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Abstract: We revisit price of anarchy in network routing, in a new model in which routing decisions
are made by self-interested components of the network, as opposed to by the flows as in [12]. This sig-
nificant departure from previous work on the problem seeks to model Internet routing more accurately.
We propose two models: tHatency modein which the network edges seek to minimize the average
latency of the flow through them on the basis of knowledge of latency conditions in the whole network,
and thepricing modelin which network edges advertise pricing schemes to their neighbors and seek to
maximize their profit.

We show two rather surprising results: the price of stability in the latency model is unbounded
— Q(n%) — even with linear latencies (as compared V\@th'n [12] for the case in which routing
decisions are made by the flows themselves). However, ipriceng modelin which edges advertise
pricing schemes — how the price varies as a function of the total amount of flow — we show that, under
a condition ruling out monopolistic situations, all Nash equilibria have optimal flows; that is, the price
of anarchy in this model isneg in the case of linear latencies with no constant term.
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1 Introduction e by the flows in the network, not self-
interested components of the network; and in

Computer Science is not like farming. Itis about ¢

building things right, not watching them grow in - 56 o information about network condi-
hope. It is therefore natural that many computer

ortists had b fortable about the Int tions far downstream.
sclentists had been uncomiortable about the INterry, o o0 \veaknesses of the model of [12] were
net and the mysterious ability of its many thou-

. p?inted out very early, for example in [9].In
sands of autonomous systems to connect, quite Fhs paper we examine what happens when one re-

f|C|entI3:j_an(t1I (rjelg;tbly, tm'lll.'onj of Soclite_zs tPrFughEoves these assumptions, bringing the game much
uncoordinated, decentralized, and Ulimately Seilj qeo 4 the real Internet.Briefly, it gets much

ish decisions. The technical expression of this di\?/'orse and then much better

comfort was the concept of the price of anarchy . . .
. o If routing decisions are made by selfish network
(POA) [6], gauging the loss of efficiency due to . . o .
. : . components, one immediate questionvidat is
this lack of design and unity of purpose. There; L )
e objective of each componeZ examine two
fore, the result of Roughgarden and Tardos [10, 1 Sl
. . - possibilities:
that this only entails 83% loss of efficiency, was 1. One possible answer is to postulate that each
a welcome, and celebrated, reassurance. ' P P .
Th del of 1121 deviat anificantly T network component charges a per-unit-of-
th N F,:.O € foth[ I]t ev'? es ?t'%n' ican ytr:ml] flow price to its flows, and seeks to maximize
€ realities ot the Interne (a§| appens, the In- o profit: payments received, minus pay-
ternet is never explicitly mentioned in [12] as the

derlvi tivation)- th that routi ments made, minus cost. It is rather natural
underlying motiva ion): they assume that routing to postulate that the operating costs of each
decisions are made

component are proportional to the cumulative
“Research supported by NSF grant CCF-0635319. amount of time the flows spend within the do-

tResearch supported under a National Science Foundation main of that component. We call this thec-
Graduate Research Fellowship. ing model




2. In the absence of monetary charges, anothdrange something in their outgoing flows! There
natural assumption is the following: eaclare two ways to define what it means that an edge
component strives to enhance its reputatiddoes not change its decision.” In tlizked ratio
by routing in such a way that its flows arriveversion of the model Nash equilibrium is defined
at their destination with the least possible dessuming that all other edges keep allocating their
lay. We call this thdatency model incoming flows to their outgoing edges in the same

These are the two models considered in thigtios as before. In théully rational variant, it

paper. For simplicity, throughout this paper wé assumed that downstream edges readjust opti-
assume that each selfish network componentniglly to the new situation. This latter model is less
simply an edge (as opposed to the more realistiealistic (as it suggests that autonomous systems
assumption that the agents can be collections ipfthe Internet anticipate sophisticated behavior by
edges). We note that many of our results hold far-away autonomous systems, something that is
the case that the nodes are the routing agents, anite implausible); however, it does correspond
we suspect that there are few, if any, qualitativeore closely to the demanding notions of rational-
differences in behavior. ity of mainstream Game Theory. As it turns out,

Let us start with the latter model — that is, whethese variants behave quite similarly in terms of

edges split their flow so as to minimize the dowrPur present interests and results (even though we
stream latency experienced by it. (Notice that thgan show, see Proposition 3.2, that they can lead to
model addresses only our first objection above @ifferent equilibria).

the [12,] model.) It turns out that, m, thi_s CaSe, There is one ray of hope in the latency model:
Braes.ssfamous paradox network (which is Worsfy 5 network of parallel links (in which we al-
case in the Roughgarden-Tardos model) behaygsyy have nontrivial price of anarchy in the
much better: the loss decreases fr3sf{ to 3%. Roughgarden-Tardos model), the price of anar-

