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Abstract

Algorithmic Approaches to Statistical Questions
by
Gregory John Valiant
Doctor of Philosophy in Computer Science
University of California, Berkeley

Professor Christos Papadimitriou, Chair

We live in a probabilistic world—a world full of distributions from which we sample.
Learning, evolution, and much of science, rely on samples furnished by nature. This prompts
the basic question: Given a sample from some unknown distribution, what can one infer? In
even the simplest settings, our understanding of this question is startlingly poor. While this
question is traditionally viewed as lying within the province of statistics and information
theory, at its core it is an algorithmic question. The increasing size of our datasets—and
perhaps more importantly, the increasing complexity of the underlying distributions that we
hope to understand—are exposing issues that seem to demand computational consideration.

In this dissertation, we apply the computational perspective to three basic statistical
questions which underlie and abstract several of the challenges encountered in the analysis
of today’s large datasets.

Estimating Statistical Properties Given a sample drawn from an unknown distribution,
and a specific statistical property of the distribution that we hope to estimate, how should
one compute that estimate, and what sample size is necessary to guarantee that with high
probability, the computed estimate is accurate? We focus on a large and natural class of
properties, which includes the number of distinct elements, entropy, and distance metrics
between pairs of distributions, including total variational distance (also known as statistical
distance or ¢, distance). Such properties are easy to estimate if the sample size is large in
comparison to the size or complexity of the underlying distribution, but what can be done
given relatively small sample sizes? Our results can be interpreted via the following three
concrete problems, each defined with respect to an arbitrarily small accuracy parameter
e > 0:

e Distinct Elements: Given access to n buckets, each of which contains one object
that is not necessarily distinct from those in the others buckets, how many buckets
must one inspect in order to estimate the total number of distinct objects to +en, with
high probability?



e Entropy Estimation: Given access to a sample obtained by taking independent
draws from a distribution p, of support size at most n, how large does the sample need
to be to estimate the entropy of the distribution, H(p) := — Zx:p(w)>0 p(z)logp(z), to
within +¢, with high probability?

e Distance: Given access to two samples obtained by taking independent draws from
two distributions, p1, po of support size at most n, how large do the samples need to be
to estimate the total variational distance between the distributions (also referred to as
¢y distance or “statistical distance”), Dy, (p1,p2), to within 4, with high probability?

We show that sublinear sample estimation is possible: for any constant ¢ > 0, the
above estimation tasks can be accomplished using O (%)—sized samples, with probability
gn

of success 1 — o(1). Additionally, we prove some results about the algorithmic structure
of optimal estimators, and provide experimental evidence suggesting that our estimators
perform very well in practice. Complementing these positive results, we prove matching
information theoretic lower bounds, establishing the sample complexity of these tasks up to
constant factors. Previously, no explicit sublinear sample estimators had been described for
any of these tasks, and the best previous information theoretic lower bounds on the required
sample size for any of these problems was n/2°V°gn) [13]].

As a component of the lower bound machinery, we prove two new multivariate central
limit theorems: one for sums of independent (though not necessarily identical) multivariate
random variables in the Wasserstein metric, and the second for “generalized multinomial
distributions” (a class of distributions generalizing binomial, multinomial, and sums of such
distributions) in terms of the stringent ¢; distance metric. We suspect these limit theorems
may have broader applications beyond the property estimation setting.

Finding Correlations and Identifying Relevant Variables: Perhaps the most basic
type of structure that can be present in a dataset is correlation. How much computation is
required to find correlated variables? One can certainly brute-force search through all pairs
of variables, and for each pair, the correlation can be estimated very efficiently. But is there
a sub-quadratic time algorithm for finding correlated variables? More generally, suppose one
has a data set where each data sample has a label which is given as some function of a
small number of the variables. If we have n total variables, perhaps there is a small number,
k=3,4,5,..., of relevant variables which can be used to predict the labels. Such a function
is termed a k-junta. How quickly can one find this set of k& relevant variables? As above,
one could simply perform a brute-force search over all possible subsets of size k, taking time
roughly O(n*). Can one find the set of relevant variables significantly more efficiently?

We show that a planted pair of p-correlated variables can be found in a set of n oth-
erwise uniformly random Boolean variables in time n'Spoly(1/p). This improves upon the
O(n?>=9®)) runtime given by locality sensitive hashing and related approaches. Extensions
of this algorithm yield significantly improved algorithms for several important problems, in-
cluding multiplying matrices whose product is guaranteed to be sparse, learning k-juntas,



learning sparse parity with noise, and computing the approximate closest pair of points, in
both Euclidean and Boolean settings.

Learning Mixtures of Gaussians A sample from a mixture model (with, for example,
two components) is generated via the following process: for each data point, with some prob-
ability, w, the point is drawn from one distribution p;, and with the remaining probability
1—w; the point is drawn from a second distribution ps. Supposing one is given a large sample
from such a mixture of distributions, can one efficiently deduce the components, p; and ps
of the mixture? Can one accurately cluster the sample points according to the distribution
from which they originated? In the special case in which each component, pq, p, is a Gaus-
sian distribution, this is the problem of learning a Gaussian mizture model (GMM), and is,
perhaps, the most natural (and practically relevant) starting point for tackling the question
of recovering mixtures of more general families of distributions. We obtain a basic handle
on the sample and computational complexity of this problem, and describe an algorithm
which, given a sample from a GMM with any constant number of components, provably
returns accurate estimates of the components, with runtime and sample size polynomial in
the relevant parameters—the dimension of the space, and the inverse of the desired accuracy
of the recovered components. Previously, no such algorithm was known, even in the special
case of univariate mixtures with just two components.

The questions considered in this dissertation are not new: the question of efficiently find-
ing correlations was introduced to the computer science community over 25 years ago; the
effort to describe accurate estimators for entropy and the other properties that we consider
originated in the statistics community nearly 75 years ago and also received significant atten-
tion from the information theory community; the question of recovering Gaussian mixture
models was originally posed by Karl Pearson in the 1890’s. The progress on these questions
that we describe in this dissertation stems from the observation that these statistical ques-
tions are intrinsically algorithmic and hence may be amenable to the tools, techniques, and
perspectives of theoretical computer science.
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Chapter 1

Data, Computation, Statistics, and
Learning

The large datasets of today are not like the datasets of the 20th century. The hardware used
today to store these datasets is not like that of the 20th century. The software used today
to manipulate these datasets is not like that of the 20th century. And yet, in many cases,
our theoretical understanding of basic statistical tasks is like that of 20th century. Basic
tasks, such as finding correlated variables in a dataset, or estimating the difference between
two distributions, change fundamentally when one starts to consider very large datasets, or
very complicated distributions. Given a dataset with a modest number of variables, a simple
textbook calculation will let one compute the correlations between the variables and find any
correlations that might be present. If one wishes to estimate the difference in distributions
of heights of people in two demographics, one simply takes large samples from each group,
and compares the two empirical distributions.

The story is quite different, however, if we are hoping to find correlations in a dataset
that has millions, or billions of variables, such large genomic datasets in which each position
in the genome might be interpreted as a variable. Instead of estimating the difference in
distributions of heights between groups of people, consider trying to estimate the difference
between the distributions of two human gut “microbiomes” —large and complex distributions
(with a domain consisting of hundreds or thousands of species of bacteria, yeasts, fungi and
protozoa) the majority of which are only present in tiny quantities and thus may be observed
few times, if at all, in a given sample [13, 143]. How does one estimate the difference in these
distributions if much of the domain is unseen in our sample?

The extreme parameters of the datasets and distributions that we are now facing reveal
aspects of these very basic problems that were not apparent in more traditional settings.
In many cases, these newly exposed challenges are fundamentally computational in nature.
Applying algorithmic tools and ideas, and more importantly, viewing these statistical chal-
lenges through a computational lens, seems essential. Further, this is a two-way street.
While these new challenges have significant practical implications, some are also extremely
provoking and elegant mathematical problems. As such, they carry the potential to spawn
a rich array of powerful new theoretical ideas and insights that may find applications in a
range of settings both within theoretical computer science, and more generally.
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1.1 Statistical Property Estimation

What can one infer about an unknown distribution based on a sample? If the distribution in
question is relatively “simple” in comparison to the sample size—for example if we are given
a sample consisting of 1000 independent draws from a distribution supported on 100 distinct
domain elements—then the empirical distribution of the sample will likely be an accurate
representation of the actual distribution. If, on the other hand, we have a relatively small
sample in relation to the size and complexity of the distribution—for example if we have a
sample of size 100 drawn from a distribution supported on 1000 domain elements—then the
empirical distribution may be a poor approximation of the actual distribution. In this case,
can one still extract accurate estimates of various properties of the actual distribution?

Many real-world machine learning and data analysis tasks face this challenge. In this
age of big data, the rapid increase in the size of our datasets has, in many cases, been
accompanied by a realization that the underlying distributions we hope to understand are
far larger and more complex than we may have imagined. Thus despite the enormous size
of some of these datasets, we are only viewing a tiny fraction of the domain of the actual
distribution.

One especially relevant illustration of this point is the discovery that the rapid growth
of the human population over the past 5000 years has resulted in an abundance of very
rare genetic mutations. Two recent independent studies [121, 93] (appearing in Science in
July, 2012) each considered the genetic sequences of over 14,000 individuals, and found that
rare variants are extremely abundant, with over 80% of mutations observed just once in the
sample [121]; the conclusion is that even with huge numbers of sequenced genomes, “rare
[genetic] variant catalogs will be largely incomplete” [93]. Understanding these distributions
of rare mutations provides insight into our evolution and selective pressures, as well as the
potential for genetic screenings for various diseases. Highlighting the difficulty in working
with such sparse data, the paper [80] (also appearing in Science in May, 2012) found that the
discrepancy in rare mutation abundance cited in different demographic modeling studies can
largely be explained by discrepancies in the sample sizes of the respective studies, as opposed
to differences in the actual distributions of rare mutations across demographics. These works
highlight some of the recent struggles of the genetics community to deal with this pervasive
question of how to accurately infer properties of large and complex distributions given a
sample that is “too small”.

Similar challenges are encountered in a variety of other fields, including Biology, Ecology,
Linguistics, Neuroscience, and Physics (see, for example, the discussion and extensive bib-
liographies in [32, 102]). Specific settings in which these problems arise that may be more
familiar to the computer science community include analyzing customer data or web traffic
(many customers or website users are only seen a small number of times), and text analysis
(most of one’s vocabulary is not represented in a given writing sample). Additionally, many
database management tasks employ sampling techniques to optimize query execution; im-
proved estimators would allow for either smaller sample sizes or increased accuracy, leading
to improved efficiency of the database system (see, e.g. [95, 65]).
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But what can one hope to infer about a distribution if we are given such a small sample
that much of the domain of the distribution has not been seen? We can not know which
domain elements we have not seen, but we might still hope to estimate certain properties of
the distribution that depend on this unseen component of the distribution.

To give a simple example, suppose one reaches into a large bag of marbles, and pulls
out a handful consisting of 10 marbles that are each a different color. If none of these 10
marbles are yellow, we certainly should not conjecture that there is a yellow marble in the
bag. Nevertheless, based on this sample of size 10, we might be inclined to suspect that
the bag of marbles contains many colors of marbles that we did not see. Indeed, if the bag
only contained 10 different colors, then the probability that we would see all 10 colors in a
(random) sample of size 10 is very small—less than 1 in 2,500—and we could safely conclude
that the bag likely contained at least 20 colors of marbles, since if this were not the case, the
probability of having drawn 10 distinct colors in our sample of size 10 would be very small
(< 0.1, in fact). We have not made any assumptions on the distribution of marbles—these
conclusions were not made from a Bayesian standpoint—and yet we have used our sample to
infer something about the portion of the distribution from which we have drawn no elements.

In the above example, we were reasoning about the support size of the distribution; this
property of the distribution was amenable to such speculation, in part, because we did not
need to know the labels of the unseen elements in order to reason about their potential
contributions to this property. The class of distribution properties that we consider in this
dissertation is precisely characterized by this independence from the labels of the support of
the distribution. We term such properties symmetric. Formally, a property of a distribution
(or set of distributions) with discrete support is symmetric if the property is invariant to
relabeling the support elements.

Many natural and practically relevant properties are symmetric, including measures of
the amount of structure or diversity of the distribution, such as the support size or entropy
of the distribution. For properties of pairs of distributions, the class of symmetric properties
contains measures of how similar two distributions are, such as total variational distance (and
more generally, ¢, distance metrics), and KL-divergence. Our results apply to a large subclass
of symmetric properties; for clarity, we summarize our results in terms of the following three
concrete questions, which are parameterized by an arbitrarily small constant error parameter
e > 0:

e Distinct Elements: Given access to n buckets, each of which contains one object
that is not necessarily distinct from those in the other buckets, how many buckets
must one inspect in order to estimate the total number of distinct objects to +en, with
high probability?!

'We phrase our results for estimating the support size of a distribution in terms of this ‘distinct elements’
problem. Slightly more generally, one could also frame this as the problem of estimating the support size of
a distribution given the promise that all domain elements occur with probability at least 1/n. Estimation
is impossible without such a lower bound simply because otherwise, an arbitrarily large number of domain
elements can occupy an arbitrarily small amount of probability mass.
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e Entropy Estimation: Given access to a sample obtained by taking independent
draws from a distribution p, of support size at most n, how large does the sample need
to be to estimate the entropy of the distribution, H(p) := — Zx:p(w)>0 p(z)logp(z), to
within +¢, with high probability?

e Distance: Given access to two samples obtained by taking independent draws from
two distributions, p1,ps of support size at most n, how large do the samples need to
be to estimate the total variational distance between the distributions (also referred to
as {, distance or “statistical distance”), Dy (p1,P2) = D, (2) po(2)>0 o1 (z) — pa ()],
to within +e¢, with high probability?

For all three problems, it is clear that the required sample size will be some increasing
function of n. As described above, if the sample size is much larger than the support size
of the actual distribution, we expect the empirical distribution defined by the sample to
be close to the actual distribution, and thus one can recover an accurate estimate of the
distribution and estimate the property in question by returning the property value of the
empirical distribution defined by the sample. These arguments can be used to show that
given a sample of size O(n/€?), both entropy and total variational distance can be estimated
to +e, with high probability. Of course, for the distinct elements problem, simply looking at
all n buckets will yield the total number of distinct elements. The question is whether one
can improve upon these trivial sample complexities: in particular, can one estimate these
properties using a sublinear sized sample? We show that the answer is “yes”.

For any constant € > 0, to estimate the number of distinct elements given n
buckets to accuracy +en, or estimate the entropy of a distribution of support size
at most n to +e, or total variational distance between two distributions of support
size at most n to xe, a sample consisting of O(lo’;n) independent draws from the
distribution in question is sufficient (or two such samples in the case of total
variational distance).

Prior to this work, despite a simple nonconstructive argument showing the existence of
an o(n) sample estimator for entropy [102, 101], the best proposed explicit estimators for
any of these properties required 2(n)-sized samples to produce an estimate with constant
error.

Perhaps not unexpectedly, the crux of our estimators is a new approach to characterizing
the unobserved portion of a distribution—the portion of the distribution from which we have
drawn no examples.

This effort to infer properties of the unseen portion of a distribution is not new; both
Alan Turing and R.A. Fisher, the respective fathers of computer science and statistics,
independently considered aspects of this problem. Working with I.J. Good during WWII to
understand the distribution of the German enigma machine ciphers, Turing was interested in
estimating the total probability mass in the distribution that is composed of domain elements
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that have not been observed. Stated in a different fashion, Turing wanted to predict the
probability that the next element drawn is a new (previously unobserved) element of the
support. This work is now known as the Good—Turing frequency estimation scheme, which
has since been analyzed and extended in a long line of work by both computer scientists and
statisticians [86, 96, 97, 139, 138]. Fisher was interested in a related parameter: the number
of new elements that one expects to discover in a given time period.

In contrast to the work of Fisher and Turing, rather than simply trying to estimate a
single parameter of the unseen portion of the distribution, we try to characterize the entire
shape of the distribution in this region. We can never reconstruct the labels of the unseen
portion of the support of the distribution, but we can hope to recover estimates of the
number of domain elements that occur within various probability ranges. For the purposes
of estimating symmetric properties, this representation of the “shape” of the distribution
contains all the relevant information.

Lower Bounds

Complementary to our positive results, we prove matching information theoretic lower bounds
showing that, up to constant factors, our estimators are optimal; together, this settles the
question of the sample complexities of the distinct elements problem, estimating the entropy
of a distribution, and estimating total variational distance between distributions.

For the distinct elements problem, no algorithm that looks at 0(@) entries can
estimate the number of distinct elements to within £0.1n, with any probability
greater than 0.51. Similarly, for the problems of entropy and total variational
distance estimation, no algorithm that takes an o(logn)—sz'zed sample can esti-
mate these properties of distributions of support at most n to within +0.1 with

probability of success greater than 0.51.

The challenge in proving an information theoretic lower bound is that one must argue
about the distribution of a set of independent draws from a distribution. These are complex,
discrete, high dimensional distributions, and there are relatively few tools available to analyze
these distributions. To enable the analysis of our lower bound construction, we develop two
new tools.

We prove two new multivariate central limit theorems, one via Stein’s method in terms
of the Wasserstein (earthmover’s) metric, and one in terms of total variational distance
(the ¢; metric). While multivariate central limit theorems are known (for example, [61]),
the Wasserstein metric is an especially useful and natural metric in this setting, and it is
surprising that such a limit theorem was not previously known. Our second limit theorem
is useful both because the bound has a very modest dependence on the dimension (a linear
dependence), and because the characterization is in terms of the stringent ¢; metric—two
distributions with small ¢; distance are, information theoretically, indistinguishable given a
small sample. Such limit theorems seem especially rare in the multivariate setting. We hope
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(and suspect) that these limit theorems will find applications beyond the property estimation
setting.

The Structure of Estimators

Finally, we consider the structure of estimators as algorithmic objects. Nearly all the es-
timators proposed by the statistics community for the properties that we consider can be
expressed as formulae that map the parameters of a sample in a transparent fashion to an
estimate of the desired property. Our estimators, in sharp contrast, are “canonical” and
extremely algorithmic: the sample is used to formulate a linear program. The set of feasible
points with low objective function values roughly correspond to the set of “shapes” of dis-
tributions from which the sample could plausibly have been drawn. Given a solution to this
linear program, to estimate a specific property, one then simply evaluates the property value
of the distribution represented by that solution. It is worth stressing that the majority of
the algorithmic work is done independently of the specific property one wishes to estimate.

This contrast between our estimators and the long line of proposed estimators from the
statistics community that require significantly larger samples to achieve the same level of
accuracy as our estimators, prompted two questions: 1) Is the full algorithmic power of
linear programming necessary to achieve this level of sample efficiency? 2) Given a specific
property of interest, is there a more direct estimator; namely, is there an estimator that
directly estimates (say) entropy without first estimating the “shape” of the distribution? We
show that there do exist near-optimal linear estimators—estimators that compute the vector
of collision statistics of the sample, Fi, F», ..., where F; represents the number of domain
elements seen exactly ¢ times in the sample, and then simply return the dot product between
this vector, and a vector of precomputed coefficients.

Our proof that near-optimal linear estimators exist establishes a correspondence between
the problem of finding worst-case lower bound instances and the problem of finding good
linear estimators. Thus these optimal linear estimators, in a rigorous sense, are tailored to
worst-case distributions. Our linear programming based estimators achieve the same worst-
case performance, yet do not seem to be directly related to any lower bound constructions,
perhaps suggesting that they might perform better than the linear estimators on typical or
“easy” instances.

As a conclusion to the section of this dissertation on estimating symmetric properties,
we implemented practical variants of these estimators, and experimentally evaluated them
against a variety of estimators from the literature on a range of synthetic data, and real text
data. While these experiments should not be construed as a comprehensive evaluation of
these estimators, the performance of our linear programming based estimator is extremely
compelling.
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Figure 1.1: A DNA microarray: each row corresponds to a cell sample, each column corre-
sponds to a gene, and the intensity of each entry corresponds to the level of gene expression.
Computationally, how does one efficiently find genes whose expressions are correlated? (Im-
age from L. Liu et al. [82]).

1.2 Finding Correlations and Relevant Variables

The first section of this dissertation considers the problem of estimating properties of dis-
tributions without any assumption on the structure of the true distribution. The remaining
two sections consider the problem of finding the structure in a distribution, given that such
structure exists. Perhaps the most basic type of structure that might be present is cor-
relation between pairs of variables, or the analogs of correlation for sets of three or more
variables. The algorithmic task of finding such relationships in a database is pervasive, both
as a component within larger data analysis programs, and as an ends in itself.

We begin by describing two concrete problems in biology for which the computational
complexity of finding correlations and sets of related variables has taken center stage. Fig-
ure 1.1 depicts a DNA microarray; the rows of the microarray correspond to cell samples, and
the columns correspond to genes. For each cell sample/gene pair, the corresponding entry of
the microarray depicts the level of gene expression in that cell sample. Typical microarrays
can involve on the order of a hundred samples, and thousands of genes [82]. The most basic
information that biologists hope to glean from such data is an understanding of which pairs
of genes are coregulated (have expressions that are correlated or anti—correlated). To find
such pairs of genes, must one perform a brute-force search over all pairs of columns of the
microarray, or does there exist a significantly faster algorithm?

In many cases, in addition to the microarray, each cell sample has a label: for example,
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suppose that the top half of the samples correspond to healthy cells, whereas the bottom half
of the samples correspond to cells exhibiting some disease. The hope, which often proves well
founded, is that there might be a very small number (k = 2,3,4,...) of genes from whose
expressions one can glean some indication as to whether the sample is healthy or not. Such
information may help suggest biomarkers of the disease or even possible avenues of disease
control. If one has a microarray with n > 1000 genes, must one search all O(n*) subsets of
k genes to find such small sets of relevant genes? Even for very modest values of k, such a
brute—force search is computationally infeasible.

The recent surge of genome wide association studies (GWAS) provide another compelling
potential application of improved algorithms for finding relevant variables. Such studies
involve datasets consisting of several million SNPs (single-nucleotide polymorphisms, which
account for the portion of the genome that seems likely to account for differences between
humans) that have been sequenced for thousands of people. The task is then to try to
explain the presence or absence of certain traits using the genetic information. Currently,
many of the findings are for single SNPs that correlate with traits. Presumably, there are
many traits for which no single SNP has significant explanatory value, but for which a
pair, or triple of SNPs does have explanatory value. Can one find such sets of relevant SNPs
without performing a brute-force search over the quadratic or cubic number of such potential
hypotheses?

We begin to tackle these questions from the most basic setting in which one can consider
the problem of finding correlations:

Given a set of n d-dimensional Boolean vectors with the promise that the vec-
tors are chosen uniformly at random with the exception of two vectors that have
Pearson—correlation p (i.e. each index of the pair of vectors agree with probability
1—;3), how quickly can one find the correlated pair?

This problem was, apparently, first posed by Leslie Valiant in 1988 as the light bulb
problem [130]. This name owes itself to its original phrasing in terms of n light bulbs that
each blink on and off randomly at each time step, with the exception of a pair of lightbulbs
that are correlated.

In the case that p = 1, the pair of correlated vectors is identical. In such a setting,
provided the dimension d is slightly larger than logn, then with high probability the true
correlated pair will be the only pair of vectors that are identical, and one can find such a
pair in near linear time by the following simple approach: consider each length d vector as
a d-digit Boolean number, sort the set of n such numbers, and then perform a single pass
through the sorted list to see if any two adjacent numbers are identical. Such an algorithm
runs in time O(nlogn), improving upon the trivial quadratic time brute-force approach. This
algorithm, however, relies crucially on the assumption that the pair of correlated vectors are
identical. For p < 1, it is not clear how to obtain such improvements in runtime.

It is worth stressing that the issue for p < 1 is computational rather than information
theoretic. The number of indices one requires to information theoretically determine the



CHAPTER 1. DATA, COMPUTATION, STATISTICS, AND LEARNING 9

correlated pair decays modestly as a function of p. A simple Chernoff bound shows that

as long as d = Q) (10532") , with high probability the pair of vectors that differ in the fewest

locations will be the true correlated pair.

The earliest results for the light bulb problem are due to Paturi et al. [104], and give an
algorithm whose runtime is O(n?~©®). The Locality Sensitive Hashing approach of Indyk
and Motwani [71], and the Bucketing Codes approach of Dubiner [50] also give algorithms
that run in time O(n?~°®), with the approach of Dubiner achieving the best constants, with
a runtime of O(n?727), in the limit as p gets small.

In these previous works, because p appears in the exponent of n, for small values of p
these approaches do not yield appreciable savings over the trivial O(n?logn) runtime of the
brute-force search. This small-p regime is especially relevant in practice because correlations
frequently do degrade with the dimension of the space that one is working in, for the simple
reason that random vectors in high dimensional space will be nearly orthogonal with high
probability. Our first result is a sub-quadratic algorithm that has an inverse polynomial
dependence on the correlation, p:

Given n random Boolean vectors in sufficiently large dimension with the promise
that therer 15 a pair of vectors that is p-correlated, the correlated pair can be found
in time n==poly(1/p) < n*2poly(1/p), where w < 2.38 is the exponent of matriz
multiplication.

We note that an extension of this algorithm for the light bulb problem can also be viewed
as an improved algorithm for approximating the product of two matrices given the promise
that their product has a small number of large entries.

More generally, the light bulb problem is a special case of the Boolean Approximate
Closest Pair problem: given a set of Boolean vectors, how can one quickly find two vectors
with near-minimal Hamming distance (i.e. that differ in the fewest number of indices)? The
Locality Sensitive Hashing approach of Indyk and Motwani [71] can find a pair of vectors
whose Hamming distance is at most a factor of (1+¢) times that of the distance between the
closest pair, and achieves runtime O(n”ﬁe), which tends to O(n* ¢) for small e. Subsequent
work on Locality Sensitive Hashing improves this dependence for other metrics—specifically,
Andoni and Indyk [10] show that this problem can be solved in time O(nHﬁ) ~ O(n*%)
for /5 distance, as opposed to Hamming distance. The main ideas used in our algorithm for
the light bulb problem can be extended to yield an improved algorithm for the (1 + €)
approximate closest pair problem in both the Boolean (Hamming) and Euclidean settings:

Given n points in R?, for any constants e > 0, with high probability, our algorithm
finds a pair of vectors whose distance is at most a factor of (1 + €) larger the
distance between the closest pair. Additionally, the runtime is

O(n*~°WV9) 4 nd - poly(log n).

