let j be the smallest integer such that G_1 has a partition into k independent sets and j cliques. (Note that 0 ≤ j ≤ ℓ, by the minimality of G.) Since G_1 has a partition into k independent sets and j cliques, G_2 does not have a partition into k independent sets and ℓ − j cliques (otherwise G is not an M-obstruction). Let M_1 be the (∗, ∗, ∗)-block matrix with k diagonal 0’s and j − 1 diagonal 1’s, and let M_2 be the (∗, ∗, ∗)-block matrix with k diagonal 0’s and ℓ − j diagonal 1’s. We now let M_1 consist of M_1 and all its submatrices, and let M_2 consist of M_2 and all its submatrices. It is easy to check that these classes M_1, M_2 satisfy the conditions stated below Lemma 2.1. Indeed, if P, Q are such that M_P ∉ M_1, M_Q ∉ M_2, then M_P has at least j diagonal 1’s (parts that are cliques), and M_Q has at least ℓ − j + 1 diagonal 1’s (parts that are cliques). This means that some part i, i > k, (part that is a clique) lies in both P and Q, whence M_{P,Q} contains a 1.

We conclude, by Corollary 2.2, that G_1 is a minimal M_1-obstruction, and G_2 is a minimal M_2-obstruction, and hence a minimal M_1-obstruction and a minimal M_2-obstruction respectively (because of the special form of M_1, M_2).

Now, by the induction hypothesis, G_1 is (k + 1)-colourable and partitionable into j cliques, while G_2 is (k + 1)-colourable and partitionable into ℓ−j +1 cliques. It follows that G is both (k+1)-colourable and partitionable into ℓ + 1 cliques.

Note that a clique can meet an independent set in at most one vertex. Thus we have an upper bound on the size of a minimal M-obstruction. In fact, we can conclude that a minimal M-obstruction cograph G can be described as follows. The vertices of G are v_{i,j}, i = 0, 1, . . . , k, j = 0, 1, . . . , ℓ, with any two v_{i,j} , v_i′_{,j} adjacent, and no two v_{i,j} , v_{i,j}′ adjacent. (There are additional constraints on when arbitrary v_{i,j} , v_i′_{,j}′ are adjacent, arising from the fact that G is a cograph. This aspect is examined in [6, 19].)

Corollary 4.2 Let M be a (∗, ∗, ∗)-block matrix. Then each cograph minimal M-obstruction has exactly (k + 1)(ℓ + 1) vertices.

We shall prove the general result in a form better able to support induction. Instead of obstructions to one single (a, b, c)-block matrix M with k diagonal 0’s and ℓ diagonal 1’s, we shall consider collections M consisting of (a, b, c)-block matrices M_0, M_1, M_2, . . . , M_r, each having k_i diagonal 0’s and ℓ_i diagonal 1’s. We shall further assume that the collection M is staircase-like, meaning that k_i ≤ k_j and ℓ_i ≥ ℓ_j for all i < j. If we have strict inequality everywhere, we call the collection strictly staircase-like. Clearly every collection of (a, b, c)-block matrices N contains a staircase-like subcollection M_1 as well as a strictly staircase-like subcollection M_2, such that a graph G is an N -obstruction if and only if it is an M_1-obstruction if and only if it is an M_2-obstruction.

For notational convenience we shall allow matrices with k_i = −1 or ℓ_i = −1. In this case we view each graph G as obstructing such a matrix. In particular, we shall set k_{−1} = ℓ_{r+1} = −1.

Theorem 4.3 Let a, b, c be fixed. Let M = {M_i}^r_{i=0} be a staircase-like collection of (a, b, c)-block matrices.

Then the maximum size of a minimal M-obstruction cograph is at most

f(M) = r∑ i=0 (k_i − k_{i−1})(ℓ_i + 1) = r∑ i=0 (ℓ_i − ℓ_{i+1})(k_i + 1).

Proof. Since the values of a, b, c are fixed, the matrices M_i are fully described by their parameters k_i, ℓ_i. To simplify the discussion, we shall write each M_i in the more descriptive form M[k_i, ℓ_i], and also write the bounding function f(M) in the more descriptive form f({(k_i, ℓ_i)}^r_{i=0}).