But there is one important — and ominous—dif(-:hy is one. This is easy to see, but it does

ference: this losscalesin that it persists no mat- raise our hopes, because it can be interpreted
ter how much flow traverses the network (while iy ean that the reason for the abysmal perfor-
[12]'s model the price of anarchy is very CIOSEItO \ance of the latency model is its dependence on
for all but a narrow range of traffic rates); this €M |oca information; perhaps by addressing this
ables a recursive construction that establishes %blem (by pursuing the second departure above

POA isunboundedn this model. from the Roughgarden-Tardos model) good perfor-

Theorem: The price of anarchy of the latencyM@nce can be restored. (As a matter of fact, our
model isQ(ns%), wheren is the number of nodesPositive result is more general: The price of anar-
in the network. chy is one even in series parallel networks (Theo-

In fact, we prove something much stronger: NJEM 33))
justthe price of anarchy (the cost of the worst Nash Which brings us to the non-local information
equilibrium) is bad; but so is therice of stability problem. The procrustean way of fixing it, by re-
(the cost of thebestNash equilibrium). We also stricting information about marginal latencies to
show (Theorem 3.1) that pure Nash equilibria ithe immediate neighborhood of each edge, results
this game always exist. in essentially random decisions and terrible worst-

There is an interesting issue in defining Nastase performance. On the other extreme, it could
equilibria in this and similar games, that is wortlbe argued that no fixing is needed: the latency
discussing here. A pure Nash equilibrium isnodel does not really require non-local informa-
of course, a set of choices (routing decisions Hlipn, in that what is needed by each routing agent
edges) such that no edge can gain by changingtitssreach a decision is only the average marginal
decisionjf one assumes that all other edges do ndelay of the immediately downstream edges — the
change theirs.In this particular game, the high-kind of information that could be propagated in the
lighted sentence is a little ambiguous. If | changeetwork through local exchanges, and be reported
my outgoing flows, downstream edges will havby the downstream neighbors. But this argument
different incoming flows, and so they wilaveto misses the important point afcentive compatibil-



ity: The next edge could lie about its flow’s downin which one edge has too much control over the
stream delays — for example, exaggerating thematcome. The condition needed is rather techni-
so that its upstream neighbors avoid the pathscil: there must be an optimum flow in which, for
uses, and so its own average latency improves. every node other then the destination, there are two

By what means can information about latencgdge-disjoint flow-carrying paths from the node to
conditions propagate upstream in a manner thatle destination. In the absence of this, things fall
both efficient and incentive compatible? The ampart. Importantly, however, bad examples in the
swer is prices — the economist’s instrument oflatency model game can be constructed to satisfy
choice for informational efficiency.In Section 3 this condition. We assume latency functions of the
we describe a model in which edges make bofbrm ¢(z) = a - z. We can prove:

routing and pricing decisions, all based on Iocaflheorem: The price of anarchy in monopoly-free

|nforma_t|0n. . ) networks in which edges announce linear pricing
This is not the first time that prices have bee&:hemes is one.

suggested in this context, see for example [3-5, 13]
and Chapter 22 in [8]. However, in these previ- The price charged by each edge at equilibrium
ous works, while prices are set by the edges #&sflat (constant), and, importantly, coincides with
they are hererouting decisions are still made bythe marginal latency to the destination (which,
flows, as in the Roughgarden-Tardos model. It @t optimality, is independent of the path) — in
the combination of pricing and routing decisiongther words, precisely the non-local information
by the edges that makes the difference. the decision-makers are missing to make efficient
Suppose that we assume that edges charge (§cisions. That is, prices here are a mechanism
unit-of-flow prices to upstream neighbors routinfPr achieving total efficiency — in networks where
flow through them, and compete with other edgdiscan be achieved, of course. Our proof starts by
for upstream flow by announcing these prices. Tigstablishing that at equilibrium all pricing schemes
utility of each edge now boils down to the payare flat. We then show that charging above the mar-
ments received from upstream neighbors, ming41al latency by any subset of the edges leads to a
the amounts paid to downstream neighbarsjus redirection of flow to the competition. The argu-
the costs incurred due to the flow through the edg®ent is based on a result in resistive electrical net-
It is natural to assume that this latter cost is prtorks (Lemma 4.9) that seems to be new to that
portional to the total latency suffered by the floield (the connection to resistive networks is this:
at the edge — since this latency reflects the tot#ith latency functions of the form -z, edges are
amount of computational work, or energy, needd@sistors with resistanaeand optimum flows are
in order to process the flow. And this defines odnergy-minimizing) currents.)
new game: Strategies are pricing schemes (peOne parenthesis on our restricted latency func-
unit price as a linear function of the flow routed)tions: we believe that the result holds for much
announced to upstream neighbors, and decisidRgre general functions (any nondecreasing func-
about splitting the received flow among the dowrlon. possibly positive at zero), and that the proof
stream neighbors. The utility of an edge is the sutf Within the reach of our method, despite the fact
total of the payments it receives, minus the sum #tat it has eluded us. One may argue that this re-
its payments downstream, minus the total activiriction trivializes our result, or at least renders it
taking place at the edge. unsurprising, since the price of anarchy for such la-
As it often happens in the analysis of competf€ncy functions is one already in the Roughgarden-
tion in networks [1], to arrive at a meaningful anJardos model. A cursory inspection of our proof

swer we need to exclude “monopolistic” networkd€veals that this conclusion is wrong: the mathe-
matical origins and proof techniques of the two re-