The best previously proposed algorithms for this problem achieve runtime O(n?=®© + nd).
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All previous approaches to the light bulb and closest pair problems take the following
rough approach: first project the vectors into a lower-dimensional space, then try to cleverly
hash or cluster the resulting vectors in such a way that vectors that are close have a higher
probability of being assigned to the same bucket or cluster. In sharp contrast to these
approaches, we perform a metric embedding that carefully projects the vectors to a slightly
higher-dimensional space. This projection has the property that vectors that are correlated
will remain relatively strongly correlated after the projection, however vectors that are very
weakly correlated, will end up projecting to nearly orthogonal vectors. After this projection
step, sets of vectors are aggregated so as to effectively reduce the number of vectors that
must be considered. Finally, we leverage fast matrix multiplication algorithms. Our results
for the light bulb problem use the fact that n x n matrices may be multiplied in time O(n*),
for w < 3. The best bound on w is due to Virginia Vassilevska Williams [141], who showed
that w < 2.372. Our results for the approximate closest pair problem rely on a fact shown
by Coppersmith, that for any € > 0, for a < 0.29, the product of an n x n® and n® x n
matrix may be computed in time O(n?*") [42].

Learning Juntas and Parities

The problem of identifying relevant variables is related to the light bulb problem via the
problem of learning parity with noise, which we now describe. Suppose one is given access
to a sequence of examples (z,y), where z € {—1,41}" is chosen uniformly at random, and
y € {—1,+1} is set so that y = 2[[;.g:, for some fixed, though unknown set S C [n],
where z € {—1,+1} is chosen to be —1 independently for each example with probability
n € [0,1/2). In the case where the noise rate n = 0, the problem of recovering the set S is
easy: given n such examples, with high probability one can recover the set S by Gaussian
elimination—translating this problem into a problem over F,, S is given simply as the
solution to a set of linear equations. From an information theory standpoint, the addition of
some nonzero amount of noise (1 > 0) does not change the problem significantly; for constant
n, given O(n) examples, with high probability there will only be one set S C [n] where the
parities of the corresponding set of indices of the examples are significantly correlated with
the labels. From a computational standpoint, the addition of the noise seems to change
the problem entirely. In contrast to the simple polynomial-time algorithm for the noise-free
case, when given a small constant amount of noise the best known algorithm, due to Blum
et al. [27] takes time QO(ﬁ), which is a super—polynomial improvement over brute-force
search, though still a far cry from polynomial-time.

This problem of learning parity with noise is, increasingly, understood to be a central
problem in learning theory. Beyond learning theory, this problem reoccurs in various forms
throughout theoretical computer science, including coding theory (as the problem of decoding
random binary linear codes) [85], and cryptography via its relation to the “learning with
errors” problem whose assumed hardness is the basis for many cryptosystems, including the
recent work on fully homomorphic encryption (see e.g. [4, 110, 30]).
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Our results for learning parities apply to the setting in which the true parity set S is much
smaller than n, say k := |S| = O(logn). This problem of learning k-parities is especially
relevant to learning theory, as was revealed by a series of reductions given in work of Feldman
et al. [54], showing that the problem of learning k-parities (under the uniform distribution,
with random classification noise) is at least as hard as the problems of learning Boolean
functions of k variables (termed k-juntas), learning 2*-term DNF from uniformly random
examples, and the variants of these problems in which the noise is adversarial (rather than
random).

This reduction has a natural interpretation: the problem of learning a parity with noise
is the problem of finding a set of k indices whose parity is correlated with the labels, given
that such a set exists. In other words, it is the problem of finding a heavy Fourier coefficient,
given that one exists. In the case of learning an arbitrary function of just £ variables—a
k-junta—Dbasic Fourier analysis shows that there will be at most 2* sets of indices whose
parity is significantly correlated with the label: i.e. there will be at most 2* heavy Fourier
coefficients. Intuitively, the presence of more heavy low-degree Fourier coefficients should, if
anything, facilitate the task of finding such a coefficient.

We show the following result for learning sparse parities with noise:

For any constant € > 0, the problem of learning parities of size k from uniformly
random length n strings, with noise rate n can solved in time

wte ) 7

n 5k poly 0.80k

) < n> M poly(

1/2 —n
where w is the exponent of matriz multiplication.

1/2—n

All previous algorithms for this problem had a runtime with the noise rate 1 appearing in
the exponent of n. This result, via the reduction of Feldman et al. [54] yields the following
corollaries for learning k-juntas (identifying sets of k relevant variables):

Given labeled uniformly random binary examples of length n, where the label is
gwen as a function of k << n of the indices, for any constant ¢ > 0, the set of
relevant indices can be found in time

O(nwfk) < O(n0.60k)
Additionally, if an n < 1/2 fraction of the labels are corrupted, the runtime is

w+te

ns Fpoly(

1 0.80k 1
‘ l .

These results improve upon the algorithm of Mossel et al. [92] showing that size k juntas

can be learned (in the absence of noise) in time O(nwwﬁfl) ~ O(n®™). In the setting with

classification noise n > 0, no algorithm running in time O(n) for any constant ¢ < 1 was
previously known.
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1.3 Learning Mixtures of (Gaussians

For some datasets, either by assumption or because of knowledge of the underlying process
that generates the data, one can assume, a priori, the family of distributions from which the
data were drawn. The problem then is to estimate which member of the family gave rise to
the data.

To illustrate, perhaps one knows that each data point arises as the aggregate sum of
many independent, nearly identical random variables (such is the case for many data sets
encountered in physics, biology, and the social sciences); in such settings, via the central limit
theorem, one can assume that the data will be roughly distributed according to a Gaussian
distribution. The goal then, would be to estimate the mean and covariance matrix of the
distribution; in the case of a Gaussian distribution, this estimation task is trivial—the mean
and covariance of the data samples will converge quickly to the true mean and covariance
of the actual underlying Gaussian distribution. For many common families of distributions,
however, constructing good algorithms for learning the distributions is much more opaque,
and in many cases we know very little about how the necessary sample size scales with basic
parameters such as the desired accuracy, dimensionality of the space, or the computational
power of the estimator.

Given the ease with which one can estimate Gaussians, it is natural to consider the prob-
lem of learning Gaussian mizture models (GMMs). Gaussian mixture models are one of the
oldest, and most widely used statistical model, and consist of a weighted combination of het-
erogeneous Gaussians, with probability density given as the weighted sum of the densities of
the component Gaussians. To give a simple one-dimensional example, consider the distribu-
tion of the heights of adults; this distribution can be closely modeled as a Gaussian mixture
with two components, one corresponding to the heights of men, and the other corresponding
to the heights of women, as is depicted in Figure 1.3. Can one recover accurate estimates
of the distributions of the heights of men and women given only the aggregate data without
gender labels?

The study of reconstructing the parameters of the Gaussian mixture model dates back
to work from the 1890s of Karl Pearson [105]. More recently, motivated by the need to
analyze large, high-dimensional data sets, the question of learning GMMs has been revisited.
Dasgupta formally introduced the problem of learning GMMs to the theoretical computer
science community in a paper which described a polynomial-time algorithms for learning
GMMs, under the assumption that the component Gaussians are extremely far apart, in
comparison to their covariances [43]. Given such an assumption, the algorithm proceeds by
first trying to consistently cluster the sample points according to which component generated
that data point. Given an accurate such clustering of the sample, estimating the distribution
is easy: one can simply return the empirical mean, covariance, and weight of each cluster.
While the task of accurately clustering the sample is quite easy in one or two dimensions,
in very large dimension, even if the components are sufficiently far apart so as to have
little overlap in their probability density, it is certainly not obvious how to perform such
clustering. In contrast to the low-dimensional setting in which one expects to see many data
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Figure 1.2: The Gaussian approximations of the heights of adult women (red) and men (blue).
Can one recover estimates of these Gaussian components given only the aggregate data
without gender labels (black)? (Data from the National Health and Nutrition Examination
Surveys [87].)

points near the mean of each component, in the high dimensional setting, almost all points
will lie on a thin spherical shell, and hence one will see almost no points near the mean of
each component, significantly complicating the task of clustering. To facilitate clustering,
in Dasgupta’s original paper the separation between components was assumed to be very
large in comparison to the dimension of the points, and additional assumptions were placed
on the components. These conditions were relaxed in a long line of work [3, 12, 31, 76,
134], though any algorithm that proceeds by clustering must assume considerable separation
between components.

Despite considerable attention to this problem of learning GMMs, Pearson’s original
question of learning a one dimensional GMM in which the components might overlap sub-
stancially, remained. In particular, it was not known whether the sample size required to
estimate the parameters to within a desired accuracy increased polynomially with the in-
verse of the desired accuracy, or exponentially. Phrased in the language of statistics, it was
not known whether an optimal estimator of the components had polynomial, or exponential
convergence rate.

Our algorithm takes a sample from a GMM in d dimensional space, and out-
puts approrimations of the mizing weights accurate to e and estimates of the
constituent components, accurate to within +e in total variational distance (¢4
distance). Additionally, the required sample size and runtime are bounded by

poly(d, 1).

Rather than attempting to first cluster the sample points, our approach is based on the
algebraic structure of the GMM. We returned to Pearson’s original one-dimensional set-
ting, and analyze a variant of the method of moments that he had employed, to show that
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1-dimensional (univariate) GMMs are robustly identifiable. Namely, we show that if the com-
ponents of one mixture differ by € from those of another mixture, then one of the low-order
moments of the two mixtures must be significantly different—must differ by at least poly(e).
Such an argument guarantees that if we have accurate estimates of the low-order moments
of the true mixture, then any mixture whose moments closely match the true moments must
have the property that the components of the recovered mixture closely match the compo-
nents of the true mixture. The problem then is to simply come up with such a mixture; this
task can be performed by a simple brute-force search through a polynomially—coarse net of
mixtures.

Given such an algorithm for recovering mixtures in one dimension, we reduce the gen-
eral problem of learning mixtures in high dimension to a series of one-dimensional learning
problems—Ileveraging the property of Gaussians that the projection of a high-dimensional
Gaussian distribution onto any vector is a one-dimensional Gaussian. While our algorithm
has a super-exponential dependence on the number of mixture components, we prove that
at least an exponential dependence is information theoretically necessary to recover the
components.

1.4 Thesis Organization

Part I: Estimating Statistical Properties

Chapter 2—Definitions, and Related Work. We give an introduction to property esti-
mation, and discuss approaches from both the statistics and computer science communities,
beginning with the early work of Turing, Fisher, and Good on the problem of inferring prop-
erties of distributions given a sample that seems “too small”. We define the concepts and
notation that are used throughout Part I.

Chapter 3-Estimating the Unseen: Sublinear Sample Estimators for Entropy,
Support Size, and Other Properties. We describe an algorithm for accurately esti-
mating the shape of the unseen portion of a distribution given a relatively small sample,
and prove that this algorithm yields sublinear-sample estimators for a class of symmetric
distribution properties. In terms of entropy estimation, we show that for any constant ¢ > 0,
our algorithm when given a sample consisting of O(%) independent draws from a discrete
distribution of support size at most n, will output an estimate of the entropy of the distribu-
tion that is accurate to within 4+¢, with high probability over the randomness of the sample.
Similarly, given an instance of the distinct elements problem with n buckets, our algorithm
will query O(&) buckets and return an estimate of the number of distinct elements to
within 4en, with high probability. Finally, we show that the entire property estimation
approach can be extended to estimate properties of pairs of distributions, including distance
metrics. As an illustration, we describe an estimator that takes as input a pair of samples,
and estimates the ¢; distance (total variational distance) between the two distributions from
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which the samples were drawn. We prove that for any constant e, given O(%)—sized sam-
ples from each of two distributions of support size at most n, our estimator will return an
estimate of their ¢, distance that is accurate to within 4¢, with high probability over the
randomness of the samples. These are the first explicit sublinear-sample estimators for any
of these properties, and the performance of these estimators matches the lower bounds of

Chapter 5, to constant factors.

Chapter 4-Two Multivariate Central Limit Theorems In this chapter, we prove
two new multivariate central limit theorems. Our first limit theorem is very general, and
compares the sum of independent (though not necessarily identical) multivariate random
variables to the Gaussian distribution of corresponding mean and covariance in the Wasser-
stein distance metric (also known as the “Earthmover” metric). We prove this limit theorem
directly via Stein’s method. We leverage this general central limit theorem to prove our
second limit theorem, which is more specific and stronger. Our second limit theorem applies
to “generalized multinomial distributions”—a class of distributions that generalizes bino-
mial and multinomial distributions, and any sums of such distributions. We show that such
distributions are close in total variational distance (¢; distance) to the discretized Gaussian
of corresponding mean and covariance (defined by the process of drawing a point from the
Gaussian and then rounding the point to the nearest point in the integer lattice).

Chapter 5-Lower Bounds for Property Estimation We prove information theoretic
lower bounds on the sample size required to estimate entropy, the number of distinct ele-
ments, and total variational distance between distributions, establishing the optimality of
the estimators of Chapter 3, up to constant factors. For any n, we describe an ensemble of
distributions, half of which are close in variational distance to a uniform distribution over
n/2 elements, and half of which are close to a uniform distribution over n elements, yet
which have the property that given 0(1ogn> independent draws from one of the distributions
of the ensemble, it is information theoretically impossible to distinguish the two cases. Both
the construction, and proof of correctness are rather technical; as a final step in our proof of
correctness, we apply the central limit theorem for “generalized multinomial distributions”
of Chapter 4 to characterize the distribution of summary statistics defined by the process of
drawing a sample of size k from a fixed distribution.

Chapter 6-The Power of Linear Estimators Most proposed estimators for entropy
have the following form: given a sample, the estimators compute the vector F = Fi, Fo, ...,
where F; is the number of elements that occur exactly ¢ times in the sample, and then output
the dot product of F with some fixed vector of coefficients. We term such estimators linear.
The estimators of Chapter 3 do not take this form, instead of computing a dot product,
they solve a linear program. In this chapter, we consider the question of whether the addi-
tional computational power of linear programming is necessary to effectively estimate these
properties using small samples. We show that for a broad class of symmetric properties,
including entropy, there exist near-optimal linear estimators. Specifically, for the properties
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in question, we show if there is any algorithm that is capable of obtaining an e-accurate
estimate with probability at least 0.51 when given a sample of size k (drawn independently)
from a distribution of support size at most n, then there exists a linear estimator that takes
a sample of size 1.01 - £ and estimates the property to within accuracy 2e, and succeeds
with probability 0.99. Our proof is constructive, and exposes a duality between the search
for good lower bound instances and the search for good linear estimators. As our proof is
via duality, unsurprisingly, it does not yield any bounds on the sample complexity of these
estimation tasks, and hence the results of this chapter complement rather than subsume
those of Chapters 3 and 5.

Chapter 7-Explicit Linear Estimators In this chapter we describe machinery for con-
structing and analyzing the performance of explicit linear estimators. We describe a linear
estimator for entropy, which has an inverse linear convergence rate: it estimates the entropy
of a distribution of support size at most n to within error € using a sample of size O(ﬁ),
provided € > 1/n® for some small constant «. This inverse linear rate of convergence is
rather surprising, and matches the lower bounds of Chapter 5 both in terms of the depen-
dence on the support size n, and the dependence on e. We also construct an estimator for
“distance to uniformity”, which estimates the total variational distance (¢; distance) to the
closest uniform distribution of support m, for some specified value m, and show that for any
constant error €, given O(&)—sized samples from a distribution of any support size, the
distance to the uniform distribution of support m can be estimated to error e, with high
probability over the randomness of the sample.

Chapter 8-Estimating Properties in Practice In this chapter we describe a practical
adaptation of the estimators of Chapter 3, and experimentally evaluate their performance
on both computer generated and real datasets. For entropy estimation, we compare our
estimator to five estimators from the literature, including both standard, and more recently
proposed estimators; in all settings considered, our estimator performs at least as well as the
best previously proposed estimator that we consider, and significantly outperforms each of
these estimators in some settings.

Part 1I: Correlations, Parities, and Juntas

Chapter 9-Finding Correlations, and the Closest Pair Problem We begin by de-
scribing an algorithm for finding a pair of correlated variables from among n independent
Boolean random variables. If the correlated pair of variables has Pearson correlation p, and
the dimension of the vectors (i.e. the sample size) is sufficiently large, our algorithm runs

in time n%poly(l/p) < n'%2poly(1/p), where w < 2.38 is the exponent of fast matrix mul-
tiplication. Previously, no subquadratic time algorithm with a polynomial dependence on p
had been described for this problem. We then extend this result to give a subquadratic time
algorithm with a slightly worse exponent for a more general setting, which can be interpreted
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as efficiently computing the product of an n x d and d x n matrix given the promise that the
result has a small number of large entries. Finally, we further extend this approach to the
general (1+¢) approzimate closest pair problem, to yield an algorithm that, given n arbitrary
vectors, finds a pair of vectors whose distance is at most a factor of 1 + € larger than that
of the closest pair of vectors; the runtime of this algorithm is O(n?~®V)), improving on the
O(n?*=°()) runtime given by locality sensitive hashing approaches. This second algorithm
relies on fast rectangular matrix multiplication.

Chapter 10-Learning Parities and Juntas We explain the connection between the
problem of finding correlated variables and the problem of learning parity with noise, and
sketch how the first result of Chapter 9 could be used to obtain an algorithm for learning

sparse parities—parities of at most k bits from examples of size n >> k—with noise rate n <

O 81k

1/2 in time A poly( ) poly( ) We then describe an alternative approach

for this problem, which snnulates perturblng the distribution of examples slightly, and yields
the exponent k& < 0.80k. These are the first algorithms for this problem with a polynomial
dependence on the noise with runtime O(n) for any ¢ < 1. The polynomial dependence on
the noise rate allows this result to be leveraged to obtain new results for the problems of
learning k-juntas—the problem of identifying the small set of relevant variables from among
many possible variables—both in the presence, and absence of noise. For learning k-juntas
without noise over random length n instances, we obtain a runtime of O(n%%°%), improving
upon the O(n™) result of Mossel et al. [92].

Part III: Learning Mixtures of Gaussians

Chapter 11-Learning Univariate Mixtures of Gaussians In this chapter we consider
the problem of recovering the parameters of a one-dimensional Gaussian mixture model
(GMM). For any constant k, we show that a poly(1/¢) runtime and sample size suffice to
recover e-accurate estimates of the means, variances, and mixing weights of each component
of a GMM with k& Gaussian components. We prove this by establishing what we term the
polynomially robust identifiability of GMMs: for any two GMMs whose components differ
significantly, there will be a discrepancy in one of the low order moments of the mixtures
whose magnitude is polynomially related to the discrepancy in the components. The depen-
dence of the runtime and sample size on the number of Gaussian components, k, is severe,
though we also give a lower bound construction proving that at least an exponential depen-
dence on k is information theoretically necessary.

Chapter 12-Learning Mixtures of Gaussians in High Dimension We consider the
problem of learning high dimensional GMMs; we show that the runtime and sample size
required to obtain accurate estimates of the mixture parameters is polynomial in both the
inverse of the desired accuracy, and the dimension, d. Specifically, given a sample (drawn
independently) from a GMM F = Zle w; F;, where each Fj is a d-dimensional Gaussian
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distribution, for any €, > 0, with probability at least 1 — ¢ our algorithm returns a mixture

A

F = Zle w;F; such that the total variational distance (¢; distance) between F and F' is
at most €; additionally, if for all 7, w; > €, and for all 7,7 the total variational distance
between F, and Fj is at least ¢, then & = k and there exists some permutation 7 of the
integers [k] = {1,...,k} such that for all i, |w; — ws| < €, and the total variational
distance between F; and F;(i) is at most €. The algorithm requires runtime and sample size

poly(e, d, log %)
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Chapter 2

Definitions, and Related Work

2.1 Definitions and Examples

The estimation tasks that we consider have been studied by the statistics, information theory,
and computer science communities, and the terminology varies between these communities.
Before discussing the historical background and related work, it will be helpful to establish a
consistent terminology. The definitions we give below will be used in Chapters 3 through 8.

Definition 2.1. A distribution on [n] = {1,...,n} is a function p : [n] — [0,1] satisfying
Y. p(i) = 1. Let D" denote the set of distributions over domain [n).

We will be dealing exclusively with symmetric properties of distributions with discrete
support. Informally, symmetric properties are those that are invariant to renaming the
domain elements.

Definition 2.2. A property of a distribution is a function © : D" — R. Additionally, a
property is symmetric if, for all distributions p € D", and all permutations o : [n| — [n],
7(p) = m(p o o), where po o denotes the distribution obtained by permuting the labels of p
according to the permutation o.

Since symmetric properties cannot depend on the labels of the domain, it will prove
convenient to have a “symmetrized” representation of a distribution. We thus define the
histogram of a distribution:

Definition 2.3. The histogram of a distribution p € D™ is a mapping h,, : (0,1] - NU{0},
where h,(x) = [{i : p(i) = x}|. When the distribution in question is clear, we drop the
subscript, and simply refer to the histogram h.

To see the motivation for calling such a representation a “histogram” of a distribution,
consider representing a distribution p by the unordered list of probabilities with which the
domain elements arise: the histogram h,, is simply the histogram, in the traditional sense, of
that list.
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Any symmetric property is a function of only the histogram of the distribution. For
example:

e The entropy H(p) of a distribution p € D™ is defined to be

H(p) :=— Z p(7) log p(7) Z hy(x)z log x.

2:p(i)#0 x:hp(z)#0

e The support size is the number of domain elements that occur with positive probability:

[{iop(@) #0} = Y Iy

z:hyp ()70

Additionally, the total probability mass in the distribution at probability z—namely
the probability of drawing a domain element whose probability is z—is x - h(z) and thus
> wh(@)zo L - (x) =1, as distributions have total probability mass 1.

Throughout, we will use n to denote the size of the domain of the distribution (provided
the distribution in question has finite support size), and k to denote the size of the sample
to which we have access. We assume throughout that each sample consists of independent
draws from a fixed distribution.

In analogy with the histogram of a distribution, we define the fingerprint of a sample:

Definition 2.4. Given a sample S = (s1, ..., Sk), the associated fingerprint, F = (Fy, Fa, .. .),
s the “histogram of the frequency counts” of the sample. Formally, F is the vector whose
ith component, F;, is the number of elements that occur exactly i times in S. If the sample
in question is ambiguous, we use a superscript, F° to denote the fingerprint corresponding

to S.

For estimating entropy, or any other symmetric property, the fingerprint of a sample
contains all the relevant information (see [20], for a formal proof of this fact). Throughout,
we will be representing distributions by their histograms, and samples by their fingerprints.
We note that in some of the literature, the fingerprint is alternately termed the pattern,
histogram of the histogram, collision statistics, or partition of the sample.

We provide an example illustrating the above definitions:

Example 2.5. Consider a sequence of fish species, drawn from a certain lake,
S = (trout, salmon, trout, cod, cod, whale, trout, eel, salmon).

We have F = (2,2, 1), indicating that two species occurred exactly once (whale and eel), two

species occurred exactly twice (salmon and cod), and one species occurred exactly three times
(trout).
Suppose that the true distribution of fish is the following:

Pr(trout) =1/2, Pr(salmon) = 1/4,
Pr(cod) = Pr(whale) = Pr(eel) = Pr(shark) = 1/16.
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The associated histogram of this distribution is h : Rt — Z defined by h(1/16) = 4, h(1/4) =
1, h(1/2) =1, and for all x & {1/16,1/4,1/2}, h(x) = 0.

Poisson Samples

Before proceeding, it will be helpful to have an intuitive understanding of the distribution of
the fingerprint corresponding to a sample of size k drawn from a distribution with histogram
h. This distribution intimately involves the Poisson distribution. Throughout, we use Poi(\)
to denote the Poisson distribution with expectation A, and for a nonnegative integer j,
o Ne=A
poi(A, j) = 7

denotes the probability that a random variable distributed according to Poi()) takes value
j. Additionally, for integers i > 0, we refer to the function poi(z,i), viewed as a function of
the variable z, as the ith Poisson function.

Given a fingerprint corresponding to a sample of size k drawn from a distribution p, the
number of occurrences of any two elements are not independent; however, if instead of taking
k samples, we chose k' «— Poi(k) according to a Poisson distribution with expectation k& and
then take a sample of size k&’ from p, the number of occurrences of each domain element i € [n]
will be independent random variables with distributions Poi (k - p(i)) . This independence is
quite helpful when arguing about the structure of the distribution of such fingerprints.

We provide a clarifying example:

Example 2.6. Consider the uniform distribution on [n], which has histogram h such that
hE) =mn, and h(z) = 0 for x # L. Let k' < Poi(5n) be a Poisson-distributed random
number, and let X be the result of drawing a sample of size k' from the distribution. The
number of occurrences of each element of [n] will be independent, distributed according to
Poi(5). Note that F; and F; are not independent (since, for example, if F; = n then it must
be the case that F; = 0, fori # j). A fingerprint of a typical trial will look roughly like
Fi~n-poi(5,1).

Since k' < Poi(k) is closely concentrated around k (see, for example, the standard tail
bounds for Poisson distributions given in Appendix A.2), as one might expect, there is little
difference between considering samples of size exactly k, and Poi(k)-sized samples. Thus we
will be able to prove statements about k-sample fingerprints by considering the structurally
more simple Poi(k)-sample fingerprints.

