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e Dynamic Programming
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Recursive Version

SP-REC(s,t,V, E,w)
if |V| = 0 then return w;
else
k=1V|
1:=5SP (s,t,V —{k},E,w)
I':=SP (s,k,V —{k}, E,w) + SP(k,t,V — {k}, E, w)
return min{/, '}

Algorithm SP(s,t,V, E,w) finds the length of the shortest of
the paths between s and ¢, among those that can pass through
the vertices of V. (If (u,v) ¢ E, then assume w, , = oo in
the implementation.)
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Filling the Matrix

We know what is M[s,t,0]: this is just the length of the
edge from s and ¢, if it exists. (Otherwise we set it to oo by
convention.)

The value of M]s,t,k] can then be computed based on

precomputed values of M-, -, k — 1] since

M]s,t, k] = min{M|s,t,k—1], M[s,k,k—1]+M][k,t,k—1]}
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Shortest Paths

Let G = (V, E) be a directed graph, and let w,, > 0 be the
weight of edge (u,v). Let V ={1,...,n}.

Idea for recursive solution to find shortest path between s and
t, s,t € V: the shortest path between s and t is

e either the shortest of the paths from s to ¢ not passing
through n

e or the shortest path from s to n concatenated with the
shortest path between n and t.
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Iterative Version — General ldea

Define a n x n x (n + 1) matrix M.

Design an algorithm that will fill the matrix so that M|s, ¢, k] is
the length of the shortest of the paths between s and ¢, among
those that can pass through the vertices {1,...,k}.

Once the matrix is filled, the length of the shortest path from
stotisin Mls,t,n].

So, once the matrix is filled, we have the length of the shortest

paths between any two vertices.
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Algorithm

SP-DP(V, E, w)
create n x n X (n + 1) matrix M
for u:=1ton
forv:=1ton
if (u,v) € E then M[u,v,0] := wy,
else M[u,v,0] = oo
for k:=1ton
foru:=1ton
forv:=1ton
Mlu,v, k] := min{ M[u,v,k — 1],
Mlu, k,k — 1]+ M[k, v,k —1] }

Runs in time O(n?).
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Reconstructing the actual paths

Together with M, we also create a matrix P of same dimension,
such that Plu,v, k] says which vertex comes before v in the
shortest path from u to v among those that can pass through

1,....k}

Once we have the final M and P, we can reconstruct the
shortest path from w to v backwards. Start from v, and look
up v" = Plu,v,n]. Then look up v" = P[u,v’,n| and so one.
Eventually we get to u, by way of a shortest path.
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Knapsack

You are packing your knapsack for a long hiking. You have a
choice of n items to put in. Item 4 has volume v; and is worth
an advantage ¢; if you can take it with you.

The knapsack has volume B.

Choose a subset S of elements that fit into the knapsack and
maximize ), ¢ ¢;.
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Dynamic programming algorithm

Construct a n x (B + 1) table M-, -].
Forevery 1 <k <mand 0 < B'<B,

Mk, B'] contains the cost of an optimum solution for the
instance that uses only a subset of the first & elements (of
volume vy, ..., v, and cost ¢y,...,¢;) and with volume B’

- MI[1,B'] = ¢; if B > vy; M[1, B'] =0 otherwise.
- for every k, B’ > 1,

Mk, B'] = max{M[k —1,B'] , M[k —1,B" — v + c}
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Algorithm that also computes P

SP-DP-2(V, E, w)
create n X n X (n + 1) matrices M and P
for u:=1ton
forv:=1ton
if (u,v) € E then Mu,v,0] := wy ; Plu,v,0] =u
else M[u,v,0] = oo; Plu,v,0] =u
for k:=1ton
foru:=1ton
forv:=1ton
I = Mu,v,k—1]; lo = M[u, k., k — 1] + M[k,v, k — 1]
if [ <5 then
Mlu,v, k] := M[u,v, k — 1]; Plu,v, k] := Plu,v, k — 1]
else
Mlu,v, k] := Mu, k,k — 1] + M[k,v,k — 1]; Plu,v,k] =k
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Formal description of the problem

Given: n items of “cost” ¢y, ca, ..., ¢, (positive integers), and
of "volume" vy, va, ..., v, (positive integers); a volume value

B (for bound).

Find a subset S of the items such that
ies

and such that the total cost ;¢ c; is maximized.
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Second matrix

The cost of an optimum solution is reported in M [n, B].

To construct an optimum solution, we also build a Boolean
matrix C[-, -] of the same size.

For every k and B’, Clk, B'| = True iff there is an optimum
solution that packs a subset of the first k items in volume B’
so that item k is included in the solution.
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Example

Consider an instance with 9 items and a bag of size 15. The
costs and the volumes of the items are as follows:

ltem|[1]2|3|4|5|6|7]8 |9
Cost|2|3(3|4|4|5|7|8 |8
Volume |3 |57 (14|3]|9|2|11|5
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Solution

Optimum: 23

Item 9 Cost 8 Volume 5
Item 7 Cost 7 Volume 2
Item 5 Cost 4 Volume 3
Iltem 4 Cost 4 Volume 4
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Edit distance

How do you decide the “closeness” between two strings?