Let G be a minimal M-obstruction. We may again suppose that G is disconnected, say G = G_1 ∪ G_2, and shall derive an upper bound on G from upper bounds on G_1, G_2, using Corollary 2.2. Recall that we may assume that a ≠ 0 and b ≠ 1. We shall distinguish two main cases - when c ≠ 1 and when c = 1.

CASE 1: c ≠ 1.

We first consider the subcase when a = ∗. Thus a = ∗, b ≠ 1, c ≠ 1, and the matrices in M have no 1’s, except those on the main diagonal. As in the proof of Theorem 4.1, the graph G obstructs M[k_i, ℓ_i] if and only if there exists some 0 ≤ j_i ≤ ℓ_i + 1 such that G_1 obstructs M[k_i, j_i − 1] and G_2 obstructs M[k_i, ℓ_i − j_i] (and, moreover, if G is a minimal M[k_i, ℓ_i]- obstruction, then G_1 is a minimal M[k_i, j_i−1]-obstruction, and G_2 a minimal M[k_i, ℓ_i − j_i]-obstruction). As M[k_i, d] is a submatrix of M[k_{i+1}, d] we can choose j_i so that j_i ≥ j_{i+1} and ℓ_i − j_i ≥ ℓ_{i+1} − j_{i+1}. Using induction, and setting j_{r+1} = 0, we compute

f({(k_i, ℓ_i)}^r_{i=0}) = f({(k_i, j_i − 1)}^r_{i=0}) + f({(k_i, ℓ_i − j_i)}^r_{i=0}) = r∑ i=0 ((j_i − j_{i+1})(k_i + 1) + (ℓ_i − j_i − ℓ_{i+1} + j_{i+1})(k_i + 1))

= r∑ i=0 (ℓ_i − ℓ_{i+1})(k_i + 1).

Now we consider the other subcase, when a = 1. Here a = 1, b ≠ 1, c ≠ 1, and there are off-diagonal ones between any parts j, j^′ that are independent sets (j, j^′ ≤ k). Thus any two vertices that are placed in different independent sets must be adjacent. We can derive the following conditions from Corollary 2.2, or by the arguments given below.

The graph G = G_1 ∪ G_2 has an M[k_i, ℓ_i]-partition if and only if it has a partition where all parts i that are independent sets (i ≤ k) are in one of G_1, G_2, or a partition in which there is only one part that is an independent set, and that set intersects both G_1 and G_2 (for this we must have k_i ≥ 1). Equivalently, G obstructs M[k_i, ℓ_i] if and only if the following three conditions hold:

1. there exists a u_i with 0 ≤ u_i ≤ ℓ_i +1 such that G_1 obstructs M[0, u_i −1] and G_2 obstructs M[k_i, ℓ_i − u_i],

2. symmetrically, there exists a v_i with 0 ≤ v_i ≤ ℓ_i + 1 such that G_2 obstructs M[0, v_i − 1] and G_1 obstructs M[k_i, ℓ_i − v_i], and

3. if k_i ≥ 1, there exists a w_i with 0 ≤ w_i ≤ ℓ_i + 1 such that G_1 obstructs M[1, w_i − 1] and G_2 obstructs M[1, ℓ_i − w_i].

Note that we always can choose u_i and v_i such that

u_i + v_i ≥ ℓ_i + 1 for all 0 ≤ i ≤ r. (1)

If x denotes the largest value such that G_1 obstructs M[0, x − 1] we may actually assume that u_i = min{x, ℓ_i + 1} and v_i = min{y, ℓ_i + 1}, where y denotes the largest value such that G_2 obstructs M[0, y − 1]. In particular, this implies u_i ≥ u_{i+1} and v_i ≥ v_{i+1} for 0 ≤ 1 ≤ r − 1. Similarly, if i_0 is the smallest index such that k_{i0} ≥ 1 we may assume that w_i = min{w_{i0} , ℓ_{i0} +1}.

Thus, in order to meet both conditions, it suffices that G_1 obstructs M[0, u_0 − 1], M[1, w_{i0} − 1] and M[k_i, ℓ_i − v_i] for i ≥ 0, and G_2 obstructs M[0, v_0 − 1], M[1, ℓ_{i0} − w_{i0} ] and M[k_i, ℓ_i − u_i]. We may assume that the parameters k_i are strictly increasing, for if k_i = k_{i+1} then, as ℓ_i > ℓ_{i+1} any graph that obstructs M[k_i, ℓ_i] also must obstruct M[k_{i+1}, ℓ_{i+1}] and, furthermore (k_{i+1} − k_i)(ℓ_{i+1} + 1) = 0. By Corollary 4.2, we may assume that r ≥ 1 or k_0 ≥ 1.