We conclude this section by considering the distribution of the ith entry of a Poi(k)-
sample fingerprint, F;. Since the number of occurrences of different domain elements are
independent, F; is distributed as the sum of n independent 0, 1 random variables Y;,... Y,
where Pr[Y; = 1] = poi(k - p(j),i) is the probability that the jth domain element occurs
exactly ¢ times in a sample of size k' + Poi(k). By linearity of expectation,

Zpoz (k- p(y Z h(zx) - poi(kzx,1), (2.1)
2)#

J€(n] 0
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Corbet's Butterfly Data
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Figure 2.1: A plot of Corbet’s butterfly data, depicting the number of butterfly species for
which 1,2, 3, ... specimens were obtained during a 2 year expedition in Malaysia. Good and
Toulmin showed that the alternating sum of these statistics—in this case 118 — 74 + 44 —
24 + ... =~ 7h—yields an unbiased estimator for the number of new species that would be
discovered over another 2 year period. [55, 60]

and from the independence, we will have Chernoff-style concentration about this expectation.

2.2 Historical Background: The Work of Turing,
Fisher, and Good

The problem of inferring properties of an unknown discrete distribution from “too small”
samples has a very rich history of study in statistics and computer science, with early con-
tributions from both R.A Fisher, and Alan Turing. In the early 1940’s, R. A. Fisher was
approached by a naturalist, Corbet, who had just returned from two years of collecting
butterflies in the Malay peninsula. Corbet presented Fisher with data on his butterfly
collections—specifically, he indicated the number of species for which he had only seen a
single specimen (118 species), the number of species for which he had two specimens (74
species), three specimens (44 species), and so on (see Figure 2.1). Corbet hoped that from
this data, Fisher would be able to deduce some properties of the true distribution of butter-
flies in Malaysia, and in particular, he wanted an estimate of the number of new species he
might discover if he were to return to the Malay jungle for another 2 years.

Fisher approached this problem from a parametric Bayesian standpoint, and assumed
that the distribution of butterfly species could be accurately approximated by a gamma
distribution, and fit the parameters of the gamma distribution to the butterfly data [55]. A
decade later, I.J. Good and Toulmin [60] returned to this problem, and offered a nonpara-
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metric alternate analysis that makes no assumptions on the form of the true distribution
of butterfly species, only relying on the assumptions that the number of butterflies of a
given species, s, that are caught during a specified time period is given by Poi(\s), for some
unknown Ay dependent on the species. Given this assumption, the probability that one
discovers species s during the second time period is given by the following expression:

Pr(s not seen in 1st period) - Pr(s seen in 2nd period) = poi(As, 0) (1 — poi(As, 0)) .

Thus the expected number of species discovered during the second time period is obtained
by simply summing this expression over all species: ) poi(As,0) (1 — poi(As,0)) . Good and
Toulmin then argued that one could expand the second term as a power series, and re-express
this sum in terms of the fingerprint expectations:

Zpoi(/\s, 0) (1 —poi(As,0)) = Ze_’\s (1 — e_’\s)

N 0, (— 1)\
Y. ;—< ,
= S0 poi(hai) = Y (1) E[F).

i>1 i>1

Thus the number of new species we expect to discover in the second time period can be
expressed as the alternating sum of the expected fingerprint entries: the number of species
one expects to see once, twice, etc, in any given time period. The crucial observation, as was
argued after Equation 2.1, is that the fingerprint values will be closely concentrated about
their expectations, and thus the data furnished during the first visit provides accurate (and
unbiased) estimates of these fingerprint expectations. In the case of Corbet’s butterfly data,
the alternating sum F; — Fo+F3—... =118 =74+ 44 —24 4 ... = 75 yields the conclusion
that roughly 75 new species would be discovered in a second 2-year expedition to the jungle.
(To the best of my knowledge, Corbet did not conduct another expedition.)

At roughly the same time as Fisher’s work on this problem, at the height of WWII, Alan
Turing and I.J. Good were working on a similar problem in the rather different context of the
pivotal British war—effort to analyze the statistics of the German Enigma Machine ciphers.
Turing and Good were interested in estimating the total probability mass accounted for
by the “unseen” portion of the distribution: what is the probability that the next Enigma
codeword is a previously unseen codeword? This question can be tackled via the same
approach as Corbet’s butterfly question: namely, representing the desired quantity in terms
of the fingerprint expectations. Making the assumption that there is some distribution
over ciphertexts, with each ciphertext s occurring with probability ps, and each observation
yielding an independent draw from this distribution, the number of times ciphertext s is
seen in a sample of size k& will be roughly distributed according to Poi(k - ps). Thus the
expected unseen probability mass in the distribution given a sample of size k is simply
> o Ps - poi(k - ps, 0), since each domain element will be unseen with probability poi(k - ps, 0)
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and accounts for p, units of probability mass. We can reexpress this sum in terms of the
expected fingerprints as follows:

: 1 : E[F
Zps -poi(k - ps, 0) = EZPoz(k “ps, 1) = [k 1].

Thus the ratio F;/k provides an estimate of the unseen probability mass.

This result is a component of what is now known as the Good-Turing frequency estimation
scheme, and was published after the war in 1953 by Good [59]. In addition to the many
practical applications of the Good-Turing estimates, there has been considerable recent work
from the computer science community analyzing and extending variants of this estimation
scheme [86, 96, 97, 139, 138|.

More broadly, this early work of Fisher, Turing, Good and Toulmin demonstrated that
one could very easily and accurately estimate some specific parameters of the “unseen”
portion of a distribution. The challenge of constructing sublinear-sample estimators for
entropy and other symmetric properties is that such estimators must take into account the
contribution towards the property value of the unseen portion of the distribution; this early
work, in some sense, hinted that sublinear-sample estimators might exist for the properties
we consider in this dissertation.

2.3 Estimating Properties and Estimating
Distributions

In contrast to the parameters that Fisher and Turing were concerned with—the number of
new domain elements that would be seen in a second sample, or the probability that the
next draw is a previously—unseen domain element—for which they devised simple unbiased
estimators with small variance—for entropy and the other properties we study, there are no
unbiased estimators. An arbitrarily small amount of probability mass in a given distribution
can contribute an arbitrarily large amount of entropy, or support size, and thus for any fixed
estimator, one can construct a distribution for which the estimator has an arbitrarily large
bias. This unfortunate state of affairs complicates the problem of designing good estimators,
and opened the door for an enormous body of work, spanning the past 75 years, describing
and analyzing heuristic estimators for these properties that seem to perform well on real-
world data. Below we describe the most commonly used estimators for entropy, and two
more recently proposed estimators.

There is also a large literature on the “unseen species” problem and the closely related
“distinct elements” problems, including the efforts of Efron and Thisted to estimate the
total number of words that Shakespeare knew (though may not have used in his extant
works) [52]. That work employs a heuristic linear programming approach that is related to
our approach, though is designed for the single purpose of estimating the number of words
Shakespeare knew, and is based on heuristics, some of which are specifically tuned to that
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data. Much of the later work on the “unseen elements” problem is also based heavily on
heuristic arguments or strong assumptions on the true distribution from which the sample
is drawn, and thus lies beyond the scope of our work; we refer the reader to [33] and to [32]
for several hundred references on this problem.

Practical Estimators for Entropy

Because of the practical importance of estimating entropy, both as a natural measure of the
“biodiversity” of the distribution, and as the central quantity that must be estimated to
compute the mutual information between two signals, there has been an especially long line
of work focussing on this property. Below, we discuss five estimators for entropy from the
literature. We begin with three classical estimators, which are, perhaps the most commonly
used estimators for entropy [102].

The “naive” estimator: The entropy of the empirical distribution, namely, given a fin-
gerprint F derived from a sample of size k, H""*(F) := Y. F; - £|log 1|.

The Miller-Madow corrected estimator [90]: The naive estimator H"*%¢ corrected
to try to account for the second derivative of the logarithm function, namely HMM (F) :=
(X Fi)-1

Hnowe(F) 4 =iz—  though we note that the numerator of the correction term is sometimes

replaced by various other quantities, see [103].

The jackknifed naive estimator [144, 51]:

k
; E—1 , .
HJK(F) = k- Hnawe(f) _ p Hnawe(f—])’
j=1
where F 7 is the fingerprint given by removing the contribution of the jth element of the
sample.

These estimators and their many variants generally perform very well provided that all of
the elements of the support occur with large probability. The problem with these estimators
can be summarized as their inability to appropriately deal with a sample from a distribution
for which a significant portion of the probability mass of the distribution s not represented in
the sample. For example, given a sample of size o(n) drawn from the uniform distribution on
support n, these estimators generally fail. In particular, these estimators make no attempt
to understand the (potentially significant) contribution towards the entropy of the true
distribution that comes from the “unseen” portion of the distribution.

The following estimator, proposed in 2003 by Chao and Shen [36], is specifically designed
to apply to settings in which there is a significant component of the distribution that is
unseen. It is heuristic, though there is some evidence that it performs well in some practical
settings [137].

The coverage adjusted estimator (CAE) [36]: We briefly motivate the definition of
HCAE (see [137] for a more detailed discussion). Consider a domain element « that occurs
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i times in a sample of size k. The naive estimator associates a probability p, = i/k, and
a contribution towards the entropy of —p, logp,. The Good-Turing frequency estimation
scheme [59, 113] provides an (unbiased) estimate of the total “unseen” probability mass
in the distribution, P,,scen, and thus it seems intuitive to adjust p, to take this unseen
mass into account, namely to use p, = pa(l — Punseen). Finally, if the true probability
of a were p,, the probability that we actually observe a in our sample of size k is only
1 — (1 —py)*, and thus we might be inclined to believe that for each domain element « that
we observe, there are m similar domain elements that we do not observe, and thus
we should multiply the contribution of « by this amount (this approach is recognized as the
Horvitz—Thompson estimator for population totals [68]). This yields the following: Given a
fingerprint F derived from a sample of size k, let P, := 1 — F;/k, represent the Good—Turing
estimate of the probability mass of the “seen” portion of the distribution.

i 1— (1 - (Z/k)Ps)k
One weakness of the CAE which arises from its attempt to account for the probability
mass of the unseen portion of the distribution is that in some simple settings, the CAE
overcompensates, leading to disappointing performance. For example, given a sample of size
k from a uniform distribution over k elements, it is not hard to show that the bias of the
CAE is O(log k). This error is not even bounded; for comparison, even the naive estimator
has error bounded by a constant in the limit as £ — oo in this setting.

In a different direction, Paninski gave a simple though non—constructive proof of the
existence of a sublinear sample estimator for additively approximating the entropy to within
a constant; the proof is via a direct application of the Stone—Weierstrass theorem to the set of
Poisson functions [102, 101]. Namely, this work gave a nonconstructive proof of the existence
of a set of coefficients a;, such that the associated linear estimator ) . a;F;, performs well.
The “Best Upper Bound” [BUB] estimator of Paninski, briefly discussed below, is a practical
variant of this approach:

The Best Upper Bound estimator [102]: This estimator is obtained by numerically
searching for a minimax linear estimator, with respect to a certain error metric. Roughly,
this estimator seeks to minimize the bias of the estimator while keeping a heuristic sense of
the variance in check. In order to compute such an estimator, the BUB requires, as input,
an upper bound on the support size of the distribution from which the sample is drawn.

Estimating Distributions

Given a property of interest, there are two general approaches to designing an estimator:
the property-specific “direct” approach, and the “canonical” approach. All the estimators
discussed thus far, with the arguable exception of the coverage adjusted estimator for entropy,
take the direct approach, and return an estimate of the property in question without revealing
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any additional insights into the structure of the true distribution beyond the returned value of
the specific property. In the canonical approach, rather than directly estimating the property
in question, one first attempts to recover a distribution that is close, in some metric, to the
true distribution from which the sample was drawn. Given such a distribution, one can
then simply return the property value of that hypothetical distribution. While one cannot
know the labels of the unseen elements of a distribution, one could still hope to reconstruct
an approximation of the histogram of the true distribution—capturing, for each interval
of probability, the approximate number of unseen domain elements whose true probability
lies within that interval. For symmetric properties, such a histogram would contain all the
relevant information to estimate the property.

Orlitsky et al. have been pursuing one approach to reconstructing such a histogram from
a sample [98, 1, 2]. They posed the following question:!

Given a sample of size k with fingerprint F, what distribution mazimizes the
likelihood of yielding fingerprint F from a sample of size k?

Such a distribution need not be unique, though the question is well-defined. To illustrate
the distinction between the distribution that maximizes the likelihood of the sample, and
the distribution that maximizes the likelihood of the fingerprint, we give two basic examples:

Example 2.7. Consider the following sample of size k = 3: X = a,b,a, with fingerprint
F = (1,1,0,...). The mazimum likelihood distribution of the sample, pyr, assigns prob-
ability 2/3 to a and probability 1/3 to b. The probability that a sample consisting of 3
(independent) draws from pyrr has fingerprint F is simply the probability that one sees ei-
ther a or b ezactly once, and thus is given by 1 — pyrr(a)® — parr(b)® = 2/3. 1t is not hard to
show that the distribution that maximizes the likelihood of the fingerprint (1,1,0,...), is the
uniform distribution over support 2, assigning probability 1/2 to each of two elements. The
probability that 3 draws from such a distribution yield fingerprint F is 3/4, which is optimal.

Example 2.8. Consider a sample of size k with fingerprint F = (k,0,...), that is, each
element is seen only once. The distribution maximizing the likelihood of that fingerprint is
the continuum, with infinite support, and a sample of size k from the continuum will have k
distinct elements with probability 1.

The initial work on this question of Orlitsky focussed on this combinatorially rich likeli-
hood landscape, rather than on property estimation. While it seems unclear how to prove
that such a likelihood maximizing distribution would, necessarily, have similar property val-
ues to the true distribution, at least intuitively one might hope that this is true: since
symmetric properties are invariant to relabeling the support the distribution, it seems natu-
ral to hope that the distribution maximizing the likelihood of the fingerprint of the sample
might yield a better estimate of the property in questions than, say, the distribution maxi-
mizing the likelihood of the sample (i.e. the empirical distribution of the sample). Recently,

"'What we term the fingerprint of a sample, Orlitsky et al. term the pattern
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Acharya et al. showed that this maximum likelihood approach could be used to yield a
near-optimal algorithm for deciding whether two samples were drawn from identical (or very
similar) distributions, versus distribution that have large distance [2]

From a computational standpoint, Orlitsky et al. showed that such fingerprint likelihood
maximizing distributions can be found in some specific simple or small settings [1]. The
problem of finding or approximating such distributions for typical fingerprints derived from
large samples, however, seem daunting.

The results, and approach we take in Chapter 3 were directly motivated by this question
of Orlitsky. Rather than attempting to find the distribution maximizing the likelihood of the
fingerprint, we eschewed the computational and analytical difficulties of dealing with this
complicated combinatorial likelihood landscape, and instead analyzed the set of distributions
whose expected fingerprints are close to the given fingerprint F.

2.4 Property Testing, and the Computer Science
Perspective

The interest in property estimation from the computer science community has its roots
in work on property testing. The property-testing framework was originally developed to
provide a rigorous framework for studying the minimum amount of information necessary to
determine, with high probability, whether an object in question possesses a certain property.
This framework was applied in many settings, perhaps most successfully to testing algebraic
properties [29, 115], and testing graph properties [7, 58].

As adapted to the statistical property estimation setting, the framework asks the following
question:

Given a property of a distribution or set of distributions, a desired accuracy
€, a probability of failure &, and access to a sample or samples consisting of
independent draws, how large must the samples be in order to guarantee that the
estimate of the property differs from the true value by at most €, with probability
at least 1 — 07

This framework offers a natural alternative to the standard metrics used by the statistics
community for evaluating property estimators. The literature on property estimation from
the statistics community almost exclusively analyzes the asymptotic rate of convergence of
the estimator in question (given a fixed distribution, how does the expected deviation be-
tween the true property value and estimate decrease as the sample size goes to infinity).
The obvious shortcoming of such asymptotic analysis is that it says little about the many
settings in which one does not have sufficiently large samples for the asymptotic behavior
to be relevant. In particular, such analysis does not inform our understanding of the perfor-
mance of estimators in the regime in which large portions of the distribution are unseen in
the sample.
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In contrast to the classical asymptotic analysis, the property testing framework allows
one to quantitatively formulate the question of the existence of estimators achieving certain
performance guarantees given a fixed (finite) sample size. Beginning with pioneering work of
Rubinfeld, who was one of the first to adapt the property testing framework to the statistical
property setting, the theoretical computer science community began tackling these questions
in the early 2000’s. This work had an eye both towards describing estimators, and proving
information theoretic lower bounds on the performance of any estimator.

One of the first problems considered was the problem of identity testing (also referred to
as closeness testing): Given access to samples from two distribution, A and B, how large
must the samples be in order to accurately distinguish the case that A and B are identical
or nearly identical, from the case that A and B are far apart (have total variational distance
Dy, (A, B) > €)?7 As for the problems we consider, the difficulty of this decision task is
parameterized by n, an upper bound on the support size of the distributions. In 2000, Batu
et al. showed that this task can be accomplished using O(nQ/ 3)-sized sample, for constant
€ > 0 [20]. This result matches the lower bound, of P. Valiant [131, 132], to logarithmic
factors. In contrast, determining (with high probability) whether a sample was drawn from
some explicitly described distribution of support [n], versus a distribution that has constant
¢, distance from the described distribution requires a sample of size ©(n'/2) [19].

For the problem of estimating entropy. Batu et al. [18, 21, 22|, Guha et al. [63], and
Valiant [131, 132] considered the problem of multiplicatively estimating the entropy of a
distribution; in all these works, the estimation algorithm has the following basic form: given
a sample, discard the species that occur infrequently and return the entropy of the empirical
distribution of the frequently—occurring elements, adjusted by some function of the amount
of missing probability mass. In particular, no attempt is made to understand the portion
of the true distribution consisting of infrequently occurring elements—the unseen, or little—
seen, portion. To achieve constant additive error, these estimators all require O(n)-sized
samples.

For the problem of estimating the support size of a distribution in which all elements occur
with probability at least 1/n, or the distinct elements problem, tight multiplicative bounds
of ©(n/a?) on the sample size required to approximate the number of distinct elements to
a multiplicative factor of a (given a total number of n buckets) are given in [15, 37] though
they are somewhat unsatisfying as the worst-case instance is distinguishing the case that
there is one distinct element, from the case that there are a?. For additively estimating the
number of distinct elements to within :I:(% —€)n, to the best of our knowledge there were no
improvements upon the trivial (n) algorithm for any constant € > 0.

Lower Bounds

Prior to the results of this dissertation, the best lower bound for additively estimating the
support size or entropy of a distribution was due to P. Valiant, who showed that for any
constant € > 0, any estimator that obtains additive error at most (1/2 — €)n for the number
of distinct elements (or constant error in entropy estimation) with probability of success at
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least .51 requires a sample of size at least n/ 20(Viogn) [131, 132]. This bound improved upon
the slightly weaker bound of n/20(VIognloglogn) of Rashodnikova et al. [107].

The difficulty in constructing lower bounds on the sample size required to estimate sym-
metric properties, is that one must argue that there are two distribution with quite different
property values, but for which the distribution of fingerprints derived from a samples of size
k are indistinguishable, with high probability. This condition of indistinguishability is very
stringent. The distribution over fingerprints defined by the process of drawing a sample of
size k from a fixed distribution, is a high dimensional distribution supported on the integer
lattice. The condition of indistinguishability means that one must show that two such dis-
tributions are close in the ¢; metric; such characterizations of high-dimensional distributions
are rare.

The lower bounds of [131, 132] characterized this distribution over fingerprints via a
theorem of Roos [114] that essentially characterized these distributions in terms of the vector
of fingerprint expectations. To obtain the tighter lower bounds of this dissertation, we instead
characterize these distributions in terms of both the expectations as well as the covariance
matrix, via a new central limit theorem that we prove in Chapter 4. While we go on to
show that the second moments of the distribution of fingerprints can be inferred from the
expectations, and thus considering only the expectations suffices, the improvement of our
lower bounds over the previous lower bounds, in some sense, stems from the fact that our
central limit theorem uses both the first and second moments of the distribution, as opposed
to only the first moments, as in the theorem of Roos.

The Streaming Setting

The problems of estimating the support size (and the general problem of estimating frequency
moments) and estimating the entropy, have also been considered by the computer science
community in the setting of streaming. In the streaming setting, one has access to the entire
distribution (as represented by a very large database), though one has very little memory,
and can only perform a single (or several) passes over the database [5, 16, 25, 35, 66, 72, 75,
142].

One might hope that the streaming setting could be tackled by filling the limited memory
with a small (random) sample of the database, then applying the estimation techniques of
this dissertation, for example. Unsurprisingly, this approach is very far from optimal—if one
has access to the entire distribution, even if one has limited memory and can only perform
a single pass, one can obtain far better estimates than if one only considers a small sample.
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Chapter 3

Estimating the Unseen: Sublinear
Sample Estimators for Entropy,
Support Size, and Other Properties

We introduce a new approach to characterizing the unobserved portion of a distribution,
which provides sublinear—sample additive estimators for a class of properties that includes
entropy and distribution support size. Additionally, we demonstrate that this approach can
be extended to estimate properties of pairs of distributions, such as estimating the total
variational distance (¢; distance) between a pair of distributions, based on samples drawn
from each distribution. Together with the lower bounds presented in Chapter 5, this settles
the longstanding open questions of the sample complexities of these estimation problems
(up to constant factors). Our algorithms estimate these properties up to an arbitrarily
small additive constant, using a sample of size O(n/logn), and can be made to run in
in time linear in the sample size. Our lower bounds show that no algorithm that uses a
sample of size o(n/logn) can achieve this. In the case of estimating entropy and estimating
total variational distance between pairs of distributions, n is a bound on the support size
of the distributions, and is a natural parameterization of the difficulty of these task. For
the problem of estimating the distribution support size, as is standard, we assume that all
elements in the support occur with probability at least 1/n, since without such a lower bound
it is impossible to estimate support size.!

For statistical properties of a single distribution, our algorithm can estimate any prop-
erty that is symmetric (invariant to relabeling the domain) and sufficiently smooth. Rather
than directly trying to estimate a specific property of the distribution, we instead take the
canonical approach and return to the basic question “what can we infer about the true dis-
tribution?” given a sublinear sample size? Our algorithm returns a distribution that is, with
high probability, “close,” in a particular metric, to the true distribution. Specifically, we re-

!This setting is a strict generalization of the “distinct elements” problem, which is equivalent to the
problem of estimating the support size of a distribution under the condition that each element in the support
occurs with probability j/n, for some positive integer j.
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turn a distribution p with the property that if we had taken our sample from the hypothetical
p instead of from the unknown true distribution, then with high probability the fingerprint
of the sample (the number of domain elements seen once, twice, etc.) will closely match
the corresponding parameters of the actual sample. How does one find such a distribution?
Via linear programming, the computer scientist’s battle-axe—bringing this powerful tool to
bear on these problems opens up results that withstood previous approaches to constructing
such estimators. The fingerprint of the sample is used to formulate a linear program, whose
feasible points correspond to histograms of distributions, and whose objective function at
feasible point v captures the degree to which the fingerprint of the sample deviates from
the expected fingerprint had the sample been drawn from a distribution corresponding to
v. Given the distribution p corresponding to a solution to the linear program, to obtain an
estimate of some property, we may simply evaluate the property on p. Unsurprisingly, this
yields a very good estimate; surprisingly, one can actually prove this.

Our proof decomposes into two main parts. In the first part we argue that with high
probability over the randomness of the sample, the actual distribution from which the sam-
ple was drawn, minimally modified, corresponds to a feasible point for the linear program
with small objective function value. This part, though slightly tedious, is technically and
intuitively straight forward. The second part of the proof argues that any pair of feasible
points that have small objective function values must correspond to distributions with sim-
ilar values of entropy, support size, etc. This second part of the proof is the main technical
challenge, and it relies on a Chebyshev polynomial construction. It is worth pointing out
that there seems to be no intuitive explanation for the O(n/logn) sample complexity that
we achieve (and hence it is unsurprising that such a sample complexity had not been pre-
viously conjectured). The logn factor comes from our Chebyshev polynomial construction;
roughly, we are able to use Chebyshev polynomials up to degree O(logn) (above which the
coefficients of the polynomials become too large for our purposes) and the degree O(logn)
polynomials yield an O(logn) factor tighter analysis than the O(n) sample complexity that
could be argued via more basic approaches.

Definitions

In addition to the basic definitions of the histogram of a distribution and the fingerprint of
a sample (Definitions 2.3 and 2.4) given in Chapter 2, we require two additional definitions
in order to express our main theorem.

We start by defining what it means for two distributions to be “close”; because the values
of symmetric properties depend only upon the histograms of the distributions, we must be
careful in defining this distance metric so as to ensure that it will be well-behaved with
respect to the properties we are considering. In particular, “close” distributions should have
similar values of entropy and support size.

Definition 3.1. For two distributions py, ps with respective histograms hy, ho, we define the
relative earthmover distance between them, R(p1,p2) := R(hy, ha), as the minimum over all
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schemes of moving the probability mass of the first histogram to yield the second histogram, of
the cost of moving that mass, where the per-unit mass cost of moving mass from probability
x toy is |log(x/y)|. Formally, for x,y € (0,1], the cost of moving x - h(z) units of mass
from probability x to y is x - h(z)|log 7|.

One can also define the relative earthmover distance via the following dual formulation
(given by the Kantorovich-Rubinstein theorem [77], which yields exactly what one would
expect from linear programming duality):

R(hy,ha) =sup > f(x) -z (h(z) — ha(a)),

feR x:hi(x)+ha(x)#0

where R is the set of differentiable functions f: (0,1] = R, s.t. |4 f(z)] < 1.
We provide two examples:

Example 3.2. Letting Unif(q) denotes the uniform distribution supported on q elements,
R (Unif(m),Unif(¢)) = |logm — log¢|,

since all of the probability mass in the first histogram at probability % must be moved to
probability %, at a per-unit-mass cost of |log 7| = |logm — log {|.

