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Abstract

Recently, Valiant and Valiant [1, 2] showed that a class of distributional proper-
ties, which includes such practically relevant propertiesas entropy, the number
of distinct elements, and distance metrics between pairs ofdistributions, can be
estimated given asublinearsized sample. Specifically, given a sample consist-
ing of independent draws from any distribution over at mostn distinct elements,
these properties can be estimated accurately using a sampleof sizeO(n/ logn).
We propose a novel modification of their approach and show: 1)theoretically,
our estimator is optimal (to constant factors, over worst-case instances), and 2)
in practice, it performs exceptionally well for a variety ofestimation tasks, on a
variety of natural distributions, for a wide range of parameters. Perhaps unsur-
prisingly, the key step in this approach is to first use the sample to characterize the
“unseen” portion of the distribution. This goes beyond suchtools as the Good-
Turing frequency estimation scheme, which estimates the total probability mass
of the unobserved portion of the distribution: we seek to estimate theshapeof
the unobserved portion of the distribution. This approach is robust, general, and
theoretically principled; we expect that it may be fruitfully used as a component
within larger machine learning and data analysis systems.

1 Introduction

What can one infer about an unknown distribution based on a random sample? If the distribution
in question is relatively “simple” in comparison to the sample size—for example if our sample
consists of 1000 independent draws from a distribution supported on 100 domain elements—then
the empirical distribution given by the sample will likely be an accurate representation of the true
distribution. If, on the other hand, we are given a relatively small sample in relation to the size
and complexity of the distribution—for example a sample of size 100 drawn from a distribution
supported on 1000 domain elements—then the empirical distribution may be a poor approximation
of the true distribution. In this case, can one still extractaccurate estimates of various properties of
the true distribution?

Many real–world machine learning and data analysis tasks face this challenge; indeed there are
many large datasets where the data only represent a tiny fraction of an underlying distribution we
hope to understand. This challenge of inferring propertiesof a distribution given a “too small”
sample is encountered in a variety of settings, including text data (typically, no matter how large the
corpus, around 30% of the observed vocabulary only occurs once), customer data (many customers
or website users are only seen a small number of times), the analysis of neural spike trains [15],
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and the study of genetic mutations across a population1. Additionally, many database management
tasks employ sampling techniques to optimize query execution; improved estimators would allow
for either smaller sample sizes or increased accuracy, leading to improved efficiency of the database
system (see, e.g. [6, 7]).

We introduce a general and robust approach for using a sampleto characterize the “unseen” portion
of the distribution. Without anya priori assumptions about the distribution, one cannot know what
the unseen domain elements are. Nevertheless, one can stillhope to estimate the “shape” orhis-
togramof the unseen portion of the distribution—essentially, we estimate how many unseen domain
elements occur in various probability ranges. Given such a reconstruction, one can then use it to
estimate any property of the distribution which only depends on the shape/histogram; such prop-
erties are termedsymmetricand include entropy and support size. In light of the long history of
work on estimating entropy by the neuroscience, statistics, computer science, and information the-
ory communities, it is compelling that our approach (which is agnostic to the property in question)
outperforms these entropy-specific estimators.

Additionally, we extend this intuition to develop estimators for properties of pairs of distributions,
the most important of which are thedistance metrics. We demonstrate that our approach can ac-
curately estimate the total variational distance (also known asstatistical distanceor `1 distance)
between distributions using small samples. To illustrate the challenge of estimating variational dis-
tance (between distributions over discrete domains) givensmall samples, consider drawing two sam-
ples, each consisting of 1000 draws from a uniform distribution over 10,000 distinct elements. Each
sample can contain at most 10% of the domain elements, and their intersection will likely contain
only 1% of the domain elements; yet from this, one would like to conclude that these two samples
must have been drawn from nearly identical distributions.

1.1 Previous work: estimating distributions, and estimating properties

There is a long line of work on inferring information about the unseen portion of a distribution,
beginning with independent contributions from both R.A. Fisher and Alan Turing during the 1940’s.
Fisher was presented with data on butterflies collected overa 2 year expedition in Malaysia, and
sought to estimate the number ofnewspecies that would be discovered if a second 2 year expedition
were conducted [8]. (His answer was “≈ 75.”) At nearly the same time, as part of the British WWII
effort to understand the statistics of the German enigma ciphers, Turing and I.J. Good were working
on the related problem of estimating the total probability mass accounted for by the unseen portion of
a distribution [9]. This resulted in the Good-Turing frequency estimation scheme, which continues
to be employed, analyzed, and extended by our community (see, e.g. [10, 11]).

More recently, in similar spirit to this work, Orlitskyet al. posed the following natural question:
given a sample, what distribution maximizes the likelihoodof seeing the observed species frequen-
cies, that is, the number of species observed once, twice, etc.? [12, 13] (What Orlitskyet al. term
thepatternof a sample, we call thefingerprint, as in Definition 1.) Orlitskyet al. show that such
likelihood maximizing distributions can be found in some specific settings, though the problem of
finding or approximating such distributions for typical patterns/fingerprints may be difficult. Re-
cently, Acharyaet al. showed that this maximum likelihood approach can be used to yield a near-
optimal algorithm for deciding whether two samples originated fromidenticaldistributions, versus
distributions that have large distance [14].

In contrast to this approach of trying to estimate the “shape/histogram” of a distribution, there has
been nearly a century of work proposing and analyzing estimators for particular properties of distri-
butions. In Section 3 we describe several standard, and somerecent estimators for entropy, though
we refer the reader to [15] for a thorough treatment. There isalso a large literature on estimating
support size (also known as the “species problem”, and the related “distinct elements” problem), and
we refer the reader to [16] and to [17] for several hundred references.

Over the past 15 years, the theoretical computer science community has spent significant effort
developing estimators and establishing worst-case information theoretic lower bounds on the sample
size required for various distribution estimation tasks, including entropy and support size (e.g. [18,
19, 20, 21]).

1Three recent studies (appearing in Science last year) foundthat very rare genetic mutations are especially
abundant in humans, and observed that better statistical tools are needed to characterize this “rare events”
regime, so as to resolve fundamental problems about our evolutionary process and selective pressures [3, 4, 5].
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The algorithm we present here is based on the intuition of theestimator described in the theoretical
work [1]. That estimator is not practically viable, and additionally, requires as input an accurate
upper bound on the support size of the distribution in question. Both our algorithm and that of [1]
employ linear programming, though these programs differ significantly (to the extent that the lin-
ear program of [1] does not even have an objective function and simply defines a feasible region).
The proof of our theoretical results leverages some of the machinery of that work (in particular, the
“Chebyshev bump construction”) and achieves the same theoretical worst-case optimality guaran-
tees. See Appendix A for further theoretical and practical comparisons with the estimator of [1].

1.2 Definitions and examples

We begin by defining thefingerprintof a sample, which essentially removes all the label-information
from the sample. For the remainder of this paper, we will workwith the fingerprint of a sample,
rather than the with the sample itself.

Definition 1. Given a samplesX = (x1, . . . , xk), the associatedfingerprint, F = (F1,F2, . . .),
is the “histogram of the histogram” of the sample. Formally,F is the vector whoseith component,
Fi, is the number of elements in the domain that occur exactlyi times in sampleX .

For estimating entropy, or any other property whose value isinvariant to relabeling the distribution
support, the fingerprint of a sample contains all the relevant information (see [21], for a formal proof
of this fact). We note that in some of the literature, the fingerprint is alternately termed thepattern,
histogram, histogram of the histogramor collision statisticsof the sample.

In analogy with the fingerprint of a sample, we define thehistogramof a distribution, a representation
in which the labels of the domain have been removed.

Definition 2. Thehistogramof a distributionD is a mappinghD : (0, 1] → N∪{0}, wherehD(x)
is equal to the number of domain elements that each occur in distributionD with probabilityx.
Formally, hD(x) = |{α : D(α) = x}|, whereD(α) is the probability mass that distributionD
assigns to domain elementα. We will also allow for “generalized histograms” in whichhD does
not necessarily take integral values.

Sinceh(x) denotes the number of elements that have probabilityx, we have
∑

x:h(x) 6=0 x·h(x) = 1,

as the total probability mass of a distribution is 1. Anysymmetricproperty is a function of only the
histogram of the distribution:

• TheShannon entropyH(D) of a distributionD is defined to be

H(D) := −
∑

α∈sup(D)

D(α) log2 D(α) = −
∑

x:hD(x) 6=0

hD(x)x log2 x.

• Thesupport sizeis the number of domain elements that occur with positive probability:

|sup(D)| := |{α : D(α) > 0}| =
∑

x:hD(x) 6=0

hD(x).

We provide an example to illustrate the above definitions:

Example 3. Consider a sequence of animals, obtained as a sample from thedistribution of animals
on a certain island,X = (mouse,mouse, bird, cat,mouse, bird, bird,mouse, dog,mouse). We
haveF = (2, 0, 1, 0, 1), indicating that two species occurred exactly once (cat and dog), one species
occurred exactly three times (bird), and one species occurred exactly five times (mouse).

Consider the following distribution of animals:

Pr(mouse) = 1/2, P r(bird) = 1/4, P r(cat) = Pr(dog) = Pr(bear) = Pr(wolf) = 1/16.

The associatedhistogramof this distribution ish : (0, 1] → Z defined byh(1/16) = 4, h(1/4) = 1,
h(1/2) = 1, and for allx 6∈ {1/16, 1/4, 1/2}, h(x) = 0.

As we will see in Example 5 below, the fingerprint of a sample isintimately related to the Binomial
distribution; the theoretical analysis will be greatly simplified by reasoning about the related Poisson
distribution, which we now define:

Definition 4. We denote the Poisson distribution of expectationλ asPoi(λ), and writepoi(λ, j) :=
e−λλj

j! , to denote the probability that a random variable with distributionPoi(λ) takes valuej.

3



162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

177

178

179

180

181

182

183

184

185

186

187

188

189

190

191

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

208

209

210

211

212

213

214

215

Example 5. LetD be the uniform distribution with support size1000. ThenhD(1/1000) = 1000,
and for all x 6= 1/1000, hD(x) = 0. Let X be a sample consisting of 500 independent draws
from D. Each element of the domain, in expectation, will occur1/2 times inX , and thus the
number of occurrences of each domain element in the sampleX will be roughly distributed as
Poi(1/2). (The exact distribution will beBinomial(500, 1/1000), though the Poisson distribu-
tion is an accurate approximation.) By linearity of expectation, the expected fingerprint satisfies
E[Fi] ≈ 1000 · poi(1/2, i). Thus we expect to see roughly303 elements once, 76 elements twice, 13
elements three times, etc., and in expectation607 domain elements will not be seen at all.

2 Estimating the unseen
Given the fingerprintF of a sample of sizek, drawn from a distribution with histogramh, our high-
level approach is to find a histogramh′ that has the property that if one were to takek independent
draws from a distribution with histogramh′, the fingerprint of the resulting sample would be similar
to the observed fingerprintF . The hope is then thath andh′ will be similar, and, in particular, have
similar entropies, support sizes, etc.

As an illustration of this approach, suppose we are given a sample of sizek = 500, with fingerprint
F = (301, 78, 13, 1, 0, 0, . . .); recalling Example 5, we recognize thatF is very similar to the
expected fingerprint that we would obtain if the sample had been drawn from the uniform distribution
over support1000. Although the sample only contains 391 unique domain elements, we might be
justified in concluding that the entropy of the true distribution from which the sample was drawn is
close toH(Unif(1000)) = log2(1000).

In general, how does one obtain a “plausible” histogram froma fingerprint in a principled fashion?
We must start by understanding how to obtain a plausible fingerprint from a histogram.

Given a distributionD, and some domain elementα occurring with probabilityx = D(α), the prob-
ability that it will be drawn exactlyi times ink independent draws fromD isPr[Binomial(k, x) =
i] ≈ poi(kx, i). By linearity of expectation, the expectedith fingerprint entry will roughly satisfy

E[Fi] ≈
∑

x:hD(x) 6=0

h(x)poi(kx, i). (1)

This mapping between histograms and expected fingerprints is linear in the histogram, with coeffi-
cients given by the Poisson probabilities. Additionally, it is not hard to show thatV ar[Fi] ≤ E[Fi],
and thus the fingerprint is tightly concentrated about its expected value. This motivates a “first mo-
ment” approach. We will, roughly, invert the linear map fromhistograms to expected fingerprint
entries, to yield a map from observed fingerprints, to plausible histogramsh′.