If k_0 = 0 and k_1 = 1, we may assume that x = u_0 and y = v_0 have been chosen such that u_0 + v_0 = ℓ_0 + 1 (x and y not necessarily maximal). Also we may assume that w_1 = ℓ_1 − v_1 as well as ℓ_1 − w_1 = ℓ_1 − u_1. Thus, also u_0 − 1 = ℓ_0 − v_0, w_1 = ℓ_1 − v_1 and v_0 − 1 = ℓ_0 − u_0 and using induction we compute the size of G as the sum of the sizes of G_1 and G_2, at most

∑_r i=0(k_i − k_{i−1})(ℓ_i − v_i + 1) +

∑_r i=0(k_i − k_{i−1})(ℓ_i − u_i + 1) = ∑_r i=0(k_i − k_{i−1}) ((ℓ_i + 1) − (u_i + v_i − ℓ_i − 1)) ≤ ∑_r i=0(k_i − k_{i−1}) (ℓ_i + 1) = f(M).

In order to complete this case it suffices to additionally consider the first three summands in the induction step. Assume first, that k_0 ≥ 2. Then we have the first three summands in f(G_1) are u_0 + w_0 + (k_0 − 1)(ℓ_0 + 1 − v_0) and for G_2 we have v_0 + ℓ_0 + 1 − w_1 + (k_0 − 1)(ℓ_0 + 1 − u_0). Adding up these numbers yields

(k_0 + 1)(ℓ_0 + 1) − (k_0 − 2)(u_0 + v_0 − ℓ_0 − 1) ≤ (k_0 + 1)(ℓ_0 + 1).

If k_0 = 1 similar to the first case we may assume w_0 = u_0 = ℓ_0 + 1 − v_0 and we compute

u_0 + w_0 + (k_1 − k_0)(2ℓ_1 + 2 − v_1 − u_1) + v_0 + (ℓ_0 + 1 − w_0) = (k_1 − k_0)(ℓ_1 + 1) + 2(ℓ_0 + 1) − (k_1 − k_0)(u_1 + v_1 − ℓ_1 − 1) ≤ (k_0 + 1)(ℓ_0 + 1) + (k_1 − k_0)(ℓ_1 + 1).

Finally, if k_0 = 0 and k_1 ≥ 2 again we may assume x + y = u_0 + v_0 = ℓ_0 and compute

u_0 + w_1 + (k_1 − 1)(2ℓ_1 + 2 − v_1 − u_1) + v_0 + ℓ_1 + 1 − w_1 = (k_0 + 1)(ℓ_0 + 1) + (k_1 − k_0)(ℓ_1 + 1) − (k_1 − 1)(u_1 + v_1 − ℓ_1 − 1) ≤ (k_0 + 1)(ℓ_0 + 1) + (k_1 − k_0)(ℓ_1 + 1).

Thus, in any case G has at most f(M) vertices.

CASE 2: c = 1.

In this case a ≠ 0, b ≠ 1, c = 1, and a disconnected graph G = G_1 ∪ G_2 has an M[k, ℓ]-partition if and only if it has an M[0, ℓ]-partition, or an M[k, 0]-partition. It follows from facts proved in [8], and is easy to see directly, that the only minimal M[k, 0]-obstruction is K_{k+1}, except in the case when a = 1 and k ≥ 2, when the disjoint union of K_1 and K_2 is the only other minimal M[k, 0]-obstruction. Complements of these graphs are all the minimal M[0, ℓ]-obstructions, the complement of K_1 ∪ K_2, i.e., the path P_3 with three vertices, only if ℓ ≥ 2 and b = 0.

Suppose now G is an M-obstruction. Let k, ℓ be largest integers such that G obstructs M[k, 0], M[0, ℓ]; note that k_r ≤ k, ℓ_0 ≤ ℓ. We claim that G contains a disconnected induced subgraph H which obstructs M[k_r, 0] and M[0, ℓ_0] and has size

k_r + ℓ_0 + 1 = f({(0, ℓ_0), (k_r, 0)}) ≤ f({(k_i, l_i)}^r_{i=0}).