1Economic history studies some astonishingly long chaigults could not be more different (one comes from

of exchanges between neighbors, such as the trade routes fopffitimization, the other from variational analysis of

from Cornwall and Afghanistan to Bronze Age Greece ca. 15 ot I ; .
BC [2, 7], which were apparently created in the absence of Wsistive networks). And it is a very delicate result:

non-local information and solely by the local propagation ao{}}_/le S_hOW that the Price of §tabi|ity fOI’.Sl_JCh laten-
price-like information. cies isunboundedvithout prices, and similarly for




the price of anarchy when the prices are restrictagrk.

to being flat. Finally, we note thahe price of

stability is 1 for arbitrary nondecreasing latencyo>  The Models
functions,underscoring the incomparability of our

results with previous ones on the strategic flows Ye introduce two distinct models, one for la-
models. tency minimization and one for pricing.

Naturally, the Economics literature aboundghe |atency Model

with results showing that prices beget efficiency, A network N — (V,E,s,t,0) is a directed
most notably the so-called First Theorem of We seyclic graph with nodék”e’déesE sources ¢
fare Economics (stating that a price equilibriumre‘—/ and a sinki € V. and fl)r each édge c Ea

sults in an allocation that is Pareto efficient). Thl%tency function’. : R. — R.. assumed to be
nature (and, of course, proof) of our result is very et +

i N h ; ; £ offici near of the form¢.(x) = a. - , wherea, > 0.
erent, we show an extreme form ot €MlCIENCRyq o)) 4 edges of the forrfu, t) terminal edges.

viz. maximization of social welfare. Addition- .o+ ot 0o tarminal edges is denofed. (Ac-

ally, the presence of (nonconstant) latencies in Ofﬂfally all the results in Section 3 hold in the more

netvv_ork precludes the application of many E(.:O'eneral setting with edge latencies of the form
nomics tools and results. It would be interestin _
(z) = aex + be, fOr ae, b > 0.)

to investigate whether our result can be generaf"-We assume that flow of total valueis injected
ized to broader contexts in Economic Theory, su?n s and siphoned off. Each edge: = (u,)

as trading networks. is a strategic player with strategy spafg, the
Finally, let us recall that the main stated goal and _ 1_gimensional simpleX(aq,...,ax) : a; >
motivation behind the body of literature on 9amey S~ a; = 1}, where there aré > 0 edges leav-
theoretic routing is to gain insights into the Internqhg v, €1, ..., ey Ifedgee = (u,v) plays strategy
— insights that may be useful in guiding its evoluy _ (e,, ..., 0., ), this means that if the total
tion. Seen this way, our work can be interpreted g of ¢ is f., edgee; will receivea, - f. of this
rigorous, if tentative, evidence that: flow (in addition to any other flows received from
e Selfish routing may be more inefficient thamther edges leading intg). To treat the source
we thought; uniformly, we assume that there is a single edge
e prices bring efficiency in a subtle way; (s,s’) leaving s, and this edge decides how the
e common practices for preventing monopolisflow injected tos splits.
tic situations (such as double-sourcing, i.e. Thus, a strategy profilel = (4°¢ : e € E,;)
having agreements with several downstreaof all nonterminal edges defines a flof¢! in the
providers) are necessary for this efficiency teetwork. The utility of edge = (u, v) is then de-
arise; and fined to be the average latency of the flow through
e short-term competition between routing to ¢; that is,
agents, informed by congestion conditions —

something that is, arguably, absent from the P A : o
current Internet — is crucial for achievingUe(A) - Z Zéw(fm) Ho‘e§ b
this efficiency. (€0=€,€1,...16p) EPy,; i=1 j=1

Some of these insights were inaccessible wiflihere byP, ., we denote the set of all paths from
existing models. But of course, much work neeqstg ¢.
to be done to make these implications less tenta-A (pure) Nash equilibriunis a strategy profile
tive. A such that, for each edgg A° is the distribu-

In Section 2 we define our models, in Sectiofion that maximized/., if all other distributions are
3 we study the latency model and prove, amongpt the same. We shall see (Theorem 1) that such
other results, our lower bound for general neequilibria always exist. This is the equilibrium in
works. We then prove our POA = 1 result for théhefixed ratio model.
pricing model in Section 4, while in Section 5 we An equilibrium in thefully rational modelis a
briefly discuss the many questions left open by ostrategy profiled such that, for alk, if e changes



its distribution A€ in any way, and all downstreaming and routing choices of the remaining edges
edges respond by optimally changing their distritegether with the assumption that immediate up-
utions, the utilityU, does not improve. As we shallstream neighbors will always adjust their routing
see, this model results in potentially different equso as to route optimally given the advertised prices.
libria, but in a way that does not affect our uppeidditionally, we assume that edges that route zero
and lower bounds. flow advertise price schemes$:) such thaip(0) is
. equal to their true cost—that is, edges that don’t