There is one additional component of our approach. For many fingerprints, there will be a large space
of equally plausible histograms. To illustrate, suppose weobtain fingerprintF = (10, 0, 0, 0, . . .),
and consider the two histograms given by the uniform distributions with respective support sizes
10,000, and 100,000. Given either distribution, the probability of obtaining the observed fingerprint
from a set of 10 samples is> .99, yet these distributions are quite different and have very different
entropy values and support sizes. They are both very plausible–which distribution should we return?

To resolve this issue in a principled fashion, we strengthenour initial goal of “returning a histogram
that could have plausibly generated the observed fingerprint”: we instead return thesimplesthis-
togram that could have plausibly generated the observed fingerprint. Recall the example above,
where we observed only 10 distinct elements, but to explain the data we could either infer an ad-
ditional 9,900 unseen elements, or an additional 99,000. Inthis sense, inferring “only” 9,900 addi-
tional unseen elements is the simplest explanation that fitsthe data, in the spirit of Occam’s razor.2

2.1 The algorithm

We pose this problem of finding the simplest plausible histogram as a pair of linear programs. The
first linear program will return a histogramh′ that minimizes the distance between its expected fin-
gerprint and the observed fingerprint, where we penalize thediscrepancy betweenFi andE[Fh′

i ] in
proportion to the inverse of the standard deviation ofFi, which we estimate as1/

√
1 + Fi, since

2The practical performance seems virtually unchanged if onereturns the “plausible” histogram of minimal
entropy, instead of minimal support size (see Appendix B).
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Poisson distributions have variance equal to their expectation. The constraint thath′ corresponds to
a histogram simply means that the total probability mass is 1, and all probability values are nonneg-
ative. The second linear program will then find the histogramh′′ of minimal support size, subject to
the constraint that the distance between its expected fingerprint, and the observed fingerprint, is not
much worse than that of the histogram found by the first linearprogram.

To make the linear programs finite, we consider a fine mesh of valuesx1, . . . , x` ∈ (0, 1] that be-
tween them discretely approximate the potential support ofthe histogram. The variables of the linear
program,h′

1, . . . , h
′
` will correspond to the histogram values at these mesh points, with variableh′

i
representing the number of domain elements that occur with probabilityxi, namelyh′(xi).
A minor complicating issue is that this approach is designedfor the challenging “rare events” regime,
where there are many domain elements each seen only a handfulof times. By contrast if there is a
domain element that occurs very frequently, say with probability 1/2, then the number of times it
occurs will be concentrated about its expectation ofk/2 (and the trivial empirical estimate will be
accurate), though fingerprintFk/2 will not be concentrated about its expectation, as it will take an
integer value of either0, 1 or 2. Hence we will split the fingerprint into the “easy” and “hard” por-
tions, and use the empirical estimator for the easy portion,and our linear programming approach for
the hard portion. The complete algorithm is below (see Appendix D for a Matlab implementation).

Algorithm 1. ESTIMATE UNSEEN

Input: FingerprintF = F1,F2, . . . ,Fm, derived from a sample of sizek,
vectorx = x1, . . . , x` with 0 < xi ≤ 1, and error parameterα > 0.

Output: List of pairs(y1, h′
y1), (y2, h

′
y2), . . . , with yi ∈ (0, 1], andh′

yi ≥ 0.

• Initialize the output list of pairs to be empty, and initialize a vectorF ′ to be equal toF .
• For i = 1 to k,

– If
∑

j∈{i−d
√

ie,...,i+d
√
ie} Fj ≤ 2

√
i [i.e. if the fingerprint is “sparse” at indexi]

SetF ′
i = 0, and append the pair(i/k,Fi) to the output list.

• Let vopt be the objective function value returned by running Linear Program 1 on inputF ′, x.
• Let h be the histogram returned by running Linear Program 2 on input F ′, x, vopt, α.
• For all i s.t.hi > 0, append the pair(xi, hi) to the output list.

Linear Program 1. FIND PLAUSIBLE HISTOGRAM

Input: FingerprintF = F1,F2, . . . ,Fm, derived from a sample of sizek,
vectorx = x1, . . . , x` consisting of a fine mesh of points in the interval(0, 1].

Output: vectorh′ = h′
1, . . . , h

′
`, and objective valuevopt ∈ R.

Let h′
1, . . . , h

′
` andvopt be, respectively, the solution assignment, and corresponding objective function

value of the solution of the following linear program, with variablesh′
1, . . . , h

′
`:

Minimize:
m
∑

i=1

1√
1 + Fi

∣

∣

∣

∣

∣

Fi −
∑̀

j=1

h′
j · poi(kxj , i)

∣

∣

∣

∣

∣

Subject to:
∑`

j=1
xjh

′
j =

∑

i Fi/k, and∀j, h′
j ≥ 0.

Linear Program 2. FIND SIMPLEST PLAUSIBLE HISTOGRAM

Input: FingerprintF = F1,F2, . . . ,Fm, derived from a sample of sizek,
vectorx = x1, . . . , x` consisting of a fine mesh of points in the interval(0, 1],
optimal objective function valuevopt from Linear Program 1, and error parameterα > 0.

Output: vectorh′ = h′
1, . . . , h

′
`.

Let h′
1, . . . , h

′
` be the solution assignment of the following linear program,with variablesh′

1, . . . , h
′
`:

Minimize:
∑`

j=1
h′
j Subject to:

∑m
i=1

1√
1+Fi

∣

∣

∣
Fi −

∑`
j=1

h′
j · poi(kxj , i)

∣

∣

∣
≤ vopt+α,

∑`
j=1

xjh
′
j =

∑

i Fi/k, and∀j, h′
j ≥ 0.

Theorem 1. There exists a constantC0 > 0 and assignment of parameterα := α(k) of Algorithm 1
such that for anyc > 0, for sufficiently largen, given a sample of sizek = c n

logn consisting of
independent draws from a distributionD over a domain of size at mostn, with probability at least
1− e−nΩ(1)

over the randomness in the selection of the sample, Algorithm 13 returns a histogramh′

such that|H(D)−H(h′)| ≤ C0√
c
.

3For simplicity, we prove this statement for Algorithm 1 withthe second bullet step of the algorithm modi-
fied as follows: there is an explicit cutoffN such that the linear programming approach is applied to fingerprint
entriesFi for i ≤ N , and the empirical estimate is applied to fingerprintsFi for i > N .
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The above theorem characterizes the worst-case performance guarantees of the above algorithm in
terms of entropy estimation. The proof of Theorem 1 is rathertechnical and we provide the complete
proof together with a high-level overview of the key components, in Appendix C. In fact, we prove
a stronger theorem—guaranteeing that the histogram returned by Algorithm 1 is close (in a specific
metric) to the histogram of the true distribution; this stronger theorem then implies that Algorithm 1
can accurately estimateanystatistical property that is sufficiently Lipschitz continuous with respect
to the specific metric on histograms.

The information theoretic lower bounds of [1] show that there is some constantC1 such that for
sufficiently largek, no algorithm can estimate the entropy of (worst-case) distributions of support
sizen to within±0.1 with any probability of success greater0.6 when given a sample of size at most
k = C1

n
logn . Together with Theorem 1, this establishes the worst-case optimality of Algorithm 1

(to constant factors).

3 Empirical results

In this section we demonstrate that Algorithm 1 performs well, in practice. We begin by briefly
discussing the five entropy estimators to which we compare our estimator in Figure 1. The first
three are standard, and are, perhaps, the most commonly usedestimators [15]. We then describe two
recently proposed estimators that have been shown to perform well [22].

The “naive” estimator: the entropy of the empirical distribution, namely, given a fingerprintF
derived from a set ofk samples,Hnaive(F) := −∑i Fi

i
k | log2 i

k |.
The Miller-Madow corrected estimator [23]: the naive estimatorHnaive corrected to try to ac-
count for the second derivative of the logarithm function, namelyHMM (F) := Hnaive(F) +
(
∑

i Fi)−1

2k , though we note that the numerator of the correction term is sometimes replaced by vari-
ous related quantities, see [24].

The jackknifed naive estimator [25, 26]:HJK(F) := k ·Hnaive(F)− k−1
k

∑k
j=1 H

naive(F−j),

whereF−j is the fingerprint given by removing the contribution of thejth sample.

The coverage adjusted estimator (CAE) [27]:Chao and Shen proposed the CAE, which is specif-
ically designed to apply to settings in which there is a significant component of the distribution that
is unseen, and was shown to perform well in practice in [22].4 Given a fingerprintF derived from
a set ofk samples, letPs := 1 − F1/k be the Good–Turing estimate of the probability mass of
the “seen” portion of the distribution [9]. The CAE adjusts the empirical probabilities according to
Ps, then applies the Horvitz–Thompson estimator for population totals [28] to take into account the
probability that the elements were seen. This yields:

HCAE(F) := −
∑

i

Fi
(i/k)Ps log2 ((i/k)Ps)

1− (1− (i/k)Ps)
k

.

The Best Upper Bound estimator [15]: The final estimator to which we compare ours is theBest
Upper Bound(BUB) estimator of Paninski. This estimator is obtained by searching for a minimax
linear estimator, with respect to a certain error metric. The linear estimators of [2] can be viewed
as a variant of this estimator with provable performance bounds.5 The BUB estimator requires, as
input, an upper bound on the support size of the distributionfrom which the samples are drawn;
if the bound provided is inaccurate, the performance degrades considerably, as was also remarked
in [22]. In our experiments, we used Paninski’s implementation of the BUB estimator (publicly
available on his website), with default parameters. For thedistributions with finite support, we gave
the true support size as input, and thus we are arguably comparing our estimator to the best–case
performance of the BUB estimator.

See Figure 1 for the comparison of Algorithm 1 with these estimators.

4One curious weakness of the CAE, is that its performance is exceptionally poor on some simple large
instances. Given a sample of sizek from a uniform distribution overk elements, it is not hard to show that
the bias of the CAE isΩ(log k). This error is not even bounded! For comparison, even the naive estimator has
error bounded by a constant in the limit ask → ∞ in this setting. This bias of the CAE is easily observed in
our experiments as the “hump” in the top row of Figure 1.

5We also implemented the linear estimators of [2], though found that the BUB estimator performed better.
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Figure 1: Plots depicting the square root of the mean squared error (RMSE) of each entropy estimator
over 500 trials, plotted as a function of the sample size; note the logarithmic scaling of the x-axis. The
samples are drawn from six classes of distributions: the uniform distribution,Unif [n] that assigns probability
pi = 1/n for i = 1, 2, . . . , n; an even mixture ofUnif [n

5
] and Unif [ 4n

5
], which assigns probability

pi =
5

2n
for i = 1, . . . , n

5
and probabilitypi = 5

8n
for i = n

5
+ 1, . . . , n; the Zipf distributionZipf [n] that

assigns probabilitypi = 1/i
∑n

j=1 1/j
for i = 1, 2, . . . , n and is commonly used to model naturally occurring

“power law” distributions, particularly in natural language processing; a modified Zipf distribution with

power–law exponent0.6, Zipf2[n], that assigns probabilitypi = 1/i0.6
∑n

j=1 1/j0.6
for i = 1, 2, . . . , n; the

geometric distributionGeom[n], which has infinite support and assigns probabilitypi = (1/n)(1− 1/n)i, for
i = 1, 2 . . .; and lastly an even mixture ofGeom[n/2] andZipf [n/2]. For each distribution, we considered
three settings of the parametern: n = 1, 000 (left column),n = 10, 000 (center column), andn = 100, 000
(right column). In each plot, the sample size ranges over theinterval [n0.6, n1.25].

All experiments were run in Matlab. The error parameterα in Algorithm 1 was set to be0.5 for all
trials, and the vectorx = x1, x2, . . . used as the support of the returned histogram was chosen to bea coarse
geometric mesh, withx1 = 1/k2, andxi = 1.1xi−1. The experimental results are essentially unchanged if
the parameterα varied within the range[0.25, 1], or if x1 is decreased, or if the mesh is made more fine (see
Appendix B). Appendix D contains our Matlab implementationof Algorithm 1.

The unseenestimator performs far better than the three standard estimators, dominates the CAE esti-
mator for larger sample sizes and on samples from the Zipf distributions, and also dominates the BUB
estimator, even for the uniform and Zipf distributions for which the BUB estimator received the true support
sizes as input.
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Figure 2:Plots depicting the estimated the total variation distance(`1 distance) between two uniform distri-
butions onn = 10, 000 points, in three cases: the two distributions are identical(left plot, d = 0), the supports
overlap onhalf their domain elements (center plot,d = 0.5), and the distributions have disjoint supports (right
plot, d = 1). The estimate of the distance is plotted along with error bars at plus and minus one standard
deviation; our results are compared with those for the naiveestimator (the distance between the empirical dis-
tributions). Theunseenestimator can be seen to reliably distinguish between thed = 0, d = 1

2
, andd = 1

cases even for samples as small as several hundred.