We may assume that both k_r and ℓ_0 are positive, as in case k_r = 0 or ℓ_0 = 0 the claim holds trivially using the minimal M[k_r, 0]-obstructions and the minimal M[0, ℓ_0]-obstructions.

If G contains K_{kr +1} and K_{ℓ0+1} then, since in a cograph any maximum clique meets any maximum independent set (see, for instance Theorem 11.3.3 in [2]), the union of any two such sets can serve as H (with k_r + ℓ_0 + 1 vertices).

Next, we consider the case that G contains K_{kr +1} and P_3 and ℓ_0 ≥ 2. If these obstructions are in different components, then we let H = K_{kr+1} ∪ P_3, of size k_r + 4 ≤ (ℓ_0 + 1) + k_r, unless ℓ_0 = 2. In the latter case we remove the midpoint v of P_3. Then H \ v has the right size and contains K_3. If K_{kr +1} and P_3 are in the same component, then this component is not a clique. Hence, by connectivity, it contains a clique K of size k_0 + 1 ≥ 2 and a vertex w which is adjacent to some vertex of K and non-adjacent to another. Now, K + w contains a P_3 and has k_r + 2 < (ℓ_0 + 1) + k_r vertices.

If G contains K_{ℓ0+1} and K_1 + K_2 and k_r ≥ 2, then we correspondingly find an independent set I with ℓ_0 + 1 vertices, and a vertex w adjacent to some vertex in I and non-adjacent to another. Hence I + w also contains K_1 + K_2.

Finally, if G contains P_3 as well as K_1 + K_2, then the P_3 plus a vertex from a different component yields an obstruction of size 4 < (ℓ_0 + 1) + k_r.

Corollary 4.4 If M is a constant matrix and G a minimal M-obstruction cograph, then G has at most (k + 1)(ℓ + 1) vertices.

If c ≠ 1 and b = ∗, or if c ≠ 0 and a = ∗, the bound from Theorem 4.3 is tight. We give a minimal obstruction of size f(M) for the first case, the second follows by taking complements. Let G consist of the disjoint union of ℓ_r + 1 cliques of size k_r + 1 and ℓ_i − ℓ_{i+1} cliques of size k_i + 1 for 0 ≤ i ≤ r − 1. We show that G cannot be partitioned into k_i independent sets and ℓ_i cliques. Assume it had such a partition. There are ℓ_i + 1 cliques of size at least k_i + 1. At least one vertex of each of these cliques has to be mapped to a clique, a contradiction. In order to show that G is minimal let v be a vertex in a k_i + 1 clique. Then we have ℓ_i cliques of size > k_i and the other cliques can be partitioned into k_i independent sets.

Theorem 4.3 also implies efficient algorithms for the M-partition problem, where M is an (a, b, c)-block matrix. Thus suppose that a, b, c are fixed; given a cograph G, we can find the strictly staircase-like collection dominating all the matrices M_i to which G is an obstruction, in time O((k + ℓ)n). Given a staircase-like collection of matrices M, such that G contains an Mobstruction, we can find an induced subgraph H of G, such that H has size at most f(M) and H also contains an M-obstruction, in time O((k + ℓ)n). (We always assume the cograph G is given by its cotree; note that the cotree can be found in linear time [5].) The algorithms find all minimal pairs (k, ℓ) such that a corresponding partition exists (along the boundary of the staircase) for each node in the cotree, testing each one in constant time as indicated by the cases in the proof, given the corresponding staircases for the two children in the cotree. Since the length of the boundary of the staircase is O(k + ℓ), and there are n nodes in the cotree, the time O((k + ℓ)n) follows.

We remark that the upper bound (k + 1)(ℓ + 1) does not hold in general even for the class of trees. For instance, in the case k = 1, b = 0, c = ∗, there is a tree with (ℓ/3)^2 vertices that is a minimal M-obstruction [12, 13]. The more general bound f(M) does not hold for trees even in the case a = b = c = ∗: take the stair-like collection M of two matrices M_0, M_1 with k_0 = 0, k_1 = 1, ℓ_0 = 7, ℓ_1 = 4 – we have f(M) = 13, but there is a minimal

M-obstruction with 14 vertices which is a tree, namely an edge e = uv plus four attached paths of length 3, two attached at u and two attached at v. However, it is shown in [15] that the upper bound (k + 1)(ℓ + 1) does apply to collections consisting of one matrix, in the case of chordal graphs.

