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Abstract

Recently, Valiant and Valiant [1, 2] showed that a class sfriutional proper-
ties, which includes such practically relevant properéiesntropy, the number
of distinct elements, and distance metrics between paidistributions, can be
estimated given aublinearsized sample. Specifically, given a sample consist-
ing of independent draws from any distribution over at moslistinct elements,
these properties can be estimated accurately using a safrgilee O(n/ logn).
We propose a novel modification of their approach and showthdgretically,
our estimator is optimal (to constant factors, over woestecinstances), and 2)
in practice, it performs exceptionally well for a variety edtimation tasks, on a
variety of natural distributions, for a wide range of paréeng. Perhaps unsur-
prisingly, the key step in this approach is to first use thearno characterize the
“unseen” portion of the distribution. This goes beyond stamtis as the Good-
Turing frequency estimation scheme, which estimates tta poobability mass
of the unobserved portion of the distribution: we seek tinese theshapeof
the unobserved portion of the distribution. This approactobust, general, and
theoretically principled; we expect that it may be fruitfulised as a component
within larger machine learning and data analysis systems.

1 Introduction

What can one infer about an unknown distribution based omdam sample? If the distribution
in question is relatively “simple” in comparison to the sdenpize—for example if our sample
consists of 1000 independent draws from a distribution stipd on 100 domain elements—then
the empirical distribution given by the sample will likelglan accurate representation of the true
distribution. If, on the other hand, we are given a relaiv@hall sample in relation to the size
and complexity of the distribution—for example a sample ig€s100 drawn from a distribution
supported on 1000 domain elements—then the empiricallaision may be a poor approximation
of the true distribution. In this case, can one still exti@aturate estimates of various properties of
the true distribution?

Many real-world machine learning and data analysis taste fhis challenge; indeed there are
many large datasets where the data only represent a tinyofnaaf an underlying distribution we
hope to understand. This challenge of inferring propeniea distribution given a “too small”
sample is encountered in a variety of settings, includirpdata (typically, no matter how large the
corpus, around 30% of the observed vocabulary only occurs)pnustomer data (many customers
or website users are only seen a small number of times), thlysas of neural spike trains [15],



and the study of genetic mutations across a populatiddditionally, many database management
tasks employ sampling techniques to optimize query executmproved estimators would allow
for either smaller sample sizes or increased accuracyinigao improved efficiency of the database
system (see, e.g. [6, 7]).

We introduce a general and robust approach for using a sampleracterize the “unseen” portion
of the distribution. Without ang priori assumptions about the distribution, one cannot know what
the unseen domain elements are. Nevertheless, one camogtdlto estimate the “shape” bis-
togramof the unseen portion of the distribution—essentially, wineate how many unseen domain
elements occur in various probability ranges. Given suchcanstruction, one can then use it to
estimate any property of the distribution which only depend the shape/histogram; such prop-
erties are termedymmetricand include entropy and support size. In light of the londdnisof
work on estimating entropy by the neuroscience, statistiosputer science, and information the-
ory communities, it is compelling that our approach (whiskagnostic to the property in question)
outperforms these entropy-specific estimators.

Additionally, we extend this intuition to develop estimetdor properties of pairs of distributions,
the most important of which are thiistance metrics We demonstrate that our approach can ac-
curately estimate the total variational distance (alsovknasstatistical distanceor ¢; distance)
between distributions using small samples. To illustragedahallenge of estimating variational dis-
tance (between distributions over discrete domains) ggweall samples, consider drawing two sam-
ples, each consisting of 1000 draws from a uniform distiidsubver 10,000 distinct elements. Each
sample can contain at most 10% of the domain elements, airdritersection will likely contain
only 1% of the domain elements; yet from this, one would like&bdnclude that these two samples
must have been drawn from nearly identical distributions.

1.1 Previous work: estimating distributions, and estimatng properties

There is a long line of work on inferring information abouethnseen portion of a distribution,
beginning with independent contributions from both R.AsH&r and Alan Turing during the 1940's.
Fisher was presented with data on butterflies collected a&year expedition in Malaysia, and
sought to estimate the numbenm@wspecies that would be discovered if a second 2 year expaditio
were conducted [8]. (His answer was ‘75.”) At nearly the same time, as part of the British WWII
effort to understand the statistics of the German enigmizecigy Turing and I.J. Good were working
on the related problem of estimating the total probabiligssiaccounted for by the unseen portion of
a distribution [9]. This resulted in the Good-Turing freqag estimation scheme, which continues
to be employed, analyzed, and extended by our communityésgg10, 11]).

More recently, in similar spirit to this work, Orlitskgt al. posed the following natural question:
given a sample, what distribution maximizes the likelih@édeeing the observed species frequen-
cies, that is, the number of species observed once, twic®, @2, 13] (What Orlitskyet al. term

the patternof a sample, we call thngerprint as in Definition 1.) Orlitskyet al. show that such
likelihood maximizing distributions can be found in somegific settings, though the problem of
finding or approximating such distributions for typical feahs/fingerprints may be difficult. Re-
cently, Acharyaet al. showed that this maximum likelihood approach can be usedkttd g near-
optimal algorithm for deciding whether two samples orig@gtefromidenticaldistributions, versus
distributions that have large distance [14].

In contrast to this approach of trying to estimate the “siaiptogram” of a distribution, there has
been nearly a century of work proposing and analyzing estirador particular properties of distri-

butions. In Section 3 we describe several standard, and segeat estimators for entropy, though
we refer the reader to [15] for a thorough treatment. Therdds a large literature on estimating
support size (also known as the “species problem”, and thtek“distinct elements” problem), and
we refer the reader to [16] and to [17] for several hundredrefces.

Over the past 15 years, the theoretical computer sciencencmity has spent significant effort
developing estimators and establishing worst-case irdtion theoretic lower bounds on the sample
size required for various distribution estimation tasksjuding entropy and support size (e.g. [18,
19, 20, 21)).

Three recent studies (appearing in Science last year) fthaidrery rare genetic mutations are especially
abundant in humans, and observed that better statistiold &ve needed to characterize this “rare events”
regime, so as to resolve fundamental problems about ountameéry process and selective pressures [3, 4, 5].




The algorithm we present here is based on the intuition oétienator described in the theoretical
work [1]. That estimator is not practically viable, and aduially, requires as input an accurate
upper bound on the support size of the distribution in qoestBoth our algorithm and that of [1]
employ linear programming, though these programs diffgmificantly (to the extent that the lin-
ear program of [1] does not even have an objective functiehsamply defines a feasible region).
The proof of our theoretical results leverages some of thehinary of that work (in particular, the
“Chebyshev bump construction”) and achieves the same atiealr worst-case optimality guaran-
tees. See Appendix A for further theoretical and practioahparisons with the estimator of [1].

1.2 Definitions and examples

We begin by defining thBngerprintof a sample, which essentially removes all the label-infion
from the sample. For the remainder of this paper, we will waith the fingerprint of a sample,
rather than the with the sample itself.

Definition 1. Given a sampleX = (x1,...,z), the associatedingerprint 7 = (Fy, Fo,...),
is the “histogram of the histogram” of the sample. Formalyjis the vector whosg&” component,
Fi, is the number of elements in the domain that occur exatiiyes in samplex.

For estimating entropy, or any other property whose valuevigriant to relabeling the distribution
support, the fingerprint of a sample contains all the relevdarmation (see [21], for a formal proof
of this fact). We note that in some of the literature, the fipgat is alternately termed thgattern
histogram histogram of the histograrmr collision statisticsof the sample.

In analogy with the fingerprint of a sample, we definehisogranof a distribution, a representation
in which the labels of the domain have been removed.

Definition 2. Thehistogramof a distributionD is a mapping:p : (0,1] — NU {0}, wherehp(x)
is equal to the number of domain elements that each occursimitalition D with probability x.
Formally, hp(z) = |{a : D(a) = z}|, whereD(«) is the probability mass that distributio®
assigns to domain element We will also allow for “generalized histograms” in whichp does
not necessarily take integral values.

Sinceh(z) denotes the number of elements that have probabilitye have) ., ) .o z-h(z) = 1,
as the total probability mass of a distribution is 1. Asymmetriqoroperty is a function of only the
histogram of the distribution:

» TheShannon entropy (D) of a distributionD is defined to be

H(D) :=— Z D(a)log, D(a) = — Z hp(z)xlog, x.
acsup(D) z:hp(x)7#0
» Thesupport sizés the number of domain elements that occur with positivédabdlity:
sup(D)| := [{a: D(a) > 0} = > hp(a).

z:hp(z)#0
We provide an example to illustrate the above definitions:

Example 3. Consider a sequence of animals, obtained as a sample frodigtréoution of animals
on a certain island X = (mouse, mouse, bird, cat, mouse, bird, bird, mouse, dog, mouse). \Ne
haveF = (2,0, 1,0, 1), indicating that two species occurred exactly once (cat avg)done species
occurred exactly three times (bird), and one species oeclexactly five times (mouse).

Consider the following distribution of animals:

Pr(mouse) =1/2, Pr(bird) =1/4, Pr(cat) = Pr(dog) = Pr(bear) = Pr(wolf) =1/16.
The associatedistogramof this distributionish : (0,1] — Z defined by(1/16) = 4, h(1/4) =1,
h(1/2)=1,andforallz ¢ {1/16,1/4,1/2}, h(z) = 0.

As we will see in Example 5 below, the fingerprint of a samplieisnately related to the Binomial
distribution; the theoretical analysis will be greatly giified by reasoning about the related Poisson
distribution, which we now define:

Definition 4. We denote the Poisson distribution of expectati@s Poi(), and writepoi(), j) :=
e}#, to denote the probability that a random variable with distriion Poi(\) takes valug.



Example 5. Let D be the uniform distribution with support siz600. Thenh(1/1000) = 1000,

and for allz # 1/1000, hp(xz) = 0. Let X be a sample consisting of 500 independent draws
from D. Each element of the domain, in expectation, will octy2 times in X, and thus the
number of occurrences of each domain element in the saiipéll be roughly distributed as
Poi(1/2). (The exact distribution will beé3inomial(500,1/1000), though the Poisson distribu-
tion is an accurate approximation.) By linearity of expein, the expected fingerprint satisfies
E[F;] =~ 1000 - poi(1/2,14). Thus we expect to see rougBl§3 elements once, 76 elements twice, 13
elements three times, etc., and in expectati@ndomain elements will not be seen at all.

2 Estimating the unseen

Given the fingerprinf of a sample of sizé&, drawn from a distribution with histogram our high-
level approach is to find a histograithat has the property that if one were to tdékimdependent
draws from a distribution with histografd, the fingerprint of the resulting sample would be similar
to the observed fingerpritE. The hope is then thatandh’ will be similar, and, in particular, have
similar entropies, support sizes, etc.

As an illustration of this approach, suppose we are givemepbaof sizek = 500, with fingerprint
F = (301,78,13,1,0,0,...); recalling Example 5, we recognize thatis very similar to the
expected fingerprint that we would obtain if the sample hashlsrawn from the uniform distribution
over support 000. Although the sample only contains 391 unique domain elésneve might be
justified in concluding that the entropy of the true disttiba from which the sample was drawn is
close toH (Uni f(1000)) = log,(1000).

In general, how does one obtain a “plausible” histogram feofimgerprint in a principled fashion?
We must start by understanding how to obtain a plausible fprge from a histogram.