3.1 Estimating`1 distance and number of words inHamlet

The other two properties that we consider do not have such widely-accepted estimators as entropy,
and thus our evaluation of the unseen estimator will be more qualitative. We include these two exam-
ples here because they are of a substantially different flavor from entropy estimation, and highlight
the flexibility of our approach.

Figure 2 shows the results of estimating the total variationdistance (̀1 distance). Because total
variation distance is a property of two distributions instead of one, fingerprints and histograms are
two-dimensional objects in this setting (see Section 4.6 of[29]), and Algorithm 1 and the linear pro-
grams are extended accordingly, replacing single indices by pairs of indices, and Poisson coefficients
by corresponding products of Poisson coefficients.

Finally, in contrast to the synthetic tests above, we also evaluated our estimator on a real-data prob-
lem which may be seen as emblematic of the challenges in a widegamut of natural language pro-
cessing problems:given a (contiguous) fragment of Shakespeare’sHamlet, estimate the number
of distinct words in the whole play. We use this example to showcase the flexibility of our linear
programming approach—our estimator can be customized to particular domains in powerful and
principled ways by adding or modifying the constraints of the linear program. To estimate the his-
togram of word frequencies inHamlet, we note that the play is of length≈ 25, 000, and thus the
minimum probability with which any word can occur is 1

25,000 . Thus in contrast to our previous
approach of using Linear Program 2 to bound the support of thereturned histogram, we instead
simply modify the input vectorx of Linear Program 1 to contain only probability values≥ 1

25,000 ,
and forgo running Linear Program 2. The results are plotted in Figure 3. The estimates converge
towards the true value of 4268 distinct words extremely rapidly, and are slightly negatively biased,
perhaps reflecting the fact that words appearing close together are correlated.

In contrast to Hamlet’s charge that “there are more things inheaven and earth...than are dreamt of
in your philosophy,” we can say that there are almost exactlyas many things inHamletas can be
dreamt of from 10% ofHamlet.
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Figure 3: Estimates of the total number of distinct word forms in Shakespeare’sHamlet (excluding stage
directions and proper nouns) as a functions of the length of the passage from which the estimate is inferred.
The true value, 4268, is shown as the horizontal line.
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In this Addendum, A) we compare our approach to that of [1] from both a theoretical and practical
standpoint; B) we show that the performance of Algorithm 1 isrobust to variations and choice of
parameters; C) we provide a self-contained proof of (a generalization of) Theorem 1; and D) we
include a Matlab implementation of Algorithm 1.

A Comparison with [1]

The estimators of [1] differ from the one presented here in several respects. First, they require,
as input, an upper bound,n, on the true support size of the distribution from which the sample
was drawn. Second, rather than adopting the two-stage approach of our estimator, which tries to
find the plausible histogram of minimal support size, their approach uses a single linear program,
which simply tries to find a plausible histogram. Specifically, their linear program lacks an objective
function, and only defines a feasible polytope that consistsof all histogramsh′ whose expected
fingerprint is sufficiently close to the observed fingerprint(specifically,|Eh′ [Fi] − Fi| ≤ n.51).
The third difference, which significantly complicates the proof of Theorem 1, is how we quantify
“close to the observed fingerprint”. Our algorithm measuresthe distance between the expected
fingerprint of a histogram, and the observed fingerprint, by weighting the discrepancy in theith
entry by 1√

Fi+1
. This makes intuitive sense, as the variance in theith fingerprint entry is roughly

equal to its expectation (as in a Poisson distribution), andFi is a proxy for the expected value of the
ith fingerprint entry: in short, the objective value of our linear program tries to find a distribution to
fit the data so as to minimize the “total error, measured in units of standard deviations”. The linear
program of [1] simply requires that|Eh′ [Fi] − Fi| ≤ n.51, irrespective of value ofFi. One of the
significant technical hurdles of our proof of Theorem 1 can beroughly viewed as showing that the
results of [1] still hold ifn.51 were instead replaced byn.01

√
Fi + 1.

In Figure 4 we give empirical evidence for the importance of our two-stage approach—in particular,
minimizing the support size while ensuring that the returned histogram still has the property that its
expected fingerprints are close to the observed ones.

B Robustness to modifying parameters

In this section we give strong empirical evidence for the robustness of our approach. Specifically, we
show that the performance of our estimator remains essentially unchanged over large ranges of the
two parameters of our estimator: the choice of mesh points ofthe interval(0, 1] which correspond to
the variables of the linear programs, and the parameterα of the second linear program that dictates
the additional allowable discrepancy between the expectedfingerprints of the returned histogram
and the observed fingerprints.

Additionally, we also consider the variant of the second linear program which is based on a slightly
different interpretation of Occam’s Razor: instead of minimizing the support size of the returned
histogram, we now minimize theentropyof the returned histogram. Note that this is still alinear
objective function, and hence can still be solved by a linearprogram. Formally, recall that the
linear programs have variablesh′

1, . . . , h
′
` corresponding to the histogram values at corresponding

fixed grid pointsx1, . . . , x`. Rather than having the second linear program minimize
∑`

j=1 h
′
j, we

consider replacing the objective function by

Minimize:
∑̀

j=1

h′
j · log

1

xj
.

Note that the quantity
∑`

j=1 h
′
j · log 1

xj
is precisely the entropy corresponding to the histogram

defined byh(xi) = h′
i andh(x) = 0 for all x 6∈ {x1, . . . , x`}. Additionally, this expression is still

a linear function (of the variablesh′
j) and hence we still have a linear program.

Figure 5 depicts the performance of our estimator with five different sets of parameters, as well
as the performance of the estimator with the entropy minimization objective, as described in the
previous paragraph.
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Figure 4: Comparison between our main algorithm using two linear programs, versus running only the first
linear program. Plots depict the square root of the mean squared error (RMSE) of each entropy estimator over
100 trials, plotted as a function of the sample size (note thelogarithmic scaling of the x-axis). The samples
are drawn from a uniform distributionUnif [n] (top row), a Zipf distributionZipf [n] (middle row), and a
geometric distributionGeom[n] (bottom row), forn = 1000 (left column),n = 10, 000 (middle column), and
n = 100, 000 (right column). Note that the estimator obtained by removing the second linear program (the
program that minimizes the support size for “plausible” histograms) performs significantly less consistently
than the proposed two-program estimator, and has performance quirks that depend on the distribution family.
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Figure 5: Plots depicting the square root of the mean squared error (RMSE) of each entropy estimator over
100 trials, plotted as a function of the sample size. The samples are drawn from a uniform distributionUnif [n]
(top row), a Zipf distributionZipf [n] (middle row), and a geometric distributionGeom[n] (bottom row), for
n = 1000 (left column),n = 10, 000 (middle column), andn = 100, 000 (right column). The unseen
estimator with parametersα, c corresponds to setting the error parameterα of Algorithm 1 and the mesh
corresponding to the linear program variables to be a geometrically spaced grid with geometric ratioc; namely,
X = { 1

k2 ,
c
k2 ,

c2

k2 ,
c3

k2 , . . . , }, wherek is the sample size. Note that the performance of the different variants
of the unseenestimator perform nearly identically. In particular, the performance is essentially unchanged if
one makes the granularity of the grid spacing of the mesh of probabilities used in the linear programs more
fine, or slightly more coarse. The performance is also essentially identical if one changes the objective function
of Linear Program 2 to minimize the entropy of the returned histogram (“Unseen-MinEntropy” in the above
plot), rather than minimizing the support size. The performance varies slightly when the error parameterα is
changed, though is reasonably robust to increasing or decreasingα by factors of up to2.
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C Proof of main theorem

We now give a self-contained proof of Theorem 1. In fact, we will prove a more general theorem
that guarantees that Algorithm 1 will, with very high probability, return a histogram which is “close”
to the histogram of the true distribution from which the sample was drawn. In particular, for any
sufficiently “nice” statistical property of the distribution (such as entropy) that is a function of only
the histogram of a distribution, the property value of the histogram returned by our algorithm will
be an accurate approximation of the property value of the true distribution from which the sample
was drawn.

In order to formally state this more general theorem, we now define what it means for two histograms
to be “close”.

Definition 6. For two distributionsp1, p2 with respective histogramsh1, h2, we define therelative
earthmover distancebetween them,R(p1, p2) := R(h1, h2), as the minimum over all schemes of
moving the probability mass of the first histogram to yield the second histogram, of the cost of
moving that mass, where the per-unit mass cost of moving massfrom probabilityx toy is | log(x/y)|.
Formally, for x, y ∈ (0, 1], the cost of movingx · h(x) units of mass from probabilityx to y is
x · h(x)| log x

y |.

One can also define the relative earthmover distance via the following dual formulation (given by
the Kantorovich-Rubinstein theorem, though it can be intuitively seen as exactly what one would
expect from linear programming duality):

R(h1, h2) = sup
f∈R

∑

x:h1(x)+h2(x) 6=0

f(x) · x (h1(x)− h2(x)) ,

whereR is the set of differentiable functionsf : (0, 1] → R, s.t. | d
dxf(x)| ≤ 1

x .

We provide a clarifying example of the above definition:

Example 7. Let p1 = Unif [m], p2 = Unif [`] be the uniform distributions overm and` distinct
elements, respectively.R(p1, p2) = | logm− log `|, since we must take all the probability mass at
probabilityx = 1/m in the histogram corresponding top1, and move it to probabilityy = 1/`, at a
per-unit mass cost of| log m

` | = | logm− log `|.

Throughout, we will restrict our attention to properties that satisfy a weak notion of continuity,
defined via the relative earthmover distance.

Definition 8. A symmetric distribution propertyπ is (ε, δ)-continuousif for all distributionsp1, p2
with respective histogramsh1, h2 satisfyingR(h1, h2) ≤ δ it follows that|π(p1)− π(p2)| ≤ ε.

We note that both entropy and support size are easily seen to be continuous with respect to the
relative earthmover distance.

Fact 9. For a distributionp of support size at mostn, andδ > 0

• The entropy,H(p) := −∑i p(i) · log p(i) is (δ, δ)-continuous, with respect to the relative
earthmover distance.

• The support sizeS(p) := |{i : p(i) > 0}| is (nδ, δ)-continuous, with respect to the relative
earthmover distance, over the set of distributions which have no probabilities in the interval
(0, 1

n ).

C.1 Formal description of algorithm

We now formally state the algorithm to which our theorem applies. The linear program employed
by this algorithm is identical to Linear Program 2 (up to renaming variables). The one difference
between this algorithm, and Algorithm 1 is the manner in which the fingerprint is partitioned into
the “easy” regime for which the empirical estimate is applied, and the “hard” regime for which the
linear programming approach is applied. Here, for simplicity, we analyze the partitioning scheme
that simply chooses a fixed cutoff, and applies the naive empirical estimator to any fingerprint entry
Fi for i above the cutoff, and applies the linear programming approach to the smaller fingerprint
indices.

13



702

703

704

705

706

707

708

709

710

711

712

713

714

715

716

717

718

719

720

721

722

723

724

725

726

727

728

729

730

731

732

733

734

735

736

737

738

739

740

741

742

743

744

745

746

747

748

749

750

751

752

753

754

755

For clarity of exposition, we state the algorithm in terms ofthree positive constants,B, C, andD,
which can be defined arbitrarily provided the following inequalities hold:

0.1 > B > C > B(1
2
+D) >

B
2
> D > 0.

Linear Program 3.
Given ak-sample fingerprintF :

• Define the setX := { 1

k2 ,
2

k2 ,
3

k2 , . . . ,
kB

+kC

k
}.

• For eachx ∈ X, define the associated LP variablevx.

The linear program is defined as follows:

Minimize
∑

x∈X

vx, (minimize support size)

Subject to:

•
∑kB

i=1

1√
Fi+1

∣

∣Fi −
∑

x∈X poi(kx, i)vx
∣

∣ ≤ k2B (expected fingerprints ofvx are close toF)

•
∑

x∈X x · vx +
∑k

i=kB+2kC
i
k
Fi = 1 (total prob. mass= 1)

• ∀x ∈ X, vx ≥ 0 (histogram entries are non-negative)

Algorithm 2. ESTIMATE UNSEEN

Input: k-sample fingerprintF .
Output: Generalized histogramgLP .

• Let v = (vx1 , vx2 , . . .) be the solution to Linear Program 3, on inputF .
• Let gLP be the generalized histogram formed by settinggLP (xi) = vxi for all i, and then for

each integerj ≥ kB + 2kC , incrementinggLP (
j
k
) byFj .