5 Unions of Cliques

In this section we study minimal obstructions that are unions of cliques. Unions of cliques are an interesting subclass of cographs - while cographs are precisely those graphs not containing an induced path on four vertices, unions of cliques are precisely those graphs not containing an induced path on three vertices.

Recall that we are no longer considering lists. We start the simplest case of a non-constant matrix.

Proposition 5.1 Let M be an m × m matrix which has only 0’s on the main diagonal, one off-diagonal 1 and ∗’s elsewhere. Then M has just two minimal obstructions that are cographs, namely K_{m+1} and K_m ∪ K_{m−1}.

Proof. An M-partition of a graph G is an m-colouring of G, in which two special colour classes are completely adjacent (each vertex of one is adjacent to each vertex of the other). Clearly both K_{m+1} and K_m ∪ K_{m−1} are minimal M-obstructions. Suppose G is an M-obstruction cograph not containing K_{m+1}. Then its maximum clique size must be m, as otherwise G, as a cograph, and hence a perfect graph, would be m − 1 colourable, and so would admit an M-partition. Let A be a clique of size m in G.

Suppose e = uv is any edge of A. The graph G−u−v must have a clique B_e of size m − 1, or else G − u − v would be m − 2- colourable, and u and v could be placed as the only vertices in the two classes that are completely adjacent, yielding an M-partition of G.

Suppose G is a minimal M-obstruction cograph. We now claim that the cliques B_e can be chosen so that no clique B_e can contain a vertex w adjacent to exactly one vertex of the edge e = uv, say w adjacent to v. (In other words, each vertex w ∈ B_e is adjacent to either both or to neither of u, v.) Otherwise, let G_e be a smallest induced subgraph of G containing A and B_e without an M-colouring placing u and v as the only vertices in the special classes that are completely adjacent: indeed, considering the cotree of G_e we find that the ∪-node where the directed paths from u resp. w to the root meet must be a descendent of the +-node, where both meet the path from v to the root. Let U, W be the graphs defined by the children of that ∪-node such that u ∈ U and w ∈ W and v ∈ S the graph defined by the child of the +node. The minimality of G_e implies that G_e \ W can be placed, and the maximality of the clique A in graph G implies that the largest clique in W is no larger than the clique U ∩ A. Given the placement for G_e \ W , we may then place W in the parts where the clique U ∩ A is placed, since these parts are joined by ∗, and W can be colored with |U ∩ A| colors, thus placing all of G_e, a contradiction.

We may choose e in A joining two sets S and S^′ closest to the root of the cotree of G. If A and B_e are in different components of G then A ∪ B_e = K_m ∪ K_{m−1} is an obstruction, while if A and B_e are in the same component of G then each vertex w in B_e is adjacent to at least one endpoint of e, and thus to both, giving the obstruction B_e ∪ {u, v} = K_{m+1}.

For general matrices M (with k diagonal 0’s and ℓ diagonal 1’s) we derive the following bounds on possible M-obstructions that are unions of cliques. Recall that we view M as a block matrix with a diagonal matrix A (having zero diagonal) and B (having a diagonal of 1s), and an off-diagonal matrix C and its transpose.

We shall consider the function

f(k, ℓ) =

(k + 1)(ℓ + 1) if k ≤ ℓ + 2 k(ℓ + 2) − 1 if ℓ + 2 ≤ k ≤ 2ℓ + 4 ⌊(k + 2ℓ + 4)^2/8 − 1⌋ if k ≥ 2ℓ + 4.

We note that f(k, ℓ) = max((k + 1)(ℓ + 1), Θ(k^2)), i.e., there exists a function h(k) = Θ(k^2) such that f(k, ℓ) = max((k + 1)(ℓ + 1), h(k)).

Theorem 5.2 For each k and ℓ there exists a matrix M with k 0s and ℓ 1s on the diagonal, which admits a minimal M-obstruction G with f(k, ℓ) vertices that is a union of cliques.

Proof. The case k ≤ ℓ+2 follows from Corollary 4.2, thus assume k ≥ ℓ+2.