The Pricing Model receive flow advertise the smallest price for which

In the pricing model our networkN = they would be willing to route flow. We believe
(V, E, s,t,0) is anundirectedgraph, again with that this assumption is reasonable, and that it can
a source, sink, and latency functions (and a siBe justified in several natural ways. One infor-
gle edge[s, s’ out of s). Our reason for adopt-mal justification is that these are network opera-
ing undirected networks is technical conveniencgyrs who are being undercut by more efficient com-
as certain insights from resistive networks that Weetitors, so it would be irrational for them to fur-
need are more accessible in this case; we stronghgr exaggerate their costs. Also, this assumption
believe that our results hold for dags (as well agould be obviated by a stronger definition of ratio-
for many other extensions), but we have not showsality based on local information beyond immedi-
this yet. ate neighbors. In the absence of this assumption,

A strategyfor a nonterminal edge = (u,v) is  information might not effectively propagate, and
now an object of the forny’ = (A, A,, Py, P,), unrealistic equilibria with high cost can arise.
whereA,, is a distribution of the flow in th¢v,u)  The pricing model behaves very badly in the ab-
direction into the other edges incident upgm, & sence of some assumption that eliminates monop-
distribution of the(u, v) flow into the other edgesolies, that is, situations in which a player can de-
incident uponv, P, is a set of pricing functions mand and get unboundedly high prices. Define a
(assumed to be of the forp(x) = a - = + b with  flow in the network to beptimalif its total latency
a,b > 0), one advertised to each edge incidef¥ as small as possible among all flows. That is, an
uponu, andP, is a similar set of advertised pricingoptimal flow is the solution of the min-cost prob-
schemes to the edges incident uporfAt equilib-  |em associated with the network; it turns out to be,
rium, of course, only one direction of the flow willin the case of the. - ¢ latencies we are consider-
be in effect.) Edgds,s’)’s strategy only has theing, the current flowing through this network under

A, component. voltage difference of betweens and¢, where the
The utility of edgee = (u,v) under the strat- resistance of edgeis a..

egy profileS = {5¢'} is defined as the sum of all

payments received, minus the sum of all paymentiigfinition 2.1 We say that a given instance of the
made for outgoing flows, minus the total latency %utmg problem ismonopoly freef in every opti-
the edge: mal flow, any edge that routes positive flow is ei-
_ e s e ther directly connected to the destination, or has
Ue(S) = Z Paser (Fwu) A“ e) at least two downstream edge-disjoint paths to the
destination that carry positive flow.

= (wu)

+vae ) AS)

3 Minimizing Latency

- Z Pu e(f( u) Aler) In this section we focus on the model in which
o'=(ww) edges seek to minimize the latency experienced
— Z pve(f “AL ) by their flow. We begin by stating some basic
e'=(v,w) facts about the Nash equilibria for tfi@ed ratio
andfully rational model dynamics, then prove our
[y + foow] - ey + fo)) Y y P

main results about the price of anarchy for series
A Nash equilibriums a strategy profile in which parallel networks and the price of stability for ar-
each edge plays the best response to the piigtrary networks. We note that throughout this sec-



tion, identical results can be obtained by having the
routing agents be the network nodes, rather than
the edges.

Theorem 3.1 In both the fixed ratio model and
the fully rational model with directed acyclic
graphs, pure strategy Nash Equilibria exist.

The proof of Proposition 3.1 is by induction on
the edges in topological order, beginning with thlgigure 1: Thebeetle network. For any traffic rate,
edges connected to the sink. We defer details f, 4 51/50.
the full version.

Although the fixed ratio and fully rational mod-

els differ, one might hope that the equilibria of th%iven in Figure 2, which we refer to as theetle

etwork. We begin by characterizing the unique
ﬁquilibrium of the beetle network.

fixed ratio model would be a subset of equilibri
of the fully rational model. The following propo-
sition, whose proof is by a simple example (whic

we defer to the full version) demonstrates that thi.%mma 3.5 The price of stability of the beetle net-

need not be the case, and highlights the sensitivifiyy js51 /50, for any positive traffic rate entering
of the equilibria to the choices in definition of besfe network.

responses.