The following theorem characterizes the performance of theabove algorithm. Theorem 1 follows
immediately from the following theorem, together with Fact9 which shows that if two histograms
are close in relative earthmover distance, then their entropies are comparably close.

Theorem 2. For any c > 0, for sufficiently largen, given a sample of sizek = c n
log n consisting

of independent draws from a distributionp ∈ Dn, with probability at least1 − e−nΩ(1)

over the
randomness in the selection of the sample, Algorithm 2 returns a generalized histogramgLP such
that

R(p, gLP ) ≤ O

(

1√
c

)

.

C.2 Proof approach

The proof of Theorem 2 decomposes into three main parts. The first part of the proof argues that
with high probability (over the randomness in the independent draws of the sample) the sample will
be a “faithful” sample from the distribution—no domain element occurs too much more frequently
than one would expect, and the fingerprint entries are reasonably close to their expected values. This
part of the proof, while slightly tedious, follows relatively easily from a series of Chernoff bounds.
Having thus compartmentalized the probabilistic component of our theorem, we will then argue that
Algorithm 2 will be successful whenever it receives a “faithful” sample as input.

The second component of the proof argues that (provided the sample in question is “faithful”), the
histogram of the true distribution, rounded so as to be supported at values in the setX of probabilities
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corresponding to the linear program variables, is a feasible point of Linear Program 3. (And has ob-
jective function value roughly equal to the true support size, since the rounding will not significantly
alter the support size.)

The final component of the proof will then argue that, givenany two feasible points of Linear
Program 3 that both have reasonably small objective function value, they must be close in relative
earthmover distance. Since we have already established that the histogram of the true distribution
(appropriately rounded) will be feasible, and will have small objective function value, it will follow
that the solution output by the linear program (which can only have smaller objective function value),
must be close to the histogram of the true distribution. Thiscomponent of the proof closely follows
that of [1], and crucially leverages a similar “Chebyshev Bump” construction, though we provide a
slightly simplified proof of the key lemmas here for completeness.

C.3 A feasible point

The following condition defines what it means for a sample from a distribution to be “faithful”:

Definition 10. A sample of sizek with fingerprintF , drawn from a distributionp with histogramh,
is said to befaithful if the following conditions hold:

• For all i,
∣

∣

∣

∣

∣

∣

Fi −
∑

x:h(x) 6=0

h(x) · poi(kx, i)

∣

∣

∣

∣

∣

∣

≤ max
(

F
1
2+D
i , kB( 1

2+D)
)

.

• For all domain elementsi, lettingp(i) denote the true probability ofi, the number of times
i occurs in the sample fromp differs from its expectation ofk · p(i) by at most

max
(

(k · p(i))
1
2+D , kB( 1

2+D)
)

.

The following lemma follows easily from basic tail bounds onPoisson random variables, and Cher-
noff bounds.

Lemma 11. There is a constantγ > 0 such that for sufficiently largek, a sample of sizek consisting
of independent draws from a fixed distribution is “faithful”with probability at least1− e−kγ

.

Proof. We first analyze the case of aPoi(k)-sized sample drawn from a distribution with histogram
h. Thus

E[Fi] =
∑

x:h(x) 6=0

h(x)poi(kx, i).

Additionally, the number of times each domain element occurs is independent of the number of
times the other domain elements occur, and thus each fingerprint entryFi is the sum of independent
random0/1 variables, representing whether each domain element occurred exactlyi times in the
sample (i.e. contributing1 towardsFi). By independence, Chernoff bounds apply.

We split the analysis into two cases, according to whetherE[Fi] ≥ kB. If E[Fi] < kB, we have

thatPr
[

|Fi − E[Fi]| ≥ kB( 1
2+D)

]

is monotonically increasing as a function ofE[Fi], and hence

for anyE[Fi] < kB, this probability is bounded by considering the case thatE[Fi] = kB; in this
case, Chernoff bounds yield:

Pr
[

|Fi − E[Fi]| ≥ E[Fi]
1
2+D

]

≤ 2e

(

1

E[Fi]
1/2−D

)2
E[Fi]

3
= 2e

E[Fi]
2D

3 = 2ek
2BC/3.

In the case thatE[Fi] ≥ kB, we have thatPr
[

|Fi − E[Fi]| ≥ E[Fi]
1
2+D

]

is monotonically decreas-

ing as a function ofE[Fi], and hence this quantity is also bounded by the above Chernoffbound in
the case thatE[Fi] = kB. A union bound over the firstk fingerprints shows that the probability
that given a sample (consisting ofPoi(k) draws), the probability that any of the fingerprint entries

violate the first condition offaithful is at mostk · 2e−k2BD

3 ≤ e−kΩ(1)

.
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For the second condition of “faithful”, by basic tail boundsfor the Poisson distribution,Pr[|Poi(x)−
x| > x

1
2+D] ≤ e−xΩ(1)

), hence forx = k ·p(i) ≥ kB, the probability that the number of occurrences
of domain elementi differs from its expectation ofk · p(i) by at least(k · p(i)) 1

2+D is bounded by
e−kΩ(1)

. In the case thatx = k · p(i) < kB,

Pr[|Poi(x) − x| > kB( 1
2+D)] ≤ Pr[|Poi(kB)− kB| > kB( 1

2+D)] ≤ e−kΩ(1)

.

Thus we have shown that provided we are considering a sample of sizePoi(k), the probability that

the conditions hold is at least1−e−kΩ(1)

. To conclude, note thatPr[Poi(k) = k] > 1
3
√
k
, and hence

the probability that the conditions do not hold for a sample of size exactlyk (namely, the probability
that they do not hold for a sample of sizePoi(k), conditioned on the sample size being exactlyk),

is at most a factor of3
√
k larger, and hence this probability of failure is stille−kΩ(1)

, as desired.

The following lemma guarantees that, provided the sample is“faithful”, the corresponding instance
of Linear Program 3 admits a feasible point with small objective function value. Furthermore, there
exists at least one such near-optimal point which, when regarded as a histogram, is extremely close
to the histogram of the true distribution from which the sample was drawn.

Lemma 12. For sufficiently largek, and n < k1+B/2: given a distribution of support size at
mostn with histogramh, and a “faithful” sample of sizek with fingerprintF , Linear Program 3
corresponding toF has a feasible pointv′ with objective value at most2n, such thatv′ is close to
the true histogramh in the following sense:

R(h, hv′) ≤ O(kC−B + kB(−1/2+D) log k) = O(
1

kΩ(1)
),

wherehv′ is the generalized histogram that would be returned by Algorithm 2 if v′ were used in
place of the solution to the linear program,v; namelyhv′ is obtained fromv′ by appending the
distribution of the empirical fingerprint entriesFi for i ≥ kB + 2kC.

Recall that the linear program aims to find distributions that “could reasonably have generated” the
observed fingerprintF . Following this intuition, we will show that, provided the sample is faithful,
the true distribution,h, minimally modified, will in fact be such a feasible pointv′.

Roughly,v′ will be defined by taking the portion ofh with probabilities at mostk
B+kC

k and rounding
the support ofh to the closest multiple of1/k2, so as to be supported at points in the setX =
{1/k2, 2/k2, . . .}. We will then need to adjust the total probability mass accounted for in v′ so
as to ensure that the second constraint of the linear programis satisfied, namely the total (implicit)
probability mass is 1; this adjusting of mass must be accomplished while ensuring that the fingerprint
expectations do not change significantly, so as to ensure that the first constraint of the linear program
is satisfied.

The objective function value ofv′ will easily be bounded by2n, since we are assuming that the
support size of the distribution corresponding to the true histogram,h, is bounded byn, and the
rounding will at most double this value. To argue thatv′ is a feasible point of the linear program,
we note that the meshX is sufficiently fine so as to guarantee that the rounding of thesupport of
a histogram to probabilities that are integer multiples of1/k2 does not greatly change the expected
fingerprints, and hence the expected fingerprint entries associated withv′ will be close to those of
h. Our definition of “faithful” guarantees that all fingerprint entries are close to their expectations,
and hence the first condition of the linear program will be satisfied. (Intuitively, the reader should
be convinced that there issomesuitably fine mesh for which rounding issues are benign; there is
nothing special about1/k2 except that it simplifies some of the proof.)

To bound the relative earthmover distance between the true histogramh and the histogramhv′

associated tov′, we first note that the portion ofhv′ corresponding to probabilities belowk
B+kC

k

will be extremely similar toh, because it was created fromh. For probabilities abovek
B+2kC

k ,
hv′ andh will be similar because these “frequently-occurring” elements will appear close to their
expected number of times, by the second condition of “faithful” and hence the relative earthmover
distance between the empirical histogram and the true histogram in this frequently-occurring region
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will also be small. Finally, the only remaining region is therelatively narrow intermediate region
of probabilities, which is narrow enough so that probability mass can be moved arbitrarily within
this intermediate region while incurring minimal relativeearthmover cost. The formal proof of
Lemma 12 containing the details of this argument is given below.

Proof of Lemma 12.We explicitly definev′ as a function of the true histogramh and fingerprint of
the sample,F , as follows:

1. Defineh′ such thath′(x) = h(x) for all x ≤ kB+kC

k , andh′(x) = 0 for all x > kB+kC

k .

2. Initializev′ to be0, and for eachx ≥ 1/k2 s.t. h′(x) 6= 0 incrementv′x̄ by h′(x), where
x̄ = max(z ∈ X : z ≤ x) is x rounded down to the closest point in the setX =
{1/k2, 2/k2, . . .}.

3. Letm :=
∑

x∈X xv′x +mF , wheremF :=
∑

i≥kB+2kC
i
kFi. If m < 1, incrementv′y by

(1 −m)/y, wherey = kB+kC

k . Otherwise, ifm ≥ 1, for all x ∈ X scalev′x by a factor of
s = 1−mF

m−mF
, after which the total probability massmF +

∑

x∈X xv′x will be 1.

We first note that the above procedure is well-defined, sincemF ≤ 1, and hence, whenm > 1 and
the scaling factors is applied,s will be positive.

We now argue thatv′ is a feasible point of the linear program. Note that by construction, the second
and third conditions of the linear program are trivially satisfied. We now consider the first condition
of the linear program. Note that sinceC > 1

2B, we have
∑

i≤kB poi(kB + kC , i) = o(1/k), so the

fact that we are truncatingh at probabilitykB+kC

k in the first step in our construction ofv′, has little
effect on the firstkB “expected fingerprints”: specifically, fori ≤ kB,

∑

x:h(x) 6=0

(h′(x) − h(x)) poi(kx, i) = o(1).

Together with the first condition of the definition of faithful, by the triangle inequality, for eachi,

1√
Fi + 1

∣

∣

∣

∣

∣

∣

Fi −
∑

x:h′(x) 6=0

h′(x)poi(kx, i)

∣

∣

∣

∣

∣

∣

≤ max
(

FD
i , kB( 1

2+D)
)

+ o(1).

We now bound the analyze how the discretization contributesto the first constraint of the linear
program. To this end, note that

∣

∣

d
d xpoi(kx, i)

∣

∣ ≤ k, and since we are discretizing to multiples of
1/k2, the discretization alters the contribution of each domainelement to each “expected finger-
print” by at mostk/k2 = 1/k (including those domain elements with probability< 1/k2 which
are effectively rounded to 0). Thus, since the support size is bounded byn, the discretization al-
ters each “expected fingerprint” by at mostn/k, and thus contributes at mostkB n

k to the quantity
∑kB

i=1
1√

Fi+1

∣

∣Fi −
∑

x∈X poi(kx, i)v′x
∣

∣ .

To conclude our analysis of the first condition of the linear program forv′, we consider the effect of
the final adjustment of probability mass in the constructionof v′. In the case thatm ≤ 1, wherem is
the amount of mass inv′ before the final adjustment (as defined in the final step in the construction
of v′), mass is added tov′y , wherey = kB+kC

k , and thus since
∑

i≤kB poi(ky, i) = o(1/k), this
added mass—no matter how much—alters each

∑

x∈X v′xpoi(kx, i) by at mosto(1).

The case wherem > 1, and we must scale down the low-frequency portion of the distribution by
the quantitys < 1, involves a more delicate analysis. We first bounds in such a way that we
can leverage the definition of “faithful”. Recall that by definition at the start of the third step of

the construction ofv′, we haves = 1−mF

m−mF
=

∑

i<kB+2kC
i
kFi

∑

x∈X xv′
x

. We lowerbound this expression

via an upperbound on the denominator, noting that
∑

x∈X xv′x is at most the total probability mass

below frequencyk
B+kC

k in the true histogramh, which by Poisson tail bounds is at mosto(1/k)

less than the total mass implied by expected fingerprints up to kB + 2kC . Namely, lettingE[Fi] =
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∑

x:h(x) 6=0 h(x) · poi(kx, i) be the expected fingerprints of sampling from the true distribution, we

haves ≥
∑

i<kB+2kC
i
kFi

∑

i<kB+2kC
i
k E[Fi]

− o(1/k).