Example 3.3. Consider the following distribution of fish species in a given lake:

Pr(trout) = 1/2, Pr(salmon) = 1/4,
Pr(cod) = Pr(whale) = Pr(eel) = Pr(shark) = 1/16.

The associated histogram of this distribution is h : Rt — Z defined by h(1/16) = 4, h(1/4) =
1, h(1/2) = 1, and for all x ¢ {1/16,1/4,1/2}, h(z) = 0. If we now consider a second
distribution over {a, b, c} defined by the probabilities Pr(a) = 1/2, Pr(b)=1/4, Pr(c) =
1/4, and let b’ be its associated histogram, then the relative earthmover distance R(h,h') =
}l|log 11//—1%|, since we must take all the mass that lies at probability 1/16 and move it to

probability 1/4 in order to turn the first distribution into one that yields a histogram identical
to h'.

In this chapter we will restrict our attention to properties that satisfy a weak notion of
continuity, defined via the relative earthmover distance.

Definition 3.4. A symmetric distribution property m is (e,0)-continuous if for all dis-
tributions py,pa with respective histograms hy, ho satisfying R(hy,he) < & it follows that

|T(p1) — 7(p2)| < e

We note that both entropy and support size are easily seen to be continuous with respect
to the relative earthmover distance.
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Fact 3.5. For a distribution p € D", and 6 > 0

o The entropy, H(p) := — >, p(i)-log p(i) is (6, §)-continuous, with respect to the relative
earthmouver distance.

o The support size S(p) = [{i : p(i) > 0}| is (nd,d)-continuous, with respect to the
relative earthmover distance, over the set of distributions which have no probabilities
in the interval (0, +).

Summary of Results

The main theorem of the chapter is the following:

logn
independent draws from a distribution p € D™, with probability at least 1 — e over the
randomness in the draws of the sample, our algorithm returns a distribution p such that the
relative-earthmover distance between p and p satisfies

R(p,p) <O (%) :

C

Theorem 3.1. For sufficiently large n, and any ¢ € [1,logn|, given a sample of c
()

For entropy and support size, Theorem 3.1 together with Fact 3.5 yields:

Corollary 3.6. There exists a constant b such that for any € € [, 1] and sufficiently

Viogn’
large n, given E%ﬁ independent draws from distribution p € D", our estimator will output

)

a pair of real numbers (ﬁ[, §) such that with probability 1 — e ,
o H is within € of the entropy of p, and

e 5 is within ne of the support size of p, provided none of the probabilities in p lie in
(0.1).

This estimator has the optimal dependence on n, up to constant factors; in Chapter 5
we show the following lower bound:

Theorem 5.1. For any positive constant ¢ < %, there exists a pair of distributions p™,p~
that are O(¢|log ¢|)-close in the relative earthmover distance, respectively, to the uniform
distributions on n and 3 elements, but which are information theoretically indistinguishable
for any conitant probability greater than 1/2 when given fingerprints derived from samples

of size k = 53 Togn-

Specifically, estimating entropy to any constant error less than 1°§2 requires a sample of

size O(;>-), as does estimating support size to any error that is a constant factor less than
mn

n
log

1
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Phrased differently, let S denote a sample of size k, with S <; p denoting the process

of assigning a sample via independent draws from p € D", and let H: [n]* — R denote an
estimator that maps a set S to an estimate of the entropy of the distribution from which the
sample was drawn. The above theorem states that there exists a constant b’ such that for

k=bn

logn?

inf sup Pr [\PI(S) — H(p)| > 0.3] > 0.49,

H peDn S‘;P
where the infimum is taken over all possible estimators.

Further, by choosing a positive € < 1 and then constructing the distributions p,, p_ that,
with probability € draw an element according to p*,p~ respectively (of Theorem 5.1) and
otherwise return another symbol, L, the entropy gap between p and p_ is an € fraction of
what it was originally, and further, distinguishing them requires a factor % larger sample.
That is,

Corollary 3.7. For large enough n and small enough €, the sample complexity of estimating

entropy to within € grows as Q).

While the positive results of Theorem 3.1 match these lower bounds in their dependence
on n, there is a gap in the dependence on the desired accuracy, €, with a % dependence in the
lower bounds and a e% dependence in the upper bound. This prompts the following question,
which we resolve in Chapter 6:

For an optimal entropy estimator, as the sample size increases, does the error
decay linearly, or with the square root of the sample size?

In Section 3.2, we generalize our entire framework to estimate properties of pairs of
distributions. As in the setting described above for properties of a single distribution, given a
pair of samples drawn from two (different) distributions, we can characterize the performance
of our estimators in terms of returning a representation of the pair of distributions. For
clarity, we state our performance guarantees for estimating total variational distance (¢;
distance); see Theorem 3.3 in Section 3.2 for the more general formulation.

Theorem 3.2. There exists a constant b such that for any positive € < 1 and sufficiently

large n, given a pair of samples of size 6%@ drawn, respectively, from p,q € D", our
_p00)

estimator will output a real number, d, such that with probability 1 — e
|Ci— -Dt'u<p7 q)| S €,
where Dy, (p,q) = >_,; 51p(i) — q(i)| is the {1 distance between distributions p and q.

This estimator has the optimal dependence on n, up to constant factors; in Chapter 5
we also extend our lower bounds for estimating properties of single distributions to lower
bounds for estimating properties of pairs of distributions:
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Theorem 5.2. For any constants 0 < a < b < %, and probability of failure 6 < 1/2,
for sufficiently large n, given samples from a pair of distributions of support at most n,

distinguishing whether their total variational distance (¢y distance) is less than a or greater
than b with probability of success at least 1 — 0, requires samples of size O(

1ogn)

3.1 An LP-Based Canonical Estimator

Given the fingerprint F of a sample of size k drawn from a distribution with histogram h,
the high-level approach is to use linear programming to find a histogram h that has the
property that if one were to take a sample of size k£ from a distribution with histogram h,
the fingerprint of the resulting sample would be similar to the observed fingerprint F. Thus
in some sense h “could plausibly have generated” F. The hope is then that A and h will be
similar, and, in particular, have similar entropies, support sizes, etc.

For general fingerprints, how does one obtain the histogram that could have “most plau-
sibly” generated the fingerprint, in a principled fashion? The intuition will come from first
understanding the structure of the map from histograms to fingerprints, as this is the map
that we are effectively inverting. See Figure 3.1 for several examples of histograms and a
typical fingerprint of a sample drawn from the corresponding distribution.

Given a distribution p, and some domain element j occurring with probability x = p(j),
the probability that it will be drawn exactly ¢ times in a sample of size k drawn from p is
Pr[Binomial(k,z) = i]. By linearity of expectation, the expected ith fingerprint entry will
be

Z h,(x)Pr[Binomial(k, x) = 1]. (3.1)
w:hp ()70

As an illustration of our approach, consider a sample of size k& = 500 drawn from the
uniform distribution on 1000 elements. The expected fingerprint of this sample would be
E[F;] = 1000 - Pr[Binomial(k, g55) = i) ~ (303.5,75.8,12.6,1.6,...). Thus if we are given
a sample of size k& = 500, with fingerprint F = (301,78,13,1,0,0,...), one might note
that the uniform distribution on 1000 elements could plausibly have generated the observed
fingerprint, and thus, although the observed sample only contained 391 unique domain ele-
ments, we might be justified in concluding that the true distribution from which the sample
was drawn is “close” to Unif[1000], and, for example, guess that the entropy of the true
distribution is close to H(Unif(1000)) = log 1000.

Our algorithm rests on the following two observations: 1) the mapping (described by
Equation 3.1) between histograms and expected fingerprints is linear in the histogram entries,
with coefficients given by the binomial probabilities; 2) fingerprint entries will be tightly
concentrated about their expected value. These observations motivate a “first moment”
approach. We will describe a linear program that inverts the “roughly linear” map from
histograms to fingerprint entries, to yield a map from observed fingerprints, to plausible
histograms h. Namely, we use linear programming to find the generalized histogram h
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Figure 3.1: Three fingerprints (bottom row) derived from samples of size 10,000, together
with the corresponding histograms (top row) of the distributions from which each sample
was drawn. Intuitively, our estimator is solving the inversion problem: given a fingerprint,
it finds a histogram from which the sample could, plausibly, have been drawn.

that minimizes the discrepancy between the observed fingerprint values and the expected
fingerprint values if the sample had been drawn from h (where these expectations are as
described by Equation 3.1).

To make the linear programs finite, we consider a fine mesh of values 1, ..., 2, € (0,1]
that between them discretely approximate the potential support of a histogram. The vari-
ables of the linear program, hi,.. ., he will correspond to the histogram values at these mesh
points, with variable hi representing the number of domain elements that occur with prob-
ability ;, namely h(z;).

As it turns out, we will only solve the linear program on the “infrequently occurring”
portion of the distribution—that is, the mesh {z1, ..., x,} of variables for the linear program
will stop considerably before 1. This linear programming approach is specifically designed
to tackle the regime in which many domain elements occur infrequently; for the “frequently
occurring” region of the distribution, the empirical distribution of the sample does an ade-
quate job of capturing the shape of the distribution (i.e. if some domain element is seen k/2
times, it is likely that this domain element has probability ~ 1/2). Thus our estimator will
use the linear program to recover the “infrequently occurring” portion of the distribution,
and then simply append the empirical distribution of the frequently occurring portion. We
must be slightly careful to avoid issues which may arise near the threshold between the “low
probability” and “high probability” regimes, though this is not a significant hurdle. We
note that a unified linear programming approach is possible, using an objective function
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that appropriately captures both the concentration of the first few fingerprint expectations
(corresponding to the “low probability” regime), as well as the concentration in the number
of occurrences of each “high probability” domain element; however, both computationally
and conceptually, it is reasonable to apply the linear programming approach only to the
portion of the fingerprint for which the natural empirical estimates fail.

Finally, to simplify the analysis, we replace the binomial probabilities, with the corre-
sponding Poisson approximation: Pr[Binomial(k, x| = i| ~ poi(kzx,1).

We now formally define our algorithm. For clarity of exposition, we state the algorithm
in terms of three positive constants, B,C, and D, which can be defined arbitrarily provided
the following inequalities hold:

1 B
B>C>B(§+D)>§>D>O and B+ D <0.2.

Linear Program 3.8.
Given a k-sample fingerprint F and upper bound n on the support size:

e Define the set X :={L 2 3 %}

nk’ nk’ nk’

e For each x € X, define the assoctated LP wariable v,.

The linear program is defined as follows:

k}B
Minimize Z Fi — Zpoi(kx,i)vw ,
i=1 zeX

Subject to:
° ZweXx Cvg + Zf:k5+2kc %]:i =1 (total prob. mass =1)
¢ D> exVUe <n+k (support size is not too big)

o Vre X, v, >0 (histogram entries are non-negative)

Algorithm 3.9. ESTIMATE UNSEEN
Input: k-sample fingerprint F, upper bound on the support size, n:
Output: Generalized histogram grp.

o Let v = (Uyy,Vg,,...) be the solution to Linear Program 3.8, on input F and n.

e Let grp be the generalized histogram formed by setting ng(xi) = v, for all i,
and then for each integer j > kP +2kC, incrementing grp(%) by F;.
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The following restatement of Theorem 3.1 describes the performance of the above algo-
rithm.

Theorem. For any constant c, for sufficiently large n, given a sample of size Clogn COnsisting

of independent draws from a distribution p € D™, with probability at least 1 — e over
the randomness in the selection of the sample, Algorithm 3.9 returns a generalized histogram
grp such that

R(p,grp) <O (%) :

We stress that the above formulation of the linear program and algorithm were chosen
to provide the simplest analysis. While the proof of the above theorem requires consid-
erable technical machinery, the machinery can, at the expense of clarity, be adapted to
prove analogous results for a number of variants of Linear Program 3.8. In particular,
analogous results hold for various natural rescalings of the objective function, including
St Fi— >, poikx, i)v|, or Y-, \/ﬁ |\ Fi — >, poi(kx,i)v,| . This latter objective func-
tion is particularly natural, as /F; + 1 is a reasonable estimate for the standard deviation
of the distribution of F;. We use this scaling in the linear program whose performance we
experimentally evaluate, in Chapter 8. In a different direction, we note that the mesh X
of variables for which we solve the linear program can also be varied considerably while
preserving the guarantees of the above theorem. In particular, one could employ a coarser
quadratically spaced mesh, X = k1—¥1{12,22,32, ..., k%2} which would reduce the number
of variables in the linear program to k%!, and hence the linear program can be solved in
time sublinear in the sample size (using Karmarkar’s algorithm [78]), making the runtime of
the whole algorithm linear in the sample size, k. We provide details of this modification in
Section 3.1. A number of other aspects of Linear Program 3.8 can also be varied, including
the mechanics of the transition region, and of course, the constants B,C,D.

Algorithm 3.9 returns a generalized histogram; specifically, the histogram values will not
be integral, as is the case for an actual histogram corresponding to a distribution. For the
purpose of estimating relative-earthmover continuous properties, a generalized histogram suf-
fices. For example, in the case of entropy, given a generalized histogram ¢, one can compute
H(g) == 3 .. g(e)20 9(@) - x| log x|, irrespective of whether g(z) is an integer. Nevertheless, if

one desires an actual distribution corresponding to a histogram (as opposed to a generalized
histogram), the following algorithm and lemma characterizing its performance show one way
to easily round the generalized histogram to obtain a histogram that is close in relative
earthmover distance (from which a corresponding distribution can be trivially constructed).



CHAPTER 3. ESTIMATING THE UNSEEN: SUBLINEAR SAMPLE ESTIMATORS
FOR ENTROPY, SUPPORT SIZE, AND OTHER PROPERTIES 41

Algorithm 3.10. ROUND TO HISTOGRAM
Input: Generalized histogram g.
Output: Histogram h.

e Initialize h to consist of the integral elements of g.

e For each integer j>0:

— Let xj1,%52,...,%;0 be the elements of the support of g that lie in the
range [2_(7+1),2_J] and that have non—integral histogram entries; let
m = Zle zjig(z;;) be the total mass represented; initialize histogram
h' to be identically O and set wariable diff :=0.
— Fori=1,...,¢:
x If diff < 0 set W(xj) = [g(zj)], otherwise, if diff > 0 set h'(zj) =
Lg(z;i)].
« Increment diff by xj; (A () — g(xi)) -

— For each i €1,...,0 increment h( 77577 i) by W (xj).

Lemma 3.11. Let h be the output of running Algorithm 3.10 on generalized histogram g.
The following conditions hold:

o For all z, h(z) € NU{0}, and 3, 00 th(z) = 1, hence h is a histogram of a
distribution.

o R(h,g) <20« where a := max(z : g(z) € NU{0}).

Proof. For each stage j of Algorithm 3.10, the algorithm goes through each of the histogram
entries g(xj;) rounding them up or down to corresponding values h'(x;;) and storing the
cumulative difference in probability mass in the variable diff. Thus if this region of ¢
initially had probability mass m, then A’ will have probability mass m + dif f. We bound
this by noting that since the first element of each stage is always rounded up, and 2-G+1
is the smallest possible coordinate in this stage, the mass of h', namely m + dif f, is thus
always at least 271 Since each element of A’ is scaled by #ﬁ” before being added to h,
the total mass contributed by stage j to h is exactly m, meaning that each stage of rounding
is “mass-preserving”.

Denoting by g; the portion of g considered in stage j, and denoting by h; this stage’s
contribution to h, we now seek to bound R(h;, g;).

Recall the cumulative distribution, which for any distribution over the reals, and any
number y, is the total amount of probability mass in the distribution between 0 and y.
Given a generalized histogram g, we can define its (generalized) cumulative distribution by
c(9)(2) = 3 <ygw)20¥9(x). We note that at each stage j of Algorithm 3.10 and in each
iteration 7 of the inner loop, the variable dif f equals the difference between the cumulative
distributions of A’ and g; at xj;, and hence also on the region immediately to the right of z;.
Further, we note that at iteration 4, |dif f| is bounded by z;; since at each iteration, if dif f
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is positive it will decrease and if it is negative it will increase, and since h'(xj;) is a rounded
version of g(z;;), dif f will be changed by x;;(h'(xj;) — g(xj;)) which has magnitude at most
xj;. Combining these two observations yields that for all z, |c(h')(z) — c(g;)(x)] < .

To bound the relative earthmover distance we note that for distributions over the reals,
the earthmover distance between two distributions can be expressed as the integral of the
absolute value of the difference between their cumulative distributions; since relative earth-
mover distance can be related to the standard earthmover distance by changing each x value
to logz, the change of variables theorem gives us that R(a,b) = [ X|c(b)(z) — c(a)(x)| dz.
We can thus use the bound from the previous paragraph in this equation after one modi-
fication: since h' has total probability mass m + dif f, its relative earthmover distance to
g; with probability mass m is undefined, and we thus define h” to be A’ with the modi-
fication that we subtract diff probability mass from location 277 (it does not matter to
this formalism if dif f is negative, or if this makes h”(277) negative). We thus have that
ROV, 65) = [ on Ele(W) (@) = clgp) (@) do < [0 tade = 270%D),

We now bound the relative earthmover distance from h” to h; via the following two-part
earthmoving scheme: all of the mass in A" that comes from A’ (specifically, all the mass ex-
cept the —dif f mass added at 277) is moved to a —rty7 AT fraction of its original location, at a
relative earthmover cost (m+dif f)-[log % 7 f| the remaining —di f f mass is moved wher-

ever needed, involving changing its location by a factor as much as 2 - max{m, mtdiff }

at a relative earthmover cost of at most [dif f| - (log 2 + [log ——=|). Thus our total bound
on R(g;, h;), by the triangle inequality, is 27U + (m+dif f) - | log gy | Tldif f]- (log 2+
| log #-liff‘)’ which we use when m > 277, in conjunction with the two bounds derived
above, that |dif f| <277 and that m 4+ dif f > 27UV yielding a total bound on the earth-
mover distance of 5 - 277 for the jth stage when m > 277. When m < 2’” we note directly

that m mass is being moved a relative distance of at most 2 - max{ " 7> mtiif 1 at a
cost of m - (log2 + |log WD which we again bound by 5 -277. Thus, summing over all
J > |]logy al], yields a bound of 20a. ]

To prove Theorem 3.1, we will first show that with high probability (over the randomness
in the draws of the sample) the sample will be a “faithful” sample from the distribution—mno
domain element occurs too much more frequently than one would expect, and the finger-
print entries are reasonably close to their expected values. Having thus compartmentalized
the probabilistic component of our theorem, we will then argue that our estimator will be
successful whenever it receives a “faithful” sample as input.

The following condition defines what it means for a sample from a distribution to be
“faithful”:

Definition 3.12. A sample of size k with fingerprint F, drawn from a distribution p with
histogram h, is said to be faithful if the following conditions hold:
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e For alli,

Z h(x) - poi(kx,1) < k2tP.
)70

e For all domain elements i, letting p(i) denote the true probability of i, the number of
times i occurs in the sample from p differs from its expectation of k - p(i) by at most

max ((k -p(z’))%JrD : kB(%JrD)) :
o Additionally,

Z%Fﬁ S ah(a) <14k

i>kB+2kC acg%:h(z);éo

The following lemma follows easily from basic tail bounds on Poisson random variables,
and Chernoff bounds.

Lemma 3.13. There is a constant v > 0 such that for sufficiently large k, a sample of size
k consisting of independent draws from a fixed distribution is “faithful” with probability at
least 1 — e,

Proof. We first analyze the case of a Poi(k)-sized sample drawn from a distribution with

histogram h. Thus
Z h(z)poi(kx,1).
x:h(x)#0

Additionally, the number of times each domain element occurs is independent of the number
of times the other domain elements occur, and thus each fingerprint entry F; is the sum
of independent random 0/1 variables, representing whether each domain element occurred
exactly 7 times in the sample (i.e. contributing 1 towards ;). By independence, Chernoff
bounds apply, showing that for any ¢,

k1+2D 12D

Pr |7 = BIF]| 2 k4P| <267 90 < 2",
where we use the fact that E[F;] < k.

A union bound over the first £ fingerprints shows that the probability that any of the

2D
first k£ fingerprints exceed their expectations by this amount is at most k - 2e~ B < ek

For the second condition of “faithful”, by basic tail bounds for the Poisson dlstrlbutlon,
Pr]|Poi(z) — x| > 227P] < ¢7*""), hence for z = k - p(i) > k%, the probability that the
number of occurrences of domain element 7 differs from its expectation of k- p(i) by at least
(k- p(i))2*? is bounded by e **" . In the case that = = k - p(i) < k5,

Pr(|Poi(z) — z| > kBGFP)] < Pr[|Poi(kP) — kB| > kBGHP)] < =+
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We now consider the final condition. By a union bound over tail bounds on Poissons,

with probability 1 — e—H every domain element with true probability less than kszkc will

occur fewer than kP + 2k€ times, since C > B/2, by assumption. Thus with probability at

least 1 — e *"" every domain element that contributes to the sum > iskBiore £Fi has true
probability at least %. Conditioning on this happening, let Y denote the random variable
representing the total number of occurrences of domain elements with probability at least
kB;gkc, and observe that by definition, Y -k > 3. 5. 0.c %}"Z Additionally, Y is distributed
as a Poisson random variable, with expectation at most k, and hence the probability that it
exceeds its expectation by more than k24P is at most e‘kml); provided Y does not exceed
its expectation by at least this amount, the third condition of “faithful” is satisfied.

Thus we have shown that provided we are considering a sample of size Poi(k), the proba-
bility that the conditions hold is at least 1—e=*""_ To conclude, note that Pr[Poi(k) = k] >

#E’ and hence the probability that the conditions do not hold for a sample of size exactly

k (namely, the probability that they do not hold for a sample of size Poi(k), conditioned on
the sample size being exactly k), is at most a factor of 3vk larger, and hence this probability
of failure is still e‘kﬂ(l), as desired. O

The following lemma guarantees that, provided the sample is “faithful”, the correspond-
ing instance of Linear Program 3.8 admits a feasible point with small objective function
value. Furthermore, there exists at least one such point which, when regarded as a his-
togram, is extremely close to the histogram of the true distribution from which the sample
was drawn.

Lemma 3.14. Given a distribution of support size at most n with histogram h, and a “faith-
ful” sample of size k with fingerprint F, Linear Program 3.8 corresponding to F and n has
a feasible point v' with objective value at most O(k:%’LBJFD), and that is close to the true
histogram h in the following sense:

1

R(h, hy) < O(K“B 4 KBCY2 D) Jog nk) = Olzaay):

where hy is the generalized histogram that would be returned by Algorithm 3.9 if v' were used
in place of the solution to the linear program, v; namely h, is obtained from v' by appending
the distribution of the empirical fingerprint entries F; for i > kB + 2kC.

Recall that the linear program aims to find distributions that “could reasonably have
generated” the observed fingerprint F. Following this intuition, we will show that provided
the sample is faithful, the true distribution, A, minimally modified, will in fact be such a
feasible point v'.

Roughly, v" will be defined by taking the portion of h with probabilities at mos
and rounding the support of h to the closest multiple of 1/nk, so as to be supported at
points in the set X = {1/nk,2/nk,...}. We will then need to adjust the total probability
mass accounted for in v’ so as to ensure that the first condition of the linear program is

EB+kC
Uy
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satisfied; this adjusting of mass must be accomplished while ensuring that the fingerprint
expectations do not change significantly.

To argue that the linear program objective function value of v’ is small, we note that
the mesh X is sufficiently fine so as to guarantee that the rounding of the mass to integer
multiples of 1/nk does not greatly change the expected fingerprints, and hence the expected
fingerprint entries associated with v" will be close to those of h. Our definition of “faithful”
guarantees that all fingerprint entries are close to their expectations, and hence the objective
function value will be small.

To bound the relative earthmover distance between the true histogram h and the his-
togram h, associated to v’, we first note that the portion of h,s corresponding to probabilities

below # will be extremely similar to h, because it was created from h. For probabili-
ties above M, h, and h will be similar because these “frequently-occurring” elements

will appear close to their expected number of times, by the second condition of “faithful”
and hence the relative earthmover distance between the empirical histogram and the true
histogram in this frequently-occurring region will also be small. Finally, the only remaining
region is the relatively narrow intermediate region of probabilities, which is narrow enough
so that probability mass can be moved arbitrarily within this intermediate region while in-
curring minimal relative earthmover cost. The formal proof of Lemma 3.14 containing the
details of this argument is given below.

Proof of Lemma 3.14. We explicitly define v" as a function of the true histogram h and
fingerprint of the sample, F, as follows:

e Define i/ such that h'(z) = h(z) for all z < kB;gkc, and h/(z) = 0 for all z > %

e Initialize v' to be 0, and for each x > 1/nk s.t. h'(x) # 0 increment v, by h'(z),
where Z = max(z € X : z < z) is z rounded down to the closest point in set X =
{1/nk,2/nk,...}.

o Let m := Y . av, + mg, where mp := Y. ys g £Fi- If m < 1, increment v}, by
B 1.C . . . . .
(1—m)/y, where y = 5= Otherwise, if m > 1, decrease v’ arbitrarily until the total

probability mass mz + Y xv, = 1.

We first note that the above procedure is well-defined, since m» < 1, and hence the prob-
ability mass in v’ can always be modified so as to result in the total mass mz+5 _y av}, = 1,
while keeping all entries of v' nonnegative.

To see that v is a feasible point of the linear program, note that by construction, the
first and third conditions of the linear program are trivially satisfied. The second condition
of the linear program is satisfied because the true distribution has support at most n, and,
crudely, in the final step of the construction of v, we increment v; by less than k since
Y= # > 1/k.