We defer the proof of the above lemma to the
Proposition 3.2 There are instances of strategicAppendix.
routing networks with latenciek.(z) = a.x + be

for which the fixed ratio model and the fully ratioRémark 3.6 The price of stability of the beetle
nal model have disjoint sets of equilibria. network is independent of the amount of (nonzero)

traffic entering the network; this is a fundamen-
The above proposition illustrates that the fixethl difference in behaviors of our models and the
ratio model and the fully rational model yield disRoughgarden and Tardos’s strategic flows model,
tinctly different games. The results in the remairfor which any given network has a relatively small
der of this section illustrate that, although there arange of traffic rates which induce significant
differences in the two models, similar price of anPOA.

archy and price of stability results hold for both _ ) )
models. We believe that it would be worthwhile & '0f of Theorem 3.4:We exploit the indepen-

try to extend these results to the class of all ‘re§€Nce Of the price of stability and traffic rate in
sonable’ definitions of best responses. the beetle network by rgcurswgly replacing e_dges

(a,t),(b,t), and (c,t) with copies of the entire
OIbeetle network. From Lemma 3.5, at equilibrium
éhe beetle with input traffic rate behaves like a
single edges connected to the sink, with latency
((z) = 2z, and thus, aftek — 1 recursions, the

The proof of the above theorem is by inductiodnique equilibrium of the network will resemble
on the graph structure, and is included in the Aphat of a single link of latency(z) = (%)k T
pendix. The optimal flow has cost equivalent to that of a

single link of latencyl(x) = 5. Finally, note that

Theorem 3.4 For arbitrary, even monopoly-freethe network has size = 2 + 3* nodes, and thus,
networks, the price of stability i€(n!°8s(51/°0)) iy terms of the network size, the price of stability
for linear latency functions. is Q(nlo#2(51/50)) "as desiredl

Theorem 3.3 For both the fixed ratio model an
the fully rational model, the price of anarchy i
one, for series parallel networks.

Our proof of Theorem 3.4 is by construction, Note that although the beetle network does not
and relies on recursively embedding the netwodatisfy the monopoly-free condition, by splitting



the(c, t) edge into two edges of latenéfr) = 2z, cific in expressing their selfishness; somewhat re-

and replacing all latencfy edges with edges of la-markably, this increased expressive power results

tencyl(z) = ex for any smalle > 0, the network in optimal flows at equilibrium.

will be monopoly-free, and the price of anarchy

approaches that for the beetle networkas 0.  Theorem 4.2 In monopoly free instances with

edge latency functions of the foifx) = a.x with

L . a. > 0, the price of anarchy is one if nodes can

4 Maximizing Profit advertise linear, nondecreasing price schemes.
We now consider the setting in which edges ad- , .

vertise prices to their neighbors. The hope, which To prove Theorem 4.2, we'll argue that in every

proves to be well-founded, is that the prices allo&auilibrium, any edge that is competing with an-

information to propagate in a local fashion in sucﬂther edge will end up advertising a constant pric-

a manner as to ensure societally ‘good’ equilibrid!9 schemes. Then, we show that tr,1e value of t_h|s
As a motivation for considering advertisgdiic- constant must be equal to the edge’s true marginal
ing schemes-a price-per-unit-flow that is a non-cost for routing the amount of flow it receives, and

decreasing function of the amount of traffic—thf1US It is the threat of advertising a nonconstant

following proposition summarizes what happens H“lqt'?ﬁ] §chetme_ tha}tl for_cetshthc(ja upst(;efamh_edgtla:g to
edges can only advertise constant functions. spitineir outgoing flow in the desired fashion. F1-

nally, we’ll require a technical lemma that relies on
p ion 4.1 If ed v advert properties of electrical resistive networks to show
roposition 4. edges can only advertise Cony, . i any equilibrium it must be the case that all

stant per-.umt-flow prices, then the price of S.tab'lédges that receive positive flow split their outgoing
ity is one in monopoly-free networks with arbltrar)ﬂ W to at least two edges, from which our claim
nondecreasing latencies, but worst-case price llows

?”af‘?hy is at least, — 2 even for linear latency it \ve observe that the optimal equilibrium
unctions. described in the sketch of the proof of Proposi-

For the POS= 1 result, it is not hard to verify tion 4.1 r.emgins an equilibrium in this more gen-
that the following is an equilibrium: The flow iseral setting in which edges may advertise non-

an optimal flow, and each edge advertises a Coq]gcreasing linear prices, yielding the following

stant pricec. equal to the marginal cost of its in-Proposition:
terr_1a| latency plus thg minimum price a.dvertlselgroposmon 4.3 The following instance is a Nash
by its downstream neighbors. For the price of an- "=~ "~ 0 X

. ; equilibrium: fix an optimal flowf, and let each
archy result, consider a network ofparallel links : )

! edgee = (u,v) advertises a constant price.
of latency/(z) = x. We defer the details of these :
: equal to the marginal cost of all — ¢ paths that

proofs to the full version.