Let 2 ≤ 2r ≤ k and start M with r blocks ( 0 1 1 0 ) on the diagonal. This

is followed by a constant matrix of size k − 2r with 0’s on the diagonal and 1’s off-diagonal. All other off-diagonal entries are ∗’s. Let G be a disjoint union of ℓ + r cliques of size k − 2r + 2 and one of size k − 2r + 1. This is an obstruction since removing ℓ of the cliques, we are left with r cliques of size k−2r+2 that we can partition at best into an edge and a clique of size k−2r. As the cliques are pairwise non-adjacent each of these edges has to use a different block, leaving one vertex of the clique of size 2k − 2r + 1 pending. This already shows how to partition G \ v if v is in the smaller clique. If v belongs to a clique of size k − 2r + 2 then we can map one vertex of each of the cliques of size k−r+1 to the same element of one of the small blocks and, otherwise, proceed as above. Now, choosing r = max{1, ⌈(k − 2(l + 1))/4⌉} yields the desired bounds.

Theorem 5.3 Let f be defined as above. If M is any matrix with k 0’s and ℓ 1’s on the diagonal, then each minimal M-obstruction that is a disjoint union of cliques has at most f(k, ℓ) + (k + 1)ℓ vertices.

If the block C of M contains no 1, then each minimal M-obstruction that is a disjoint union of cliques has at most f(k, ℓ) vertices.

Proof. Suppose a minimal M-obstruction G is the disjoint union of cliques K_1, . . . , K_t, with |K_i| ≥ |K_j | for i ≤ j. Removing v ∈ K_t we have a partition assigning each K_i to a set of parts S_i for i < t. The submatrix M_i corresponding to S_i must have at least one 1, as otherwise each part of S_i would be an independent set, i.e., it would contain at most one vertex from K_i; since |K_t| ≤ |K_i|, we could additionally assign K_t to parts of S_i and not have an obstruction. If M_i has a 1 on the diagonal, we may assume that S_i = {s_i} consists of this entry alone. The sets S_i, thus, are partitioned into a collection T of S_i’s all having S_i = {s_i} and M_i = (1) and a collection R of S_j ’s where M_j has 0’s on the diagonal and some 1 off-diagonal M(r_j , c_j ) = 1. Note, that part S_j must have at least one vertex, that is in class r_j as well as one that is in c_j. We may further assume that for S_i ∈ T and S_j ∈ R we always have |K_i| ≥ |K_j |, since s_i can absorb any clique. Hence, the clique K_t \v is assigned to parts in R and no pair of cliques from K_1, . . . , K_{t−1}, K_t \v may share the parts s_i, r_j, c_j . Since G is minimal the K_i in T are of size at most k + 1, as this already enforces them to use a 1 on the diagonal of M. Let r = |R|. A set S_j ∈ R must not use r_k, c_k for k ≠ j, since K_j is non-adjacent to K_k. Hence, such an S_j has size at most k − 2r + 2 and K_t has size at most k −2r +1, for K_t −v avoids all pairs c_j , r_j (note, that j < t).

If part C of M has no 1’s, then also the S_i = {s_i} ∈ T correspond to cliques of size at most k − 2r + 2. For if, say K_i has size k_i > k − r + 2 and v ∈ K_i, then G \ v has an M-partition where we may assume that K_i \ v is one of the ℓ cliques, contradicting G being an M-obstruction. Therefore, in this case, |V (G)| ≤ (ℓ + r + 1)(k − 2r + 2) − 1 which is maximized at f(k, ℓ). If r = 0 we have ℓ cliques in T of size k + 1 and |K_t| ≤ k + 1 adding up to (ℓ + 1)(k + 1) = f(k, ℓ). This proves the upper bound for this special case.

Continuing with the general case, the S_i = {s_i} ∈ T correspond to cliques of size at most k + 1, giving at most (k + 1)ℓ additional vertices, so |V (G)| ≤ f(k, ℓ) + (k + 1)ℓ.

Theorem 5.4 There exists a matrix M with the k by k block A with 0 diagonal having no off-diagonal 0s, the ℓ by ℓ block B with 1 diagonal having all off-diagonal entries ∗, and the k by ℓ block C having all entries ∗, such that M admits a minimal M-obstruction with f^′(k, ℓ) = Θ(kℓ+k^{1.5}) vertices, that is a disjoint union of cliques.

To be more precise, letting

r = max(1, ⌈−1/2 − ℓ/3 + √ (1/2 + ℓ/3)^2 + 2(k + 1)/3⌉),

so that r = Θ(1) if k ≤ ℓ, r = Θ(k/ℓ) if ℓ ≤ k ≤ ℓ^2, and r = Θ( √ k) if k ≥ ℓ^2, and t = k + 1 − (r^2 + r)/2, so that t = Θ(k), we have

f^′(k, ℓ) = (t + r)ℓ + tr + (r^2 + r)/2.