We now consider the objective function value of /. Note that >._,s poi(kP + k€ i) =

EBKC

o(1/k), so the fact that we are truncating h at probability *=*= in the first step in our
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construction of v’, has little effect on the first k¥ “expected fingerprints”: specifically, for
i < KB,
> (W(x) = h(x)) poi(kz, i) = o(1).
w:h(z)#0
Together with the first condition of the definition of faithful, by the triangle inequality, for
each i < kB,

Fi— > H(@poi(ks,i)| < k3P + o(1).
x:h! (x)#0

We now bound the contribution of the discretization to the objective function value. To this
order, note that ‘j—wpoi(kx, Z)l < k, and since we are discretizing to multiples of 1/nk, the
discretization alters the contribution of each domain element to each “expected fingerprint”
by at most k/nk (including those domain elements with probability 1/nk which are effectively
rounded to 0). Thus, since the support size is bounded by n, the discretization alters each
“expected fingerprint” by at most 1.

To conclude our analysis of the objective function value of v/, we consider the effect of the
final adjustment of probability mass in the construction of v". In the case that m < 1, where
m is the amount of mass in v’ before the final adjustment (as defined in the final step in the
construction of v'), mass is added to v;, where y = %, and thus since ), ;5 poi(ky, i) =
o(1/k), this added mass—mno matter how much—alters each ) _, vipoi(kx,i) by at most
o(1). In the case that m > 1, by the final condition of “faithful” and the fact that v is
generated from A by rounding the support down which only decreases the probability mass,
we conclude that m <1+ k~2+P. Thus in the third step of the construction of v/ we remove
at most k—2+P probability mass, which, trivially, decreases the expected fingerprints, in
total, by at most k - k~2+P — k2+P. Thus in both the cases that m < 1 and m > 1 the
objective function value associated to v’ is bounded by

KB (/ﬁ*” +1+ 0(1)> + k2P < O(k3tBHP),

as desired.

We now turn to analyzing the relative earthmover distance R(h, h,/). Consider applying
the following earthmoving scheme to h, to yield a new generalized histogram g. The fol-
lowing scheme applies in the case that no probability mass was removed from v’ in the final
step of its construction; in the case that mass was removed, we consider applying the same
earthmoving scheme, with the modification that one never moves more than xh, (r) mass
from location z.

e For each z < kszkc, move Th(z) units of probability from location Z to x, where

as above, T = max(z € X : z < z) is « rounded down to the closest point in set
X ={1/nk,2/nk,...}.
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e For each domain element i that occurs j > kB + 2k€ times, move 2 unlts of probability
mass from location { to location p(i), where p(i) is the true probablhty of domain
element 7.

By our construction of h,, it follows that the above earthmoving scheme is a valid scheme
to apply to h,, in the sense that it never tries to move more mass from a point than was
at that point. And g¢ is the generalized histogram resulting from applying this scheme to
hy. We first show that R(h,,g) is small, since probability mass is only moved relatively
small distances. We will then argue that R(g,h) is small: roughly, this follows from first

noting that g and h will be very similar below probability value kgzkc and from the second

condition of “faithful” ¢ and h will also be quite similar above probability L +4k . Thus
the bulk of the disparity between ¢ and h is in the very narrow intermediate reglon within
which mass may be moved at the small per-unit-mass cost of log % < O(kE5).

We first seek to bound R(h,, g). To bound the cost of the first component of the scheme,
consider some x > k;f The per-unit-mass cost of applying the scheme at location z is
bounded by log - < 2k7'2. From the bound on the support size of h and the con-
1/2

1/ %
struction of h,s, the total probability mass in h, at probabilities z < % is at most £~
and hence this mass can be moved anywhere at cost k~'/2log(nk). To bound the second
component of the scheme, by the second condition of “faithful” for each of these frequently-
occurring domain elements that occur j > k% +2k¢ times with true probability p(i), we have
that |k - p(i) — j| < (k 'p('))l+D, and hence the per-unit-mass cost of this portion of the

scheme is bounded by log M < O(KB32+P)) which dominates the cost of the first
portion of the scheme. Hence

R(hy,g) < O(KPCEP),

We now consider R(h, g). To this end, we will show that

Y alh(@) - glx)] < O(RPCY2P),

B C
e

First, consider the case that no mass was removed from the “low probability” portion of v’
in the final step of the construction. For z < k¥7! we have g(z) = Zh(z), and hence for

T knlf, |h(z) — g(z)| < h(z)k~'/2. On the other hand, > w2 wh(z) < k=2, since the

—1/24D

support size of h is at most n. Including the possible removal of at most k units of

mass in the final step of constructing v’, we have that
> alh(z) - gla)] < O(24P),
r<kB-1

We now consider the “high probability” regime. From the second condition of “faithful”, for

each domain element ¢ whose true probability is p(i) > %, the number of times i occurs
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in the faithful sample will differ from its expectation % - p(i) by at most (k - p(i))2 2. Hence
from our condition that C > B(1 + D) this element will occur at least k5 + 2k times, in
which case it will contribute to the portion of h,s corresponding to the empirical distribution.
Thus for each such domain element, the contribution to the discrepancy |h(x) — g(z)| is at
most (k- p(i)) /2. Hence Y o ps-1gpe— zlh(x) — g(x)| < kP2TP) ] yielding the claim

that
> z[h(x) — glw)] < OKPCFP)),

B 4iC
xg[kB—l’%]

To conclude, note that all the probability mass in g and h at probabilities below 1/nk can

be moved to location 1/nk incurring a relative earthmover cost bounded by max, <y /n, n|log xnk| <
%. After such a move, the remaining discrepancy between g(z) and h(z) for z ¢ [%, %]
can be moved to probability k%/k at a per-unit-mass cost of at most lognk, and hence a
total cost of at most O(kP~1/2¥D)lognk). After this move, the only region for which g(z)
and h(x) differ is the narrow region with = € [%, kB*,“fkc], within which mass may be moved

arbitrarily at a total cost of log(1 + 4k¢~5) < O(k¢~F). Hence we have

R(h,hy) < R(h,g) 4+ R(g, hy) < OS5 + EBCY2HDP) Jog nk).

Similar Expected Fingerprints Imply Similar Histograms

In this section we argue that if two histograms, hi, ho corresponding to distributions with
support size at most O(n) have the property that their expected fingerprints derived from
Poi(k)-sized samples are very similar, then R(hy, he) must be small. This will guarantee that
any two feasible points of Linear Program 3.8 that both have small objective function values
correspond to histograms that are close in relative earthmover distance. The previous section
established the existence of a feasible point with small objective function value that is close
to the true histogram, hence by the triangle inequality, all such feasible points must be close
to the true histogram; in particular, the optimal point—the solution to the linear program—
will correspond to a histogram that is close to the true histogram of the distribution from
which the sample was drawn, completing our proof of Theorem 3.1.

We define a class of earthmoving schemes, which will allow us to directly relate the
relative earthmover cost of two distributions to the discrepancy in their respective fingerprint
expectations. The main technical tool is a Chebyshev polynomial construction, though for
clarity, we first describe a simpler scheme that provides some intuition for the Chebyshev
construction. We begin by describing the form of our earthmoving schemes; since we hope
to relate the cost of such schemes to the discrepancy in expected fingerprints of Poi(k)-sized
samples, we will require that the schemes be formulated in terms of the Poisson functions
poi(kx, ).
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Definition 3.15. For a given k, a S-bump earthmoving scheme is defined by a sequence of
positive real numbers {c;}, the bump centers, and a sequence of functions {f;} : (0,1] — R
such that > ;2o fi(x) = 1 for each x, and each function f; may be expressed as a linear
combination of Poisson functions, fi(x) =372, aipoi(kz, j), such that 3772 |ai;] < B.

Given a generalized histogram h, the scheme works as follows: for each x such that
h(xz) # 0, and each integer i > 0, move xh(x) - f;(x) units of probability mass from x to c;.
We denote the histogram resulting from this scheme by (c, f)(h).

Definition 3.16. A bump earthmoving scheme (c, f) is [e,n]-good if for any generalized
histogram h of support size Y, h(x) < n, the relative earthmover distance between h and
(¢, f)(h) is at most €.

The crux of the proof of correctness of our estimator is the explicit construction of a
surprisingly good earthmoving scheme. We will show that for any k£ and n = dklogk for
some & € [1/logk, 1], there exists an [O(v/3), n]-good O(k®3)-bump earthmoving scheme. In
fact, we will construct a single scheme for all 5. We begin by defining a simple scheme that
illustrates the key properties of a bump earthmoving scheme, and its analysis.

Perhaps the most natural bump earthmoving scheme is where the bump functions f;(x) =
poi(kx,1) and the bump centers ¢; = i For ¢« = 0, we may, for example, set ¢y = ﬁ SO as
to avoid a logarithm of 0 when evaluating relative earthmover distance. This is a valid
earthmoving scheme since > .2 fi(z) = 1 for any x.

The motivation for this construction is the fact that, for any ¢, the amount of probability
mass that ends up at ¢; in (¢, f)(h) is exactly “t! times the expectation of the i + 1st
fingerprint in a Poi(k)-sample from h:

(e, f) Z h(x = Z h(x)x - poi(kx, 1)
) )%

0 0
1+ 1

= Z h(x) - poi(kx,i+ 1)
)0

i —|— 1 . ,
= Z h(z) - poi(kx,i+ 1).
x:h(z)#0

Consider applying this earthmoving scheme to two histograms h, g with nearly identical
ﬁngerprint expectations. Letting b’ = (¢, f)(h) and ¢’ = (¢, f)(g), by definition both A" and
¢' are supported at the bump centers ¢;, and by the above equation, for each i, |h'(¢;) —

g (c;)] = B3 (h(x) — g(x))poi(kz,i + 1)|, where this expression is exactly “2 times the
dlfference between the ¢ + 1st fingerprint expectations of h and g. In partlcular if h and ¢
have nearly identical fingerprint expectations, then A’ and ¢’ will be very similar. Analogs
of this relation between R ((c, f)(g), (¢, f)(h)) and the discrepancy between the expected
fingerprint entries corresponding to g and A will hold for any bump earthmoving scheme,
(¢, f). Sufficiently “good” earthmoving schemes (guaranteeing that R(h,h’) and R(g,g’) are
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small) thus provides a powerful way of bounding the relative earthmover distance between
two distributions in terms of the discrepancy in their fingerprint expectations.

The problem with the “Poisson bump” earthmoving scheme described in the previous
paragraph is that it not very “good”: it incurs a very large relative earthmover cost, partic-
ularly for small probabilities. This is due to the fact that most of the mass that starts at a
probability below % will end up in the zeroth bump, no matter if it has probability nearly
%, or the rather lower % Phrased differently, the problem with this scheme is that the first
few “bumps” are extremely fat. The situation gets significantly better for higher Poisson
functions: most of the mass of Poi(i) lies within relative distance O(%) of i, and hence

the scheme is relatively cheap for larger probabilities x > % We will therefore construct a
scheme that uses regular Poisson functions poi(kz,i) for i > O(logk), but takes great care
to construct “skinnier” bumps below this region.

The main tool of this construction of skinnier bumps is the Chebyshev polynomials. For
each integer ¢ > 0, the ith Chebyshev polynomial, denoted T;(x), is the polynomial of degree
i such that T;(cos(y)) = cos(i-y). Thus, up to a change of variables, any linear combination
of cosine functions up to frequency s may be re-expressed as the same linear combination
of the Chebyshev polynomials of orders 0 through s. Given this, constructing a “good”
earth-moving scheme is an exercise in trigonometric constructions.

Before formally defining our bump earthmoving scheme, we give a rough sketch of the
key features. We define the scheme with respect to a parameter s = O(logk). For i > s,
we use the fat Poisson bumps: that is, we define the bump centers ¢; = i and functions
fi = poi(kz,i). For i < s, we will use skinnier “Chebyshev bumps”; these bumps will
have roughly quadratically spaced bump centers ¢; ~ #{ng’ with the width of the ith bump
roughly @ (as compared to the larger width of % of the ith Poisson bump). At a high
level, the logarithmic factor improvement in our O(%) bound on the sample size necessary
to achieve accurate estimation arises because the first few Chebyshev bumps have width
O(@), in contrast to the first Poisson bump, poi(kz,1), which has width O(3).

Definition 3.17. The Chebyshev bumps are defined in terms of k as follows. Let s =
0.2log k. Define g1(y) = Zj;is cos(jy). Define

3T

2s

™

) +391(y — 9%

T 3
)+ 3g1(y + %) +g1(y + %)> :

2(y . 9y
92(y) <

~ 16s

and, for i € {1,...,s — 1} define gi(y) = go(y — =) + g2(y + L), and ¢ = g2(y), and
g5 = g2y + m). Let t;(x) be the linear combination of Chebyshev polynomials so that
ti(cos(y)) = gi(y). We thus define s + 1 functions, the “skinny bumps”, to be B;(x) =
ti(1 — k) Zj;(l) poi(zk,j), for i € {0,...,s}. That is, Bi(z) is related to gi(y) by the coor-
dinate transformation x = 22(1 — cos(y)), and scaling by Zj;(l) poi(zk,j).

See Figure 3.2 for a plot of go(y), illustrating, up to coordinate transformations, a “skinny
Chebyshev bump.” The Chebyshev bumps of Definition 3.17 are “third order”; if, instead,
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Figure 3.2: A plot of the “skinny” function go(y) (without the scaling factor). This is the
main ingredient in the Chebyshev bumps construction of Definition 3.17.

we had considered the analogous less skinny “second order” bumps by defining go(y) =
8—15 (91 (v —%)+201(y) + a1 (y + %)) , then the results would still hold, though the proofs are
slightly more cumbersome.

Definition 3.18. The Chebyshev earthmoving scheme is defined in terms of k as follows:

as in Definition 3.17, let s = 0.2logk. For i > s+ 1, define the ith bump function f;(x) =

poi(kxz,i— 1) and associated bump center ¢; = 22, Fori € {0,...,s} let f;(x) = Bi(z), and
__ 2s

fori € {1,...,s}, define their associated bump centers ¢; = (1 — Cos(%r)), and let ¢y := 1.

The following lemma, which is the technical core of this paper, characterizes the key
properties of the Chebyshev earthmoving scheme. Namely, that the scheme is, in fact, an
earthmoving scheme, that each bump can be expressed as a low-eight linear combination of
Poisson functions, and that the scheme incurs a small relative-earthmover cost.

Lemma 3.19. The Chebyshev earthmoving scheme, of Definition 3.18 has the following
properties:

e For any x > 0,

zgztﬁ(x):: L,

i>0
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hence the Chebyshev earthmoving scheme is a valid earthmoving scheme.

e Fach Bi(x) may be expressed as Z;io a;jpoi(kz, j) for a;; satisfying

oo
Z |a2-j| < 2k0.3'
=0

e The Chebyshev earthmoving scheme is [O(vV/$), n]-good, for n = dklogk, and 6 > loék‘

The proof of the above lemma is quite involved, and we split its proof into a series of
lemmas. The first lemma below shows that the Chebyshev scheme is a valid earthmoving
scheme (the first bullet in the above lemma):

Lemma 3.20. For any x

s

Y et %i) =1, and Y _ fi(z) = 1.
1=0

i=—s+1

Proof. g2(y) is a linear combination of cosines at integer frequencies j, for j = 0,...,s,
shifted by +m/2s and £37/s2. Since >_;__ | g2(x + =) sums these cosines over all possible
multiples of 7/s, we note that all but the frequency 0 terms will cancel. The cos(0y) = 1
term will show up once in each g; term, and thus 1 +3 4+ 3 + 1 = 8 times in each g, term,
and thus 8 - 2s times in the sum in question. Together with the normalizing factor of 16s,
the total sum is thus 1, as claimed.

For the second part of the claim,

Zfz(x) = ( Z go(cos™ (% - 1) + 7;—‘7)> Zpoi(xk,j) + Zpoi(xk,j)

j=—s+1 i>s

s—1
= 1- Zpoi(xk:,j) + Zpoz’(xk,j) = 1.
=0

Jj=s
L]

We now show that each Chebyshev bump may be expressed as a low-weight linear com-
bination of Poisson functions.

Lemma 3.21. FEach Bi(z) may be expressed as )~ a;poi(kz, j) for a;; satisfying

00
Z |Clij’ < 2]{03
j=0
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Proof. Consider decomposing g4(y) into a linear combination of cos(fy), for £ € {0,...,s}.
Since cos(—ly) = cos(ly), g1(y) consists of one copy of cos(sy), two copies of cos(ly) for each
¢ between 0 and s, and one copy of cos(0y); g2(y) consists of (35 L times) 8 copies of different
g1(y)’s, with some shifted so as to introduce sine Components but these sine components
are canceled out in the formation of gi(y), which is a symmetric function for each i. Thus
since each g3 contains at most two gy’s, each gi(y) may be regarded as a linear combination
> 1o €os(Ly)b;e with the coefficients bounded as |b;| < 2.

Since t; was defined so that t;(cos(y)) = g4(y) = > ,_, cos(fy)bie, by the definition of
Chebyshev polynomials we have t;(z) = Y ;_,Ty(2)by. Thus the bumps are expressed as

Bi(z) = (35— To(1 — 2E)by) <Zj;(1] poi(xk,j)). We further express each Chebyshev poly-

nomial via its coefficients as Ty(1 — Z£) = Ziz:o Bem(1 — £5)™ and then expand each term

via binomial expansion as (1 — $2)™ = 321" ((=3%)4("") to yield

S

_ iiiﬁ( )q(?)bigpoi(:vk:,j).

£=0 m=0 q=0 j=

qz”f]e zk

We note that in general we can reexpress x4 poi(zk,j) = x = poi(zk,j + q)( ,kq)',

which finally lets us express B; as a linear combination of P01sson functions, for all 1€

{0,...,s}:

:;ii§5€m< ) (m) (j‘;!Q)!bMpoz’(xk,jJrq).

q

It remains to bound the sum of the absolute values of the coefficients of the Poisson
functions. That is, by the triangle inequality, it is sufficient to show that

ZZZZ Bom (__> (”;) (4 ;.F!Q)!bw

¢=0 m=0 ¢q=0 ;=0

We take the sum over j first: the general fact that ZZ (m;H) = (”ﬁl) implies that

St Ut > o (ﬁq)q' =q!(Ct) = L (s+0)! " and further, since ¢ < m < £ < s we have

j=0 4! q+1 g+1 (s—1)1
s+ ¢ < 2s which implies that this final expression is bounded as —= &t — ¢ 1L (st <

q+1 (s—1)! 7 “g+1 s! —
s+ (2s)4. Thus we have

m
Bems ( ¢ ) bie

= S | z€| Z |/8€m|2m

=0

s

IN

>y

{=0 m=0 gq=

m
q=
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Chebyshev polynomials have coefficients whose signs repeat in the pattern (+,0, —,0),
and thus we can evaluate the innermost sum exactly as |T(2i)|, for i = v/—1. Since we
bounded |by| < 2 above, the quantity to be bounded is now s ;_, 2|T;(2i)|. Since the
explicit expression for Chebyshev polynomials yields |7;(2i)] = 2 [(2 — v5)" + (2 + V/5)/]
and since [2 — V/5[* = (2 + v/5)~" we finally bound s>, 2|T0(2i)| < 1+ >, (2 +
VB < 1+ 242:/\5/51 (24 V5)* <2-(2+V5)* < 2- k%, as desired, since s = 0.2logk and
log(2 ++/5) < 1.5 and 0.2 - 1.5 = 0.3. O

We now turn to the main thrust of Lemma 3.19, showing that the scheme is [O(v/9), n]-
good, where n = dklogk, and § > —=; the following lemma, quantifying the “skinnyness”
of the Chebyshev bumps is the cornerstone of this argument.

Lemma 3.22. |g5(y)| < ;5 for y € [=m, 7]\ (=3/s,3m/s), and |g2(y)| < 1/2 everywhere.

Proof. Since g1(y) = Z;;l_s cos jy = sin(sy) cot(y/2), and since sin(a + 7) = —sin(«a), we
have the following:

92(y) = % (91(y - 2—:) +3g1(y — 2—) +301(y + 5 =)+ aly+ ?2’—7;))
= 1L6$ (sin(ys +7/2) (Cot(% — i—g) - 3cot(% - 415)
+3cot(§ + 413) —c (% + i—i)))
Note that (cot(% —3T) —3cot(4 — Z) + 3cot(4 + Z) — cot(¥ + 2I)) is a discrete approxi-

mation to (7/2s)® times the third derivative of the cotangent function evaluated at y/2.

Thus it is bounded in magnitude by (7/2s)? times the maximum magnitude of % cot(z) in

the range = € [£ — 3%, £ 4 37]Since the magnitude of this third derivative is decreasing for

€ (0,7), we can simply evaluate the magnitude of this derlvatlve at & — 5. We thus have
%scot( )=

we trivially have that § — i”sr > 2, and thus we have the followmg bound:

whose magnitude is at most 7=z for z € (0, 7r] For y € [3n/s, ],

3
|Cot(g - —W) - 3cot(g - —) + 3 cot

2 4s 2 4s

(y +1) — cot

L -l s () g 2

Z < .
* y/2m)t T yts?

2 " 4s
Since ¢o(y) is a symmetrlc function, the same bound holds for y € [—m, —37/s]. Thus

lg2(v)| < m?ﬁ < gigr fory € [=m, ]\ (=37/s,3m/s). To conclude, note that g»(y) attains a

global maximum at y = 0, with g2(0) = 1 (6 cot(m/4s) — 2cot(3m/4s)) < 75z 22 < 1/2. O

Lemma 3.23. The Chebyshev earthmoving scheme of Definition 3.18 is [O(v/9),n]-good,

where n = dklogk, and § > @.
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Proof. We split this proof into two parts: first we will consider the cost of the portion of the
scheme associated with all but the first s + 1 bumps, and then we consider the cost of the
skinny bumps f; with i € {0,...,s}.

For the first part, we consider the cost of bumps fi for i > s+ 1; that is the relative
carthmover cost of moving poi(zk, i) mass from z to 1, summed over ¢ > s. By definition of
relative earthmover dlstance the cost of moving mass from z to 1 is [log & k| " which, since
logy <y —1, we bound by # —1 wheni <k and 3 —1 otherw1se We thus split the sum
into two parts.

For i > [xk] we have poi(zk,i)(Z — 1) = poi(zk,i — 1) — poi(zk,i). This expression
telescopes when summed over ¢ > max{s [xk]} to yield poi(a:k max{s, [zk]} —1) = O(==).

\/g
For i < [zk]—1 we have, since i > s, that poi(zk,i)(% —1) < poi(xk,i)((1+2) 2 1) =
(1+ L)poi(xk,i+ 1) — poi(xk,i). The L term sums to at most 1, and the rest telescopes to
poz(xk: [zk]) — poi(zk, s) = O(\[) Thus in total, f; for i > s v 1 contributes O( -) to the

relative earthmover cost, per unit of weight moved.

We now turn to the skinny bumps f;(z) for i < s. The simplest case is when x is outside
the region that corresponds to the cosine of a real number — that is, when xk > 4s. It is
straightforward to show that f;(x) is very small in this region. We note the general expression
for Chebyshev polynomials: Tj(z) = 1 [(z — V2 — 1)/ + (z + v2? — 1)’], whose magnitude
we bound by [2z|/. Further, since 22 < 2¢”, we bound this by (2 Yelli which we apply when
|z| > 1. Recall the definition f;(z) = t;(1 — &) ijo poi(xk, j), where t; is the polynomial
defined so that t;(cos(y)) = gi(y), that is, ; is a linear combination of Chebyshev polynomials
of degree at most s and with coefficients summing in magnitude to at most 2, as was shown
in the proof of Lemma 3.21. Since xk > s, we may bound Z;;(l] poi(zk,j) < s-poi(xk,s).
Further, since z < e*~! for all z, letting z = o yields z < 4s - eis !, from which we may

bound poi(zk,s) = ("Ek);eﬂk < < (4sets ™ 1) = % < 4%e=37k/4 We combine this with

the above bound on the magnitude of Chebyshev polynomials, Tj(z) < (2)7el®li < (2)%el*ls,
where z = (1 — Z&) yields Tj(2) < (2)%¢. Thus fi(z) < poly(s)4e 3*/4(2)s et
poly(s)(% $)se~ . Since 8 > s in this case, f; is exponentlally small in both z and s; the
total cost of this earthmovmg scheme, per unit of mass above 2 7 is obtained by multiplying
this by the logarithmic relative distance the mass has to move, and summing over the s+ 1
values of i < s, and thus remains exponentially small, and is thus trivially bounded by

To bound the cost in the remaining case, when zk < 4s and 7 < s, we work with the
trigonometric functions g}, instead of ¢; directly. For y € (0, 7], we seek to bound the per-
unit-mass relative earthmover cost of, for each ¢ > 0, moving g§(y) mass from 25(1 — cos(y))
to ¢;. (Recall from Definition 3.18 that ¢; = 2 (1 — cos(Z)) for i € {1,..., s}, and cop=c1.)
For ¢+ > 1, this contribution is at most

—zk

Z 95s) 1081 — cos()) — log(1 — cos("T)|.
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We analyze this expression by first showing that for any z, 2" € (0, 7],
llog(1 — cos(x)) — log(1 — cos(z"))| < 2|logx — log |

Indeed, this holds because the derivative of log(1 — cos(z)) is positive, and strictly less than

sin(y)
1—cos(y)

the derivative of 2log x; this can be seen by noting that the respective derivatives are

and %, and we claim that the second expression is always greater. To compare the two
expressions, cross-multiply and take the difference, to yield ysiny — 2 + 2 cosy, which we
show is always at most 0 by noting that it is 0 when y = 0 and has derivative y cosy — siny,
which is negative since y < tany. Thus we have that |log(1 — cos(y)) — log(1 — cos(Z))| <
2|logy — log “Z|; we use this bound in all but the last step of the analysis. Additionally, we
ignore the Z;’:é poi(xk,j) term as it is always at most 1.

Case 1: y > ~.