We bound this expression using the definition of “faithful”:for eachi, we haveE[Fi] ≤ Fi +

max
(

F
1
2+D
i , kB( 1

2+D)
)

≤ Fi + F
1
2+D
i + kB( 1

2+D). To bounds, we must bound the sum of these

terms, each scaled byik . Becausex
1
2+D is a concave function, and lettingz :=

∑

i<kB+2kC
i
k =

O(k
2B

k ), Jensen’s inequality gives that
∑

i<kB+2kC
i
kF

1
2+D
i ≤ z

(

1
z

∑

i<kB+2kC
i
kFi

)
1
2+D

. Thus,
defining the mass implied by the low-frequency fingerprints to bemS :=

∑

i<kB+2kC
i
kFi, we

bound one over the expression in our bound fors as
∑

i<kB+2kC
i
k E[Fi]

∑

i<kB+2kC
i
kFi

≤ 1 +
(

z
mS

)
1
2−D

+

kB( 1
2+D) z

mS
. Thus s is at least 1 over this last expression, minuso(1/k), which we bound

via the inequality 1
1+x ≥ 1 − x (for positive x) as: s ≥ 1 − O(k(2B−1)( 1

2−D))m
−( 1

2−D)

S −
O(k2B+B( 1

2+D)−1)/mS .

Recall thatv′ is scaled bys at the end of the third step of its construction, and thus to analyze
the contribution of this scaling to the first constraint of the linear program, we bound the total

quantity which will be scaled in the first constraint function,
∑kB

i=1
1√

Fi+1

∑

x∈X poi(kx, i)v′x at
the beginning of step 3. We make use of the bounds on the first constraint derived above, for eachi:

1√
Fi + 1

∣

∣

∣

∣

∣

∣

Fi −
∑

x:h′(x) 6=0

poi(kx, i)v′x

∣

∣

∣

∣

∣

∣

≤ max
(

FD
i , kB( 1

2+D)
)

+
n

k
+ o(1),

which can be rearranged to

1√
Fi + 1

∑

x:h′(x) 6=0

poi(kx, i)v′x ≤ Fi√
Fi + 1

+max
(

FD
i , kB( 1

2+D)
)

+
n

k
+ o(1)

≤
√

Fi +O(kB( 1
2+D)).

The Cauchy–Schwarz inequality yields that
∑

i≤kB

√
Fi ≤

√

∑

i≤kB
i
kFi

√

∑

i≤kB
k
i , which is

bounded by
√
mSO(

√
k log k).

Thus scaling bys in step 3 modifies the first constraint of the linear program byat most the product
of s− 1 and 1√

Fi+1

∑

x:h′(x) 6=0 poi(kx, i)v
′
x, which we have thus bounded as

min
(

1, O(k(2B−1)( 1
2−D))m

−( 1
2−D)

S +O(k2B+B( 1
2+D)−1)/mS

)(√
mSO(

√

k log k) +O(kB( 3
2+D))

)

.

WhenmS < k3B−1, we bound the left parenthetical expression by 1 and the right expression is
bounded byO(

√

k3B log k + kB( 3
2+D)) = O(kB( 3

2+D)).

Otherwise, whenmS ∈ [k3B−1, 1], we bound the product of the first parentheti-
cal with the rightmost termO(kB( 3

2+D)) by simply O(kB( 3
2+D)). We bound the re-

maining two cross-terms asO(k(2B−1)( 1
2−D))m

−( 1
2−D)

S

√
mSO(

√
k log k) ≤ O(kB+D) and

O(k2B+B( 1
2+D)−1)/mS

√
mSO(

√
k log k) ≤ O(kB(1+D)). Thus the total contribution of the scal-

ing bys to the first constraint isO(kB( 3
2+D)).

Thus for large enoughk, the first constraint will always be less thank2B

We now turn to analyzing the relative earthmover distanceR(h, hv′). Consider applying the fol-
lowing earthmoving scheme tohv′ to yield a new generalized histogramg. The following scheme
applies in the case that no probability mass was scaled down fromv′ in the final step of its construc-
tion; in the case thatv′ was scaled down, we consider applying the same earthmoving scheme, with
the modification that one never moves more thanxhv′(x) mass from locationx.
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• For eachx ≤ kB+kC

k , move x̄h(x) units of probability from location̄x to x, where as
above,x̄ = max(z ∈ X : z ≤ x) is x rounded down to the closest point in setX =
{1/k2, 2/k2, . . .}.

• For each domain elementi that occursj ≥ kB + 2kC times, movejk units of probability
mass from locationjk to locationp(i), wherep(i) is the true probability of domain element
i.

By our construction ofhv′ , it follows that the above earthmoving scheme is a valid scheme to apply
tohv′ , in the sense that it never tries to move more mass from a pointthan was at that point. Andg is
the generalized histogram resulting from applying this scheme tohv′ . We first show thatR(hv′ , g)
is small, since probability mass is only moved relatively small distances. We will then argue that
R(g, h) is small: roughly, this follows from first noting thatg andh will be very similar below

probability valuekB+kC

k , and from the second condition of “faithful”g andh will also be quite

similar above probabilityk
B+4kB

k . Thus the bulk of the disparity betweeng andh is in the very
narrow intermediate region, within which mass may be moved at the small per-unit-mass cost of

log kB+O(kC)
kB ≤ O(kC−B).

We first seek to boundR(hv′ , g). To bound the cost of the first component of the scheme, con-

sider somex ≥ k1/2

k2 . The per-unit-mass cost of applying the scheme at locationx is bounded by
log x

x−1/k2 < 2k−1/2. From the bound on the support size ofh and the construction ofhv′ , the total

probability mass inhv′ at probabilitiesx ≤ k1/2

k2 is at most n
k3/2 < kB/2−1/2, and hence this mass

can be moved anywhere at costkB/2−1/2 log(k2). To bound the second component of the scheme,
by the second condition of “faithful” for each of these frequently-occurring domain elements that
occurj ≥ kB + 2kC times with true probabilityp(i), we have that|k · p(i) − j| ≤ (k · p(i)) 1

2+D,

and hence the per-unit-mass cost of this portion of the scheme is bounded bylog kB−kB( 1
2
+D)

kB ≤
O(kB(− 1

2+D)), which dominates the cost of the first portion of the scheme. Hence

R(hv′ , g) ≤ O(kB(− 1
2+D)).

We now considerR(h, g). To this end, we will show that
∑

x 6∈[kB−1, k
B+4kC

k ]

x|h(x) − g(x)| ≤ O(kB(−1/2+D)).

First, consider the case that there was no scaling down ofv′ in the final step of the construction.
Forx ≤ kB−1, we haveg(x) = x̄

xh(x), and hence forx > k1/2

k2 , |h(x) − g(x)| ≤ h(x)k−1/2. On
the other hand,

∑

x≤ k1/2

k2

xh(x) ≤ k−1/2+B/2, since the support size ofh is at mostn ≤ k1+B/2.

Including the possible removal of at mostk−1/2+D units of mass during the scaling in the final step
of constructingv′, we have that

∑

x≤kB−1

x|h(x) − g(x)| ≤ O(k−1/2+B/2).

We now consider the “high probability” regime. From the second condition of “faithful”, for each
domain elementi whose true probability isp(i) ≥ kB+4kC

k , the number of timesi occurs in the

faithful sample will differ from its expectationk · p(i) by at most(k · p(i)) 1
2+D. Hence from our

condition thatC > B(12 + D) this element will occur at leastkB + 2kC times, in which case it
will contribute to the portion ofhv′ corresponding to the empirical distribution. Thus for eachsuch
domain element, the contribution to the discrepancy|h(x)−g(x)| is at most(k ·p(i))−1/2+D. Hence
∑

x≥kB−1+4kC−1 x|h(x) − g(x)| ≤ kB(−1/2+D), yielding the claim that
∑

x 6∈[kB−1, k
B+4kC

k ]

x|h(x) − g(x)| ≤ O(kB(−1/2+D)).
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To conclude, note that all the probability mass ing andh at probabilities below1/k2 can be moved
to location1/k2 incurring a relative earthmover cost bounded bymaxx≤1/k2 nx| log xk2| ≤ n

k2 ≤
kB/2

k . After such a move, the remaining discrepancy betweeng(x) andh(x) for x 6∈ [k
B

k , kB+4kC

k ]

can be moved to probabilitykB/k at a per-unit-mass cost of at mostlog k2, and hence a total cost
of at mostO(kB(−1/2+D) log k2). After this move, the only region for whichg(x) andh(x) differ
is the narrow region withx ∈ [k

B

k , kB+4kC

k ], within which mass may be moved arbitrarily at a total
cost oflog(1 + 4kC−B) ≤ O(kC−B). Hence we have

R(h, hv′) ≤ R(h, g) +R(g, hv′) ≤ O(kC−B + kB(−1/2+D) log k).

C.4 Similar expected fingerprints imply similar histograms

In this section we argue that if two histogramsh1, h2 corresponding to distributions with support size
at mostO(n) have the property that their expected fingerprints derived fromPoi(k)-sized samples
are very similar, thenR(h1, h2) must be small. This will guarantee that any two feasible points of
Linear Program 3 that both have small objective function values correspond to histograms that are
close in relative earthmover distance. The previous section established the existence of a feasible
point with small objective function value that is close to the true histogram, hence by the triangle
inequality, all such feasible points must be close to the true histogram; in particular, the optimal
point—the solution to the linear program—will correspond to a histogram that is close to the true
histogram of the distribution from which the sample was drawn, completing our proof of Theorem 2.

We define a class of earthmoving schemes, which will allow us to directly relate the relative earth-
mover cost of two distributions to the discrepancy in their respective fingerprint expectations. The
main technical tool is a Chebyshev polynomial construction, though for clarity, we first describe a
simpler scheme that provides some intuition for the Chebyshev construction. We begin by describ-
ing the form of our earthmoving schemes; since we hope to relate the cost of such schemes to the
discrepancy in expected fingerprints ofPoi(k)-sized samples, we will require that the schemes be
formulated in terms of the Poisson functionspoi(kx, i).

Definition 13. For a givenk, a β-bump earthmoving schemeis defined by a sequence of positive
real numbers{ci}, the bump centers, and a sequence of functions{fi} : (0, 1] → R such that
∑∞

i=0 fi(x) = 1 for eachx, and each functionfi may be expressed as a linear combination of
Poisson functions,fi(x) =

∑∞
j=0 aijpoi(kx, j), such that

∑∞
j=0 |aij | ≤ β.

Given a generalized histogramh, the scheme works as follows: for eachx such thath(x) 6= 0,
and each integeri ≥ 0, movexh(x) · fi(x) units of probability mass fromx to ci. We denote the
histogram resulting from this scheme by(c, f)(h).

Definition 14. A bump earthmoving scheme(c, f) is [ε, n]-goodif for any generalized histogramh
of support size

∑

x h(x) ≤ n, the relative earthmover distance betweenh and(c, f)(h) is at mostε.

The crux of the proof of correctness of our estimator is the explicit construction of a surprisingly
good earthmoving scheme. We will show that for anyk andn = δk log k for someδ ∈ [1/ log k, 1],
there exists an[O(

√
δ), n]-goodO(k0.3)-bump earthmoving scheme. In fact, we will construct a

single scheme for allδ. We begin by defining a simple scheme that illustrates the keyproperties of
a bump earthmoving scheme, and its analysis.

Perhaps the most natural bump earthmoving scheme is where the bump functionsfi(x) = poi(kx, i)
and the bump centersci = i

k . For i = 0, we may, for example, setc0 = 1
2k so as to avoid a

logarithm of 0 when evaluating relative earthmover distance. This is a valid earthmoving scheme
since

∑∞
i=0 fi(x) = 1 for anyx.

The motivation for this construction is the fact that, for any i, the amount of probability mass that
ends up atci in (c, f)(h) is exactlyi+1

k times the expectation of thei+ 1st fingerprint in aPoi(k)-
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sample fromh:

((c, f)(h)) (ci) =
∑

x:h(x) 6=0

h(x)x · fi(x) =
∑

x:h(x) 6=0

h(x)x · poi(kx, i)

=
∑

x:h(x) 6=0

h(x) · poi(kx, i + 1)
i+ 1

k

=
i+ 1

k

∑

x:h(x) 6=0

h(x) · poi(kx, i+ 1).