Proof. We may interpret any matrix A = (k)_{ij} with no off-diagonal zeros as a kind of adjacency matrix A(H) of a simple graph H on the k vertices {1, 2, . . . , k}: two vertices i, j are adjacent if k_{ij} = 1 and nonadjacent if k_{ij} = ∗. Vice versa, with any simple graph H we can associate this way a unique matrix A(H) of the described type.

Let t, r be positive integers, and H be the disjoint union of t isolated vertices and r − 1 cliques of sizes 2, 3, . . . r respectively. The corresponding matrix A = A(H) is a k × k-matrix where k = t − 1 + (r^2 + r)/2.

Now let G be the graph that is the disjoint union of r cliques of sizes t + r, t + r − 1, . . . , t + 1 respectively, and an additional ℓ cliques of size t + r. Thus |V (G)| = q = (t+r)ℓ+tr +(r^2 +r)/2. First, we show, by induction on r, that G is an obstruction for the matrix M with the A part as described above. If G had an M-partition, then each of the ℓ parts corresponding to a 1 diagonal can be used for a clique of G, and we may put in such parts the largest cliques possible, that is, the ℓ additional cliques of size t + r. The remaining r cliques must go to A, so we reduce the problem to A-partition after removing the ℓ additional cliques of size t + r from G. The clique K_G of size t + 1 in G had to use at least one vertex of a non-trivial clique K_H of H. Since G is the disjoint union of cliques, the other cliques of G may use one and only one vertex of H if and only if K_G uses only one vertex of K_H . Let G̃ arise from G by deleting K_G and one vertex of each of the other non-trivial cliques of G. Then G has an M-partition only if G̃ has an M(H \ K_H ) partition, which is not the case by inductive assumption (G does not have an M(H̃) partition for any graph H̃ consisting of t isolated vertices and r − 1 non-trivial cliques; the base case r = 1 has G consisting of a clique of size t + 1 but H̃ has no non-trivial cliques).

We still have to show that the obstruction G is minimal. Assume v is a vertex in the clique of size t + r − i, then G \ v has r − i cliques of size at most t + r − i − 1. These can be mapped to into the t isolated vertices of H and to one vertex of each of the r − i − 1 cliques of size at most r − i of H. From each of the remaining cliques K_j of size t + r − j, 0 ≤ j ≤ i − 1 of G we map t vertices each to the isolated vertices of H and the remaining r − j vertices of K_j to the clique of size r − j in H.

It remains to choose r to maximize

q = q_r = (k + 1 − r^2/2 + r/2)ℓ + (k + 3/2 − r^2/2)r.

We note that

q_{r+1} − q_r = −3/2(r^2 + 2(1/2 + ℓ/3)r − 2(k + 1)/3),

so the maximum occurs at

r = max(1, ⌈−1/2 − ℓ/3 + √ (1/2 + ℓ/3)^2 + 2(k + 1)/3⌉).

Theorem 5.5 Suppose the block submatrix A with 0 diagonal has no 0 off diagonal. Let f^′ be defined as above, satisfying f^′(k, ℓ) = Θ(kℓ + k^{1.5}), and let g^′(k, ℓ) = f^′(k, ℓ) + (k + 1)ℓ.

If M has k 0’s and ℓ 1’s on the diagonal, then any minimal M-obstruction that is a disjoint union of cliques has at most g^′(k, ℓ) vertices.

If in addition the block C contains no 1, then any obstruction that is a disjoint union of cliques has at most f^′(k, ℓ) vertices.

Proof. We proceed as in the proof of Theorem 5.3, and assume a minimal M-obstruction G is the disjoint union of cliques K_1, . . . , K_t with |K_i| ≥ |K_j | for i ≤ j. Removing v ∈ K_t we have a partition assigning each K_i to parts from S_i for i < t. The sets S_i are partitioned into a collection T of S_i’s having S_i = {s_i} and M_i = (1) and a collection R of S_j ’s where M_j has 0’s on the diagonal and 1,* off-diagonal. Let U_j be the set of indices that are used exclusively by S_j ∈ R and D be the set of indices that are used by at least two S_i ∈ R. We may order the sets U_1, . . . , U_{r−1} nonincreasingly. Then |U_i| ≥ r + 1 − i, since otherwise we may U be a set of size r − i consisting of one element from each of U_i, . . . , U_{r−1}, and assign the cliques K_i, . . . , K_{r−1} and K_t to U ∪ D, contrary to the fact that G is an obstruction. If we let t be the number of parts in A that do not correspond to r + 1 − i chosen elements out of U_i, then k ≥ t + 2 + 3 + . . . + r = t − 1 + (r^2 + r)/2 so t ≤ k + 1 − (r^2 + r)/2.