We will show that

|
198(y )(logy—log |+Zlgg logy—log—)IZO(@),

where the first term is the contribution from fy,co. For ¢ such that y € (@, @),
by the second bounds on |gs| in the statement of Lemma 3.22, gi(y) < 1, and for each of

max{lj}ﬂ) 1
s

| < 4 to yield a contribution of O(5;). For
3)m

the contribution from ¢ such that y < (l% ory > (=3)r , the first bound of Lemma 3.22
yvields |gi(y)| = O( o z7r)4)' Roughly, the bound will follow from noting that this sum of
inverse fourth powers is dominated by the first few terms. Formally, we split up our sum
over i € [s] \ [£ — 3, % + 3] into two parts according to whether i > ys/m:

the at most 6 such i, |(logy — log

S

1 iT —
Z ﬁmogy—log?ﬂ < Z logz—log—)

i>%+3 ys 22$+3
> s
< 7t i (logw —log y_) (3.2)
w=%+2 T ) ™
Since the antiderivative of —(logw log ) with respect to w is

—2w(w? — 3wa + 3a?) logw + 2(w — a)?log(w — a) + a(2w? — bwa + 3a? + 2a2 log @)
6(w — a)3a? ’

the quantity in Equation 3.2 is equal to the above expression evaluated with a = £*, and

w = a + 2, to yield
1 E E 1
O(—) —log=— +1log(24+ =) = O(—).
(ys) og ~— +log(2+ ) (ys)

A nearly identical argument apphes to the portion of the sum for 7 < £* + 3, yielding the
same asymptotic bound of O(ys).
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Case 2: £ < 1.

The per-unit mass contribution from the Oth bump is trivially at most |g3(y)(log £ —
log1)] < log 2. The remaining relative earthmover cost is > .7, |g5(y)(log £ — logi)|. To
bound this sum, we note that logi > 0, and log 2> < 0 in this region, and thus split the
above sum into the corresponding two parts, and bound them separately. By Lemma 3.22,

we have:
- log 1
)1 < 1 1).
Egs ogi < O<+E7r4z—1> 0(1)

Zgé( 10g— < 0 (logys) < O(ys)

since for ys < 7, we have |logys| < 4/ys.

Having concluded the case analysis, recall that we have been using the change of variables
x = 25(1 — cos(y)). Since 1 — cos(y) = O(y?), we have zk = O(sy?). Thus the case analysis
yielded a bound of O(i), which we may thus express as O(ﬁ)

For a distribution with histogram h, the cost of moving earth on this region, for bumps
fi where ¢ < s is thus

1
e —0(—— ¥ h)Va)
Z \/ sxk Vsk x:h%):#o

x:h(x)#0

Since > x - h(z,y) =1, and ) _h(z) < n, by the Cauchy-Schwarz inequality,

> Vah(z) = Z V- h(z)\/h(z)

and hence since n = dklogk, the contribution to the cost of these bumps is bounded by
O(%5) = O(V/9). As we have already bounded the relative earthmover cost for bumps f;
for ¢ > s at least this tightly, this concludes the proof. O

We are now equipped to prove Theorem 3.1.

Proof of Theorem 3.1. Let h, g be two generalized histograms corresponding to feasible points
of Linear Program 3.8 that each have objective function value at most «. Specifically, h, g
are obtained by appending the empirical distribution of the fingerprint to feasible points of
the LP, as is done in Algorithm 3.9. Let h/, ¢’ be the generalized histograms that result from
applying the Chebyshev earthmoving scheme of Definition 3.18 to h and g, respectively. By
Lemma 3.19, R(h, /') = O(\/$), and R(g,¢') = O(v/3). The remaining technical content of
the proof is to bound R(¢’,h'). We establish a bound by relating this relative earthmover
distance to the magnitude of the discrepancy between the expected fingerprints correspond-
ing to g and h; this discrepancy is bounded (via the triangle inequality), roughly, by 2« since
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the objective function, for each of g and h captures the discrepancy between the respective
expected fingerprints, and the fixed vector of observed fingerprints.

Once we bound R(¢’,h'), to complete the proof, we will let g be the generalized his-
togram returned by Algorithm 3.9, and h be the generalized histogram constructed in
Lemma 3.14. By Lemma 3.14, h is close in relative earthmover distance to the true his-
togram, and corresponds to a feasible point of Linear Program 3.8 with objective func-
tion value @ = O(k;%JFB*D). Since g corresponds to the solution to the linear program,
it corresponds to a feasible point with objective function at most a. Having shown that
R(g,h) < R(g,¢")+ R(¢', ')+ R(R', h) is small, we conclude that since h is close to the true
histogram, so is g—the generalized histogram returned by Algorithm 3.9. To complete the
proof, the guarantees of Lemma 3.14 hold whenever the sample is “faithful”, and thus the
above argument yields that whenever the sample input to Algorithm 3.9 is “faithful”, the
generalized histogram that is output is close to the true histogram. Lemma 3.13 shows that
the sample is “faithful” with the probability 1 — e‘”ml), completing our proof.

To bound R(¢', k'), the missing component in the above outline, we will define an earth-
moving scheme that equates h’ and ¢’. By definition, b/, ¢’ are generalized histograms sup-
ported at the bump centers ¢;. Our earthmoving scheme is defined as follows: for each
i & [KB, kB + 2kC], if h'(¢;) > ¢'(ci), then we move ¢; (h'(c;) — ¢'(¢;)) units of probability
mass in A’ from location ¢; to location %; analogously, if A'(¢;) < ¢'(¢;), then we move
¢; (¢'(c;) — W (¢;)) units of probability mass in ¢’ from location ¢; to location % After per-

forming this operation, the remaining discrepancy in the resulting histograms will be confined

to probability range [%, %], and hence can be equated at an additional cost of at most
KB + 2k _
log — 57— = O(k°5).

We now analyze the relative earthmover cost of equalizing h'(¢;) and ¢'(¢;) for all i ¢

(KB, kP + 2k€], and moving the discrepancy to location %. Since all but the first s+ 1 bumps

are simply the standard Poisson bumps f;(x) = poi(zk,i — 1), for i > s we have

[ (ci) = g' ()] = Y. (h(@) = g(@)z - poi(ke,i— 1)

a:h(x)+g(2)7£0

| S -ttt

a:h(x)+g(2)7£0

Since h(x) = g(x) for all z > kB:kc, by the tail bounds for Poissons the total relative

earthmover cost of equalizing A’ and ¢’ for all bump centers ¢; with i > k% 4 2kC is trivially
bounded by o(lolfk).

Next, we consider the contribution of the discrepancies in the Poisson bumps with centers
c; for i € [s + 1,kP]. Since Y. .5 poi(kz,i) = o(1/k?) for x > %, the discrepancy in
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the first k% expected fingerprints of g, h is dominated by the contribution of the region
r < kakc ; this is precisely the region captured by the objective function value of the linear
program. Hence if the LP objective function values corresponding to h, g are bounded by «,
then

SIS )~ glwoilk, i)y

i<kB |z:h(x)+g(x)#£0

< % N> (h@) — gla))poilke,i)| < 20/% +o(1/k).

i<kB |z:h(z)+g(x)#0

Hence the contribution to R(g’, ') from this region is bounded by O(a% log nk).

Finally, we consider the contribution of the discrepancies in the first s + 1 = O(log k)
bump centers, corresponding to the skinny Chebyshev bumps. Note that for such centers, ¢;,
by definition the corresponding functions f;(x) = 3,5, aijpoi(zk, j), for some coefficients aw,

where ;- a; < 8. Thus we have the following, where }  is shorthand for >, v\ o220

W (i) =g ()l = |D_(h(x) = g(x))afi(x)

x

_ Zm( ) — g(x))z Zaz-jpomk,ﬁ
_ ZGWZ x))xpoi(zk, j)
- [ 00 - st |

Since a;; = 0 for j > logk, and since each Chebyshev bump is a linear combination of
only the first 2s < log k& Poisson functions, the total cost of equalizing A’ and ¢’ at each of
these Chebyshev bump centers is bounded via the triangle inequality by

logk .

Z Z x))poi(xk, j)

where the |logcy| term is a crude upper bound on the per-unit mass relative earthmover
cost of moving the mass to probability %, and the final factor of log k is because there are
at most s < log k centers corresponding to “skinny” bumps.

We now plug in the bound of 8 = O(k?3) of Lemma 3.19, and the bound on the objective

function value o = O(k%JrB*D) given by the feasible point v’ constructed in Lemma 3.14

log" k
|log co| logk < O (Ba ng )
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whose corresponding generalized histogram h, is close to the true distribution from which
the sample was drawn. Trivially, this upper bounds the objective function value of the actual
solution to the linear program used by Algorithm 3.9 to construct the returned generalized
histogram, gp. Letting ¢} p, h,, denote the generalized histograms resulting from applying
the Chebyshev earthmoving scheme to gpp and h,s, respectively, we thus have

log™ k 1
Rlgyp ) = O350 Ry o L)
k k)
Hence, by the triangle inequality, letting h denote the histogram of the distribution of support
at most n = dklogk, for § > @, from which the sample was drawn, we have

R(gLP> h) < R(ha h’v’) + R(gLPa g/LP) + R(hv’7 h;’) + R(g/LPa h;’)
1

= O(Vé+ om) = O(V5s),

where the bounds on R(h, h,) are from Lemma 3.14. O

Reducing the Runtime

In this section we briefly outline the modifications required to reduce the number of variables
and constraints in the linear program to O(k%!). Given so few variables and constraints, we
could then use Karmarkar’s algorithm which solves linear programs with m variables and L
bits of input in time O(n3®L*polylog L) [78]. Thus the total runtime of our algorithm will
be linear in the sample size, k. This shows that our estimators are essentially optimal in
both their sample complexity and computational complexity.

To decrease the number of variables in the linear programming, we must create a more
coarse mesh than the extremely fine set X = nlk, =, ...} employed above. The only step
in the above proof that depends crucially on the size of this mesh is the construction of the
feasible point of Linear Program 3.8 with low objective function, described in Lemma 3.14.
Recall that in this construction, we started with the true histogram, h, and obtained the
feasible point of the linear program by taking the “low probability” region of h, and rounding
each nonzero histogram entry to the closest point in the mesh of probabilities X. We then
argued that because the mesh is sufficiently fine, this rounding of the support of h does not
alter the expected fingerprint entries, and hence the objective function value will be small
whenever the fingerprint is “faithful” (i.e. close to the expected fingerprint values of the
actual distribution).

In order to make similar guarantees with a significantly more coarse set of grid-points,
we will choose the locations of the points more delicately, and perform a tighter analysis.
In particular, we will Choose the set X to be a quadratically spaced mesh of points X =
{z1,..., 2101}, where z; : kl . Rather than constructing our feasible point of low objective
functlon value by simply rounding the support of the histogram h to the closest point in
X as was done in the proof of Lemma 3.14, we instead linearly partition the mass at h(y)
between the points z;, ;11 € X such that z; <y < x;44.
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Formally, the feasible point v" of the linear program corresponding to Linear Program 3.8
in which the variables are indexed by the coarser mesh X is defined as follows, as a function
of the true histogram h and fingerprint of the sample, F:

e Define i/ such that 1'(z) = h(z) for all z < kB;gkc, and h/(z) = 0 for all z > %

e Initialize v’ to be 0, and for each y s.t. h'(y) # 0 choose i such that z; <y < x;44 for
xi, i1 € X. If y < x1, we consider an xy = 0 and let i = 0 (though we do not return
any v associated to z.)

Tit+1—Y
Tit1 =T’

Y—;
Tip1—Ti '

e Modify v’ by increasing v}, < v}, +h(y) and increasing v}, < v}, ,+h(y)
o Let m =) v, +mz, where mz 1= Y _ 15 s %]—"Z If m < 1, increment v, by
= k

(1—m)/y, where y = % Otherwise, if m > 1, decrease v’ arbitrarily until the total

probability mass mz + Y xv, = L.

We now argue that the above interpolative discretization of the support of h does not
significantly alter the expected fingerprints, and thus for i < kP, Y poi(kz,i)h(z) ~
Y rex poi(kx, i)v). Consider v' as it is at the end of the third step: for each y such that h(y) >

Ti+1—Y

0, we have “replaced” value h(y) at probability y with the pair of values h(y) P h(y)%
respectively at the corresponding discretized probabilities z; and x;,;, and we aim to bound

Tit1 — T4 Tit1 — T4

T —Y 4 Y- , , :
h(y) ‘ (Lpozmm) + —pm(xmm)) — pm(yk,J)‘ (3.3)

We note the basic calculus fact that for an arbitrary twice-differentiable function g : R — R
and real numbers a < y < b, the linear interpolation ll:—zg(a) + ¥=2g(b) approximates

g(y) to within %(b — a)2 mMax_eq,p) |g"(2)]. Thus Equation 3.3 is bounded by h(y)%(%‘ﬂ _
Lopoilsk, )| < 2% min{1, &},

;) MaXe(p; 0041] ‘%pm’(zk, 7) ‘ By Proposition A.18 we see that
yielding a bound on Equation 3.3 of

M) (@i — ) ming1, )
—\Z; — X)) IMinq 1, .
Y S vk
Thus we have
k? 5 . 1 k2 9
zglgfjk <Z(xi+1 — ;)" min{1, ﬂ}> = zingafjk (Z(ﬂﬁiﬂ — ;) >
k* 2k005 41,
< T )
< 2k701L
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Similarly,
k? . 1 k2
zglzafik (Z(xiﬂ — %)2 min{1, :sz‘}) = zgl%k (E(miﬂ _ %)2)
k=01(2 + 1)2
- 442
< 2k7OL,

The remainder of the proof of Theorem 3.1 would proceed as in the previous section, with
the very minor modification that one would need to pick the constants B,C and D such that
B < 0.1 which ensures that the number of linear program constraints is also at most 2k% =
O(k"'), and also that the objective function value of v is at most O(kPk™%") = O (),

3.2 Properties of Pairs of Distributions

Our general approach for constructing constant-factor optimal estimators for symmetric
properties of distributions can be extended to yield constant-factor optimal estimators for
symmetric properties of pairs of distributions, including total variation distance (¢; distance).
In analogy with the single-distribution setting, given a pair of distributions over a common
domain, a property of the pair of distributions is symmetric if its value is invariant to
permutations of the domain.

For properties of pairs of distributions, an estimator receives two samples as input, one
drawn from the first distribution and one drawn from the second distribution. As with
the analysis of estimators for properties of a single distribution, we begin by extending our
definitions of fingerprints and histograms to this two—distribution setting.

Definition 3.24. The fingerprint F of a sample of size ki from distribution p, and a sample
of size ko from distribution py is a ky X ke matriz, whose entry F(i,j) is given by the number
of domain elements that are seen exactly i times in the sample from p; and exactly j times
in the sample from p.

Definition 3.25. The histogram hy, ,, : [0,1]*\ {(0,0)} = NUO of a pair of distributions
p1,p2 is defined by letting hy, ,,(z,y) be the number of domain elements that occur with
probability x in distribution py and probability y in distribution ps.

Thus in any two-dimensional histogram h corresponding to a pair of distributions, we

have
Yoo wehlmy) = Y, y-hzy) =1,
z,y:h(z,y)#0 z,y:h(z,y)#0
and Zx7y:h(x7y)#0 h(z,y) < 2n, as we take n to be a bound on the support size of each

distribution. In our analysis, it will prove convenient to also consider “generalized his-
tograms” in which the entries need not be integral, and for which the “probability masses”

D wh@yzo L (@ y)and 37,00y - h(z,y) do not necessarily equal 1.
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As in the case with symmetric properties of single distributions, symmetric properties of
pairs of distributions are functions of only the histogram of the pair of distributions, and
given any estimator that takes as input the actual pair of samples, there is an estimator of
equivalent performance that takes as input the fingerprint F derived from such a pair of
samples.

Both total variation distance (¢; distance), and Kullback—Leibler divergence are symmet-
ric properties:

Example 3.26. Consider pair of distributions py, ps with histogram h:

e The total variation distance ({1 distance) is given by

1
Dtv(p17p2) = 5 Z h(l’,y) ' |.I’ - y|
(z,y):h(2,y)#0

o The Kullback—Leibler divergence is given by

T
Dir(pillp2) = E h(z,y) - xlog —.
(2.9):h ()0 Y

We will use the following two-dimensional earthmover metric on the set of two-dimensional
generalized histograms. Note that it does not make sense to define a strict analog of the
relative earthmover distance of Definition 3.1, since a given histogram entry h(x,y) does not
correspond to a single quantity of probability mass—it corresponds to xh(z,y) mass in one
distribution, and yh(z,y) mass in the other distribution. Thus the following metric is in
terms of moving histogram entries rather than probability mass.

Definition 3.27. Given two two-dimensional generalized histograms hy, hs, their histogram
distance, denoted W (hy, hy), is defined to be the minimum over all schemes of moving the
histogram wvalues in hy to yield hy, where the cost of moving histogram value ¢ at location
x,y to location o',y is ¢ (|x — 2’| + |y — ¢|) . To ensure that such a scheme always exists, in
the case that D, oo Pi(T,y) <D0, iyso 2(2,Y), one proceeds as if

hl(0,0) = Z hg(l’,y)— Z h’l($ay)7
z,y:x+y>0 z,y:x+y>0
and analogously for the case in which hy contains fewer histogram entries.

We provide an example of the above definitions:

Example 3.28. Define distributions p; = Unif[n|, and py = Unifn/2], where the n/2
support elements of distribution ps are contained in the support of n. The corresponding
histogram hy, p,, is defined as by, p,(2,2) = 2, hy, 5, (=,0) = 2, and hy, p,(z,y) = 0 for all
other values of x,y.
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Considering a second pair of distributions, i = g = Unif[n/4], with histogram hg, 4,(%,2) =

n

T, we have
n . 1 4 2 4 n
W (hp, pos Pgrgs) = Z(|ﬁ_ﬁ|+|ﬁ_ﬁ’) Z(|——O|+’——0|)
n, 1 5
—(|= =0 0-0|) ==
Fo(= —0[+]0-0]) = 7,

since the optimal scheme is to move n/4 histogram entries in hy, ,, from (1/n,2/n) to location

(4/n,4/n), and all the remaining histogram entries must be moved to (0,0) to yield histogram
h

q1,92°

We note that ¢, distance is 1-Lipschitz with respect to the above distance metric:

Fact 3.29. For any pair of two-dimensional generalized histograms, h, h'

Wh)y= > Wayle—yl— D W)yl

x,y:h(z,y)#0 z,y:h (x,y)#0

Hence if h = hy, p, and b’ = hy, 4, are histograms corresponding to pairs of distributions,
W (hpy p2s gy g2) = | Dio(p1,p2) — Dio(q1, g2)|-

Both our algorithm for estimating properties of pairs of distributions, and its analysis
parallel their analogs in the one-distribution setting. For simplicity, we restrict our attention
to the setting in which one obtains samples of size k£ from both distributions—though our
approach extends naturally to the setting in which one obtains samples of different sizes
from the two distributions.

Theorem 3.3. For any constant c, for sufficiently large n, given two samples of size clogn
consisting of independent draws from each of two distributions, p,q € D" with a two-
dimensional histogram hy, ., with probability at least 1 — e over the randomness in the
selection of the sample, our algorithm returns a two-dimensional generalized histogram grp
such that

Wigrp,hpg) < O (%) .

Together with Fact 3.29, this immediately implies Theorem 3.2.

Proof of Theorem 3.3

We begin by formally describing our algorithm for recovering an estimate of the histogram
corresponding to a pair of distributions. As in the one-distribution setting of Section 3.1, we
state the algorithm in terms of three positive constants, B,C, and D, which can be defined
arbitrarily provided the following inequalities hold:

1 B
B>C>B(§+D)>§>D>O and 2B+D <0.2.
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Algorithm 3.30. ESTIMATE UNSEEN-TwO DISTRIBUTIONS

Input: Two-dimensional fingerprint F, derived from two samples of size k, and an
upper bound on the support sizes of the two distributions, n:

Output: Generalized two-dimensional histogram grp.

o Let ¢y :=min{i: i€ [k5,2 k5] and Z;ijckc Ym0l +O)F (4, ) < 6k -FHCY.

o Let o= minfi:ie [k5,2- k5] and YE2 00,0 (G + OF (£, 4) < 6k1-B+CY,

e Let v = (...,Uz,y,, . ..) be the solution to Linear Program 3.31, on input F,ci,ca,
and n.

o Let grp be the generalized histogram formed by setting grp(z;,y;) = Vg, ,y; for all
157, and then for all pairs i,j with etther ¢ > c; + k¢ or J > ca + k€, incrementing

grr(3, %) by F(i,j).

Linear Program 3.31.
Given a two-dimensional fingerprint F, derived from two samples of size k, an upper
bound on the support sizes of the two distributions, n, and two integers ci,C2:

e Define the sets

C2 +kc/2

2 c1+ k€/2 2 \

1 1
X {0, — = Y and Y= {0,

e For each pair (z,y) # (0,0) withx € X andy € Y define the associated LP
variable vy .

The linear program is defined as follows:

Minimize Z F(i,j) — Z poi(kx,i)poi(ky, j)vg.y|,
i€[c1],jE[ea]i+5#0 zeX,yeY

Subject to:
k P
® D iexyey T Vay+ Do ke D50 xS (6,5) =1 (prob. mass =1.)

k P
® D iexyey Y Voyt D imcike 2o #F (6:j) =1 (prob. mass =1.)
® D iexyey Vuy S2(n+k) (support size is mot too big)

o VxecX,ycY, vyy >0 (histogram entries are non-negative)

The following restatement of Theorem 3.3 describes the performance of the above algo-
rithm:

THEOREM 3.3 For any constant c, for sufficiently large n, given a sample of size clogn

consisting of independent draws from two distributions, p,q € D" with two-dimensional
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histogram hy, 4, with probability at least 1 — e over the randomness in the selection of

the sample, Algorithm 3.30 returns a two-dimensional generalized histogram gpp such that

Wi(gLp,hpg) <O (%) .

C

The structure of the proof of the above theorem is very similar to that of its one-
distribution analog, Theorem 3.1. The main difference between the above theorem, and
Theorem 3.1 is in terms of the distance metric. In the one-distribution setting, we used rel-
ative earthmover distance, and in this setting we are using a histogram-moving metric. The
second difference is that in the two-distribution setting we must be slightly more delicate
in the intermediate region between the “frequently occurring” portion of the distribution
(for which we simply use the empirical distribution of the samples), and the “infrequently
occurring” region of the distribution for which we use the linear programming approach.
In contrast to the one-distribution setting for which we fixed the location of this transition
region obliviously, in the two-distribution setting, we choose the location of this transition
region using the samples so as to guarantee that there is relatively little probability mass
near this transition region. Finally, instead of using the one-dimensional Chebyshev bumps
of Definition 3.18, we define two-dimensional analogs of those bumps, though we can reuse
much of the same machinery and lemmas.

As was done in the one-distribution setting, we begin our proof by compartmentalizing
the probabilistic component of our theorem by defining what it means for a pair of samples
to be “faithful”. We will then show that a pair of samples is “faithful” with high probability,
and that our algorithm is successful whenever it is given a “faithful” pair of samples as input.

Definition 3.32. A pair of samples of size k drawn, respectively, from distributions p, q with
histogram h = h,, 4, with two-dimensional fingerprint F, is said to be faithful if the following
conditions hold:

o Foralli,y,
F(i,j) — Z h(z,y) - poi(kx,i)poi(xy, j)| < f3+D.
z,y:h(x,y)#0

e For all domain elements i, the number of times i occurs in the sample from p differs
from its expectation of k - p(i) by at most

max {(k -p(i))%JrD : kB(%JrD)} :

Analogously for the number of times i occurs in the sample from q.
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e Defining c1,cy as in Algorithm 3.30,

(A -i4p

i201+kc or jZCQ+kC < cl+kc/2 y< 02+kc/2
—_ k: ' = k

and )
e s —3+D
Z E.F(Z,j)_’_ Z y-h(z,y) < 1+k .

i>c1+kC or j>co+kC o< cq+kC /2 < co+kC /2
—_ k ' = k

o Additionally,
Y. aeh(ry) <1375
x€ [‘cl ;kc ) 01+k2k£:| ,y=>0
and

Z y - hz,y) < 13k75%€,

co—kC ¢ +2kc
x>0,y€ {QT’QT

The proof of the following lemma follows from basic tail bounds on Poisson random
variables, and Chernoff bounds, and is nearly identical to that of Lemma 3.13.

Lemma 3.33. There is a constant v > 0 such that for sufficiently large k, the probability
that a pair of samples of size k consisting of independent draws from two distribution is
“faithful” is at least 1 — e™*".

Proof. The proof that the first three conditions hold with the claimed probability is identical
to the proof of the corresponding conditions in the one-distribution setting—Lemma 3.13—
modulo an extra union bound over all possible choices of ¢, cy. For the final condition, we

show that it is implied by the first condition. For any x € [%, #],

E[I[cl—kC,c1+2kC} (Poi(x))] >

O R

- 0(1/k)7

where I, _jc ¢, 1arc)(y) is the function that is equal to y if y € [c; — k€ ¢y + 2k€], and is 0
otherwise. Let h(x) denote the histogram of the first distribution; assuming for the sake of

} xh(x) > 13k°~B then ch+2kc E[F] > 2BEMC5—0(1).

i=c1—kC€

contradiction that er [Clikc e
On the other hand from the definition of ¢y, Zf:fic F; < 6KYCB yet the disparity
between these 3¢ fingerprints and expected fingerprints, by the first condition of “faithful”,
is bounded by 3kCk2 TP = o(k'*¢=B)  yielding the contradiction. The analogous statement
holds for the second distribution. O]
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Lemma 3.34. Given two distributions of support size at most n with histogram h, and
a “faithful” pair of samples of size k drawn from each distribution with two-dimensional
fingerprint F, if c1,co are chosen as prescribed in Algorithm 3.30 then Linear Program 3.31
has a feasible point v with objective value at most O(k%”B*D), and which is close to the
true histogram h is the following sense:

1
kﬂ(l))

W (h, hy) < O(KBC2+D) 4 |=BHC 4 f=3+P) = O

where h, is the generalized histogram that would be returned by Algorithm 3.30 if v' were
used in place of the solution to the linear program, v.