Given a distributionD, and some domain elemembccurring with probability: = D(«), the prob-
ability that it will be drawn exactly times ink independent draws frol® is Pr[Binomial (k, z) =
i] = poi(kx, ). By linearity of expectation, the expectéth fingerprint entry will roughly satisfy

E[F)~ Y  h(z)poi(kz,i). 1)

z:hp(z)#0

This mapping between histograms and expected fingerpsititsgar in the histogram, with coeffi-
cients given by the Poisson probabilities. Additionallysinot hard to show that ar[F;] < E[F;],
and thus the fingerprint is tightly concentrated about ifseexed value. This motivates a “first mo-
ment” approach. We will, roughly, invert the linear map frdnistograms to expected fingerprint
entries, to yield a map from observed fingerprints, to plaesiistograms’.

There is one additional component of our approach. For maggfprints, there will be a large space
of equally plausible histograms. To illustrate, supposeow&in fingerprintz = (10,0, 0,0, ...),
and consider the two histograms given by the uniform distidms with respective support sizes
10,000, and 100,000. Given either distribution, the prditglof obtaining the observed fingerprint
from a set of 10 samples is .99, yet these distributions are quite different and have veffedint
entropy values and support sizes. They are both very pleasitnich distribution should we return?

To resolve this issue in a principled fashion, we strengtherinitial goal of “returning a histogram
that could have plausibly generated the observed fingafprire instead return theimplesthis-
togram that could have plausibly generated the observedrfinigt. Recall the example above,
where we observed only 10 distinct elements, but to explaéndiata we could either infer an ad-
ditional 9,900 unseen elements, or an additional 99,00€hisnsense, inferring “only” 9,900 addi-
tional unseen elements is the simplest explanation thahétslata, in the spirit of Occam’s razor.

2.1 The algorithm

We pose this problem of finding the simplest plausible histogas a pair of linear programs. The
first linear program will return a histograiri that minimizes the distance between its expected fin-
gerprint and the observed fingerprint, where we penalizdifwepancy betweeh; andE[]—"ih’] in
proportion to the inverse of the standard deviatiorFof which we estimate as/+/1 + F;, since

2The practical performance seems virtually unchanged ifrenens the “plausible” histogram of minimal
entropy, instead of minimal support size (see Appendix B).



Poisson distributions have variance equal to their extieataThe constraint thdt’ corresponds to
a histogram simply means that the total probability mass & all probability values are nonneg-
ative. The second linear program will then find the histogtdnef minimal support size, subject to
the constraint that the distance between its expected firiggrand the observed fingerprint, is not
much worse than that of the histogram found by the first lipgagram.

To make the linear programs finite, we consider a fine meshloésa,...,z, € (0, 1] that be-
tween them discretely approximate the potential suppdhehistogram. The variables of the linear
program,i, ..., h, will correspond to the histogram values at these mesh paiitis variableh
representing the number of domain elements that occur withgbility z-;, namelyh/(x;).
A minor complicating issue is that this approach is desigoethe challenging “rare events” regime,
where there are many domain elements each seen only a haftifues. By contrast if there is a
domain element that occurs very frequently, say with prdighl /2, then the number of times it
occurs will be concentrated about its expectatiof 4f (and the trivial empirical estimate will be
accurate), though fingerpridf;, o will not be concentrated about its expectation, as it wketan
integer value of eithed, 1 or 2. Hence we will split the fingerprint into the “easy” and “hagbr-
tions, and use the empirical estimator for the easy poréind,our linear programming approach for
the hard portion. The complete algorithm is below (see Agpeb for a Matlab implementation).
Algorithm 1. ESTIMATE UNSEEN
Input: FingerprintF = F1, Fa, ..., Fm, derived from a sample of size

vectorr = z1,...,z, with0 < z; < 1, and error parameter > 0.
Output: List of pairs(ys, hy, ), (y2, by, ), . . ., with y; € (0,1], andh;, > 0.

« Initialize the output list of pairs to be empty, and iniiz a vectotF”’ to be equal taF.

e Fori=1tok,

— If Zje{if(\/ﬂ,...,z#[\/ﬂ} Fi <21 [i.e. if the fingerprint is “sparse” at inde
SetF; = 0, and append the pai/k, F;) to the output list.

« Letw,,: be the objective function value returned by running Line@giPam 1 on inpufF’, .

* Let h be the histogram returned by running Linear Program 2 ontifipiic, vopt, .

 Foralli s.t. h; > 0, append the paifz;, h;) to the output list.

Linear Program 1. FIND PLAUSIBLE HISTOGRAM
Input: FingerprintF = Fi1, Fa,. .., Fm, derived from a sample of siZg

vectorz = z1, . .., z, consisting of a fine mesh of points in the inter¢@J 1].
Output: vectoh’ = hf, ..., h}, and objective value,,: € R.

Let h1,...,h; andv,,: be, respectively, the solution assignment, and correspgrabjective functior
value of the solution of the following linear program, withriablesh!, ..., hj:

m VA
1
Minimize: »  ——— |7 = > 1 - poi(kz;, i)
i=1 V L+ 7 Jj=1

Subjectto: Y0, x;h; =Y, Fi/k, and¥j, hf > 0.
Linear Program 2. FIND SIMPLEST PLAUSIBLE HISTOGRAM
Input: FingerprintF = F1, Fa, ..., Fm, derived from a sample of size
vectorz = z1, ..., x, consisting of a fine mesh of points in the inter(@ 1],
optimal objective function value,,: from Linear Program 1, and error parametey> 0.
Output: vectoh' = hf, ..., h}.
Leth},...,h} be the solution assignment of the following linear prograrith variablesh}, ..., hj:

Minimize: 3% b}  Subjectto: 7", —A— |F — 30, h) - poi(kz;,i)| < vopi+a,

J=1""7 = \/ﬁ

S ahl =X, Fi/k, andvy, R > 0.
Theorem 1. There exists a constaf > 0 and assignment of parameter.= «(k) of Algorithm 1
such that for any > 0, for sufficiently largen, given a sample of size = c& consisting of
independent draws from a distributidn over a domain of size at most with probability at least
1—e~"" over the randomness in the selection of the sample, Algorfreturns a histogranh/’
such tha{ H (D) — H(I')| < <.

3For simplicity, we prove this statement for Algorithm 1 witre second bullet step of the algorithm modi-
fied as follows: there is an explicit cuta® such that the linear programming approach is applied to fprge
entriesF; for i« < N, and the empirical estimate is applied to fingerprifidor i > N.



The above theorem characterizes the worst-case perfoegaracantees of the above algorithm in
terms of entropy estimation. The proof of Theorem 1 is ratbehnical and we provide the complete
proof together with a high-level overview of the key compitsgin Appendix C. In fact, we prove
a stronger theorem—guaranteeing that the histogram ediby Algorithm 1 is close (in a specific
metric) to the histogram of the true distribution; this siger theorem then implies that Algorithm 1
can accurately estimasay statistical property that is sufficiently Lipschitz coniwus with respect
to the specific metric on histograms.

The information theoretic lower bounds of [1] show that thex some constan®; such that for
sufficiently largek, no algorithm can estimate the entropy of (worst-case) distigims of support
sizen to within +0.1 with any probability of success greateé when given a sample of size at most
k=0C hl;n- Together with Theorem 1, this establishes the worst-casmality of Algorithm 1

(to constant factors).

3 Empirical results

In this section we demonstrate that Algorithm 1 performslwielpractice. We begin by briefly
discussing the five entropy estimators to which we compareestimator in Figure 1. The first
three are standard, and are, perhaps, the most commonlgstamators [15]. We then describe two
recently proposed estimators that have been shown to perfetl [22].

The “naive” estimator: the entropy of the empirical distribution, namely, givenregérprintF
derived from a set of samples H""**(F) := — >, Fiz|logs 7|.

The Miller-Madow corrected estimator [23]: the naive estimatof/ "’ corrected to try to ac-
count for the second derivative of the logarithm functioamely HM (F) .= H"eve(F) +

%, though we note that the numerator of the correction termrisegimnes replaced by vari-
ous related quantities, see [24].

The jackknifed naive estimator [25, 26]: H/K (F) := k- H™ve(F) — 2 2?:1 Hnawve(F=I),
whereF 7 is the fingerprint given by removing the contribution of tite sample.

The coverage adjusted estimator (CAE) [27]Chao and Shen proposed the CAE, which is specif-
ically designed to apply to settings in which there is a digant component of the distribution that
is unseen, and was shown to perform well in practice in {2€fiven a fingerprintF derived from
a set ofk samples, leP; := 1 — F;/k be the Good—Turing estimate of the probability mass of
the “seen” portion of the distribution [9]. The CAE adjudte ttmpirical probabilities according to
Py, then applies the Horvitz—Thompson estimator for popaotatdtals [28] to take into account the
probability that the elements were seen. This yields:

HOAB(F) o _ Y 7, /0 Pelogs (G/R)P)

~ 1-(1—(i/k)P)

The Best Upper Bound estimator [15]: The final estimator to which we compare ours is Best
Upper Bound BUB) estimator of Paninski. This estimator is obtained egrshing for a minimax
linear estimator, with respect to a certain error metrice Tihear estimators of [2] can be viewed
as a variant of this estimator with provable performancenioisd The BUB estimator requires, as
input, an upper bound on the support size of the distributiom which the samples are drawn;
if the bound provided is inaccurate, the performance degradnsiderably, as was also remarked
in [22]. In our experiments, we used Paninski's implemeatabf the BUB estimator (publicly
available on his website), with default parameters. Fodikgibutions with finite support, we gave
the true support size as input, and thus we are arguably aimgpaur estimator to the best-case
performance of the BUB estimator.

See Figure 1 for the comparison of Algorithm 1 with thesenegtors.

“One curious weakness of the CAE, is that its performance dsptionally poor on some simple large
instances. Given a sample of sizdrom a uniform distribution ovek elements, it is not hard to show that
the bias of the CAE i§2(log k). This error is not even bounded! For comparison, even theerestimator has
error bounded by a constant in the limit/as— oo in this setting. This bias of the CAE is easily observed in
our experiments as the “hump” in the top row of Figure 1.

*We also implemented the linear estimators of [2], thougébtinat the BUB estimator performed better.
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Figure 1: Plots depicting the square root of the mean squared errorSEBMf each entropy estimator
over 500 trials, plotted as a function of the sample sizepnbe logarithmic scaling of the x-axis. The
samples are drawn from six classes of distributions: thietmidistribution,Uni f[n] that assigns probability

pi = 1/nfori = 1,2,...,n; an even mixture oUnif[Z] and Unif[22], which assigns probability

pi = & fori =1,...,2 and probabilityp; = & fori = Z +1,...,n; the Zipf distributionZip f[n] that

assigns probability; = ﬁ fori = 1,2,...,n and is commonly used to model naturally occurring
o

“power law” distributions, particularly in natural langy@ processing; a modified Zipf distribution with

power—law exponen@.6, Zipf2[n], that assigns probability; = WL;)/GJOG for: = 1,2,...,n; the
j=1

geometric distributioreom[n], which has infinite support and assigns probabjity= (1/n)(1 — 1/n)*, for

i =1,2...; and lastly an even mixture @feom[n/2] and Zipf[n/2]. For each distribution, we considered
three settings of the parametern = 1,000 (left column),n = 10,000 (center column), and = 100, 000
(right column). In each plot, the sample size ranges oveintieeval [n°-6, n'-25].