If part C of M has no 1’s, then also the S_i = {s_i} ∈ T correspond to cliques of size at most t + r. For if, say K_i has size k_i > t + r and v ∈ K_i, then G \ v has an M-partition where we may assume that K_i \ v is one of the ℓ cliques, contradicting G being an obstruction. Therefore |V (G)| ≤ (t + r)ℓ + tr + (r^2 + r)/2 which is maximized at f^′(k, ℓ).

Continuing with the general case, we estimate the largest clique by k +1, so |V (G)| ≤ (k + 1)ℓ + tr + (r^2 + r)/2 ≤ (k + 1)ℓ + f^′(k, ℓ) = g^′(k, ℓ).

We are indebted to an anonymous referee for a careful reading of the manuscript.

References

[1] A. Brandstädt, Partitions of graphs into one or two stable sets and cliques, Discrete Math. 152 (1996) 47–54.

[2] A. Brandstädt, V. B. Le, and J. P. Spinrad, Graph Classes A Survey, SIAM Monographs on Discrete Math. and Applications 1999.

[3] K. Cameron, E. M. Eschen, C. T. Hoang, and R. Sritharan, The list partition problem for graphs, SODA 2004.

[4] D.G. Corneil, H. Lerchs, and L. Stewart Burlingham, Complement reducible graphs, Discrete Applied Math. 3 (1981) 163–174.

[5] D.G. Corneil, Y. Perl, and L.K. Stewart, A linear recognition algorithm for cographs, SIAM. J. Computing 14 (1985) 926–934.

[6] M. Demange, T. Ekim, and D. de Werra, Partitioning cographs into cliques and stable sets, Discrete Optimization 2 (2005) 145–153.

[7] C. M. H. de Figueiredo, S. Klein, Y. Kohayakawa, and B. A. Reed, Finding skew partitions efficiently, Journal of Algorithms 37 (2000) 505–521.

[8] T. Feder and P. Hell, On realizations of point determining graphs, and obstructions to full homomorphisms, manuscript 2004.

[9] T. Feder and P. Hell, Matrix partitions of perfect graphs, Claude Berge Memorial Volume (2004).

[10] T. Feder, P. Hell, S. Klein, and R. Motwani, Complexity of list partitions, Proc. 31st Ann. ACM Symp. on Theory of Computing (1999) 464–472.

[11] T. Feder, P. Hell, S. Klein, and R. Motwani, List partitions, SIAM J.

on Discrete Math. 16 (2003) 449–478.

[12] T. Feder, P. Hell, S. Klein, L. Tito Nogueira, and F. Protti, List matrix partitions of chordal graphs, LATIN 2004, Lecture Notes in Computer Science 2976 (2004) 100–108.

[13] T. Feder, P. Hell, S. Klein, L. Tito Nogueira, and F. Protti, List matrix partitions of chordal graphs. Theoretical Computer Science 349 (2005) 52–66.

[14] M. C. Golumbic, Algorithmic Graph Theory and Perfect Graphs, Academic Press, New York, 1980.

[15] P. Hell, S. Klein, L.T. Nogueira, F. Protti, Partitioning chordal graphs into independent sets and cliques, Discrete Applied Math. 141 (2004) 185–194.

[16] P. Hell, S. Klein, L.T. Nogueira, F. Protti, Packing r-cliques in weighted chordal graphs, Annals of Operations Research 138, No. 1 (2005) 179–187.

[17] P. Hell and J. Nešetřil, Graphs and Homomorphisms, Oxford University Press, 2004.

[18] S. Seinsche, On a property of the class of n-colourable graphs, J.

Combin. Theory B 16 (1974) 191–193.

[19] R. de Souza Francisco, S. Klein, and L. Tito Nogueira, Characterizing (k, ℓ)-partitionable cographs, Electronic Notes in Discrete Mathematics 22 (2005), 277–280.