Proof. We explicitly define v’ as a function of the true histogram h and fingerprint of the
samples, F, as follows:

e Define A/ such that h'(x,y) = h(z,y) for all z, y satisfying z < # and y

and for all other x,y set h'(x,y) = 0, where ¢y, co are as defined in Algorithm 3.30.

Cz+/€c/2
< k )

e Initialize v" to be identically 0, and for each pair z,y with either z > 1/nk or y > 1/nk
such that A'(z,y) # 0 increment v, by h'(z,y), where 7,7 are defined to be z,y
rounded down to the closest elements of the set Z = {0,1/nk,2/nk,...}.

— / o /
o Let my =3, c a0, +miFand mg:=3 , yv, +moF, where

myF = Z E.F(Z,j) and mo r 1= Z %f(l,]).

i>c1+kC or j>co+kC i>c1+kC or j>co+kC

If my > 1, decrease the probability mass in the first distribution by arbitrarily moving
quantities of histogram from v} , to vy, until m; = 1; note that this does not alter
the probability mass in the second distribution. If my > 1, perform the analogous
operation. If m; < 1 increase v}, by (I — my)/z, where x = # If my < 1,
increase vy, by (1 —my)/y, where y = #

To see that v is a feasible point of the linear program, note that by construction, the
first, second, and fourth conditions of the linear program are satisfied. The third condition
of the linear program is satisfied because each of the true distributions has support at most
n, and, crudely, in the final step of the construction of v/, we increment v’ by less than 2k—
with one k corresponding to the increment we make for each of the two distributions.

We now consider the objective function value of v'. Note that . . poi(c; + k€/2,5) =

Cl+kc/2
k

o(1/k), hence the fact that we are truncating h(zx,y) at probability x < and y <

# in the first step in our construction of v/, has little effect on the “expected fingerprints”

F(i,7) for i < ¢q,j < co: specifically, for all such ¢, j,

> (W(zy) = h(z,y)) poi(kz, i)poi(ky, j) = o(1).
z,y:h(z,y)#0
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Together with the first condition of the definition of faithful, by the triangle inequality,
for each such i, j

Fi.5)— > W(x.ypoilks,i)poi(ky, j)| < k2*P +o(1).
2y (1,9)70

We now bound the contribution of the discretization to the objective function value. As in
the proof of Lemma 3.14, %pm’(lm, z)‘ < k, and hence we have

k
> W(x,y)poi(ka, i)poi(ky, j) — > v}, poi(ke,i)poi(ky, j)| < 4n-—,

kn
z,y:h! (2,y70) z,yeX

where the factor of 4 arises because the sum of the histogram entries is at most 2n (n for each
of the two distributions), and hence discretizing the support in two stages, by first discretizing
the x component, and then discretizing the y component, each yields a contribution of at
most Qn%.

In the final adjustment of mass in the creation of v’, if any mass is added to v’ this added
mass alters the objective function value by a negligible o(1), again because >, . poi(c; +
k€/2,7) = o(1/k). In the case that mass must be removed, by the third condition of “faith-
ful”, and the fact that A’ is generated from h by rounding the support down, which only
decreases the amount of probability mass, the removal of this mass will decrease the expected
fingerprints by at most 2k - k=3tP = 23+P, Thus, putting together the above pieces, the
objective function value associated to v’ is bounded by

€16y <k%+’D 44 0(1)) T 2k%+D < 5k%+23+D,

for sufficiently large k.

We now turn to analyzing the histogram distance W (h, h,), where h, is the generalized
histogram obtained by appending the empirical fingerprint entries F(i, j) for i > ¢; + k€ or
j > ¢y + k€ to v. Our scheme for moving the histogram entries of h, to yield h will have
three stages. In the first stage, we consider the portion of h, consisting of the empirical
fingerprint—mnamely, hvl(%, %), where either i > ¢;+kC or j > ¢, +kC. In the second stage, we

consider the portions corresponding to probability x < #, y < #, and in the third
stage we consider the intermediate region (corresponding to the region of the fingerprint in
which is relatively little probability mass, by the choice of ¢;, co and the final condition of
“faithful”).

For the first stage, for each domain element o contributing to histogram entry hvf(%, %),
with 7 > ¢; + k¢ or j > ¢y + k¢, we move one histogram entry in h, from (i/k,j/k) to
location (z,y), where x,y are the true probabilities with which a occurs, respectively, in the
two distributions. Let A’ denote the histogram obtained after this movement. By the second
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condition of “faithful”, the total histogram distance incurred by this process is bounded by
assuming that all the weight in the histograms is at probability k5!, and the discrepancy
between the expected and actual number of occurrences of each domain element are maximal

iip
(given the second condition of “faithful”), namely (Gl i

—— Thus the cost of this portion of
the scheme is at most

k 2( kB)%+D
T -
where the first factor of two is due to the two cases that either i > ¢; + k€ or j > ¢y + K,
the second factor of two is that for each domain element, we are considering the sum of
discrepancy in the number of times it occurs in teach of the two distributions, and the
factor of k% is a bound on the number of such domain elements that can occur. Finally,
note that after this phase of histogram moving, again by the second condition of “faithful”,
h(z,y) = W(z,y) for all z,y where either z > 9+2 op ¢ > #

k
For the second stage of our histogram moving scheme, we transform h into g so that the

2 — 4fB2+D),

small histogram region with z < # and y < # of g and h' are identical. First, note
that the rounding of the support of h to yield h, has a cost per histogram entry of at most
#. There are at most 2n histogram entries, and thus the total cost, neglecting the extra
mass that might be added or removed in the final step of constructing v’, is at most % By
the third condition of “faithful”, in the final step of creating v" in which the total amount of
mass is adjusted, at most k2P units of mass will be removed from each distribution, which
could contribute to the histogram distance an additional cost of at most 2k_71+D; this is
because the movement of ¢ histogram units from location (x,y) to location (0,y) decreases
the probability mass by gx and also incurs this same amount of histogram distance cost,
hence the removal of at most k=2 P probability mass in each distribution augments the
histogram distance by at most the claimed amount.

Thus after the first two histogram-moving stages, we have histograms h’ and ¢ such
that h/(z,y) and g(x,y) are equal everywhere, except for (x,y) such that x < # and

y < # and either © > # ory > # Now, we use the fact that there is
relatively little histogram mass in this region; by our choice of ¢y, co and the final condition
of “faithful”, there are at most (9 + 1)k*~25+C histogram entries in either i’ or g in this
region, where the 9 is from the final condition of “faithful”, and the 1 is a crude upper
bound on the contribution from the adjustment in histogram mass in the final stage of the
construction of h,. These entries can be moved so as to equalize the histogram entries in
this region at a per-histogram entry cost of at most 4%, where the factor of 4 is because
z,y < 2kB, and the cost is at most  + v, as these histogram entries, at worst, will be sent
to (0,0). Hence the contribution towards the cost is at most O(% 2B = O(KBHC),
Summing up these bounds on the costs of the above three stages of a histogram-moving
scheme yields the lemma. O

We now define the two-dimensional analog of the earthmoving schemes of Section 3.1.
As we are working with a distance metric between two-dimensional generalized histograms
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that is in terms of the histogram entries, rather than the probability mass, our scheme will
describe a manner of moving histogram entries. We repurpose much of the “Chebyshev
bump” machinery of Section 3.1.

Definition 3.35. For a given k, a f-bump histogram-moving scheme s defined by a sequence
of pairs of positive real numbers {(r}, %)}, the bump centers, and a sequence of corresponding
functions {f;} : [0,1]> — R such that Y .2, fi(x,y) = 1 for all z,y, and each function
fi may be expressed as a linear combination of products of Poisson functions, fi(z,y) =
> 1= @ijepoi(kx, j)poi(kx, ), such that 327, laie| < B.

Given a generalized histogram h, the scheme works as follows: for each x,y such that
h(z,y) # 0, and each integer i > 0, move h(x,y) - fi(x,y) histogram entries from (x,y) to
the corresponding bump center (ri,ry). We denote the histogram resulting from this scheme

by (r, f)(h).

Definition 3.36. A bump histogram-moving scheme (r, f) is [e, n]-good if for any generalized

histogram h corresponding to a pair of distributions each of which has support size at most
n, the histogram distance W (h, (r, f)(h)) <.

The histogram-moving scheme we describe will use a rectangular mesh of bump centers,
and thus it will prove convenient to index the bump centers, and corresponding functions
via two subscripts. Thus a bump center will be denoted (r,75), and the corresponding
function will be denoted f;;.

Definition 3.37. Let s = 0.1logk, and let B;(x) denote the (one dimensional) Chebyshev
bumps of Definition 3.17, corresponding to s = 0.1logk (as opposed to 0.2logk as in Defi-
nition 8.17). We define functions fi; fori,j € [s — 1] U {0}, by

fi(x,y) = Bi(x)B;(y)-

Definition 3.38. The Chebyshev histogram-moving scheme s defined in terms of k as fol-
lows: let s = 0.1logk. For i > s or j > s, define the i,jth bump function f;;j(x,y) =

poi(kz, i)poi(ky, j) and associated bump center (r{,r3) = (L, 1). Fori,j < s let f; ;(z,y) =

B;(z)B;(y) and define their associated bymp centers (1 1) = (22(1- COS(%)), %(1 — cos())).

For ease of notation, let r; = 22(1—cos(‘Z)), and hence fori, j < s we have (r{’,r5) = (r;, ;).
The following lemma follows relatively easily from the corresponding lemmas in the one-

dimensional setting (Lemmas 3.21 and 3.20), and shows that the above bump scheme is a

4k%3-bump histogram-moving scheme.

Lemma 3.39. FEach f;;j(x,y) may be expressed as

fij(xa y) = Z aij,é,mPOi(kx> f)poz(/ﬁy, m)

£,m=0
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for coefficients satisfying 3.5, _ |aijem| < 4k%3. Additionally, for any x,y

i,j>0
Proof. To prove the first claim, recall that in the proof of Lemma 3.21, we showed that
By = 377 aigpoi(kz, j) with 37 lag] < 2e2°. Thus in our setting, as s = 0.1k, we have
that 375 _ [@ijem| < (2e2%)2 = 4k03_ as desired.

To prove the second claim, by Lemma 3.20, we have the following: for ¢ > s, we have
ijo fij(x,y) = poi(kx,1) ijopoi(k:y,j) = poi(kx,1). For i < s,

Yo faley) = Y fuley) + ) filey)

j=0 J<s jzs

s—1
= (Bi(x) > " poi(ky, j)) + <p0i(k:r, i) Zpoi(k?y,j)> '
J=0 jzs
Summing the above expression over all 4, and noting that > ., B;(z) = 1, and ) -, poi(kx,i) =
1, we conclude that - -

Z fii(x,y) = 1- Zpoi(/m,j) +1- Zpoi(kx,j) =L

4,720 J<s jzs
O

We now show that the scheme is [O(v/§), n]-good, where n = dklogk, and § > @. As
in the one-distribution setting, the proof relies on the “skinnyness” of the Chebyshev bumps,
as shown in Lemma 3.22, together with the bound on the support size.

Lemma 3.40. The Chebyshev histogram-moving scheme of Definition 3.38 is [O(\/§),n]-

good, where n = dklogk, and 6 > @.

Proof. We begin by analyzing the contribution towards the cost of h(z,y) for 2,y < . Note
that we can decompose the cost of moving the histogram entry at (z,y) to the bump centers
(r;,7;) into the component due to the movement in each direction. For the skinny bumps, the
per-histogram-entry cost of movement in the x direction is bounded by Zf;& Bi(x)|z — 1y,
which from Lemma 3.22 as employed in the proof of Lemma 3.23, is bounded by O(,/%&).
As n = dklogk, and 3, x-h(z,y) =1, and Y, h(z,y) < 2n, by the Cauchy-Schwarz

inequality,
> Vah(z.y) =Y Vr-hlw,y)V/hz,y) < Von

and hence the total cost of the skinny bumps is thus bounded by O(\/ik%) = O(\/Lg). For the

wide bumps, the per-histogram entry cost is bounded by the following telescoping sum

Zpoz’(k‘x,i)(% —zx|) = Zpoz‘(k:x,z’)% — Zpoi(k::v,i + 1)i 1

1>5 >SS >SS

= poi(kx,s)—.

| »
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And hence the total cost is at most sup, ., (Lpoi(kz,s)s) = O(1/y/s).

For (z,y) such that either x > 7 or y > Z, by the analysis of the skinny bumps above,
the contribution to the cost from the skinny bumps is trivially seen to be O(1/4/s). For the
wider bumps, as above we have the following telescoping sum

g N A N Rl
Zpoz(kx,z)ﬂ% —z|) = Zpoz(k:c,z)E - Zpoz(k:a:,z—i— 1)—
i>kx i>kx i>kx
= poi(kzx, [kx]) [kkx] :
Similarly, _
S poi(he.i)(1 1~ af) = poi(a, ka5

i<kx

Thus the cost of the wide bumps, per histogram entry, is at most O(y/x/k). From our lower
bounds on either z or y, the histogram entry at (z,y) can be at most k/s, and hence the
total cost of this portion of the histogram moving scheme is at most O(£4/s/k?) = O(1/1/s),
as desired.

We are now equipped to assemble the pieces and prove the performance guarantee of
our ¢, distance estimator. The proof mirrors that of Theorem 3.1; we leverage the fact that
each Chebyshev bump can be expressed as a low-weight linear combination of Poisson func-
tions, and hence given two generalized histograms corresponding to feasible points of Linear
Program 3.31 that have low objective function, after applying the Chebyshev histogram-
moving scheme, the resulting generalized histograms will be extremely similar. Together
with Lemma 3.34 showing the existence of a feasible point that is close to the true his-
togram, all generalized histograms corresponding to solutions to the linear program (with
low objective function) will be close to the true histogram, and in particular, will have similar
¢, distance.

Proof of Theorem 3.3. Let h denote the histogram of the pair of distributions from which the
samples were drawn. Let g; denote the generalized histogram whose existence is guaranteed
by Lemma 3.34, satisfying W (gi, h) < k=1 corresponding to a feasible point of the linear
program with objective function at most o < O(k2z+25+P). Let g, denote the generalized
histogram output by Algorithm 3.30, and hence corresponds to a solution to the linear
program with objective function at most a. Let ¢/, g5 denote the generalized histograms that
result from applying the Chebyshev histogram-moving scheme of Definition 3.38 to g; and gs,
respectively. By Lemma 3.40, W (g;, ¢) = O(v/3). We now show that W (g}, g5) = O(k~5+C).
Given this, the triangle inequality yields that

W (h, g2) < W (h,g1) + W (g1, 91) + W(gl, gb) + W(gh, g2) < O(V3).

The analysis of W (g, g5) is nearly identical to the analogous component of Theorem 3.1:
we argue that for all pairs 7, j except those in the intermediate zone defined by i € [c;, ¢; +kC]
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or j € [02,62 + k€] and both i < ¢; + k¢ and j < ¢y + k°, in the case that gl(rl rd) >
g2(r? 1Y) we can move this discrepancy g1 (r?,r5) — go(r? ,r2 7) from g, (7‘1 ,7“2 ’) to location
(0,0) incurring little histogram distance; analogously in the case that g, (1, 7%) < go(r'?, 7).
After this histogram-moving scheme is implemented, we conclude by noting that the total
number of histogram entries in this intermediate zone is relatively small, because of our
choice of ¢y, c5 and our bounds on the objective function value associated to g1, g», and thus
the discrepancy in this region can also be moved to (0,0) at small histogram—moving cost,
thus bounding W (g}, ¢5).

We now quantify the cost of this approach—the analysis closely mirrors that of the one-
distribution setting. As in the one-dimensional setting, for each of the “skinny” Chebyshev
bumps with centers (r;, rj) |95 (riyrj)—gh(ri, m;)| < O(ak®?), and hence the cost of equalizing
the discrepancy for all s? such pairs of centers is bounded by O(ak®3s 25), where the final
factor of 7 is because the per-histogram-entry histogram-moving cost of moving from (z,y)

0(0,0)isz+y=0(3).

Similarly, the contribution from bump centers (r7,7%) with i < ¢;, and j < ¢, not
including the already counted bumps with i, j < s is bounded by O(c;c;a9+2) = O(k*F~ta).
The contribution from (7"? , réj ) for either i > ¢; + k€ or j > co+kC is o(1/k) as g; and gy are
identical in this region, and the o(1/k) is due to the contribution to the discrepancy in g7, g5

in this region from the discrepancy between g;(z,y) and gs(z,y) for z < c1+]1§0/2’y < C2+Iljc/2,
bounded via Poisson tail bounds.

To conclude, we bound the contribution from the intermediate zone corresponding to
bump centers (1, r¥) with i € [ey,¢; + k€] and j < ¢y + kS, or with j € [ca, o + K€
and i < ¢; + k. To show this, we will argue that g; and g, can have at most O(k~5+C)
probability mass in this intermediate zone. We prove this by recalling that ¢; and ¢, were
chosen so that the probability mass in the empirical distribution of the fingerprint in a
slightly larger region containing this intermediate zone, is small. Thus if ¢g; had too much
mass in this region, it means that g; has too little mass in the low-probability region (as the
high probability region is fixed to be the empirical distribution of the fingerprint, and the
total mass in each distribution is fixed to be 1 by the linear program). We then argue that
having too little mass in the low-probability region would induce a large objective function
value, contradicting the bounds on the objective values of g; (from Lemma 3.34). Thus we
will conclude that g; has little mass in this region, and hence ¢} will have little mass in a
(slightly smaller) corresponding region.

We give the proof in the case that i € [c;, c; +k€]; the proof in the other case is analogous,
with the roles of ¢ and j swapped. Since all but o(1/k) of the mass in this interval in g/
comes from the slightly larger region x € [—kw, Clzkc], y < 02+k of g;, we will bound the
total mass that can be in this region of g;.

Assume for the sake of contradiction that

> z-gi(z,y) > ThEE

c1—kC/2 ¢1+kC
0k

z€| J,y>0
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From the definition of ¢; and the fact that we are drawing samples of size k from each
distribution, .
3 %}"(i,j) < 6kB+C.

€1 —kC,c14+k€],5>0

Since F scaled by 1/k agrees with g¢;(x,y) for x > #, and both F scaled by 1/k and
g1 have total probability mass of 1 (in each component), it follows from the above two

inequalities that

Z %‘F(%]) - Z - gl(x,y) > k_B+c‘

; _C 4 _C
i<c1—k¢,j>0 < Cl ]Iz /2,y20

From which it immediately follows that

Z iF(i,5) — k Z Z - poi(kx,1) - g1 (z,y) > k7B,

igclfkc,jzo iSlekcflx c1—kC /2
k b

< y>0

And hence, since z - poi(zk,i) = poi(zk,i + 1), we have that

Z iF(i,j) — Z Z i - poi(kx,i) - gy (z,y) > k' 5TC

. TC . —.c e
i<c1—kC,j>0 i<c1—k r<fl Ilz /2,y20

Poisson tail bounds yield that we can extend the sum over z to cover all x > 0, adding a
o(1) term. Hence

ECBC o) < Y iF(L ) = > Y i poi(ke,i) - gi(x,y)
i<c1—kC,5>0 i<ey —k€ z,y>0
i<c1—kC€,5>0 z,y>0

Since i = O(kP), we can replace i in the above expression by this value, yielding that the lin-
ear program objective function value corresponding to g; would be at least O(k'=5+C¢/k5) =
O(k*=25+¢) contradicting the fact that the objective function value is bounded by O(k2T25+P)
(by definition of g; and Lemma 3.34). An identical argument applies to go, hence this inter-
mediate region has at most 7k~57C) units of mass, in either g, or g», and thus the discrepancy

between g; and g; in the (smaller) intermediate region with z € [, clgkc], ory € [, czzkc],

is bounded by O(k=5*C). Each unit of this mass can give rise to at most k% histogram en-

tries, since ¢; > k®. Additionally, each these histogram entries can be moved to (0,0) at a

cost of at most ¢; + ¢co = O(%). Thus the contribution to the histogram distance of this
intermediate region is bounded by

grc b KE

O(k kB?) = O(k75%9),
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Thus we conclude that

log® k
Wiggp) = O(ak® =02 4+ k¥57la 4 k55C),

J;0-8+2B+D 08 3 +5B+D

= O i T

= O(™),

+ k}_B+c),

for some constant v > 0. Hence

W (h, g2) < W(h,g1) + W (g1, 1) + W(gi, gb) + W(gh, g2) = O(V3),

as the W (g;, g/) terms in the above expression are the dominant terms. O
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Chapter 4

Two Multivariate Central Limit
Theorems

Our information theoretic lower bounds on the sample size required to accurately estimate
entropy, support size, and variational distance will rely on a characterization of the distri-
butions of the “fingerprint” derived from a sample consisting of k£ independent draws from
a discrete distribution. Our characterization of these distributions of fingerprints—high di-
mensional discrete distributions—will rely on two new multivariate central limit theorems.
We devote a separate chapter to these central limit theorems, as we suspect that these limit
theorems will have many applications beyond property estimation, and may be of broader
interest to the computer science, information theory, and statistics communities.

Despite the increasing understanding of the various settings for which central limit the-
orems apply, most of the attention has been on univariate formulations. And as one might
expect, the number of useful formulations of the central limit theorem seems to grow with
the dimension; it is, perhaps, not surprising that the particularly natural and useful versions
we prove here are absent from the statistics literature [38].

Our first central limit theorem relates the sum of independent random variables to the
multivariate Gaussian of corresponding mean and covariance. As with the Berry-Esseen
bound, and the classic multivariate central limit theorem of Gotze[61], our bound is in terms
of what may be considered the third moments of the distribution, under a suitable change
of basis. We note that our bounds have an extra logarithmic term, though we suspect this
could be removed with a tighter analysis.

The Berry-Esseen theorem bounds convergence to the Gaussian in terms of the maximum
discrepancy between their respective cumulative distribution functions. Multiplying by two,
this metric may be seen as a stand-in for the following: the maximum, over all intervals in
R, of the discrepancy between the probabilities of that interval under the two distributions.
Gotze’s limit theorem can be thought of as generalizing this notion in the natural way to
higher dimensions: convergence is shown relative to the discrepancy between the probabil-
ities of any convex set ([61], and see [26] for discussion). Applying this result, intuitively,
seems to require decomposing some high-dimensional set into small convex pieces, which,
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unfortunately, tends to weaken the result by exponential factors. It is perhaps for this reason
that, despite much enthusiasm for Gotze’s result, there is a surprising absence of applications
in the literature, beyond small constant dimension.

For our purposes, and, we suspect, many others, convergence with respect to a more
versatile distance metric is desired. The bound in our first central limit theorem is in terms
of (Euclidean) earthmover distance (also known as the Wasserstein metric). Our proof of
this central limit theorem is via Stein’s method—a robust and elegant approach to proving
central limit theorems—to which we provide a brief introduction in Section 4.2.

In Section 4.4 we then leverage this earthmover central limit theorem to prove a stronger
but more specific central limit theorem for “generalized multinomial” distributions—a large
class of discrete distributions (supported on the points of the integer lattice), parameterized
by matrices, that generalize binomial and multinomial distributions and describe many dis-
tributions encountered in computer science (for example, the distributions considered in [47,
48, 114, 131]). We show that such distributions are close in total variational distance (¢,
distance) to the Gaussian of corresponding mean and covariance that has been discretized so
as to be supported on the integer lattice. This second central limit theorem, in terms of the
extremely stringent /1 metric, will be one of the keystones of the proof of our lower bounds
for property estimation given in Chapter 5.

4.1 Definitions and Discussion of Results

Our first central limit theorem, proved directly via Stein’s method, applies to the general
setting of sums of multivariate independent random variables. Given a random variable S,
that is the sum of n independent random variables X, ..., X, in R*, we aim to bound the
earthmover distance (also known as the Wasserstein distance) between the distribution of
S, and the multivariate Gaussian G, which we will denote as dy (S,,G). Intuitively, this
distance dy (A, B) is defined as “the minimum, over all schemes of moving the probability
mass of A to make B, of the cost of moving this mass, where the per-unit cost of moving
mass from point x to point y is simply the (Euclidian) distance between x and y.” It is
often easier to define and work with the dual formulation of earthmover distance (this is
the Kantorovich-Rubinstein theorem, [77], and may be intuitively seen as what one would
expect from linear programming duality):

Definition 4.1. Given two distributions A, B in R*, then, letting Lip(R* 1) denote the set
of functions h : R¥ — R with Lipschitz constant 1, that is, where for any z,y € R¥ we have
|h(z) — h(y)| < ||z — yl||, then the earthmover distance between A and B is defined as

dw(A,B) = sup E[h(A)] - E[h(B)].

heLip(R*,1)

Our first central limit theorem is the following:
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Figure 4.1: The binomial distribution with p = 0.1 and 50 draws (red bars), compared with
the Gaussian distribution of matching mean and variance (blue curve). Theorem 4.1, implies
that the earthmover distance between these distributions is at most 0.9(2.7 + 0.83 log 50).

Theorem 4.1. Given n independent distributions {Z;} of mean 0 in R* and a bound 3 such
|1Zi|| < B for any i and any sample, then the earthmover distance between . | Z; and the
normal distribution of corresponding mean (0) and covariance is at most fk(2.7+0.83logn).

Figure 4.1 provides a simple illustration of Theorem 4.1, in the univariate setting (k = 1);
of course, in the univariate setting, such central limit theorems are standard (see [17]).

We note the parameters of Theorem 4.1: as more and more random variables are added
in, the performance of the approximation only gets very mildly worse, increasing with the
logarithm of the number of random variables, n. In fact, we strongly suspect that, in
analogy with univariate results, there should be no dependence on n in the theorem. The
linear dependence on k, the dimension, is more fundamental; it is not hard to show that
this dependence must be of order at least vk, so one might conjecture a tight form of the
theorem’s bound to be O(3VE).

We note that it is somewhat more standard for central limit theorems of this type to
be stated in terms of third moments, instead of a bound S on each random variable, and
our approach can obtain such bounds, though we favor the clarity of Theorem 4.1, which is
sufficient for our applications.