All experiments were run in Matlab. The error parametein Algorithm 1 was set to bé.5 for all
trials, and the vectar = 1, x2, ... used as the support of the returned histogram was chosenacderse
geometric mesh, wita; = 1/k%, andz; = 1.1z;—;. The experimental results are essentially unchanged if
the parametes varied within the rang¢0.25, 1], or if =1 is decreased, or if the mesh is made more fine (see
Appendix B). Appendix D contains our Matlab implementatasrAlgorithm 1.

The unseenestimator performs far better than the three standard esiny dominates the CAE esti-

mator for larger sample sizes and on samples from the Zigfilligions, and also dominates the BUB

estimator, even for the uniform and Zipf distributions fanieh the BUB estimator received the true support
sizes as input. 7
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Figure 2:Plots depicting the estimated the total variation distaficalistance) between two uniform distri-
butions onn = 10, 000 points, in three cases: the two distributions are idenfleft plot, d = 0), the supports
overlap orhalf their domain elements (center pldt= 0.5), and the distributions have disjoint supports (right
plot, d = 1). The estimate of the distance is plotted along with erraos lzd plus and minus one standard
deviation; our results are compared with those for the nestenator (the distance between the empirical dis-
tributions). Theunseerestimator can be seen to reliably distinguish betweenithe0, d = % andd = 1
cases even for samples as small as several hundred.
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3.1 Estimating/; distance and number of words inHamlet

The other two properties that we consider do not have suchlyiaccepted estimators as entropy,
and thus our evaluation of the unseen estimator will be moaditqtive. We include these two exam-
ples here because they are of a substantially differentrffagm entropy estimation, and highlight

the flexibility of our approach.

Figure 2 shows the results of estimating the total variatlimtance {; distance). Because total
variation distance is a property of two distributions irstef one, fingerprints and histograms are
two-dimensional objects in this setting (see Section 4[29}), and Algorithm 1 and the linear pro-
grams are extended accordingly, replacing single indiggmbrs of indices, and Poisson coefficients
by corresponding products of Poisson coefficients.

Finally, in contrast to the synthetic tests above, we alsduated our estimator on a real-data prob-
lem which may be seen as emblematic of the challenges in agedeit of natural language pro-
cessing problemsgiven a (contiguous) fragment of Shakespeakgsnlet estimate the number
of distinct words in the whole playwe use this example to showcase the flexibility of our linear
programming approach—our estimator can be customizedrt@piar domains in powerful and
principled ways by adding or modifying the constraints o timear program. To estimate the his-
togram of word frequencies iHamlet we note that the play is of Iength 25,000, and thus the
minimum probability with which any word can occur 59— Thus in contrast to our previous
approach of using Linear Program 2 to bound the support ofé¢hened histogram, we instead
simply modify the input vectog: of Linear Program 1 to contain only probability valules2r 500
and forgo running Linear Program 2. The results are plottefeigure 3. The estimates converge
towards the true value of 4268 distinct words extremelydiypand are slightly negatively biased,
perhaps reflecting the fact that words appearing closeliegate correlated.

In contrast to Hamlet's charge that “there are more thingseiaven and earth...than are dreamt of
in your philosophy,” we can say that there are almost exalynany things itHamletas can be
dreamt of from 10% oHamlet

Estimating # Distinct Words in Hamlet
8000 T T T T

6000 I /
Iz .
40001 W |
— Naive
2000 CAE
—&—Unseen

Estimate

0

0 015 ! 1. 5 é 25

Length of Passage x 10"
Figure 3: Estimates of the total number of distinct word forms in Slspleare’sHamlet (excluding stage
directions and proper nouns) as a functions of the length@fpassage from which the estimate is inferred.
The true value, 4268, is shown as the horizontal line.
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In this Addendum, A) we compare our approach to that of [Lirflmoth a theoretical and practical
standpoint; B) we show that the performance of Algorithm foisust to variations and choice of
parameters; C) we provide a self-contained proof of (a gdization of) Theorem 1; and D) we
include a Matlab implementation of Algorithm 1.

A Comparison with [1]

The estimators of [1] differ from the one presented here iress respects. First, they require,
as input, an upper bound, on the true support size of the distribution from which thenple
was drawn. Second, rather than adopting the two-stage agpaf our estimator, which tries to
find the plausible histogram of minimal support size, theipr@ach uses a single linear program,
which simply tries to find a plausible histogram. Specifigdteir linear program lacks an objective
function, and only defines a feasible polytope that consi@ll histogramsh’ whose expected
fingerprint is sufficiently close to the observed fingerp(specifically,| E,/ [F;] — Fi| < n51).
The third difference, which significantly complicates thegf of Theorem 1, is how we quantify
“close to the observed fingerprint”. Our algorithm measuhesdistance between the expected
fingerprint of a histogram, and the observed fingerprint, l@yghting the discrepancy in thigh
entry byﬁ. This makes intuitive sense, as the variance inithdingerprint entry is roughly

equal to its expectation (as in a Poisson distribution),.&nid a proxy for the expected value of the
ith fingerprint entry: in short, the objective value of ourglar program tries to find a distribution to
fit the data so as to minimize the “total error, measured itsusfistandard deviations”. The linear
program of [1] simply requires thal,. [F;] — F;| < n'5L, irrespective of value of7;. One of the
significant technical hurdles of our proof of Theorem 1 camdagghly viewed as showing that the
results of [1] still hold ifn-5! were instead replaced by®'\/F; + 1.

In Figure 4 we give empirical evidence for the importancewftwo-stage approach—in particular,
minimizing the support size while ensuring that the retdrhistogram still has the property that its
expected fingerprints are close to the observed ones.

B Robustness to modifying parameters

In this section we give strong empirical evidence for thausibess of our approach. Specifically, we
show that the performance of our estimator remains esdigntiachanged over large ranges of the
two parameters of our estimator: the choice of mesh poirttseohterval(0, 1] which correspond to
the variables of the linear programs, and the parametdrthe second linear program that dictates
the additional allowable discrepancy between the expédatgerprints of the returned histogram
and the observed fingerprints.

Additionally, we also consider the variant of the seconddinprogram which is based on a slightly
different interpretation of Occam’s Razor: instead of miizing the support size of the returned
histogram, we now minimize thentropyof the returned histogram. Note that this is stilirrear
objective function, and hence can still be solved by a lingagram. Formally, recall that the
linear programs have variablé$, . . ., hj, corresponding to the histogram values at corresponding
fixed grid pointszy, . .., z,. Rather than having the second linear program minin}%e:1 b, we
consider replacing the objective function by '

4
L 1
Minimize: Z h’; - log o
j=1 J
Note that the quantian:1 b - log % is precisely the entropy corresponding to the histogram
defined byh(x;) = h} andh(z) = 0 forall z & {x1,...,z,}. Additionally, this expression is still
a linear function (of the variablés;) and hence we still have a linear program.

Figure 5 depicts the performance of our estimator with fiieedknt sets of parameters, as well
as the performance of the estimator with the entropy miration objective, as described in the
previous paragraph.
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Figure 4: Comparison between our main algorithm using two linear o, versus running only the first
linear program. Plots depict the square root of the mearreduaror (RMSE) of each entropy estimator over
100 trials, plotted as a function of the sample size (notddfarithmic scaling of the x-axis). The samples
are drawn from a uniform distributiotini f[n] (top row), a Zipf distributionZip f[n] (middle row), and a
geometric distributiorZeom[n] (bottom row), forn = 1000 (left column),n = 10, 000 (middle column), and

n = 100,000 (right column). Note that the estimator obtained by remgwime second linear program (the
program that minimizes the support size for “plausibletdigams) performs significantly less consistently
than the proposed two-program estimator, and has perfa@nguirks that depend on the distribution family.
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Figure 5: Plots depicting the square root of the mean squared errolSEMf each entropy estimator over
100 trials, plotted as a function of the sample size. The $svgre drawn from a uniform distributidfni f [n]
(top row), a Zipf distributionZip f[n] (middle row), and a geometric distributi@ieom[n] (bottom row), for

n = 1000 (left column),n = 10,000 (middle column), and» = 100, 000 (right column). The unseen
estimator with parameters, ¢ corresponds to setting the error parameteof Algorithm 1 and the mesh
corresponding to the linear program variables to be a ga@ralty spaced grid with geometric ratio namely,

X = k%, = ;—i, Z—;, ..., }, wherek is the sample size. Note that the performance of the diffar@nants

of the unseerestimator perform nearly identically. In particular, therfermance is essentially unchanged if
one makes the granularity of the grid spacing of the mesh abatilities used in the linear programs more
fine, or slightly more coarse. The performance is also eisdlgritientical if one changes the objective function
of Linear Program 2 to minimize the entropy of the returnestdgram (“Unseen-MinEntropy” in the above
plot), rather than minimizing the support size. The perfance varies slightly when the error parameteas
changed, though is reasonably robust to increasing or asiog by factors of up te.
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C Proof of main theorem

We now give a self-contained proof of Theorem 1. In fact, wi priove a more general theorem
that guarantees that Algorithm 1 will, with very high probéya return a histogram which is “close”
to the histogram of the true distribution from which the séenpas drawn. In particular, for any
sufficiently “nice” statistical property of the distriboti (such as entropy) that is a function of only
the histogram of a distribution, the property value of th&tdgram returned by our algorithm will
be an accurate approximation of the property value of the distribution from which the sample
was drawn.

In order to formally state this more general theorem, we nefineé what it means for two histograms
to be “close”.

Definition 6. For two distributionspy, p2 with respective histogrants;, h», we define theelative
earthmover distanceetween themR(p1, p2) := R(h1, h2), as the minimum over all schemes of
moving the probability mass of the first histogram to yield gecond histogram, of the cost of
moving that mass, where the per-unit mass cost of movingfneasgrobabilityx to y is | log(z/y)|.
Formally, forz,y € (0, 1], the cost of moving: - h(x) units of mass from probability to y is

z - h(z)|log |-

One can also define the relative earthmover distance viaotteing dual formulation (given by
the Kantorovich-Rubinstein theorem, though it can be tively seen as exactly what one would
expect from linear programming duality):

R(hy, he) = sup Z f(x) -z (hi(x) — ho(z))
feRm:hl (x)+ha(x)#0

whereR is the set of differentiable functions: (0,1] — R, s.t.|-L f(z)| < 1.

We provide a clarifying example of the above definition:

Example 7. Letp, = Unif[m], p2 = Unif[¢] be the uniform distributions over and¢ distinct
elements, respectivelRR(p1, p2) = |logm — log ¢|, since we must take all the probability mass at
probabilityz = 1/m in the histogram corresponding {g, and move it to probability = 1/¢, ata
per-unit mass cost dflog 7| = |logm — log £|.

Throughout, we will restrict our attention to propertiesitisatisfy a weak notion of continuity,
defined via the relative earthmover distance.

Definition 8. A symmetric distribution property is (e, §)-continuousf for all distributionspy, pa
with respective histogrants, , ho satisfyingR(h1, he) < ¢ it follows that|w(p1) — 7(p2)| < e.

We note that both entropy and support size are easily seen tmttinuous with respect to the
relative earthmover distance.

Fact 9. For a distributionp of support size at most, andd > 0

* The entropyH (p) := — >, p(i) - log p(3) is (8, 0)-continuous, with respect to the relative
earthmover distance.