The distance between two strings * = z1---z, and y =
Y1+ Ym iS the minimum number of “errors” (edit operations)
needed to transform x into y.
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Tables M[-, -] and C[-, ]

B’ 0 1 2 3|4 5 6 7 8 9 10 11 12 13 14 15
k=9 10|07 |77 11 11 15 15 15 19 19 19 21 23 | 23
k=800 | 7|77 11 11 11 13 15 15 15 17 17 18 18
k=700 | 7|77 11 11 11 13 15 15 15 17 17 18 18
k=6 [0]0]0]|4]|4 4 6 8 8 8 10 10 11 11 11 13
k=5[0]0]0]4]4 4 6 8 8 8 10 10 11 11 11 13
k=4 [0]0]0]|2]4 4 4 6 6 7 7 7 9 9 9 9
k=3 [0]0[0]2][2 3 3 3 5 5 5 5 6 6 6 8
k=2[0]0]0]2]2 3 3 3 5 5 5 5 5 5 5 5
k=1 0jJo0jJo]2]2 2 2 2 2 2 2 2 2 2 2 2
B’ 0 1 213|456 7[8]9 10 11 12 13 14 15
k=9 ]0]0|JO0OJO[O]O]O 1 1 0 1 1 1 1 1 1
k= ojJojoJofoJofoJo[Oo]oO 0 0 0 0 0 0
k=7101]0 1 1 1 1 1 1 1 1 1 1 1 1 1 1
k=6 0|00 fJOo]O]O]O]JO]O]O 0 0 0 0 0 0
k=5 0 0 0 1 0 0 1 1 1 1 1 1 1 1 1 1
k= 0OjJofjofoO 1 1 1 1 1 1 1 1 1 1 1 1
k=3]0]0|JO0OJO[O]O]O]JO]O]O 0 0 1 1 1 1
k= 0OjJofjoOof[O]oO 1 1 1 1 1 1 1 1 1 1 1
k=1 0]0]0 1 1 1 1 1 1 1 1 1 1 1 1 1
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Approximate string matching

When you run a spell checker on a text, and it finds a word
not in the dictionary, it normally proposes a choice of possible
corrections.

If it finds stell it will suggest:

tell, swell, stull, still, steel, steal, stall, spell,
smell, shell, and sell.
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Possible operations are:

e insert a character.
insert(x,i,a) = T1Ta - TiQTit1 -+ Tn.

e delete a character.
delete(x,i) = 2;xo -+ Ti1Tiy1 " Tp.

e modify a character.
modify(x,i,a) = x1To - Tj_ 1AL Ty
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Example

x = aabab and y = babb.

One possibility

a a b a b X
b a a b a b x =insert(x,0,b)
b a b ab X" = delete (x',2)
b a b b y = delete (x",4)
And also
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Computing edit distance

To transform xy -« -2, into y1 - - - Yy, we have three choices:

e put ¥, at the end: =z — x1--- 2,y and then transform
Ty Ty INO Y1 Y1

e delete x,,: * — w1---x,—1 and then transform xq---x,_1
into Y1 -+ Y-

e change x,, into y,, (if they are different): © — z1 -+ Zp_1Ym

and then transform xy---x,_1 into y1 -+ Ym_1.
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Recursive definition of the table

e M[0,j] = j because the only way to transform the empty
string into y; - - - y; is to add the j characters yq, . . ., y;.

e MTi, 0] = i for similar reasons.
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a b x

b x' = delete (x,1)
X" = delete(x',1)

b y = insert (x",3,b)

o T w o
L VT L
T T v T

Can you do better?
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Dynamic programming table

Given strings . = 21+ 2y, and Yy = Y1+ Y.
Define (n 4+ 1) x (m 4+ 1) matrix M|[-,-].

For every 0 < i <n and 0 < j <m, M[i,j] is the minimum
number of operations to transform ;- - - x; into y; - - - y;.
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e Fori,j > 1,

Mli,j] =min{ Mli—1,j]+1,
Mli,j —1],
Mli— 1,5 — 1] + change(z;,y;)}

where change(x;,y;) = 1 if x; # y; and change(x;,y;) =0
o/w.
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Example

Consider again z = aabab and y = babb

G x| W[N]~ O >
W NN~ o
NN =N W o
DI N W[ W |

W N| =N

Sl ST S IE ST I ST IS

Optimum solution?
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Longest common subsequence

A subsequence of a string is obtained by taking a string and
possibly deleting elements.

If £1---xpisastringand 1 <41 <ig < -+ <ip <mnisa
strictly increasing sequence of indices, then z; ziz--- 2, is a
subsequence of z.

E.g. art is a subsequence of algorithm.

Given strings = and y we want to find the longest string that is
a subsequence of both.

E.g. art is the longest common subsequence of algorithm and
parachute.
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Definition of the matrix

For every 0 < i < mn and 0 < j < m, M][i,j] contains the
length of the l.c.s. between 21 ---x; and y; - - - ;.

-MJi,0] =0
-M0,j]=0
-and

MIi,j] =max{ MI[i—1,j]
Mli,j — 1]
Mli—1,j = 1] + eq(zi, y;)}
where eq(x;,y;) = 1 if 23 = y;, eq(xs,y;) =0 o/w.
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Algorithm and running time

The table has ©(nm) entries, each one computable in constant
time.

One can construct an auxiliary table Opl[-, -] such that Op[-, ]
specifies what is the first operation to do in order to optimally
transform 1 - - 2; into y; - - - Y.
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Reducing to a smaller subproblem

The length of the l.cs. of x =21+ 2, and y = y1 - Y IS
either
e The length of the l.c.s. of 12,1 and y1 - - -y, OF;

e The length of the l.c.s. of 1+ 2, and y1 -+ Y1 OF;

e 1 + the length of the l.c.s. of -+ @1 and y1 -+ Y1, if

Tn = Ym-
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