Intuitively, the inefficient equilibria caused byCarry positive flow.

requiring that prices be constants arise because thgve now show that in all equilibria, edges that
strategy-space is too restricted; an edge has no ve@ynpete over flow must advertise constant pricing
of indicating that it would like to route a smallschemes by demonstrating that an edge that com-
amount of flow at a modest price. The problerpetes with an adjacent edge for flow from a com-
is that an edge cannot control how much flow ihon upstream neighboring edge has an improving
receives—it receives either zero flow, or all the flogleviation unless it is advertising a constant pricing
from its upstream neighbors depending on whethetheme. We begin with an easy technical lemma,
its price is greater or less than the price of its conishose proof we defer to the full version.

petitors. As we shall see, this problem can be

remedied by expanding the strategy space to allemma 4.4 Letp(x) = ax + b, with some fixed
linear nondecreasing functions as pricing schemes> 0 be the pricing scheme of edge= (u, v),

At a high level, this added power enables edgesttwat is competing with edge€ = (u,v’) for flow
control the amount of flow they receive from eacfrom an upstream neighbor. Given a fixed non-
upstream neighbor, allowing them to be more spdecreasing price schemé(z) = o’z + b’ of edge



e’ and total flow f,, to be routed through:, the flow as for its original pricing scheme, yet receives
amount of flowf, routed througkhe is a continuous a strictly higher per-unit-flow paymerill

nonincreasing function df. . . .
° 9 Given that edges actively competing for flow

: . . will advertise constant pricing schemes at equilib-
Remark 4.5 It is precisely in the case that bOthrium, the following lemma states that either the

o ,
the derivative op andp’ are zero that Lemma 4'4ﬂow at equilibrium is the optimal flow, or there are

breaks. At f|r§t glgnce, this seems troubling .glveendges who have ‘local monopolies’, meaning that
our characterization of equilibria as exclusivel h

. . receive all of an upstream neighbor’s flow.
having constant prices. Nevertheless, as notede y P g

above, thethreatof eithere or ¢’ using a noncon- | emma 4.7 In any equilibrium in which all edges
stant price is enough to ensure that flow through it receive nonzero flow split this flow between
splits in the desirable fashion. at least two downstream edges (aside from edges

connected directly to the sink), the routing must be
Lemma 4.6 In a pure strategy Nash equilibrium,gn optimal flow.

for any edgee and an upstream edge sharing
an endpoint, eithee receives all ofu's flow, ore At @ high level, the proof of the above lemma
advertises a constant pricing schemeuto follows from noting that, by Lemma 4.6, since at
such an equilibrium all edges will advertise con-
Proof: For clarity of exposition, we give the proofstant pricing schemes, it must advertise the same
in the case that edgeis competing with a single constant,c to all its upstream neighbors. Then,
edgee’ for flow from u. The proof in the generalfor anye > 0, we show that an edge can augment
case in whiche is competing with multiple edgesits advertised pricing scheme so as to receive any
is similar though slightly more involved, and weamount of flow in some range independent ot
defer the details to the full version. price-per-unitc — e. It then follows that each edge
Let p(x) = ax + b, with some fixeda > 0 be (that doesn't recieve all of an upstream neighbor’s
the pricing scheme of edge= (u,v). Fix a non- flow) must receive its preferred amount of flow,
decreasing price schem&x) = a’x + b’ of com- given its constant advertised price, which corre-
peting edgee’ = (u,v’) and total flowf, > 0 sponds to its true marginal cost. The details can
to be routed through by an upstream neighborbe found in the Appendix.
If e receives flowf, with 0 < f. < f,, thene To complete the proof of Theorem 4.2, we must
can strictly improve its utility by advertising priceshow that given the monopoly-free condition, there
p(z) = ax/2 + V' for someb’ > b. are no equilibria in which some edges receive all of
Consider the pricing schemg(z) = az/2+by an upstream neighbor’s flow. Intuitively, such a lo-
whereby = b + af./2 is chosen so thaiy(f.) = cal monopoly seems at odds with our monopoly-
p(fe). We claim that the pricing schemg(-), in- free condition—if no monopolies exist when all
duces an increased flow to By assumption the edges advertise their true marginal costs, then if
upstream neighbor chose the routifig f,, — f. to some edge were to exaggerate his costs, it seems
edgese, ¢’ respectively so as to equalize the matike the flow should penalize him rather than re-
ginal costs t@ ande’. With pricing schemey, the warding him with the entire flow from an upstream
marginal cost of routing te has been decreasedneighbor. This intuition turns out to be correct.
and thus with price, e will receive flow f? > f.. We will show that if some set of edges adver-
There is some valug, > b such thate would tises prices more than their true marginal costs, at
receive zero flow were it to advertise priger) = equilibrium it must be the case that at least one
azx/2 + b;. By Lemma 4.4, there must be somef them receives flow from a neighbor who also
constants, with by < (8 < b; such that pricing sends positive flow to a different edge, and thus
schemep(z) = ax/2 + 8 induces the upstreamby Lemma 4.6 we have a contradiction. Our proof
neighbor to split the flow in the same manner aslies on viewing the equilibrium flow as an opti-
was done with pricing schemgx) = ax + b. To mal flow in a related network, and then using ideas
complete the proof, observe that given this nefkom electrical circuit analysis to characterize this
pricing schemege receives the same amount obptimal flow.