» The supportsizé(p) := |{i : p(i) > 0}| is (nd, §)-continuous, with respect to the relative
earthmover distance, over the set of distributions whickeh#o probabilities in the interval

(0,1).
C.1 Formal description of algorithm

We now formally state the algorithm to which our theorem &l The linear program employed
by this algorithm is identical to Linear Program 2 (up to nerirag variables). The one difference
between this algorithm, and Algorithm 1 is the manner in \tttee fingerprint is partitioned into

the “easy” regime for which the empirical estimate is appliend the “hard” regime for which the

linear programming approach is applied. Here, for simpliave analyze the partitioning scheme
that simply chooses a fixed cutoff, and applies the naive ecapestimator to any fingerprint entry
F; for i above the cutoff, and applies the linear programming apgbréa the smaller fingerprint

indices.
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For clarity of exposition, we state the algorithm in termgtoke positive constants, C, andD,
which can be defined arbitrarily provided the following inedjties hold:

1 B
O.1>B>C>B(§+D)>§>D>O.

Linear Program 3.
Given ak-sample fingerprinf:

. B .C
« Definethe sei := {5, %, %, ...,

» For eachr € X, define the associated LP variahilg

The linear program is defined as follows:
Minimize " v, (minimize support size)
zeX

Subject to:

KB

1 . . 28 : ;
. > Weors: ]]—‘i — Y wex poi(kz, z)vz] < k*" (expected fingerprints af, are close taoF)

S eex T Uz + Soh 5, ope i = 1 (total prob. mass- 1)

e Vz € X,v, > 0 (histogram entries are non-negative)

Algorithm 2. ESTIMATE UNSEEN
Input: k-sample fingerpring.
Output: Generalized histogramy, .
o Letv = (vg,, vy, - ..) be the solution to Linear Program 3, on inpkit

* Letgrp be the generalized histogram formed by setijing (z:) = v., for all 4, and then fo
each integej > k% + 2k°, incrementingyzp (L) by F;.

The following theorem characterizes the performance ofth@ve algorithm. Theorem 1 follows
immediately from the following theorem, together with Fawhich shows that if two histograms
are close in relative earthmover distance, then their pigscare comparably close.

Theorem 2. For anyc > 0, for sufficiently largen, given a sample of size = c& consisting
of independent draws from a distributipne D", with probability at leastl — """ over the
randomness in the selection of the sample, Algorithm 2 mstargeneralized histogragy, » such
that
1
R(p,g9rp) <O <—) :

Ve
C.2 Proof approach

The proof of Theorem 2 decomposes into three main parts. Tstepfirt of the proof argues that
with high probability (over the randomness in the independeaws of the sample) the sample will
be a “faithful” sample from the distribution—no domain elent occurs too much more frequently
than one would expect, and the fingerprint entries are reddpnolose to their expected values. This
part of the proof, while slightly tedious, follows relatlyesasily from a series of Chernoff bounds.
Having thus compartmentalized the probabilistic compon&aur theorem, we will then argue that
Algorithm 2 will be successful whenever it receives a “failhsample as input.

The second component of the proof argues that (providedatmgle in question is “faithful”), the
histogram of the true distribution, rounded so as to be supgat values in the séf of probabilities
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corresponding to the linear program variables, is a feagibint of Linear Program 3. (And has ob-
jective function value roughly equal to the true suppor ssince the rounding will not significantly
alter the support size.)

The final component of the proof will then argue that, giaay two feasible points of Linear
Program 3 that both have reasonably small objective funatédue, they must be close in relative
earthmover distance. Since we have already establisheththhistogram of the true distribution
(appropriately rounded) will be feasible, and will have #rbjective function value, it will follow
that the solution output by the linear program (which cary dialve smaller objective function value),
must be close to the histogram of the true distribution. Thimponent of the proof closely follows
that of [1], and crucially leverages a similar “Chebyshewii construction, though we provide a
slightly simplified proof of the key lemmas here for compiedss.

C.3 Afeasible point

The following condition defines what it means for a samplefidistribution to be “faithful”:

Definition 10. A sample of sizé with fingerprintF, drawn from a distributiorp with histogranv.,
is said to befaithful if the following conditions hold:

» Forall 4,

.7:7; - Z h(l’) . pOZ(k,fC, Z) < max (]:1%+D, ]{B(%+D)) .
wih(2)70

* For all domain elements letting p(i) denote the true probability af the number of times
i occurs in the sample fromdiffers from its expectation &f - p(i) by at most

max ((k: ()P k3<%+D>) .

The following lemma follows easily from basic tail boundsPaisson random variables, and Cher-
noff bounds.

Lemma 11. There is a constant > 0 such that for sufficiently largk, a sample of sizgé consisting
of independent draws from a fixed distribution is “faithfulith probability at leastl — e—*"

Proof. We first analyze the case ofRvi(k)-sized sample drawn from a distribution with histogram

h. Thus

E[Fi]= Y h@)poi(kz,i).

z:h(x)#0

Additionally, the number of times each domain element ogdsiindependent of the number of
times the other domain elements occur, and thus each firigeeptry F; is the sum of independent
random0/1 variables, representing whether each domain element mctexactly; times in the
sample (i.e. contributing towardsF;). By independence, Chernoff bounds apply.
We split the analysis into two cases, according to wheRid;] > k5. If E[F;] < k5, we have
that Pr [IE - E[F]| > kﬁ(%”’)} is monotonically increasing as a function BfF;], and hence
for anyE[F;] < kB, this probability is bounded by considering the case H{&;] = k7; in this
case, Chernoff bounds yield:

-1 2 E[‘Fm] 12D
Pr {|]—‘i —E[F]| > E[]—‘i]%H’} < 26(1«:[]:1»11/2*7?) R D WUl E
In the case that[F;] > k?, we have thaPr [|]-" E[F]| > E[F]2 *D} is monotonically decreas-

ing as a function oE L and hence this quantity is also bounded by the above Cheroafid in
the case thaE[F, . A union bound over the first fingerprints shows that the probability
that given a sample (consisting Bbi(k) draws), the probab|I|ty that any of the fingerprint entries

violate the first condition ofaithful is at most - 2e~ —k
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For the second condition of “faithful”, by basic tail bourfdsthe Poisson distributiomr[| Poi(x)—

x| > 231tP) < e*mn(”), hence forr = k-p(i) > kB, the probability that the number of occurrences
of domain element differs from its expectation of - p(¢) by at least(k -p(z’))%+D is bounded by
e=""" Inthe case that = k - p(i) < kB,

Pr[|Poi(z) — x| > KBGTD)] < Pr[|Poi(kB) — k5| > kBGTD)] < ¢+

Thus we have shown that provided we are considering a sarhpieeaPoi(k), the probability that
the conditions hold is at least- e~ To conclude, note thar[Poi(k) = k] > ﬁv and hence

the probability that the conditions do not hold for a samplsize exactlyk (namely, the probability
that they do not hold for a sample of siZi(k), conditioned on the sample size being exa&fly

is at most a factor a3\/% larger, and hence this probability of failure is s&iﬁkm), as desired. O

The following lemma guarantees that, provided the samghaithful”, the corresponding instance
of Linear Program 3 admits a feasible point with small obyectunction value. Furthermore, there
exists at least one such near-optimal point which, whenrdeghas a histogram, is extremely close
to the histogram of the true distribution from which the stenpas drawn.

Lemma 12. For sufficiently largek, andn < k't5/2: given a distribution of support size at
mostn with histogramh, and a “faithful” sample of size: with fingerprintF, Linear Program 3
corresponding taF has a feasible point’ with objective value at mog&t, such that' is close to
the true histogrank in the following sense:

1

) C—B | 1.B(—1/2+D) _
R(h, h) < O(KE~5 + & log k) = O 575):

whereh, is the generalized histogram that would be returned by Athor 2 if ' were used in
place of the solution to the linear program; namelyh,. is obtained fromv’ by appending the
distribution of the empirical fingerprint entries; for i > k5 + 2k°.

Recall that the linear program aims to find distributiond tieauld reasonably have generated” the
observed fingerprinF. Following this intuition, we will show that, provided thamaple is faithful,
the true distributionk, minimally modified, will in fact be such a feasible poirit

Roughly,»” will be defined by taking the portion éfwith probabilities at mosf% and rounding
the support ofh to the closest multiple of /£2, so as to be supported at points in the Xet=
{1/k%,2/K?,...}. We will then need to adjust the total probability mass actedrfor in v’ so
as to ensure that the second constraint of the linear prograatisfied, namely the total (implicit)
probability mass is 1; this adjusting of mass must be accsimgd while ensuring that the fingerprint
expectations do not change significantly, so as to ensutéhinéirst constraint of the linear program
is satisfied.

The objective function value of’ will easily be bounded bgn, since we are assuming that the
support size of the distribution corresponding to the tristolgram,/, is bounded byn, and the
rounding will at most double this value. To argue thats a feasible point of the linear program,
we note that the mesK is sufficiently fine so as to guarantee that the rounding oftipgport of

a histogram to probabilities that are integer multiples %> does not greatly change the expected
fingerprints, and hence the expected fingerprint entriescaed withv’” will be close to those of
h. Our definition of “faithful” guarantees that all fingerprientries are close to their expectations,
and hence the first condition of the linear program will bés§iad. (Intuitively, the reader should
be convinced that there somesuitably fine mesh for which rounding issues are benign;etler
nothing special about/k? except that it simplifies some of the proof.)

To bound the relative earthmover distance between the tisiegnamh and the histogrank.,
associated te’, we first note that the portion df,, corresponding to probabilities belo@xfjg—’“c

will be extremely similar toh, because it was created from For probabilities abové%,
h,» andh will be similar because these “frequently-occurring” etats will appear close to their
expected number of times, by the second condition of “falttdnd hence the relative earthmover
distance between the empirical histogram and the truedreho in this frequently-occurring region
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will also be small. Finally, the only remaining region is tredatively narrow intermediate region
of probabilities, which is narrow enough so that probapititass can be moved arbitrarily within
this intermediate region while incurring minimal relatiearthmover cost. The formal proof of
Lemma 12 containing the details of this argument is givenwel

Proof of Lemma 12We explicitly definev’ as a function of the true histogratnand fingerprint of
the sampleF, as follows:

1. Defineh’ such that/(z) = h(x) forall x < %, andh/(z) = 0forall z > %

2. Initialize v’ to be0, and for each: > 1/k? s.t. /(x) # 0 increment’, by h'(x), where
Z = max(z € X : z < z) is z rounded down to the closest point in the Sét=

(1/k2,2/K2, .. ).
3. Letm := Yy 20, + mz, wheremz := 3. 15 ope £Fi- If m < 1, incrementy;, by

(1 —m)/y, wherey = % Otherwise, ifm > 1, for all z € X scalev/, by a factor of
5= 7};—2};, after which the total probability massr + 3 y zv;, will be 1.

We first note that the above procedure is well-defined, singe< 1, and hence, whem > 1 and
the scaling factog is applied,s will be positive.