Consider applying this earthmoving scheme to two histograms h, g with nearly identical finger-
print expectations. Lettingh′ = (c, f)(h) andg′ = (c, f)(g), by definition bothh′ andg′ are
supported at the bump centersci, and by the above equation, for eachi, |h′(ci) − g′(ci)| =
i+1
k |
∑

x(h(x) − g(x))poi(kx, i + 1)|, where this expression is exactlyi+1
k times the difference

between thei + 1st fingerprint expectations ofh andg. In particular, ifh andg have nearly iden-
tical fingerprint expectations, thenh′ andg′ will be very similar. Analogs of this relation between
R ((c, f)(g), (c, f)(h)) and the discrepancy between the expected fingerprint entries correspond-
ing tog andh will hold for any bump earthmoving scheme,(c, f). Sufficiently “good” earthmoving
schemes (guaranteeing thatR(h, h′) andR(g, g′) are small) thus provides a powerful way of bound-
ing the relative earthmover distance between two distributions in terms of the discrepancy in their
fingerprint expectations.

The problem with the “Poisson bump” earthmoving scheme described in the previous paragraph
is that it not very “good”: it incurs a very large relative earthmover cost, particularly for small
probabilities. This is due to the fact that most of the mass that starts at a probability below1k
will end up in the zeroth bump, no matter if it has probabilitynearly 1

k , or the rather lower1n .
Phrased differently, the problem with this scheme is that the first few “bumps” are extremely fat.
The situation gets significantly better for higher Poisson functions: most of the mass ofPoi(i) lies
within relative distanceO( 1√

i
) of i, and hence the scheme is relatively cheap for larger probabilities

x � 1
k . We will therefore construct a scheme that uses regular Poisson functionspoi(kx, i) for

i ≥ O(log k), but takes great care to construct “skinnier” bumps below this region.

The main tool of this construction of skinnier bumps is the Chebyshev polynomials. For each in-
tegeri ≥ 0, the ith Chebyshev polynomial, denotedTi(x), is the polynomial of degreei such
thatTi(cos(y)) = cos(i · y). Thus, up to a change of variables, any linear combination ofcosine
functions up to frequencys may be re-expressed as the same linear combination of the Chebyshev
polynomials of orders0 throughs. Given this, constructing a “good” earth-moving scheme is an
exercise in trigonometric constructions.

Before formally defining our bump earthmoving scheme, we give a rough sketch of the key features.
We define the scheme with respect to a parameters = O(log k). For i > s, we use the fat Poisson
bumps: that is, we define the bump centersci =

i
k and functionsfi = poi(kx, i). Fori ≤ s, we will

use skinnier “Chebyshev bumps”; these bumps will have roughly quadratically spaced bump centers
ci ≈ i2

k log k , with the width of theith bump roughly i
k log k (as compared to the larger width of

√
i

k of
the ith Poisson bump). At a high level, the logarithmic factor improvement in ourO( n

logn ) bound
on the sample size necessary to achieve accurate estimationarises because the first few Chebyshev
bumps have widthO( 1

k log k ), in contrast to the first Poisson bump,poi(kx, 1), which has width

O( 1k ).

Definition 15. TheChebyshev bumpsare defined in terms ofk as follows. Lets = 0.2 log k. Define
g1(y) =

∑s−1
j=−s cos(jy). Define

g2(y) =
1

16s

(

g1(y − 3π

2s
) + 3g1(y − π

2s
) + 3g1(y +

π

2s
) + g1(y +

3π

2s
)

)

,

and, fori ∈ {1, . . . , s − 1} definegi3(y) := g2(y − iπ
s ) + g2(y + iπ

s ), andg03 = g2(y), andgs3 =

g2(y+π). Letti(x) be the linear combination of Chebyshev polynomials so thatti(cos(y)) = gi3(y).
We thus defines + 1 functions, the “skinny bumps”, to beBi(x) = ti(1 − xk

2s )
∑s−1

j=0 poi(xk, j),

for i ∈ {0, . . . , s}. That is,Bi(x) is related togi3(y) by the coordinate transformationx = 2s
k (1 −

cos(y)), and scaling by
∑s−1

j=0 poi(xk, j).
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The Chebyshev bumps of Definition 15 are “third order”; if, instead, we had con-
sidered the analogous less skinny “second order” bumps by defining g2(y) :=
1
8s

(

g1(y − π
s ) + 2g1(y) + g1(y +

π
s )
)

, then the results would still hold, though the proofs
are slightly more cumbersome.

Definition 16. TheChebyshev earthmoving schemeis defined in terms ofk as follows: as in Defi-
nition 15, lets = 0.2 log k. For i ≥ s+ 1, define theith bump functionfi(x) = poi(kx, i− 1) and
associated bump centerci = i−1

k . For i ∈ {0, . . . , s} let fi(x) = Bi(x), and for i ∈ {1, . . . , s},
define their associated bump centersci =

2s
k (1− cos( iπs )), and letc0 := c1.

The following lemma characterizes the key properties of theChebyshev earthmoving scheme.
Namely, that the scheme is, in fact, an earthmoving scheme, that each bump can be expressed as
a low-eight linear combination of Poisson functions, and that the scheme incurs a small relative-
earthmover cost.

Lemma 17. The Chebyshev earthmoving scheme, of Definition 16 has the following properties:

• For anyx ≥ 0,
∑

i≥0

fi(x) = 1,

hence the Chebyshev earthmoving scheme is a valid earthmoving scheme.

• EachBi(x) may be expressed as
∑∞

j=0 aijpoi(kx, j) for aij satisfying

∞
∑

j=0

|aij | ≤ 2k0.3.

• The Chebyshev earthmoving scheme is[O(
√
δ), n]-good, forn = δk log k, andδ ≥ 1

log k .

The proof of the above lemma is quite involved, and we split its proof into a series of lemmas. The
first lemma below shows that the Chebyshev scheme is a valid earthmoving scheme (the first bullet
in the above lemma):

Lemma 18. For anyx

s
∑

i=−s+1

g2(x+
πi

s
) = 1, and

∞
∑

i=0

fi(x) = 1.

Proof. g2(y) is a linear combination of cosines at integer frequenciesj, for j = 0, . . . , s, shifted by
±π/2s and±3π/s2. Since

∑s
i=−s+1 g2(x + πi

s ) sums these cosines over all possible multiples of
π/s, we note that all but the frequency 0 terms will cancel. Thecos(0y) = 1 term will show up once
in eachg1 term, and thus1 + 3 + 3 + 1 = 8 times in eachg2 term, and thus8 · 2s times in the sum
in question. Together with the normalizing factor of16s, the total sum is thus1, as claimed.

For the second part of the claim,

∞
∑

i=0

fi(x) =





s
∑

j=−s+1

g2(cos
−1

(

xk

2s
− 1

)

+
πj

s
)





s−1
∑

j=0

poi(xk, j) +
∑

j≥s

poi(xk, j)

= 1 ·
s−1
∑

j=0

poi(xk, j) +
∑

j≥s

poi(xk, j) = 1.

We now show that each Chebyshev bump may be expressed as a low-weight linear combination of
Poisson functions.
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Lemma 19. EachBi(x) may be expressed as
∑∞

j=0 aijpoi(kx, j) for aij satisfying

∞
∑

j=0

|aij | ≤ 2k0.3.

Proof. Consider decomposinggi3(y) into a linear combination ofcos(`y), for ` ∈ {0, . . . , s}. Since
cos(−`y) = cos(`y), g1(y) consists of one copy ofcos(sy), two copies ofcos(`y) for each`
between 0 ands, and one copy ofcos(0y); g2(y) consists of (116s times) 8 copies of differentg1(y)’s,
with some shifted so as to introduce sine components, but these sine components are canceled out
in the formation ofgi3(y), which is a symmetric function for eachi. Thus since eachg3 contains
at most twog2’s, eachgi3(y) may be regarded as a linear combination

∑s
`=0 cos(`y)bi` with the

coefficients bounded as|bi`| ≤ 2
s .

Sinceti was defined so thatti(cos(y)) = gi3(y) =
∑s

`=0 cos(`y)bi`, by the definition of Cheby-
shev polynomials we haveti(z) =

∑s
`=0 T`(z)bi`. Thus the bumps are expressed asBi(x) =

(
∑s

`=0 T`(1− xk
2s )bi`

)

(

∑s−1
j=0 poi(xk, j)

)

. We further express each Chebyshev polynomial via its

coefficients asT`(1− xk
2s ) =

∑`
m=0 β`m(1− xk

2s )
m and then expand each term via binomial expan-

sion as(1− xk
2s )

m =
∑m

q=0(−xk
2s )

q
(

m
q

)

to yield

Bi(x) =

s
∑

`=0

∑̀

m=0

m
∑

q=0

s−1
∑

j=0

β`m

(

−xk

2s

)q (
m

q

)

bi` poi(xk, j).

We note that in general we can reexpressxq poi(xk, j) = xq xjkje−xk

j! = poi(xk, j+q) (j+q)!
j!kq , which

finally lets us expressBi as a linear combination of Poisson functions, for alli ∈ {0, . . . , s}:

Bi(x) =

s
∑

`=0

∑̀

m=0

m
∑

q=0

s−1
∑

j=0

β`m

(

− 1

2s

)q (
m

q

)

(j + q)!

j!
bi` poi(xk, j + q).

It remains to bound the sum of the absolute values of the coefficients of the Poisson functions. That
is, by the triangle inequality, it is sufficient to show that

s
∑

`=0

∑̀

m=0

m
∑

q=0

s−1
∑

j=0

∣

∣

∣

∣

β`m

(

− 1

2s

)q (
m

q

)

(j + q)!

j!
bi`

∣

∣

∣

∣

≤ 2k0.3

We take the sum overj first: the general fact that
∑`

m=0

(

m+i
i

)

=
(

i+`+1
i+1

)

implies that
∑s−1

j=0
(j+q)!

j! =
∑s−1

j=0

(

j+q
q

)

q! = q!
(

s+q
q+1

)

= 1
q+1

(s+q)!
(s−1)! , and further, sinceq ≤ m ≤ ` ≤ s we

haves+ q ≤ 2s which implies that this final expression is bounded as1
q+1

(s+q)!
(s−1)! = s 1

q+1
(s+q)!

s! ≤
s · (2s)q. Thus we have

s
∑

`=0

∑̀

m=0

m
∑

q=0

s−1
∑

j=0

∣

∣

∣

∣

β`m

(

− 1

2s

)q (
m

q

)

(j + q)!

j!
bi`

∣

∣

∣

∣

≤
s
∑

`=0

∑̀

m=0

m
∑

q=0

∣

∣

∣

∣

β`ms

(

m

q

)

bi`

∣

∣

∣

∣

= s
s
∑

`=0

|bi`|
∑̀

m=0

|β`m|2m

Chebyshev polynomials have coefficients whose signs repeatin the pattern(+, 0,−, 0), and thus we
can evaluate the innermost sum exactly as|T`(2i)|, for i =

√
−1. Since we bounded|bi`| ≤ 2

s above,
the quantity to be bounded is nows

∑s
`=0

2
s |T`(2i)|. Since the explicit expression for Chebyshev

polynomials yields|T`(2i)| = 1
2

[

(2−
√
5)` + (2 +

√
5)`
]

and since|2 −
√
5|` = (2 +

√
5)−` we

finally bounds
∑s

`=0
2
s |T`(2i)| ≤ 1+

∑s
`=−s(2+

√
5)` < 1+ 2+

√
5

2+
√
5−1

·(2+
√
5)s < 2·(2+

√
5)s <

2 · k0.3, as desired, sinces = 0.2 log k andlog(2 +
√
5) < 1.5 and0.2 · 1.5 = 0.3.
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We now turn to the main thrust of Lemma 17, showing that the scheme is[O(
√
δ), n]-good, where

n = δk log k, andδ ≥ 1
log k ; the following lemma, quantifying the “skinnyness” of the Chebyshev

bumps is the cornerstone of this argument.

Lemma 20. |g2(y)| ≤ π7

y4s4 for y ∈ [−π, π] \ (−3π/s, 3π/s), and|g2(y)| ≤ 1/2 everywhere.

Proof. Sinceg1(y) =
∑s−1

j=−s cos jy = sin(sy) cot(y/2), and sincesin(α + π) = − sin(α), we
have the following:

g2(y) =
1

16s

(

g1(y − 3π

2s
) + 3g1(y −

π

2s
) + 3g1(y +

π

2s
) + g1(y +

3π

2s
)

)

=
1

16s

(

sin(ys+ π/2)

(

cot(
y

2
− 3π

4s
)− 3 cot(

y

2
− π

4s
)

+3 cot(
y

2
+

π

4s
)− cot(

y

2
+

3π

4s
)

))

.