Lemma 4.8 Given a networkN at equilibrium, with an extra node’ inserted into edge. Let the

the flow is an optimal flow for a related networkatency of(u,v’) bel(z) = (a. + )z, remove the
N’, which is a network with identical structure toedge connecting’ andv. Let F},, denote the opti-
that of N but with latency functions modified asnal flow in IV,,, with sourcev’ and sinkv given a
follows. For every edge that does not receive theaffic rate that induces latendy. betweerv’ and
entire flow of an upstream neighbors, the edge la: Note that such a traffic rate exists because the
tency inN' is the same as itN. For edges that optimal flow scales directly with the input traffic
receive the entire flow from an upstream edge, thate. We now have the following fact:

latency inN’ isly/(x) = (a+a)z for somenx > 0

where the latency of the edgeMwasi(x) = ax. Fact4.10 In the above setup,

The proof of the above lemma is intuitively F,+F=F,
clear, and we defer details to the full version. Now,
to conclude our proof of Theorem 4.2 it suffices to/here we viewr;,, as a circulation in networkV’
consider possible equilibria in which only edgeBy merging vertex’ anduv.
that receive nonzero flow at the optimal flow a
vertise exaggerated marginal costs. This is tdpéOOf First ob/serve that’,, + I is a valid ﬂO)N
because at least one of these edges must recg 8;'(\,\:(5)!1((]:\(rcuslgl|((:)enFl\llse>i \t/glisdeg?\r:vizsr—ivF
nonzero flow in the optimal flow, otherwise th y
routing would still be the optimal routing. Further—I optimal for N, it suffices to check that the

more, for each edge that doesn't receive flow at>um of the marginal costs around any cycle is

the optimal flow who exaggerates its marginal co&f0 (where 'backwards’ oriented flows contribute
at an equilibrium, we can construct a related ime gaiively). First consider a cycle that contains

dge(u,v); let f1,..., fi denote the flows of"
stance of the game in which everything is |dent|ca? I round the cycle withy; being the flow on edge

except where edges true marginal cost is equal to®
P ges g d g v)andletfi™..., fi* denotetheﬂows on these

its advertised cost at equilibrium (by increasing it
latency function, which obviously does not change ges inF,,. We havey>; 4 (ailfif) = 0, and

the optimal flow, and doesn’t change the fact thét,; + §) fi™ + 21:2 a; f{" = ¢ f1, and thus
it is at equilibrium).

Lemma 4.9 Consider a networkN where the (a1+0)(fi"+11) +b1+z |fi a’lfiJrfi =0

monopoly-free property holds, and some set of

edgese, ..., e, with the property that no two as desired. For a cycle that does not include edge

edges share a source in the optimal flow. IFet (u,v), the argument is similaill

denote the optimal flow inV and consider in-

creasing the coefficients of the latency functions of We are now ready to prove Lemma 4.9, com-

edgesey, . .., ey to yield networkN’. Let F’ de- pleting our proof of Theorem 4.2.

note an optimal flow foi’. If all edgeses, ..., e, Proof of Lemma 4.9: First note that

carry nonzero flow irf”, then there is at least oneFact 4.10 generalizes to a set of edges

ei = (u,v) such that some nonzero flow is routed = (u1,v1), ..., (ur, vr) Who increase their

along another edge’ = (u,v’). latencies, by viewing the networkv,, as a

resistive network identical t&/’, but with voltage

Before proving the above lemma, we state a fasburces inserted in each edge of increased latency.

adapted from circuit analysis. Consider a networBonsider the set of nodd$ C {u,...,ux} of

N with edge latencieé. (z) = a.z and an opti- highest voltage potential. It must be the case that

mal flow F. Choose an edge = (u,v) carry- the voltage potential of all nodes i is higher

ing flow f. at the optimal flow, and consider in-than any other node in netwoiX,,, aside from

creasing its latency function froiz) = a.x to the added nodes. For eachu; € U, let (u;, w;)

I(z) = (aec + )z to get networkN’. Define the be an edge that receives positive flow A and

associated network,,, to be identical toN, but note that sincgu;,w;) ¢ S by assumption, it
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fic'th.rough the BGP protocol, which implement?’roof of Theorem 3.3We proceed by induction
existing, and more-or-less long-term, agreemeniy the graph structure. The claim is trivially satis-
be_tween them — agreements that often 'nVOI\fFed for the base case—a single link. Assuming the
. . Elaim holds for series parallel networks 3, we
and the negative one, we may.want t-o adkhich consider the two possible types of compositions.
of the_se currgqt practices are impeding the Inte'the claim holds trivially in the case that we com-
net's ideal efficiency? posea and( in series, via associating the sifk
with the sourcesg, and letting the new source and
new sink bes,, tg, respectively.