We now argue that’ is a feasible point of the linear program. Note that by cartiton, the second
and third conditions of the linear program are triviallyisééd. We now consider the first condition
of the linear program. Note that sin€e> 113, we have, s poi(kB + k€,4) = o(1/k), so the

fact that we are truncatinig at probability’“gzkc in the first step in our construction of, has little

effect on the firsk:B “expected fingerprints”: specifically, far< k5,
N (W () — hlx)) poi(ke,i) = o(1).
x:h(x)#0
Together with the first condition of the definition of faithfby the triangle inequality, for each

1
VE AL

We now bound the analyze how the discretization contribtdete first constraint of the linear
program. To this end, note th{a%poi(kx,i)‘ < k, and since we are discretizing to multiples of
1/k2, the discretization alters the contribution of each doneément to each “expected finger-
print” by at mostk /k? = 1/k (including those domain elements with probability1/k? which
are effectively rounded to 0). Thus, since the support SZsounded by., the discretization al-
ters each “expected fingerprint” by at moestk, and thus contributes at mo@?% to the quantity

KB . .
i1 7= [Fi = Ygex poi(ka, i)vs .-

Fi— Z b (z)poi(kz,i)| < max (f?,ks(%+p)) +o(1).
z:h!(2)#0

To conclude our analysis of the first condition of the lineargsam forv’, we consider the effect of
the final adjustment of probability mass in the constructibul. In the case that, < 1, wherem is
the amount of mass it before the final adjustment (as defined in the final step in dmstcuction

of v'), mass is added to], wherey = 24 and thus sinc&", s poi(ky,i) = o(1/k), this
added mass—no matter how much—alters €agh y v, poi(kx,i) by at mosb(1).

The case where: > 1, and we must scale down the low-frequency portion of theitligion by

the quantitys < 1, involves a more delicate analysis. We first bounth such a way that we

can leverage the definition of “faithful”. Recall that by defion at the start of the third step of

the construction of/, we haves = =Mz — Zig’sﬂfjﬂ. We lowerbound this expression
reX x

via an upperbound on the denominator, noting thgt. . zv;, is at most the total probability mass

below frequency@ in the true histogrank, which by Poisson tail bounds is at megt /k)

less than the total mass implied by expected fingerprint® i t+ 2k€. Namely, lettingE[F;] =
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Zm:h(m#o h(z) - poi(kx,i) be the expected fingerprints of sampling from the true distion, we

haves > M — o(1/k).
= XickBiane % BlFi]

We bound this expression using the definition of “faithfufar eachi, we haveE[F;] < F; +
1 1
max (}‘fH), kﬁ(%”’)) < Fi+ F? 7 4+ kBGHP)_ To bounds, we must bound the sum of these
terms, each scaled by. Becauserz P is a concave function, and letting:= > ickBione =
. 1
O(%), Jensen’s inequality gives that, _, s ,.c k]-"frD < 2 (L3 chnpone Fi) 2+?. Thus,
defining the mass implied by the low-frequency fingerpriotbems = >, ;5. opc £Fi» We

1
L. E[F; 3-D
bound one over the expression in our bound faas ZicrBine £ B <1+ (i) +
i<kByorC 5Fi ms

kﬁ(%”’)mis. Thus s is at least 1 over this last expression, minig/k), which we bound
via the inequality;— > 1 — = (for positivez) as: s > 1 — O(k(%*l)(%*m)mg(%_p) -
O(k26+6(%+D)—1)/mS.

Recall thatv’ is scaled bys at the end of the third step of its construction, and thus @yae

the contribution of this scaling to the first constraint oé tinear program, we bound the total
B

quantity which will be scaled in the first constraint functid""_, \/%H > wex poi(kx,i)v), at

the beginning of step 3. We make use of the bounds on the finsti@nt derived above, for ea¢h

1
— | F; —
VFi+1

which can be rearranged to

Z poi(kz,i)v.,| < max (]-"Z-D, ks(%ﬂ))) + % +o(1),
z:h!(z)#0

E : Fi D 1.B(L+D) n
< —+ F! _
\/— poz k.’L‘ 2) ; max( i ,k 2 ) + A +0(1)

z:h!(x)#0
< \VFi+ O(kBGEHP)),

The Cauchy-Schwarz inequality yields tha},,s v/F; < \/Zigkg %]fi\/zigkg k. which is
bounded by/msO(y/klogk).

Thus scaling by; in step 3 modifies the first constraint of the linear progranabyost the product
of s — 1 and—— \/— 2w ()20 POL (K, i)y, which we have thus bounded as

min (1, O(k(w_l)(%_p))m;(27p) + O(k28+8(%+p)_1)/ms) (\/mSO(\/klog k) + O(kB(%+D))) .

Whenmg < k3871, we bound the left parenthetical expression by 1 and the ggpression is
bounded byO(1/k3B log k + kB2 1D)) = O(KB(E+D)),

Otherwise, whenmg € [k*)~1 1], we bound the product of the first parentheti-
cal with the rightmost termO(kB(z+D)) by simply O(kB(Z+P)). We bound the re-
maining two cross-terms a®(k(25-1)(z-D)) \/_O(\/W) < O(kB*P) and
O(K*BHBGAD)1 /m g /msO(v/klogk) < O(kB 1’“D)). Thus the total contribution of the scal-
ing by s to the first constraint i©) (k52 7)),

Thus for large enough, the first constraint will always be less thatf

We now turn to analyzing the relative earthmover distaR¢e, /., ). Consider applying the fol-
lowing earthmoving scheme fo,/ to yield a new generalized histogram The following scheme
applies in the case that no probability mass was scaled dmamf in the final step of its construc-
tion; in the case that’ was scaled down, we consider applying the same earthmosiregree, with
the modification that one never moves more thap () mass from location.
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* For eachzr < ’“ngkc, move zh(x) units of probability from locatiorz: to z, where as
above,z = max(z € X : z < x) is « rounded down to the closest point in s&t=

(1/k2,2/K2,.. ).

+ For each domain elementhat occursj > kB + 2k€ times, move,% units of probability

mass from Iocat|0r% to locationp(i), wherep(i) is the true probability of domain element
1.

By our construction oh,, it follows that the above earthmoving scheme is a valid sehto apply
to h,, in the sense that it never tries to move more mass from a fh@intwas at that point. Anglis
the generalized histogram resulting from applying thiseset toh.,,. We first show thaf(h.,, g)

is small, since probability mass is only moved relativelyaindistances. We will then argue that
R(g,h) is small: roughly, this follows from first noting thatandh will be very similar below

probability valuekZ+k% ’”“ , and from the second condition of “faithfulf and & will also be quite

similar above pl’Ob&bIht)M. Thus the bulk of the disparity betwegnand/ is in the very
narrow intermediate region, within which mass may be moveti@ small per-unit-mass cost of

log 20U < o(ke-5),

We first seek to boundk(h,, g). To bound the cost of the first component of the scheme, con-
sider somer > ’“;2 The per-unit-mass cost of applying the scheme at locatiembounded by

log #/162 < 2k~'/2_From the bound on the support sizehodind the construction df,., the total

probability mass irh,, at probabilitiess < & k2 is at mostz5 < kB/2-1/2 and hence this mass

can be moved anywhere at cadt/>~1/2 log(k?). To bound the second component of the scheme,
by the second condition of “faithful” for each of these freqtly-occurring domain elements that

occurj > kP + 2kC times with true probability (i), we have thatk - p(i) — j| < (k - p('))1+D,
ks_ks( +D)
Laks st RR e

and hence the per-unit-mass cost of this portion of the sehisrbounded byog
O(kB(=2+P)) which dominates the cost of the first portion of the schemecee

R(hyr,g) < O(KBG2+D)),

We now consideR(h, g). To this end, we will show that

> zlh(z) — g(x)] < O(RECH/ZHD)),

B C
S

First, consider the case that there was no scaling dowri of the final step of the construction.
Forz < k!, we haveg(z) = Zh(z), and hence for > %2, |h(z) — g(z)| < h(z)k=/2.0n
the other handy_ _ Y xh(z) < k=1Y/?+B/2 since the support size éfis at mostn < k'+5/2,

Including the pOSS|bIe removal of at mdst'/2+? units of mass during the scaling in the final step
of constructing’, we have that

> alh(x) — glx)| < O(k™/2HE),
ISkB—l
We now consider the “high probability” regime. From the set@ondition of “faithful”, for each
domain element whose true probability ip(i) > xd +4k , the number of times occurs in the

faithful sample will dn‘fer from its expectatioh - p(i) by at most(k - p(i))z*P. Hence from our
condition thatC > B( + D) this element will occur at leagt® + 2k¢ tlmes in which case it
will contribute to the port|on of,» corresponding to the empirical distribution. Thus for eagbh

domain element, the contribution to the discrepangy) — g(x)| is at mostk-p(i))~'/2*P. Hence

> esks-1yare—1 2lh(x) — g(x)| < KB/2HP) yielding the claim that

> zlh(z) — g(x)] < O(RECH/ZHD)),

mg{[kB*l,M]
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To conclude, note that all the probability masgiandh at probabilities belowt /k? can be moved
to location1/k? incurring a relative earthmover cost boundeduyyx,, <1 /2 na|log 2k?| < 7% <

B/ .. . B B c
K- After such a move, the remaining discrepancy betws@n andh(z) for x ¢ [£= K244k7)

can be moved to probabilit”® /k at a per-unit-mass cost of at mdsg k2, and hence a total cost
of at mostO(kB(~1/2+P) og k2). After this move, the only region for whici(x) andh(z) differ

is the narrow region with: € [%, ’“8*];4’“6], within which mass may be moved arbitrarily at a total

cost oflog(1 + 4k°~B) < O(k°~F). Hence we have

R(h, hyy) < R(h,g) + R(g. hy) < O(k™8 + kB2 P jog k).

C.4 Similar expected fingerprints imply similar histograms

In this section we argue that if two histograms h» corresponding to distributions with support size
at mostO(n) have the property that their expected fingerprints derivechfPoi(k)-sized samples
are very similar, theR(h1, h2) must be small. This will guarantee that any two feasible {sodrf
Linear Program 3 that both have small objective functiomgalcorrespond to histograms that are
close in relative earthmover distance. The previous seestablished the existence of a feasible
point with small objective function value that is close te tinue histogram, hence by the triangle
inequality, all such feasible points must be close to the tristogram; in particular, the optimal
point—the solution to the linear program—uwill correspondat histogram that is close to the true
histogram of the distribution from which the sample was drasompleting our proof of Theorem 2.

We define a class of earthmoving schemes, which will allowoudiriectly relate the relative earth-
mover cost of two distributions to the discrepancy in thespective fingerprint expectations. The
main technical tool is a Chebyshev polynomial construgttbough for clarity, we first describe a
simpler scheme that provides some intuition for the Chebyslnstruction. We begin by describ-
ing the form of our earthmoving schemes; since we hope téeréee cost of such schemes to the
discrepancy in expected fingerprints Béi(k)-sized samples, we will require that the schemes be
formulated in terms of the Poisson functigns (kz, 7).

Definition 13. For a givenk, a g-bump earthmoving schenig defined by a sequence of positive
real numbers{c;}, the bump centersand a sequence of functiokg;} : (0,1] — R such that
Yico filz) = 1 for eachz, and each functiorf; may be expressed as a linear combination of
Poisson functionsf;(z) = 3~72 aijpoi(kz, j), such thad =" a;;| < B.

Given a generalized histogram the scheme works as follows: for eactsuch thath(x) # 0,
and each integef > 0, movexzh(z) - f;(«) units of probability mass from to ¢;. We denote the
histogram resulting from this scheme fay /) (h).