Note that
(

cot(y2 − 3π
4s )− 3 cot(y2 − π

4s ) + 3 cot(y2 + π
4s )− cot(y2 + 3π

4s )
)

is a discrete approxi-
mation to(π/2s)3 times the third derivative of the cotangent function evaluated aty/2. Thus it
is bounded in magnitude by(π/2s)3 times the maximum magnitude ofd

3

dx3 cot(x) in the range
x ∈ [y2− 3π

4s ,
y
2+

3π
4s ]. Since the magnitude of this third derivative is decreasing forx ∈ (0, π),we can

simply evaluate the magnitude of this derivative aty
2− 3π

4s .We thus haved
3

dx3 cot(x) =
−2(2+cos(2x))

sin4(x) ,

whose magnitude is at most 6
(2x/π)4 for x ∈ (0, π]. For y ∈ [3π/s, π], we trivially have that

y
2 − 3π

4s ≥ y
4 , and thus we have the following bound:

| cot(y
2
− 3π

4s
)− 3 cot(

y

2
− π

4s
) + 3 cot(

y

2
+

π

4s
)− cot(

y

2
+

3π

4s
)| ≤

( π

2s

)3 6

(y/2π)4
≤ 12π7

y4s3
.

Sinceg2(y) is a symmetric function, the same bound holds fory ∈ [−π,−3π/s]. Thus|g2(y)| ≤
12π7

16s·y4s3 < π7

y4s4 for y ∈ [−π, π] \ (−3π/s, 3π/s). To conclude, note thatg2(y) attains a global

maximum aty = 0, with g2(0) =
1

16s (6 cot(π/4s)− 2 cot(3π/4s)) ≤ 1
16s

24s
π < 1/2.

Lemma 21. The Chebyshev earthmoving scheme of Definition 16 is[O(
√
δ), n]-good, wheren =

δk log k, andδ ≥ 1
log k .

Proof. We split this proof into two parts: first we will consider the cost of the portion of the scheme
associated with all but the firsts + 1 bumps, and then we consider the cost of the skinny bumpsfi
with i ∈ {0, . . . , s}.
For the first part, we consider the cost of bumpsfi for i ≥ s+1; that is the relative earthmover cost
of movingpoi(xk, i) mass fromx to i

k , summed overi ≥ s. By definition of relative earthmover
distance, the cost of moving mass fromx to i

k is | log xk
i |, which, sincelog y ≤ y− 1, we bound by

xk
i − 1 wheni < xk and i

xk − 1 otherwise. We thus split the sum into two parts.

For i ≥ dxke we havepoi(xk, i)( i
xk − 1) = poi(xk, i− 1)− poi(xk, i). This expression telescopes

when summed overi ≥ max{s, dxke} to yieldpoi(xk,max{s, dxke} − 1) = O( 1√
s
).

For i ≤ dxke − 1 we have, sincei ≥ s, thatpoi(xk, i)(xki − 1) ≤ poi(xk, i)((1 + 1
s )

xk
i+1 − 1) =

(1 + 1
s )poi(xk, i + 1) − poi(xk, i). The 1

s term sums to at most1s , and the rest telescopes to
poi(xk, dxke) − poi(xk, s) = O( 1√

s
). Thus in total,fi for i ≥ s + 1 contributesO( 1√

s
) to the

relative earthmover cost, per unit of weight moved.

We now turn to the skinny bumpsfi(x) for i ≤ s. The simplest case is whenx is outside the region
that corresponds to the cosine of a real number — that is, whenxk ≥ 4s. It is straightforward
to show thatfi(x) is very small in this region. We note the general expression for Chebyshev
polynomials: Tj(x) = 1

2

[

(x−
√
x2 − 1)j + (x +

√
x2 − 1)j

]

, whose magnitude we bound by
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|2x|j . Further, since2x ≤ 2
ee

x, we bound this by(2e )
je|x|j, which we apply when|x| > 1. Recall

the definitionfi(x) = ti(1 − xk
2s )
∑s−1

j=0 poi(xk, j), whereti is the polynomial defined so that
ti(cos(y)) = gi3(y), that is,ti is a linear combination of Chebyshev polynomials of degree at mosts
and with coefficients summing in magnitude to at most2, as was shown in the proof of Lemma 19.
Sincexk > s, we may bound

∑s−1
j=0 poi(xk, j) ≤ s · poi(xk, s). Further, sincez ≤ ez−1 for all

z, letting z = x
4s yieldsx ≤ 4s · e x

4s−1, from which we may boundpoi(xk, s) = (xk)se−xk

s! ≤
e−xk

s! (4s · e xk
4s −1)s = 4sss

es·e3xk/4s!
≤ 4se−3xk/4. We combine this with the above bound on the

magnitude of Chebyshev polynomials,Tj(z) ≤ (2e )
je|z|j ≤ (2e )

se|z|s, wherez = (1 − xk
2s ) yields

Tj(z) ≤ ( 2
e2 )

se
xk
2 . Thusfi(x) ≤ poly(s)4se−3xk/4( 2

e2 )
se

xk
2 = poly(s)( 8

e2 )
se−

xk
4 . Sincexk

4 ≥ s
in this case,fi is exponentially small in bothx ands; the total cost of this earthmoving scheme, per
unit of mass above4sk is obtained by multiplying this by the logarithmic relativedistance the mass
has to move, and summing over thes+1 values ofi ≤ s, and thus remains exponentially small, and
is thus trivially bounded byO( 1√

s
).

To bound the cost in the remaining case, whenxk ≤ 4s andi ≤ s, we work with the trigonometric
functionsgi3, instead ofti directly. Fory ∈ (0, π], we seek to bound the per-unit-mass relative
earthmover cost of, for eachi ≥ 0, movinggi3(y) mass from2s

k (1 − cos(y)) to ci. (Recall from
Definition 16 thatci = 2s

k

(

1− cos( iπs )
)

for i ∈ {1, . . . , s}, and c0 = c1.) For i ≥ 1, this
contribution is at most

s
∑

i=1

|gi3(y)(log(1− cos(y))− log(1 − cos(
iπ

s
))|.

We analyze this expression by first showing that for anyx, x′ ∈ (0, π],

|log(1 − cos(x)) − log(1− cos(x′))| ≤ 2| logx− log x′|.

Indeed, this holds because the derivative oflog(1 − cos(x)) is positive, and strictly less than the
derivative of2 log x; this can be seen by noting that the respective derivatives are sin(y)

1−cos(y) and 2
y ,

and we claim that the second expression is always greater. Tocompare the two expressions, cross-
multiply and take the difference, to yieldy sin y−2+2 cosy, which we show is always at most 0 by
noting that it is 0 wheny = 0 and has derivativey cos y − sin y, which is negative sincey < tan y.
Thus we have that| log(1− cos(y))− log(1− cos( iπs ))| ≤ 2| log y − log iπ

s |; we use this bound in

all but the last step of the analysis. Additionally, we ignore the
∑s−1

j=0 poi(xk, j) term as it is always
at most 1.

Case 1:y ≥ π
s .

We will show that

|g03(y)(log y − log
π

s
)|+

s
∑

i=1

|gi3(y)(log y − log
iπ

s
)| = O(

1

sy
),

where the first term is the contribution fromf0, c0. For i such thaty ∈ ( (i−3)π
s , (i+3)π

s ), by the
second bounds on|g2| in the statement of Lemma 20,gi3(y) < 1, and for each of the at most 6
suchi, |(log y − log max{1,i}π

s )| < 1
sy , to yield a contribution ofO( 1

sy ). For the contribution from

i such thaty ≤ (i−3)π
s or y ≥ (i−3)π

s , the first bound of Lemma 20 yields|gi3(y)| = O( 1
(ys−iπ)4 ).

Roughly, the bound will follow from noting that this sum of inverse fourth powers is dominated by
the first few terms. Formally, we split up our sum overi ∈ [s] \ [ysπ − 3, ysπ + 3] into two parts
according to whetheri > ys/π:

s
∑

i≥ ys
π +3

1

(ys− iπ)4
|(log y − log

iπ

s
)| ≤

∞
∑

i≥ ys
π +3

π4

(ysπ − i)4
(log i− log

ys

π
)

≤ π4

∫ ∞

w= ys
π +2

1

(ysπ − w)4
(logw − log

ys

π
). (2)
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Since the antiderivative of 1
(α−w)4 (logw − logα) with respect tow is

−2w(w2 − 3wα+ 3α2) logw + 2(w − α)3 log(w − α) + α(2w2 − 5wα+ 3α2 + 2α2 logα)

6(w − α)3α3
,

the quantity in Equation 2 is equal to the above expression evaluated withα = ys
π , andw = α+ 2,

to yield

O(
1

ys
)− log

ys

π
+ log(2 +

ys

π
) = O(

1

ys
).

A nearly identical argument applies to the portion of the sumfor i ≤ ys
π + 3, yielding the same

asymptotic bound ofO( 1
ys ).

Case 2: ysπ < 1.

The per-unit mass contribution from the0th bump is trivially at most|g03(y)(log ys
π − log 1)| ≤

log ys
π . The remaining relative earthmover cost is

∑s
i=1 |gi3(y)(log ys

π − log i)|. To bound this sum,
we note thatlog i ≥ 0, andlog ys

π ≤ 0 in this region, and thus split the above sum into the corre-
sponding two parts, and bound them separately. By Lemma 20, we have:

s
∑

i=1

gi3(y) log i ≤ O

(

1 +

∞
∑

i=3

log i

π4(i− 1)4

)

= O(1).

s
∑

i=1

gi3(y) log
ys

π
≤ O (log ys) ≤ O(

1

ys
),

since forys ≤ π, we have| log ys| < 4/ys.

Having concluded the case analysis, recall that we have beenusing the change of variablesx =
2s
k (1 − cos(y)). Since1− cos(y) = O(y2), we havexk = O(sy2). Thus the case analysis yielded

a bound ofO( 1
ys ), which we may thus express asO( 1√

sxk
).

For a distribution with histogramh, the cost of moving earth on this region, for bumpsfi where
i ≤ s is thus

O(
∑

x:h(x) 6=0

h(x) · x · 1√
sxk

) = O(
1√
sk

∑

x:h(x) 6=0

h(x)
√
x).

Since
∑

x x · h(x, y) = 1, and
∑

x h(x) ≤ n, by the Cauchy–Schwarz inequality,
∑

x

√
xh(x) =

∑

x

√

x · h(x)
√

h(x) ≤
√
n,

and hence sincen = δk log k, the contribution to the cost of these bumps is bounded byO(
√

n
sk ) =

O(
√
δ). As we have already bounded the relative earthmover cost for bumpsfi for i > s at least

this tightly, this concludes the proof.

We are now equipped to prove Theorem 2.

Proof of Theorem 2.Let g be the generalized histogram returned by Algorithm 2, and let h be
the generalized histogram constructed in Lemma 12—assuming the sample from the true distri-
bution p is “faithful”, which occurs with probability1 − e−nΩ(1)

by Lemma 11. Lemma 12 as-
serts thatR(p, h) = O( 1

kΩ(1) ). Let h′, g′ be the generalized histograms that result from apply-
ing the Chebyshev earthmoving scheme of Definition 16 toh andg, respectively. By Lemma 17,
R(h, h′) = O(

√

1/c), andR(g, g′) = O(
√

1/c). Our goal is to boundR(p, g), which we do via
the triangle inequality as

R(p, g) ≤ R(p, h) +R(h, h′) +R(h′, g′) +R(g′, g) = O(
√

1/c) +R(g′, h′).

All that remains is to prove the boundR(g′, h′) = O( 1
kΩ(1) ).
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Our strategy to bound this relative earthmover distance is to construct an earthmoving scheme that
equatesg′ andh′ whose cost can be related to the terms of the first constraint of the linear program.
By definition,g′, h′ are generalized histograms supported at the bump centersci. Our earthmoving
scheme is defined as follows: for eachi 6∈ [kB, kB + 2kC ], if h′(ci) > g′(ci), then we move
ci (h

′(ci)− g′(ci)) units of probability mass inh′ from locationci to location kB

k ; analogously, if
h′(ci) < g′(ci), then we moveci (g′(ci)− h′(ci)) units of probability mass ing′ from locationci to
location kB

k . After performing this operation, the remaining discrepancy in the resulting histograms

will be confined to probability range[k
B

k , kB+2kC

k ], and hence can be equated at an additional cost
of at most

log
kB + 2kC

kB
= O(kC−B) = O(

1

kΩ(1)
).