For the case where we compas@nd( in par-

We thank Yaron Singer for helping formulatellel by associating, with sg, andt, with ¢g,
the routing models, and for many valuable discust both the fractional and fully rational dynamics,
sions throughout. all edges other than the source edge will still route
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optimally at equilibrium because after the compdias cosé. |

sition, the utility of these nodes for routing in a

given manner is identical to their utilities giverProof of Lemma 4.7From Lemma 4.6, we know
such a routing in the subnetwork or 3. Thus that at such an equilibrium all edges will advertise
it suffices to consider the routing decisions of theonstant pricing schemes. Consider an edtjet
source under the two dynamics. Under the fullg competing with edges;, . . ., e;, for flow from
rational dynamics, the source will route as in apome edge:. Let edgee; advertise (necessarily
optimal flow because it assumes the downstregi@nstant) pricing scheme. For anyf, € (0, f.],
nodes will route optimally for their flow, which, and anye > 0, there is a pricing schemey, (-)

by our inductive hypothesis, means optimally foihich will induce u to route exactlyfy units of
the network as a while, and optimal routings of sélow to vy at price-per-unitc — ¢, wherec :=
ries parallel networks consist of optimal routingsin;(p;). Indeed, it is easily verified that the pric-
in each component. Under the fixed ratio dynanf?g scheme

ics at equilibrium, by our inductive hypothesis, the ¢

source’s evaluation of the marginal cost of send- Py (T) == —x 4+ c— 2€

ing flow to either subnetwork:, or 3 is the true fo

marginal cost, because at optimum the marginalduces such a routing.

costs along all paths are equal, and thus the sourc®low, we show that under the conditions of our
will have a deviation unless these marginal Cosiémma, edge: must advertise the same constant

are equal, completing our prodll to each of its upstream neighboring edges. Let
. c1,...,c, be the constant prices it advertises to

Proof of Lemma 3.5Assume a traffic rate ofen/- its k upstream neighboring edges that route pos-

tering the network. At equilibrium, edgesande’ 6 flows Fies . fr.c, respectively toe. Let

will each equalize the marginal cost experience

_ ; . ,f‘l, ..., [r be the total amount of flow arriving at
by their traffic along the two possible routes ava'léach upstream neighbor, and by assumption we
able to each node. Thus we have that

have0 < f;. < f;. First, observe that; =

9 ) co = ... = ¢, if this were not the case, as-
Jae) + Jwe) = 2 sume without loss of generality that > c,,
2fw.e) + flae) = 2f - and from above, for any > 0, e could aug-

For the fully rational model, using the above ChaFpentlng its advertised prices so as to receive flow

;o ; _
acterization of the behavior of edgesande’ to- fln(ed Howlr,l(fi e+ f2;e) > fieat prlczil ricee
gether with the conservation of flow constraint$ foe = fre—(fie—fre) < f2calp
the cost of the source as a functionof ) is pro- ¢ — €. Such a change would strictly increase the

X L tility of e.
ortional to89r2 — , 2 “whichis Y . )
pminimized ssgettiggf(é,a) +f50f(sv“>;/2 Sim To see that the flow is optimal, observe that
(s,a) = J(s,b) = : B

. : ; . will have an improving deviation unless it receives
ilarly for the fixed ratio model, given the abov P 9

She amount of flowf that maximizes its utility

characterization of the equilibrium behaviors O§ven its advertised constant price-per-unit flow

edges, ¢/, and the constraints imposed by consey, L
2 y definition,
vation of flow, one can express the source’s best:
response move as a function ¢f, ,). Requir- £ = (cx — 2C(z)),
ing that there is no best-response move yields that
fs.a) = f(s,p) = 7/2, @s in the case of the fullywhereC(z) is the private cost per unit flow of edge
rational model. e as a function the total flow it receives, encapsu-
To conclude, note thaf, ) = fp) = 7/2 lating both the internal latency ef and the prices
and the characterization of how edges route at of the downstream edges. Setting the derivative
equilibrium imply thatf, .y = fe.c) = r/5, and of the above expression equal to zero, we see that
fw.ty = fla.ry = 3r/10, and thus the total cost of . — w, which is precisely the marginal cost
the flow is1Z> . The optimal flow routes/3 flow of nodee evaluated at the amount of flow it re-

50
on each of the edges incident to the sink, and thasives.
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A symmetric argument applies to the competi-
tors ofe, and thus in order for the instance to be at
equilibrium, one of the following conditions must
hold:

e A single edgee; receives the entire flow,

at costc and all other edges; have cost-per-
unit flow strictly larger thar.

e m > 2 edgese;,,...,e; receive posi-
tive flow from u, and each advertises the
same constant price, and receives flows
f1,--., fm, respectively, such that for alle

{1,...,m},

d[zC;(2)]

J
CcC =
dx

(f3),
whereC(x) is the private cost per unit flow
for edgev;; to routex units of flow. Further-
more, every edge; that receives zero flow
from u has cost-per-unit flow at leastfor
routing the flow they receive.

Given an instance at equilibrium in which every
edge that receives nonzero flow routes nonzero
flow to at least two distinct edges, the above re-
guirements of equilibria guarantee that the routing
induces a socially optimal flow. To see why, ob-
serve that every edge that routes nonzero flow must
satisfy the second condition above, and thus all
source-sink paths that carry nonzero flow will have
identical costsc*, equal to their marginal costs,
and all source-sink paths that carry zero flow have
marginal cost at least'; this is precisely the char-
acterization of optimal flowsll
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