Definition 14. A bump earthmoving scherne f) is [¢, n]-goodif for any generalized histograr
of supportsizé__ h(z) < n, the relative earthmover distance betwéeand (c, f)(h) is at mosk.

The crux of the proof of correctness of our estimator is thglieit construction of a surprisingly
good earthmoving scheme. We will show that for &andn = 6k log k for somed € [1/logk, 1],
there exists a0 (1/4), n]-good O (k°-3)-bump earthmoving scheme. In fact, we will construct a
single scheme for ali. We begin by defining a simple scheme that illustrates thepkegerties of

a bump earthmoving scheme, and its analysis.

Perhaps the most natural bump earthmoving scheme is whebeithp functiong; (z) = poi(kx, i)
and the bump centeks = % Fori = 0, we may, for example, set) = ﬁ so as to avoid a
logarithm of O when evaluating relative earthmover diseanthis is a valid earthmoving scheme
since}_ .2, fi(z) = 1 foranyz.

The motivation for this construction is the fact that, foyanthe amount of probability mass that
ends up at; in (c, f)(h) is exactly“t! times the expectation of thiet 1st fingerprintin aPoi(k)-
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sample fromh:

(. (e)= > @z filz) = Y @)z poi(ke,i)
z:h(x)#0 z:h(x)#0 .
h(zx) - poi(kx,i + 1)%

(]

z:h(x)#0
_ il Z h(z) - poi(kx,i + 1).
x:h(x)#0
Consider applying this earthmoving scheme to two histograng with nearly identical finger-
print expectations. Letting’ = (¢, f)(h) andg’ = (¢, f)(g), by definition bothh’ andg are
supported at the bump centers and by the above equation, for each|h'(¢;) — ¢'(¢;)| =
L3 (h(z) — g(x))poi(kz,i + 1)|, where this expression is exactif: times the difference
between the + 1st fingerprint expectations éf andg. In particular, ifh andg have nearly iden-
tical fingerprint expectations, théri andg’ will be very similar. Analogs of this relation between
R ((e, f)(9), (¢, f)(h)) and the discrepancy between the expected fingerprint srtdgrespond-
ing to g andh will hold for any bump earthmoving schente, f). Sufficiently “good” earthmoving
schemes (guaranteeing thiah, h’) andR(g, ¢') are small) thus provides a powerful way of bound-
ing the relative earthmover distance between two distidbstin terms of the discrepancy in their
fingerprint expectations.

o

The problem with the “Poisson bump” earthmoving scheme riteestt in the previous paragraph
is that it not very “good”: it incurs a very large relative #anover cost, particularly for small
probabilities. This is due to the fact that most of the masd #tarts at a probability belo@
will end up in the zeroth bump, no matter if it has probabih’t@arly%, or the rather Iower%.
Phrased differently, the problem with this scheme is thatfitst few “bumps” are extremely fat.
The situation gets srgnrfrcantly better for higher Poisaamctions: most of the mass &foi(i) lies
within relatrve drstancé)( ) of 4, and hence the scheme is relatively cheap for larger prbtedbi

x> +. We will therefore construct a scheme that uses regular ®wikmctionspoi(kx, ) for
1 > O(log k), but takes great care to construct “skinnier” bumps belasrigion.

The main tool of this construction of skinnier bumps is theelyshev polynomials. For each in-
tegeri > 0, theith Chebyshev polynomial, denotdd(x), is the polynomial of degreé such
thatT;(cos(y)) = cos(i - y). Thus, up to a change of variables, any linear combinaticcosine
functions up to frequency may be re-expressed as the same linear combination of theyShey
polynomials of order$ throughs. Given this, constructing a “good” earth-moving schemeris a
exercise in trigonometric constructions.

Before formally defining our bump earthmoving scheme, we givough sketch of the key features.
We define the scheme with respect to a parameterO(log k). Fori > s, we use the fat Poisson
bumps: that is, we define the bump centgrs: + and functionsf; = poi(kz, ). Fori < s, we will
use skinnier “Chebyshev bumps”; these bumps will have riyuglradratically spaced bump centers
c ~ ﬁ, with the width of theith bump roughlym (as compared to the Iargerwidthé@ of
the ith Poisson bump). At a high level, the logarithmic factor ioyement in oulO(55--) bound
on the sample size necessary to achieve accurate estinaaites because the first few Chebyshev
bumps have widttO(—=), in contrast to the first Poisson bummi(kz, 1), which has width
O(}).

Definition 15. TheChebyshev bumpare defined in terms df as follows. Les = 0.21og k. Define
g1(y) = 352", cos(jy). Define

klogk

92(y) = % <91(y ?; ) +3g1(y — 2—) +3g1(y + 55 )+gl(y+ z—)> ,

and, fori € {1,...,s — 1} definegi(y) := g2(y — ) + g2(y + ), andg§ = g2(y), and g =
g2(y+m). Lett;(x) be the linear combination of Chebyshev polynomials sottlieds(y)) = g4 (y).
We thus define + 1 functions, the “skinny bumps”, to bB;(z) = ¢;(1 — ) Py Opoz(:ck 7),
fori € {0,...,s}. Thatis,B;(x) is related tog}(y) by the coordinate transformation = 22 (1 —

cos(y)), and scallng b)E Opoz(:z:k 7)-
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The Chebyshev bumps of Definition 15 are “third order”; if, stead, we had con-
sidered the analogous less skinny “second order” bumps bfining g¢2(y) =

= (g1(y—Z)+291(y) + g1 (y + Z)) , then the results would still hold, though the proofs
are slightly more cumbersome.

Definition 16. TheChebyshev earthmoving scheisalefined in terms of as follows: as in Defi-
nition 15, lets = 0.2log k. For ¢ > s + 1, define theth bump functiory;(z) = poi(kz,i — 1) and
associated bump center = =1, Fori € {0,...,s} let fi(z) = B;(z), and fori € {1,...,s},
define their associated bump centers= 25 (1 — cos('Z)), and letcy = ¢;.

The following lemma characterizes the key properties of @mebyshev earthmoving scheme.
Namely, that the scheme is, in fact, an earthmoving schema¢ eeich bump can be expressed as

a low-eight linear combination of Poisson functions, anak tihhe scheme incurs a small relative-
earthmover cost.

Lemma 17. The Chebyshev earthmoving scheme, of Definition 16 hasltbeiftg properties:

e Foranyz > 0,

> L) =1,

i>0
hence the Chebyshev earthmoving scheme is a valid earthgesiieme.

» EachB;(x) may be expressed :{s:;?';o a;;poi(kx, j) for a;; satisfying
Z |aij| < 2/€0'3.
j=0

« The Chebyshev earthmoving schem@is/s), n]-good, forn = dk log k, andd > @.

The proof of the above lemma is quite involved, and we s@ipioof into a series of lemmas. The
first lemma below shows that the Chebyshev scheme is a vatigneaving scheme (the first bullet
in the above lemma):

Lemma 18. For anyzx

S

Z ga(w + %i) =1, and Zfi(x) =1.
=0

1=—s+1

Proof. go(y) is a linear combination of cosines at integer frequengiésr j = 0, .. ., s, shifted by
+m/2s and+3m/s2. Sinced ;. g2(x + Z) sums these cosines over all possible multiples of
/s, we note that all but the frequency 0 terms will cancel. T0y) = 1 term will show up once

in eachg; term, and thug + 3 + 3 + 1 = 8 times in eacly, term, and thus - 2s times in the sum

in question. Together with the normalizing factoriéfs, the total sum is thus, as claimed.

For the second part of the claim,

> filw)
=0

S

. s—1

. (xk iy ) ) . .

> amlcos (5r~1)+ ™) | Lpwiah) + Y- poiCak. )
j=0

Jj=—s+1 j>s
s—1

= 1- Zpoi(xk,j) + Zpoi(xk,j) =1
Jj=0 j>s

O

We now show that each Chebyshev bump may be expressed asagelght linear combination of
Poisson functions.
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Lemma 19. EachB;(z) may be expressed :{s:;';o a;;poi(kx, j) for a;; satisfying
Z |aij| < 2/€0'3.
j=0

Proof. Consider decomposing (y) into a linear combination afos(¢y), for ¢ € {0, ..., s}. Since
cos(—Ly) = cos(Ly), g1(y) consists of one copy ofos(sy), two copies ofcos(¢y) for each?
between 0 and, and one copy afos(0y); g2(y) consists of és times) 8 copies of different; (y)’s,
with some shifted so as to introduce sine components, baethime components are canceled out
in the formation ofg(y), which is a symmetric function for eagh Thus since each; contains
at most twog,’s, eachgi(y) may be regarded as a linear combinaty}j_, cos(¢y)b;; with the

coefficients bounded as;| < 2.

Sincet; was defined so that(cos(y)) = g5(y) = >_,_, cos({y)bi, by the definition of Cheby-
shev ponnomiaIs we havg(z) = > ,_,Tv(z)by. Thus the bumps are expressedigr) =
(Yoo To(1 — ZE)by,) (Zj;é poz‘(:ck,j)). We further express each Chebyshev polynomial via its

coefficients ag(1 — &) = an o Bem (1 — ZE)™ and then expand each term via binomial expan-

S

sionas(l — 45)™ = Y1 (—%%)4("') to yield

m s—1

=SS S S () (7 it .

£=0 m=0 ¢=0 5=0

We note that in general we can reexpresgoi(zk, j) = :vq”””“;i?*zk = poi(zk,j+q) (';'.?;‘f,)! , which
finally lets us expres®; as a linear combination of Poisson functions, foriadl {0, . . ., s}:

Z Z iiﬂfm (——> (?) J }L!q)!biepoi(xk,j +q).

£=0 m=0 ¢=0 j=0

It remains to bound the sum of the absolute values of the caafis of the Poisson functions. That
is, by the triangle inequality, it is sufficient to show that

m s—1 . '
$ 55 o (1 (M)t < s
£=0 0¢=0 j=0 q ]!
m= j=
We take the sum ovey first: the general fact thad ., _, (") = ("T‘1") implies that
Zj_é @ = Zj_é (-j“;q)q' = g1 = ¢ Ej*i‘),, and further, sincg < m < ¢ < s we
haves + ¢ < 2s which implies that this final expression is bounded—é§ (S+q)' T ot <

s-(2s)?. Thus we have

(1) ()

m s—1

SYYY

£=0 m=0 q=0 j=0

SYY

ﬁ€m5< )zf
£=0 m=0 q=0

4
sz [biel Y 1Bem 2
£=0 m=0

Chebyshev polynomials have coefficients whose signs rép#s patter{+, 0, —, 0), and thus we
can evaluate the innermost sum exactly7a$2i)|, fori = \/=1. Since we boundeld;,| < 2 above,
the quantity to be bounded is nowd_;_ 2|7%(2i)|. Since the explicit expression for Chebyshev

polynomials yield§T(2i)| = 3 [(2 — V5) + (2+ V/5)] and sincd2 — V5|* = (2+ v/5)~*
finally bounds $;_, 2|T0(2i)] < 1+>;__,(2+V5)! < 1+2§+f{_1-(2+f) < 2-(2+f)
2 - k%3, as desired, since= 0.2log k andlog(2 + v/5) < 1.5 and0.2 - 1.5 = 0.3. O
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We now turn to the main thrust of Lemma 17, showing that thesehis|O(+/9), n]-good, where
n = dklogk, ando > @; the following lemma, quantifying the “skinnyness” of thé@a&byshev
bumps is the cornerstone of this argument.