We now analyze the relative earthmover cost of equalizingh′(ci) andg′(ci) for all i 6∈ [kB, kB+2kC]

by moving the discrepancy to locationk
B

k . Since all but the firsts+1 bumps are simply the standard
Poisson bumpsfi(x) = poi(xk, i− 1), for i > s we have

|h′(ci)− g′(ci)| =

∣

∣

∣

∣

∣

∣

∑

x:h(x)+g(x) 6=0

(h(x) − g(x))x · poi(kx, i− 1)

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∑

x:h(x)+g(x) 6=0

(h(x) − g(x))poi(kx, i)
i

k

∣

∣

∣

∣

∣

∣

.

Recall by construction thath(x) = g(x) for all x > kB+kC

k . Thus by tail bounds for Poissons, the
total relative earthmover cost of equalizingh′ andg′ for all bump centersci with i > kB + 2kC is
trivially bounded byo( log k

k ).

Next, we consider the contribution of the discrepancies in the Poisson bumps with centersci for
i ∈ [s+ 1, kB]. Since

∑

i≤kB poi(kx, i) = o(1/k2) for x ≥ kB+kC

k , the discrepancy in the firstkB

expected fingerprints ofg, h is specified, up to negligible error, by the terms in the first constraint of
the linear program:

∑

i<kB

∣

∣

∣

∣

∣

∣

∑

x:h(x)+g(x) 6=0

(h(x)− g(x))poi(kx, i)
i

k

∣

∣

∣

∣

∣

∣

≤
∑

i<kB

i

k
·
√
k + 1√
Fi + 1





∣

∣

∣

∣

∣

∣

Fi −
∑

x:g(x) 6=0

g(x)poi(kx, i)

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

Fi −
∑

x:h(x) 6=0

h(x)poi(kx, i)

∣

∣

∣

∣

∣

∣





≤ O(k3B−1/2) = O(
1

kΩ(1)
)

Finally, we consider the contribution of the discrepanciesin the firsts+1 = O(log k) bump centers,
corresponding to the skinny Chebyshev bumps. Note that for such centers,ci, the correspond-
ing bump functionsfi(x) are expressible by definition asfi(x) =

∑

j≥0 aijpoi(xk, j), for some
coefficientsaij , where

∑

j≥0 aij ≤ β. Thus we have the following, where
∑

x is shorthand for
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∑

x:h(x)+g(x) 6=0:

|h′(ci)− g′(ci)| =

∣

∣

∣

∣

∣

∑

x

(h(x)− g(x))xfi(x)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∑

x

(h(x)− g(x))x
∑

j≥0

aijpoi(xk, j)

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∑

j≥0

aij
∑

x

(h(x)− g(x))xpoi(xk, j)

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∑

j≥1

ai,j−1
j

k

∑

x

(h(x) − g(x))poi(xk, j)

∣

∣

∣

∣

∣

∣

.

Sinceaij = 0 for j > log k, and since each Chebyshev bump is a linear combination of onlythe
first 2s < log k Poisson functions, the total cost of equalizingh′ andg′ at each of these Chebyshev
bump centers is bounded as

β

∣

∣

∣

∣

∣

log k
∑

i=1

i

k

∑

x

(h(x) − g(x))poi(xk, j)

∣

∣

∣

∣

∣

| log c0| log k

where the| log c0| term, forc0 being the first bump center, is a crude upper bound on the per-unit
mass relative earthmover cost of moving the mass to probability kB

k , and the final factor oflog k is
because there are at mosts < log k centers corresponding to “skinny” bumps. We bound this via
the triangle inequality and an appeal to the first constraintof the linear program, as above, yielding
a bound ofO(βk2B log3 k√

k
). Sinceβ = O(k0.3) from Lemma 17, this contribution is thus also

O( 1
kΩ(1) ).

We have thus bounded all the parts ofR(g′, h′) byO( 1
kΩ(1) ), completing the proof.

We note that what we actually proved applies rather more generally than to just Linear Program 3. As
long as the second and third constraints are satisfied, then if the left hand side of the first constraint,
and the objective function aresomewhatsmall, similar results hold.

Proposition 22. For anyc > 0, for sufficiently largen, given the fingerprintF from a “faithful”
sample of sizek = c n

logn from a distributionp ∈ Dn, consider any vectorvx indexed by elements

x ∈ X := { 1
k2 ,

2
k2 ,

3
k2 , . . . ,

kB+kC

k } such that

•
∑

x∈X x · vx +
∑k

i=kB+2kC
i
kFi = 1

• ∀x ∈ X, vx ≥ 0

LetA :=
∑

x∈X vx, and letB :=
∑kB

i=1
1√

Fi+1

∣

∣Fi −
∑

x∈X poi(kx, i)vx
∣

∣.

Appending the high-frequency portion ofF to v as in Algorithm 2, returns a generalized histogram
gLP such that

R(p, gLP ) ≤ O

(

1√
c
+

√

A

k log k
+

B log3 k

k0.2

)

.

This implies, for example, that the results of Theorem 2 holdeven when the right hand side of the
first constraint is increased by any constant factor, and, instead of optimizing the objective function,
any point with objective less than a constant multiple ofn is chosen. (Of course, in practice one
usually does not known—the support size of the unknown distribution—so minimizing the objective
function is a natural way to guarantee this criterion.)
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D Matlab code

Below is our Matlab implementation of Algorithm 1. Our implementation uses thelinprog command
for solving the linear programs, which requires Matlab’s Optimization toolkit.

1 function [histx,x] = unseen(f)
2 % Input: fingerprint f, where f(i) represents number of elem ents that
3 % appear i times in a sample. Thus sum_i i * f(i) = sample size.
4 % File makeFinger.m transforms a sample into the associated ...

fingerprint.
5 %
6 % Output: approximation of 'histogram' of true distributio n. ...

Specifically,
7 % histx(i) represents the number of domain elements that occ ur with
8 % probability x(i). Thus sum_i x(i) * histx(i) = 1, as ...

distributions have
9 % total probability mass 1.

10 %
11 % An approximation of the entropy of the true distribution ca n be ...

computed
12 % as: Entropy = (-1) * sum(histx. * x. * log(x))
13

14 f=f(:)';
15 k=f * (1:size(f,2))'; %total sample size
16

17

18 %%%%%%% algorithm parameters %%%%%%%%%%%
19 gridFactor = 1.1; % the grid of probabilities will be ...

geometric, with this ratio.
20 % setting this smaller may slightly increase accuracy, at th e cost ...

of speed
21 alpha = .5; %the allowable discrepancy between the returned ...

solution and the "best" (overfit).
22 % 0.5 worked well in all examples we tried, though the results ...

were nearly indistinguishable
23 % for any alpha between 0.25 and 1. Decreasing alpha increase s ...

the chances of overfitting.
24 xLPmin = 1/(k * max(10,k)); % minimum allowable probability.
25 % a more aggressive bound like 1/kˆ1.5 would make the LP sligh tly ...

faster,
26 % though at the cost of accuracy
27 maxLPIters = 1000; % the 'MaxIter' parameter for Matlab's ...

'linprog' LP solver.
28 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
29

30

31 % Split the fingerprint into the 'dense' portion for which we
32 % solve an LP to yield the corresponding histogram, and 'spar se'
33 % portion for which we simply use the empirical histogram
34 x=0;
35 histx = 0;
36 fLP = zeros(1,max(size(f)));
37 for i=1:max(size(f))
38 if f(i)>0
39 wind = ...

[max(1,i-ceil(sqrt(i))),min(i+ceil(sqrt(i)),max(siz e(f)))];
40 if sum(f(wind(1):wind(2)))<2 * sqrt(i)
41 x=[x, i/k];
42 histx=[histx,f(i)];
43 fLP(i)=0;
44 else
45 fLP(i)=f(i);
46 end
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47 end
48 end
49

50 % If no LP portion, return the empirical histogram
51 fmax = max(find(fLP>0));
52 if min(size(fmax))==0
53 x=x(2:end);
54 histx=histx(2:end);
55 return ;
56 end
57

58 % Set up the first LP
59 LPmass = 1 - x * histx'; %amount of probability mass in the LP region
60

61 fLP=[fLP(1:fmax), zeros(1,ceil(sqrt(fmax)))];
62 szLPf=max(size(fLP));
63

64 xLPmax = fmax/k;
65 xLP=xLPmin * gridFactor.ˆ(0:ceil(log(xLPmax/xLPmin)/log(gridFact or)));
66 szLPx=max(size(xLP));
67

68 objf=zeros(szLPx+2 * szLPf,1);
69 objf(szLPx+1:2:end)=1./(sqrt(fLP+1)); % discrepancy in ith ...

fingerprint expectation
70 objf(szLPx+2:2:end)=1./(sqrt(fLP+1)); % weighted by 1/sqrt(f(i) + 1)
71

72 A = zeros(2 * szLPf,szLPx+2 * szLPf);
73 b=zeros(2 * szLPf,1);
74 for i=1:szLPf
75 A(2 * i-1,1:szLPx)=poisspdf(i,k * xLP);
76 A(2 * i,1:szLPx)=(-1) * A(2 * i-1,1:szLPx);
77 A(2 * i-1,szLPx+2 * i-1)=-1;
78 A(2 * i,szLPx+2 * i)=-1;
79 b(2 * i-1)=fLP(i);
80 b(2 * i)=-fLP(i);
81 end
82

83 Aeq = zeros(1,szLPx+2 * szLPf);
84 Aeq(1:szLPx)=xLP;
85 beq = LPmass;
86

87

88 options = optimset( 'MaxIter' , maxLPIters, 'Display' , 'off' );
89 for i=1:szLPx
90 A(:,i)=A(:,i)/xLP(i); %rescaling for better conditioning
91 Aeq(i)=Aeq(i)/xLP(i);
92 end
93 [sol, fval, exitflag, output] = linprog(objf, A, b, Aeq, beq , ...

zeros(szLPx+2 * szLPf,1), Inf * ones(szLPx+2 * szLPf,1),[], options);
94 if exitflag==0
95 'maximum number of iterations reached--try increasing ...

maxLPIters'
96 end
97 if exitflag<0
98 'LP1 solution was not found, still solving LP2 anyway...'
99 exitflag

100 end
101

102 % Solve the 2nd LP, which minimizes support size subject to .. .
incurring at most

103 % alpha worse objective function value (of the objective fun ction ...
in the

104 % previous LP).
105 objf2=0 * objf;
106 objf2(1:szLPx) = 1;
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107 A2=[A;objf']; % ensure at most alpha worse obj value
108 b2=[b; fval+alpha]; % than solution of previous LP
109 for i=1:szLPx
110 objf2(i)=objf2(i)/xLP(i); %rescaling for better conditioning
111 end
112 [sol2, fval2, exitflag2, output] = linprog(objf2, A2, b2, A eq, ...

beq, zeros(szLPx+2 * szLPf,1), Inf * ones(szLPx+2 * szLPf,1),[], ...
options);

113

114 if not(exitflag2==1)
115 'LP2 solution was not found'
116 exitflag2
117 end
118

119

120 %append LP solution to empirical portion of histogram
121 sol2(1:szLPx)=sol2(1:szLPx)./xLP'; %removing the scaling
122 x=[x,xLP];
123 histx=[histx,sol2'];
124 [x,ind]=sort(x);
125 histx=histx(ind);
126 ind = find(histx>0);
127 x=x(ind);
128 histx=histx(ind);

1 function f=makeFinger(v)
2

3 % Input: vector of integers, v
4 % Output: vector of fingerprints, f where f(i) = |{j: ...

|{k:v(k)=j}|=i }|
5 % i.e. f(i) is the number of elements that occur exactly i ...

times
6 % in the vector v
7

8 h1 = hist(v,min(v):max(v));
9 f=hist(h1,0:max(h1));

10 f=f(2:end);

Example of how to invoke theunseen estimator:

1 % Generate a sample of size 10,000 from the uniform distribut ion ...
of support 100,000

2 n=100000; k=10000;
3 samp = randi(n,k,1);
4

5 % Compute corresponding 'fingerprint'
6 f = makeFinger(samp);
7

8

9 % Estimate distribution from which sample was drawn
10 [h,x]=unseen(f);
11

12

13 %output entropy of the true distribution, Unif[n]
14 trueEntropy = log(n)
15

16 %output entropy of the empirical distribution of the sample
17 empiricalEntropy = ...

-f' * (((1:max(size(f)))/k). * log(((1:max(size(f)))/k)))'
18

19 %output entropy of the recovered histogram, [h,x]
20 estimatedEntropy = -h * (x. * log(x))'
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