Lemma 20. |g2(y)| < y’;% fory € [-m, 7]\ (—=3n/s,37/s),and|g2(y)| < 1/2 everywhere.

Proof. Sinceg;(y) = Zj;is cos jy = sin(sy) cot(y/2), and sincesin(a + 7) = — sin(a), we
have the following:
1 3m 3T
920) = 14 (gl(y —5g) T30 - 5 =)+ 301y + 5 )+ gily+ g))

1 3
= 1t (sin(ys +7/2) (cot(% - 4—2) - 3cot(% - %)

+3cot(%+4—7;)— (2 +i—”)>).

Note that(cot(% — 2Z) —3cot(4 — L) + 3cot(£ + &) — cot(¥ + 3Z)) is a discrete approxi-

mation to(m/2s)? times the third derivative of the cotangent function eviddaaty /2. Thus it
is bounded in magnitude bir/2s)3 times the maximum magnitude %ﬁf;—g cot(z) in the range
z € [4—37 %4 37] Since the magnitude of this third derivative is decreasimg fe (0, 7), we can

4s7 2
simply evaluate the magnitude of this derivativéd at3T. We thus haved; cot(x) = _2(%‘?()2”)

whose magnitude is at mogﬁ—Af forz € (0,7]. Fory € [3w/s, ], we trivially have that

g — 3—” > 4, and thus we have the following bound:

y 37 y o y om y 37 (w)?’ 6 1277
8 -2y _3cot(Y = Ty +3cot(L+ Dy —cot (L + 2 < () ——— < .
|eot(G = 35) — 3oty = g5) +3cot(G + o) —eotlG + Tl = (3 (y/2m)% = yisd

Sincegg(y) is a symmetric function, the same bound holdsyfas [—m, —37/s]. Thus|gz2(y)| <

16152% < y’;; fory € [—m, 7] \ (—3n/s,3m/s). To conclude, note thaj,(y) attains a global

maximum aty = 0, with g2(0) = &= (6 cot(m/4s) — 2 cot(3m/4s)) < =22 < 1/2. O

Lemma 21. The Chebyshev earthmoving scheme of Definition 16(is/9), n]-good, wheren =
0klogk,ands >

log k"

Proof. We split this proof into two parts: first we will consider thest of the portion of the scheme

associated with all but the first+ 1 bumps, and then we consider the cost of the skinny bufps

with ¢ € {0, ..., s}.

For the first part, we consider the cost of bunfp#or i > s + 1; that is the relative earthmover cost

of movingpoi(xk, i) mass fromr to ¢, summed ovef > s. By definition of relative earthmover

distance, the cost of moving mass frano  is | log &~ k| which, sincdogy < y — 1, we bound by
k — 1 wheni < zk andi — 1 otherwise. We thus spllt the sum into two parts.

Fori > [zk] we havepoi(zk,i)(-; — 1) = poi(zk,i— 1) — poi(zk,i). This expression telescopes

when summed over> max{s, [zk]} to yieldpoi(«k, max{s, [¢k]} — 1) = O(Z%).

Fori < [zk] — 1 we have, since > s, thatpoi(zk, i)(ZE — 1) < poi(zk,i)((1 + 1) &5 — 1) =

(1 4+ 1)poi(zk,i + 1) — poi(zk, z) The 1 term sums to at most, and the rest telescopes to
poz(:vk [2k]) — poi(xk,s) = O( -). Thus in total,f; fori > s+ 1 contrlbutesO( -) to the
relative earthmover cost, per unit of weight moved.

We now turn to the skinny bump$(z) for ¢ < s. The simplest case is whenis outside the region
that corresponds to the cosine of a real number — that is, whepr 4s. It is straightforward
to show thatf;(z) is very small in this region. We note the general expressownChebyshev

polynomials: T;(z) = i [(z — V2% —1)7 + (z + v2? — 1)7], whose magnitude we bound by
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22|, Further, sinc@z < ¢, we bound this by(2)7el*l7, which we apply wherz| > 1. Recall

the definitionf;(z) = t;(1 — gf)Zj’é poi(zk, j), wheret; is the polynomial defined so that
ti(cos(y)) = gi(y), thatis,t; is a linear combination of Chebyshev polynomials of degteeasts

and with coefficients summing in magnitude to at mysis was shown in the proof of Lemma 19.
Sincexk > s, we may bounoz;‘?;é poi(zk,j) < s - poi(zk,s). Further, since: < ¢*~1 for all

z, letting z = L yieldsz < 4s - ei-~!, from which we may boungoi(zk,s) = (1’6)87,67” <
o = (4s - efs 1) = 45— < 4%73h/4 We combine this with the above bound on the
magmtude of Chebyshev polynomial§;(z) < (2)7el*li < ( )sel#ls, wherez = ( )yields

T;(z) < (e%)se%k. Thusf;(x) < poly(s)4® 3“/4( e’z = poly(s )(E)se T Slnce >s

in this case/f; is exponentially small in botln ands; the total cost of this earthmovmg scheme per
unit of mass abovéf is obtained by multiplying this by the logarithmic relatidestance the mass
has to move, and summing over the 1 values ofi < s, and thus remains exponentially small, and
is thus trivially bounded b@(%).

To bound the cost in the remaining case, whén< 4s andi < s, we work with the trigonometric
functionsgj, instead oft; directly. Fory € (0,], we seek to bound the per-unit-mass relative
earthmover cost of, for each> 0, movingg;(y) mass from32 (1 — cos(y)) to ¢;. (Recall from

Definition 16 thate; = 25 (1 — cos('Z)) for i € {1,. s} andcy = ¢;.) Fori > 1, this
contribution is at most

Z |95 (y) (log (1 — cos(y)) — log(1 — COS(%T))I-

We analyze this expression by first showing that for any’ € (0, =],
[log(1 — cos(x)) — log(1 — cos(z’))| < 2|logz — log z'|.

Indeed, this holds because the derivativdagf(1 — cos(x)) is positive, and strictly less than the
derivative of2 log x; this can be seen by noting that the respective derivatine ;céf()y) and %
and we claim that the second expression is always greataroMpare the two expressions, Cross-
multiply and take the difference, to yielsin y — 2 4 2 cos y, which we show is always at most 0 by
noting that it is 0 whery = 0 and has derivativg cos y — sin y, which is negative sincg < tany.
Thus we have thgtlog(1 — cos(y)) —log(1 — cos(F))| < 2|logy — log “=|; we use this bound in
all but the last step of the analysis. Additionally, we igmther;é poi(xzk, 7) term as it is always
at most 1.

Case liy > ~.
We will show that

T 1
Igg(y)(logy—log |+Z|93 (logy — log 2)| = O(L),

where the first term is the contribution frofig, co. Fori such thaty € (=2~ 83)" (”3 7), by the
second bounds ofy-| in the statement of Lemma 29;(y) < 1, and for each of the at most 6
suchi, |(logy — log Mﬂ < 4, toyield a contribution of(;). For the contribution from

i such thaty < ’T?’)” ory > ¢ 83)”, the first bound of Lemma 20 yieldgs(y)| = (W)
Roughly, the bound will follow from noting that this sum oerse fourth powers is dominated by
the first few terms. Formally, we split up our sum ovee [s] \ [£* — 3, £ 4 3] into two parts
according to whether > ys/7:

> 1 i =
Z mmogy—log?ﬂ < Z 10gl—log—)
i>443 4 12$+3 Ea
< 7t 1 (logw — log E) (2)
w= %4»2 T ) ™
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Since the antiderivative %j—wf (logw — log o) with respect taw is

—2w(w? — 3wa + 3a?) logw + 2(w — a)?log(w — a) + a(2w? — 5wa + 3a2 + 202 log a)
6(w — a)da? ’

the quantity in Equation 2 is equal to the above expressialuated witho = £, andw = o + 2,
to yield

O(ys) 10g—+10g(2+ ) O(ﬁ)

A nearly identical argument applies to the portion of the Jomi < £* + 3, yielding the same
asymptotic bound o@(é).
Case 2:2 < 1.

The per unit mass contribution from tig¢h bump is trivially at mostg?,( J(log & —log1)| <

log £2. The remaining relative earthmover cos@;f l94(y) (log &2 — log4)|. To bound this sum,
we note thatogi > 0, andlog > < 0 in this region, and thus spllt the above sum into the corre-
sponding two parts, and bound them separately. By Lemma@bawe:

Zgg logz<0<1—|—z41i21)4> =0(1).

1
293 1og— < 0 (logys) < O(_2),

since forys < w, we havel log ys| < 4/ys.

Having concluded the case analysis, recall that we have bsiag the change of variablas =
25 (1 — cos(y)). Sincel — cos(y) = O(y?), we haverk = O(sy?). Thus the case analysis yielded

a bound 0fO(;), which we may thus express é&ﬁ).

For a distribution with histogram, the cost of moving earth on this region, for bumfysvhere
1 < sis thus

Ol 2 M) T O X MV

0 z:h(z)#0
Since)__ x- h(z,y) = 1,and}__ h(z) < n, by the Cauchy—-Schwarz inequality,

> Vah(x) = Vo h(z)V/h(x) < Vi,

and hence since = Jk log k, the contribution to the cost of these bumps is bounde@b\y/g) =

O(V/9). As we have already bounded the relative earthmover costuiops f; for i > s at least
this tightly, this concludes the proof. O

We are now equipped to prove Theorem 2.

Proof of Theorem 2L et g be the generalized histogram returned by Algorithm 2, and:Ilbe
the generalized histogram constructed in Lemma 12—assuthim sample from the true distri-

bution p is “falthful” WhICh occurs with probabilityl — e by Lemma 11. Lemma 12 as-
serts thatR(p,h) = O(sa7). Let ', g’ be the generalized histograms that result from apply-
ing the Chebyshev eart]nmovmg scheme of Definition 16 tnd g, respectively. By Lemma 17,

R(h,h") = O(y/1/¢), andR(g, ¢') = O(y/1/c). Our goal is to bound?(p, g), which we do via
the triangle inequality as

R(p.g) < R(p,h) + R(h, 1) + R(K, g') + R(¢, g) = O(v/1/c) + R(g, I').
Al that remains is to prove the bourd®(g’, h') = O( 1 )-
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Our strategy to bound this relative earthmover distance eohstruct an earthmoving scheme that
equateg’ andh’ whose cost can be related to the terms of the first constrbihedinear program.
By definition,g¢’, i’ are generalized histograms supported at the bump centedur earthmoving
scheme is defined as follows: for eachy [kP, kP + 2k€], if W' (ci) > ¢'(ci), then we move

¢i (R (¢;) — ¢'(¢;)) units of probability mass ik’ from locatione; to Iocation%; analogously, if
K (ci) < ¢'(ci), then we move; (¢'(c;) — h/(¢;)) units of probability mass ig’ from locationc; to

Iocation%. After performing this operation, the remaining discrepaincthe resulting histograms

will be confined to probability rangE“kf, %], and hence can be equated at an additional cost
of at most

kB + 2k€
kB

1

= 0(K¢™) = Oy

log

We now analyze the relative earthmover cost of equaliziog ) andg’(c;) foralli & [k5, kB +2k€]

by moving the discrepancy to Iocatiéf}. Since all but the first 4+ 1 bumps are simply the standard
Poisson bumpg;(z) = poi(zk,i — 1), fori > s we have

W (ci) = g'(ci)] = > (h(x) = g(@))a - poi(kz,i—1)

wih(@)+9(2) £0

| .

= > (W) - g(x))poi(ka, i)

wih(@)+9(2)#0

Recall by construction thdt(z) = g(z) for all z > % Thus by tail bounds for Poissons, the
total relative earthmover cost of equalizihtgandg’ for all bump centers; with i > kB + 2kC is
trivially bounded byo(1%6%).

Next, we consider the contribution of the discrepanciesha Roisson bumps with centersfor

i € [s+ 1,k5]. Since}", ;s poi(kz,i) = o(1/k?) for z > %, the discrepancy in the firgf®

expected fingerprints af, i is specified, up to negligible error, by the terms in the fimststraint of
the linear program:

S| X @) - gweitir iy

i<kB |z:h(z)+g(z)#£0

< Z . \/ﬁ fi—mz(gﬂg(x)poi(kx,i) + | Fi — Z h(x)poi(kz,i)

i<kB g(x) z:h(x)#0

< O(kwil/z) = O(kQ(l))

Finally, we consider the contribution of the discrepanaigse firsts+1 = O(log k) bump centers,
corresponding to the skinny Chebyshev bumps. Note thatuioh €enterse;, the correspond-
ing bump functionsf;(x) are expressible by definition g$(z) = >_,. ai;poi(zk, j), for some
coefficientsa;;, Where2j>0 a;j < . Thus we have the following, wherg’  is shorthand for
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2 wih(2)+g(x)£0"

W (ci) = g'(ci)] = |D_(h(z) = g(@))zfi(x)

x

= Z(h(z) - g(a:))xz aijpoi(wk, 7)

z §>0

J=20 z

= Sl Y ha) — ge)poiCak )|

Sincea;; = 0for j > logk, and since each Chebyshev bump is a linear combination oftbely
first 2s < log k Poisson functions, the total cost of equalizidgandg’ at each of these Chebyshev
bump centers is bounded as

logk .

B2 5 2o (h(@) — a(@)poi(ak. )| [logeo| log

where the| log ¢o| term, forcy being the first bump center, is a crude upper bound on themier-u

mass relative earthmover cost of moving the mass to prdt;aﬁ,ﬁ, and the final factor ofog & is
because there are at mask log k centers corresponding to “skinny” bumps. We bound this via
the triangle inequality and an appeal to the first consticitiie linear program, as above, yielding

a bound ofO(ﬁkw%). Since8 = O(k"3) from Lemma 17, this contribution is thus also
O (grry)-
We have thus bounded all the partsi(fg’, 1’) by O(ﬁ), completing the proof.

O

We note that what we actually proved applies rather morergéip¢han to just Linear Program 3. As
long as the second and third constraints are satisfied, tiiem left hand side of the first constraint,
and the objective function asoamewhasmall, similar results hold.

Proposition 22. For anyc > 0, for sufficiently largen, given the fingerprinfF from a “faithful”

sample of sizé = ¢—2— from a distributionp € D", consider any vector, indexed by elements
logn

1 2 EB k€
veX:={H % ..., =} suchthat

k .
¢ Zmexx “Ug + Zi:k8+2kc %]:1 =1
e Vre X,u, >0

LetA:=) _yvs,andletB := Zil ﬁ ‘]-"Z- — Zwexpoi(ka:,i)vm‘.

Appending the high-frequency portionsfto v as in Algorithm 2, returns a generalized histogram

grp such that
1 [ A Blog® k
R <O — .

This implies, for example, that the results of Theorem 2 leslen when the right hand side of the
first constraint is increased by any constant factor, arstie&d of optimizing the objective function,
any point with objective less than a constant multiple.dé chosen. (Of course, in practice one
usually does not know—the support size of the unknown distribution—so minimggihe objective
function is a natural way to guarantee this criterion.)
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D Matlab code

Below is our Matlab implementation of Algorithm 1. Our impientation uses tHaprog command
for solving the linear programs, which requires Matlab’si@®jzation toolkit.

1 function [histx,x] = unseen(f)
2 % Input: fingerprint f, where f(i) represents number of elem ents that
3 % appear i times in a sample. Thus sum_i i +f(i) = sample size.
4 % File makeFinger.m transforms a sample into the associated
fingerprint.
5 %
6 % Output: approximation of 'histogram' of true distributio n.
Specifically,
7 % histx(i) represents the number of domain elements that occ ur with
8 % probability x(i).  Thus sum_i x(i) +histx(i) = 1, as ...

distributions have
9 % total probability mass 1.

10 %

11 % An approximation of the entropy of the true distribution ca n be ..
computed

12 % as: Entropy = (-1) *sum(histx.  *x. *log(x))

13

14 f=f(0),

15 k=f = (1:size(f,2)); %total sample size

16
17
18 %%%%%%% algorithm parameters %%%%%%%%%%%

19 gridFactor = 1.1; % the grid of probabilities will be ...
geometric, with this ratio.

20 % setting this smaller may slightly increase accuracy, at th e cost ..
of speed

21 alpha = .5; %the allowable discrepancy between the returned ...
solution and the "best" (overfit).

22 % 0.5 worked well in all examples we tried, though the results
were nearly indistinguishable

23 % for any alpha between 0.25 and 1. Decreasing alpha increase S ..
the chances of overfitting.

24 XLPmin = 1/(k *max(10,k)); % minimum allowable probability.

25 % a more aggressive bound like 1/k"1.5 would make the LP sligh tly ...
faster,

26 % though at the cost of accuracy

27 maxLPlters = 1000; % the 'Maxiter' parameter for Matlab's ...

'linprog'’ LP solver.
28 %%%%%%%%% %% %% %%%% %% %% %% %% %% %% %% %% %% % % %%
29
30
31 % Split the fingerprint into the 'dense' portion for which we

32 % solve an LP to vyield the corresponding histogram, and ‘spar se'
33 % portion for which we simply use the empirical histogram

34 X=0;

35 histx = 0;

36 fLP = zeros(1,max(size(f)));
37 for i=l:max(size(f))

38 if  f(i)>0
39 wind = ...
[max(1,i-ceil(sgrt(i))),min(i+ceil(sqrt(i)),max(siz e(M;
40 if  sum(f(wind(1):wind(2)))<2 *sqri(i)
a x=[x, i/K];
42 histx=[histx,f(i)];
43 fLP(i)=0;
44 else
45 fLP()=f(i);
46 end
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47 end

48 end

49

50 % If no LP portion, return the empirical histogram
51 fmax = max(find(fLP>0));

s2 if  min(size(fmax))==0

53 x=x(2:end);

54 histx=histx(2:end);
55 return ;

56 end

57

58 % Set up the first LP

59 LPmass = 1 - x histx’; %amount of probability mass in the LP region
60

61 fLP=[fLP(1:fmax), zeros(1,ceil(sgrt(fmax)))];

62 szLPf=max(size(fLP));

63

64 XLPmax = fmax/k;

65 XLP=xLPmin * gridFactor.”(0:ceil(log(xLPmax/xLPmin)/log(gridFact on));
66 SzLPx=max(size(xLP));

67

68 Objf=zeros(szLPx+2 * sz Pf,1);

69 Objf(szLPx+1:2:end)=1./(sqrt(fLP+1)); % discrepancy in ith ...
fingerprint expectation
70 objf(szLPx+2:2:end)=1./(sqrt(fLP+1)); % weighted by 1/sqrt(f(i) + 1)

71

72 A = zeros(2 =*szLPf,szLPx+2 xszLPf);
73 b=zeros(2 *szLPf,1);

74 for i=1:szLPf

75 A(2 *i-1,1:szLPx)=poisspdf(i,k *XLP);
76 A(2 *i,1:5zLPx)=(-1) * A(2 *i-1,1:5zLPx);
77 A(2 *i-1,szLPx+2  *i-1)=-1;

78 A(2 *i,szLPx+2  *i)=-1;

79 b(2 *i-1)=fLP(i);

80 b(2 *i)=-fLP(i);

81 end

82

83 Aeq = zeros(l,szLPx+2  *szLPf);
84 Aeq(l:szLPx)=xLP;

85 beq = LPmass;

86

87

gg options = optimset( ‘Maxlter' , maxLPlters, ‘'Display’ ,'off" ),
go for i=l:szLPx

% A, D=AC,)/XLP(3); %rescaling for better conditioning

91 Aeq(i)=Aeq(i)/xLP(i);

92 end

93 [sol, fval, exitflag, output] = linprog(objf, A, b, Aeq, beq ,
zeros(szLPx+2 xszLPf,1), Inf *ones(szLPx+2 szLPf,1),[], options);
94 if exitflag==

95 'maximum number of iterations reached--try increasing
maxLPlters'

96 end

o7 if exitflag<O

98 'LP1 solution was not found, still solving LP2 anyway...'

99 exitflag

100 end

101

102 % Solve the 2nd LP, which minimizes support size subject to ..
incurring at most

103 % alpha worse objective function value (of the objective fun ction ...
in the

104 % previous LP).

105 0bjf2=0 =* objf;

106 0bjf2(1:szLPx) = 1;
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107 A2=[A;objf; % ensure at most alpha worse obj value

108 b2=[b; fval+alpha]; % than solution of previous LP

109 for i=l:szLPx

110 objf2(i)=0bjf2(i)/xLP(i); %rescaling for better conditioning

111 end

112 [sol2, fval2, exitflag2, output] = linprog(objf2, A2, b2, A eq,
beq, zeros(szLPx+2  *szLPf,1), Inf *ones(szLPx+2 *szLPf,1),[],
options);

113
114 if  not(exitflag2==1)

115 'LP2 solution was not found'
116 exitflag2
117 end

118

119

120 %append LP solution to empirical portion of histogram
121 sol2(1:szLPx)=sol2(1:szLPx)./XLP"; %removing the scaling
122 X=[x,XLP];

123 histx=[histx,sol27;

124 [x,ind]=sort(x);

125 histx=histx(ind);

126 ind = find(histx>0);

127 x=x(ind);

128 histx=histx(ind);

1 function f=makeFinger(v)

2

3 % Input: vector of integers, v

4 % Output: vector of fingerprints, f where f(i) = |{j: ...
{k:v(k)=j}I=i }]

5 % i.e. f(i) is the number of elements that occur exactly i ...
times

% in the vector v

hl = hist(v,min(v):max(v));
f=hist(h1,0:max(h1));
10 f=f(2:end);

© 0w N o

Example of how to invoke thenseen estimator:

1 % Generate a sample of size 10,000 from the uniform distribut ion ...

of support 100,000
n=100000; k=10000;
samp = randi(n,k,1);

% Compute corresponding ‘fingerprint'
f = makeFinger(samp);

© 0w N o g WwN

% Estimate distribution from which sample was drawn
[h,x]=unseen(f);

P
w N P O

%output entropy of the true distribution, Unif[n]
trueEntropy = log(n)

B
[N

%output entropy of the empirical distribution of the sample
empiricalEntropy =
-f o+ ((:max(size(f)))/K). * log(((1:max(size(f)))/Kk)))'

=
~N o

-
<]

%output entropy of the recovered histogram, [h,X]
estimatedEntropy = -h *(X. *log(x))'

N
o ©

31