To provide algorithmic lower-bounds, we must work with a much more stringent distance
metric than earthmover distance. In our second central limit theorem, we work with total
variational distance (sometimes referred to as “statistical distance” or ¢; distance). Funda-
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mentally, if distributions A and B have total variational distance 0.1, then any algorithm
taking an input drawn from A must behave identically at least 90% of the time to the
algorithm run on an input drawn from B.

We first note that the conditions of Theorem 4.1 are not strong enough to imply any
sort of total variational distance bound: the discrete distribution illustrated in Figure 4.1
has (maximal) total variational distance 1 from its Gaussian approximation. However, the
intuition for our second central limit theorem is the observation that the total variational
distance between the two distributions of Figure 4.1 is in fact very small if we first round
the Gaussian distribution to be supported on the lattice points. We now define the class of
distributions to which our second limit theorem will apply.

Definition 4.2. The generalized multinomial distribution parameterized by a nonnegative
matriz p each of whose rows sum to at most 1, is denoted MP?, and is defined by the following
random process: for each row p(i,-) of matriz p, interpret it as a probability distribution over
the columns of p—including, z'fZ?zl p(i,7) < 1, an “mnwvisible” column 0—and draw a column
index from this distribution; return a row vector recording the column sums (i.e. the ith index
is the total number of rows that selected the ith column).

The “invisible” column is used for the same reason that the binomial distribution is taken
to be a univariate distribution; while one could consider it a bivariate distribution, counting
heads and tails separately, it is convenient to consider tails “invisible”, as they are implied
by the number of heads.

Definition 4.3. The k-dimensional discretized Gaussian distribution, with mean p and
covariance matriz Y, denoted N'¥¢(1u,Y), is the distribution with support Z* obtained by
picking a sample according to the Gaussian N (u,X), then rounding each coordinate to the
nearest integer.

Our second central limit theorem, that we leverage for our property estimation lower
bounds in Chapter 5, is the following:

Theorem 4.2. Given a generalized multinomial distribution MP?, with k dimensions and n
rows, let u denote its mean and X denote its covariance matriz, then

4/3

isc k
Dy (MP, N1, 33)) < 522 (314083 logn)?/?,

where 02 is the minimum eigenvalue of 2.

The above theorem implies that if 0% = w(k®log*n) then the multinomial distribution is
well-approximated by the natural discrete Gaussian approximation.

We overview some of the key ideas of the proof. Note that even among distributions
over the lattice points, bounds on the earthmoving distance do not necessarily translate into
bounds on total variational distance—consider a distribution supported on the even integers,
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versus one supported only on the odd integers, or some much worse high-dimensional ana-
logue. However, one elementary and completely general way to convert earthmover distance
bounds, such as those of Theorem 4.1, into total variational distance bounds is to convolve
the distributions by a smooth distribution that is ”wide enough”.

Thus the total variational distance between convolved versions of these distributions is
small. We must, however, “deconvolve” to achieve the desired result. Deconvolution, in
general, is very poorly behaved and can blow up badly. The saving grace in our setting
is the fact that any multinomial distribution is in fact unimodal in each coordinate direc-
tion. (Intuitively, at least for the one-dimensional case, unimodality is what prevents one
distribution from being supported on, say, only the even integers.) Specifically, we prove a
“deconvolution lemma” that has good bounds when the result of deconvolution is unimodal.

While binomial distributions are trivially unimodal, the analysis rapidly becomes com-
plicated. The general result for the univariate case is known as Newton’s inequalities. The
multivariate case, which we rely on in our proof of Theorem 4.2, was proven only recently in
a 2008 work of Gurvits—see Fact 1.10:2 of [64].

4.2 Stein’s Method

Since Stein’s seminal paper [118], presented in 1970, describing an alternative proof approach—
what became known as “Stein’s method”— for proving Berry-Esseen-style central limit the-
orems, there has been a blossoming realization of its applicability to different settings. In
particular, there have been several successful applications of Stein’s method in multivariate
settings [39, 61, 111]. To prove our first central limit theorem, we closely follow the treatment
for the multivariate limit theorem given in Bhattacharya and Holmes’ exposition (and slight
correction) of the result of Gotze [26, 61] . For a more general introduction to Stein’s method,
see [40]. In the remainder of this section, we provide a very basic overview of Stein’s method,
and illustrate its application by proving a very simple univariate central limit theorem.
The goal of central limit theorems is to argue that some peculiar distribution X (perhaps
a sum of independent random variables), is close, with respect to some specified metric, to a
“nice” distribution, G (typically a Gaussian). In its most general form, the basic approach
of Stein’s method is to consider some transformation 7' whose unique fixed point is the
distribution G thus if one applies T" to the distribution X, and finds that 7'(X) = X, one
can conclude that X is, in fact, identical to G. Intuitively, it is tempting to hope that if
T(X) is very similar to X, then X should be close to G (in some metric), and that if 7'(X)
is drastically different than X, X must be very far from the fixed point of the map 7', and
thus X and G will be far apart. Thus the hope is that rather than needing to compare
the distribution X directly to the distribution G, it will suffice to simply compare X to the
transformed distribution 7'(X). Conveniently, rather than even comparing X to T(X), at
least in the case of the Gaussian, we will be able to simulate performing the transformation
T while only altering the set of “test functions”. To summarize, rather than comparing X
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to G, it will suffice to compare X to T'(X), and furthermore, we will be able to perform that
comparison by only altering the set of test functions.

In the case where the target distribution, G, is a Gaussian with isotropic covariance,
the corresponding transformation 7" is known as the Ornstein—Uhlenbeck process, and corre-
sponds to the procedure of adding a small amount of random noise to the distribution, and
then scaling the distribution back towards the origin in such a manner so as to preserve the
variance of the distribution (by compensating for the increase in variance effected by adding
the small amount of random noise). The unique fixed point of such a transformation is the
Gaussian, and it is not hard to see that after repeated applications of such a transformation,
the resulting distribution will tend to a Gaussian.

Stein’s method is especially suited to the Wasserstein metric because the Ornstein—
Uhlenbeck process is a continuous transformation, and thus will interact best with a set
of continuous test function. For the reminder of this section, we will take H to be the set of
smooth functions with Lipschitz constant 1.

Let us now consider the effect that the Ornstein—Uhlenbeck process will have on E[f(X)],
for some function f € H. It is not hard to see that the addition of some small amount of
random noise to X will increase E[f(X)] in proportion to the second derivative E[f”(X)]; the
rescaling of X towards the origin will decrease E[f(X)] in proportion to E[X f'(X)]. If our
reasoning is correct, for the Gaussian distribution G, we should have E[f"(G) -G f'(G)] =0,
for any smooth function f with bounded derivative. A simple integration shows that this
identity holds; letting g(z) = f’(x), integration by parts yields:

B(G) = [ gt
— [g(x)e_f‘2/2]oo +/x€Rxg(x)e_$2/2dx

- /ng(w)6x2/2dflf=E[G9(G)]-

—00

Thus if X is a gaussian, E[¢'(X) — Xg(X)] = 0. We now show that the degree to which
this expectation deviates from zero is related to how far X is from the Gaussian. A variant
of the above integration can also be used to show the following identity:

Elg(X)] — Elg(G)] = E[hg(X) — Xhe(X)],

where the functions g and h, are related by hy(z) = /2 [ (g(t) — E[g(G)]) e~*/%dt.
It is not hard to show that for well-behaved functions g, h, will also be well-behaved. In
particular, it is not hard to show that |[h]|| < [|¢||. Given this identity, we now prove a
simple univariate central limit theorem.

Let X = \/Lﬁ >, Xi, where the X; are identical and independent random variables with
expectation 0, and unit variance, and thus X has mean 0 and unit variance. We wish to prove
a central limit theorem in terms of Wasserstein distance, thus we will take H = Lip(R, 1). By
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the above identity Dy (X, G) = sup,cy |E[g(X)] — Elg(G)]| = sup,ey [ B[Ry (X) — Xhy(X)]].
We first evaluate the second term on the right, and then evaluate the first term. Since X;, X
are identical, E[Xh,(X)] = nE[f/(—%hg(X)]. Letting X' = \/Lﬁ >, and Taylor expanding
hy(X) about X' yields the following:

E[Xhy(X)] = VnE[Xihe(X)]

X 1
= VnE[Xi(h,(X") + —;Lh'g(X’))] + «, for some o with |a] < ——=

NG s IIEX

Eh,(X")] + a,

where the last line followed by using the facts that X;, X; are independent for ¢ # j and the
fact that E[X;] = 0. To conclude, we evaluate E[h,(X)] by Taylor expanding A (X) about
X', to yield Elhy(X)] = E[h,(X")] + 3, for |3] < \/iﬁ||hg||E[|X1|] Thus, recalling that for
g € Lip(1), ||hy|| < 2, we obtain the usual third moment bound, with the correct factor of
1.
" 2+ EJX ]
+ 1
Dw (X,G) =sup |E[h(X) — Xho(X)]]| < —————.
w (X,G) = sup | Blh (X) = Xhy (X)) < =2
While the analysis becomes considerably more involved in the multivariate case, the basic
framework and intuition of Stein’s method remains the same.

4.3 A Multivariate Central Limit Theorem via Stein’s
Method

We now begin our proof of Theorem 4.1. We prove this as a consequence of the following
theorem, which is somewhat tighter though more unwieldy. As it turns out, if the variance
of > | Z; is much larger in a certain direction than in others, then the earthmover bound
is more forgiving of draws from Z; that are large in that direction.

Theorem 4.3. Given n independent distributions {Z;} in R¥, each having mean 0, and
having total covariance equal to k X k matrixz X, let T be the Cholesky factorization of ¥—
that is, a k X k matriz such that TTT = X, making T-'>""" | Z; have covariance equal to
the k x k identity matriz. Then the earthmover distance between Y . Z; and the normal
distribution of mean 0 and covariance ¥ is at most

- 2.76
L16E [||Z]| - |17~ Zi||) -E [HT—Iziulog (1 i —)}
2 LI0E | | Tz

9.41
+0.49E {HZZ-H NTZ|? - log (1 + —)] L)
1T Zi|

We prove this theorem using an adaptation of Stein’s method as implemented for the
multivariate case in [61]. (See also [26].) Before proving Theorem 4.3, we first show that it
implies the more simple limit theorem of Theorem 4.1.
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Proof of Theorem 4.1. We prove this from Theorem 4.3. In Equation 4.1 we note that both
the first and second term have exactly one factor of || Z;||, which we may upper-bound by £.
Further, since the function f(z) = zlog(1+ %) is increasing for positive z, the rearrangement
inequality implies that the first term is bounded by the corresponding expression with all
parts put inside a single expectation. Thus Equation 4.1 is bounded by

& 2.76 9.41
By E [||T‘IZ¢H2 <1.1610g (1 + —) +0.49log (1 - —))} (4.2)
Z T2 Zi| | T2 Zi]|

=1

Define a new distribution Y such that for every vector x,
PrY = o] = ||zl En:Pr[T_lZ» _ 4]
c — 7 )

where ¢ = Y1 | E[||T~'Z;||] is chosen so that Y is a valid distribution (that is, having total
probability mass 1). (If the Z; are continuous random variables, we define the distribution
Y correspondingly.) We note that, letting g(z) = - (1.16log(1 + 27%) 4 0.49log(1 + 1)),
we have that Equation 4.2 equals Sc - E[g(||Y]])]. The concavity of f implies the concav-
ity of g, which implies by Jensen’s inequality that E[g(||Y]|)] < g(E[||Y]|]]). We have that
B[] = i3 BT Z]|) = E[IT7' YL, Zi|]] = &, since covariance adds for inde-
pendent distributions, and T is the matrix that transforms )., Z; to have covariance the
identity matrix.

Thus the earthmover distance is bounded by Sk(1.16 log(1 + %66) +0.49log(1 + %)).
As this is an increasing function of ¢, it remains to bound ¢. We can crudely bound ¢ by
defining the distribution W that uniformly picks i € {1,...,n} and then draws a sample
from T7'Z;; we note that ¢ = n - E[||W]|]. We bound ¢ by observing that E[||W|[?] = £,
from which, by the convexity of the squaring function and Jensen’s inequality, we have that
¢ =nE[|W|] < n/E[[[W]]?] = Vnk < ky/n. Thus the earthmover distance is bounded by
Bk(1.161og(1 + 2.764/n) + 0.491og(1 + 9.41y/n)), which, for n > 1 is easily seen to be less
than the desired bound of Sk(2.7 4+ 0.831ogn). O

We now begin our proof of Theorem 4.3. It will be convenient for us to assume that our
test functions, h, in addition to being Lipschitz continuous, are also differentiable. We note
that even restricting the test functions to be smooth does not affect the distance defined with
respect to such a class of functions, as, for any Lipschitz-continuous function h, letting h. be
the convolution of h with a Gaussian of radius € for any ¢ > 0, we note that h. is smooth,
and |h(z) — he(z)| < eV/k; thus for any random variables A, lim._,q E[hc(A)] = E[h(A)], and

the earthmover distance definition remains unaltered.

Proof of Theorem 4.3. Welet X; = T—'Z; and work with X instead of Z; throughout. While
the earthmover distance in the original basis is defined via the supremum over differentiable
test functions in Lip(R*,1), when we work with X;, the test functions instead range over
T o Lip(R*, 1), that is, for ¢ € Lip(R*, 1), we take h(z) = ¢(Tx).
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The heart of Stein’s method consists of constructing a simple transformation h — fj
that takes test functions h € T o Lip(R*, 1) and transforms them to appropriate functions
fn such that for any distribution .S,,, we have

Elh(Sn)] — E[M®)] = E[Sn - Vfu(Sn) = Afa(Sn)], (4.3)

where Afj, represents the Laplacian of f, and Vf, the gradient of f,. When one takes
Taylor expansions of each of the two terms on the right hand side, one can arrange to have
a pair of terms that have second-order dependence on S, cancel, leaving only third-order
terms remaining, which is what will yield the third-order dependence in the theorem.

We cite [26] for the result that Equation 4.3 is satisfied when, letting ¢, (z) = (27r?)~%/2¢~ o
be the k-dimensional Gaussian of mean 0 and radius r, we define

fu(z) & /0 Oo(h * ¢ i=e=z) (e °x) — E[h(®)] ds, (4.4)

where we consider h * ¢y = h.

We take S,, = Z?:l X;, and let S_; denote S,, — X, that is, the sum of samples from all
but one of the distributions; by definition S_; is independent of X;. We use the first-order
expansion f(x+y) = f(z) +f01 y-V f(x+ty) dt, where y-V f(x+1ty) is simply the directional
derivative of f in the direction y evaluated at x + ty. In coordinates, this is

flaty) = flo)+ / S y(@)Dof (i + ty) dt.

where we use D, to denote the partial derivative in the ath coordinate. Similarly, the
second-order expansion is

k

e +y) = f(z) +y- Vi) + / (1 =1) S y(a)y(b) Dusf(x + ty) dt,

a,b=1

where as above, EZ,b:l y(a)y(b) Doy f(z 4 ty) is just the “directional second derivative” of
f, in the direction y, evaluated at  + ty. Thus we may expand S, - Vf(S,) = >0 X; -

VS + X)) =30 3% Xi(a)Daf(S_; + X;) to second order as

Z Z Xi(a) (Daf<si) + <Z Xi(b)Dabf(Si)>

i=1 a=1

+ (/1(1—t) 3 Xi(b)Xi(c)Dabcf(Si+t-X¢)dt>>. (4.5)

b,c=1

We note that since X; has mean 0 and is independent of S_;, the first term has expec-
tation 0. We now aim to cancel the expectation of the second term against an expansion of
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Af(Sy,). Note that the expected value of the factor X;(a)X;(b) in the second term is just the
(a,b)th component of the covariance matrix of X, which we write as Cov(X;)(a,b). Since
by assumption, the sum over i of the covariance matrices Cov(X;) equals the identity ma-

trix, we may rewrite Af(S,) = Y{,_y 1 Danf(Sn) = S0y You oy Cov(X;)(a, b) Dap f(Sn)-
Expanding the ith term of this to first order centered at S_;, for each 7, yields

ZZCOV (a,b) ( abf (S=5) / )Dapef(S_i 4+t - X)dt) (4.6)

i=1 a,b=1

where the expectation of the first term above is seen to be exactly the expectation of the
second term of Equation 4.5, and thus the difference between the expectations of Equations
4.5 and 4.6, which for f = f), equals E[h(S,)] — E[h(®)] by construction, will consist only
of the last, third-order terms from each expression.

Let (; denote the expectation of the last term of Equation 4.5 for the corresponding 7, and
7; denote the expectation of the last term of Equation 4.6 for the corresponding i. By the
above, dy (S, ®) is thus bounded by the supremum over h € ToLip(R*, 1) of 37" | [¢;] + |mil.
We thus turn to bounding (;,n;. We assume throughout that X; # 0, as, when X; = 0 the
corresponding terms of Equations 4.5 and 4.6 are trivially seen to be 0.

Defining gs(z) = h(e *z), we note that we may reexpress the first term in the definition
of fun as (h* ¢ s—=)(e *r) = (9s * ¢ /z—7)(x). Letting X; denote an independent sample
from the distribution X;, we note that we may replace Cov(X;)(a,b) in Equation 4.6 by
E[X;(a)X;(b)], thus yielding that ; equals the expectation of

//Z )Xi(¢) Dabe(gs * /) (Si +t - X;) dt ds,

a,b,c=1

where we note that the final term E[h(®)] of Equation 4.4 is constant, and hence its third
derivative does not contribute to 7;, and is thus omitted in the above equation.
We note that the expression > ° Xi(a)X;(b)X:(c)Dape is just a third directional

derivative, with two differentiations in the direction of the vector )N(Z and one in the direction
Xi, which we may denote as D5 Dy Dx,. Since convolution commutes with differentiation,
7; thus equals the expectation of

a,b,c=1

00 1
/ / (D)}igs*DgiDXiﬁbm)(Si"‘t'Xi)dtdS
0 0
00 1
= / / D5 gs(x)Dg Dx,¢yez—(Si +t - Xi — x) dv dt ds
0o Jo JRk ’ :

00 1
B /0 RE D)zigs(a:) /0 D)?iDXiqu(Si +t-X; —x)dtdrds

Because h, by definition, is the composition of matrix 7" with a differentiable function of
Lipschitz constant 1, g, is the composition of T" with a function of Lipschitz constant e™*
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and thus we can bound the absolute value of this last expression by

o] 1
/ HTXZ-||eS/ ‘/ Dy D6yt - X; + ) dt| duds, (@7)
0 Rk 0

where we have made the substitution S; — 2 — 2. We bound the integral over R* in two
ways. First, since a univariate Gaussian of variance r? is unimodal, the integral of the
absolute value of its derivative is simply twice its maximum, namely 2 - = - Since ¢,
can be expressed as the product of k£ univariate Gaussians along orthogonal basis directions,

each of variance r?, and having integral 1, we have that [, [Dx ¢ | dx = C KL st
: : re D%, Over—1 Jar(@ 1))

the corresponding univariate expression in the basis direction H;—ZH Since integration is the
7

inverse of differentiation, we have that fol D% Dx, ¢ z—(t - Xi +x)dt = Dg ¢ /z—(Xi +
z) — Dg, ¢ /zz—(), and by the triangle inequality we may thus bound the R* integral of
4[| Xi|

\/2m(e2s—1)"

For large s, however, this bound is not effective, and in this case we instead take

J.

Equation 4.7 as twice what we just computed:

1 1
/ D)?ZDngb\/e%i—l(tXl_Fx) dt’ dIS / / |D)~(1DX1¢\/3257—1(tX1+x>‘ dt dx
0 Rk JO

- /}Rk ’DgiDXifbm(x)‘ dx

Letting y; = H§_H denote the unit vector in the X; direction, and z; denote an orthogonal
unit vector such that, for real numbers u,v we have )?z = u-y; +v-z, we thus have

Dg Dx, = ||Xil|(u- D, +v - D.,D,,), and by the triangle inequality we may bound

[ 195D s de < 16l [ Ju- D s 2] + o Dy D )]

(4.8)
where we may now leverage the orthogonality of y; and z;.
As above, we note that since the Gaussian can be expressed as the product of one-

dimensional Gaussians along any orthogonal basis, and since y; and z; are orthogonal unit
2
2

2 ) =_2

27 (e25—1) m(e?—1)7
of the univariate case we computed above. Similarly, [, |D§Zgb J/ez—1(7)| dr equals the corre-
sponding expression for a univariate Gaussian, the integral of the absolute value of its second
derivative, which by definition is the total variation of its first derivative. As the derivative
of a univariate Gaussian of variance r? takes maximum and minimum values at 4r, at which

. . . —1/2 . . . .

locations it has values respectively :F:QT;?, and has no other local optima, its total variation

is just four times this, which, for r* = e** — 1 gives us [p, |D§Zgbm(x)| ds = ﬁ?.

vectors, we have that [o, |Dy,D.,¢ /o (x)| dz = ( just the square
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H ill times |u|4e +| |2 We

Thus, since |u|?+|v]> = || X;||2, we bound Equation 4.8 as ]

T

||Xz||7r\/1 + 2me~!. Equation 4.8 is thus bounded by ||.X;]|| - HXZ||€2L1 2{/1+ 2re~1. Com-
bining this bound with the bound computed above yields

bound this last expression by the Cauchy-Schwarz inequality as ||X ||\/ e 1/2) + (2)2 —

ni| < E

625—1)7625—17{'

e 4 X;
||TXZ»||-||XZ»H/ e_smin{ o Xl 2 A are }ds] (4.9)
0 Y

Because the expression for (; will be similar, we derive a general bound for

/ S min e 0
e *min , s.
0 625 _ 1 628 _ 1
Note that the first term is less than the second term when v/e? —1 < «, namely, when
s < logva?+ 1. Further, it is straightforward to check that [ \/%ds =e *ve? —1, and

. )
[ F—ds =e —log \/2;%1 Thus we evaluate

ds

00 1 log vVa?+1 —s 00 —s
/ e~ min{ a tds = / —C  _ds+a ‘
0 Ve —1 e —1 0 Ve —1 1og\/a27+1628_1

vVaz+1+1 1
(8%

vaz+1+1 2
= alog vaer tl < alog (1 + —) (4.10)
a o

We may thus bound |n;| from Equations 4.9 and 4.10 by setting o = \/LQ? || X5V 1+ 2me 1.
Since 2v/1+27me ! < 1.16 and 2+ = /(2v/1 + 2me~1) < 2.76, we have that

o 2.76
i < LIGE |||TX|| - 1 X[ | log (H 1X; HH

= L1617l - 101 1o (14 )| (a.11)

We now turn to bounding the last term of Equation 4.5, whose expectation we have
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denoted as (;. Similarly to above, we have
Z / (1 — t)Xz<a>Xz(b)Xz(C)Dabcfh(S—z +t- Xz) dt
0

= /01(1 — ) D% fr(S—i +t- X;) dt
:/000/01(1—15)D§Q(gs*¢m)(5i+t-XZ-)dtds
:Affu—mawtzmgnw;+r&mmS
:/Oo Dy.g.(x )/1(1 DD 6 (S + 1 X, — ) dt du ds

<||ITX; He_s/ /
Rk

As above, if we take an orthonormal basis that includes a vector in the direction of X;
then we can decompose D§1¢ v/ez—7 into the product of the corresponding expression for a
univariate Gaussian in the direction of X;, and univariate Gaussians along all the other basis

2

/ (1 —t)D%, ¢ jemzi(t - Xi + ) dt | dz ds

directions. Thus, if we let ¢, denote the univariate version of ¢,., namely, ¢,(z) = m}ge_&,

then the above integral over R* equals exactly

HXMQ/

As above, we bound this expression in two ways. First, we bound it by moving the
absolute values inside the integral, swapping the order of integration, and then making the
substitution y = x + || X;||t to yield

1

(1= )¢ e + | [1) dt‘ dz (4.12)

0[]0 08 i)

The integral may thus be expressed as the product of separate integrals over t and y:

since fol 1 —tdt = 3, and as we computed above, [ (b” e ()| dy = 825 1)W’ we have
that Equation 4.12 is at most HXle%

For the second bound, we first note that we may simplify slightly by replacing (1 —¢) by
t in Equation 4.12 (this is the change of variables t — (1 —t), z — —x — || X}]|, relying on
the fact that ¢” is symmetric about 0). It will be convenient to consider the inner integral
as being over R instead of just [0, 1], and we thus introduce the notation (¢)p 1 to represent
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tif t € [0,1] and 0 otherwise. Thus we bound Equation 4.12 as

0P | O o 10t
i [ ((t)[o,l] -(
ST ((t)[o,l}— -
e [ <<> (- M)
=[] 0w - (‘H&H)M

where the first equality holds since ¢” has integral 0, and hence we can add any multiple
of it (independent of ¢) to the inner integral; the second equality is just the substitution
z =y — |1 Xillt

To bound this integral, we note the general fact that, if a function f has total vari-
ation a, then [*_|f(z) — f(z — b)|dz < a|b|. Thus since the function (¢)ps has total

variation 2, the inner integral is bounded by 2t

8

dx

H/0.1]

$ )
|| X ] [0,1]

dz dt

— (e +[1Xi]]t)

t [0,1] — dy dt

dt dy

/! :
HXII Since ¢ crosses 0 at +r, and in-

tegration by parts yields [y¢!(y)dy = yd.(y) — [¢.(y)dy = —¢.(y)(1 + i’—;) and hence
oyl )l dy = =2 [ ydl (y) dy+2 [ ydll( ) = —20,(0) + 8¢, (r) = *-2=2 we may thus
bound Equation 4.12 by ||.X;|| 28—t

\/2m(e2s—1)"

Thus, similarly to above, we have

. 16e 12 -4 ||X,]] - 27 1/2
|Q|§HTXZ||HXZ|]/ e *min ,||2 ! ds
0 2m(e? — 1) (e?* —1)v2m

Since 2.2 < 0.49 and 2 - 166\_/12_4/26_217:2 < 9.41, we have from Equation 4.10 that

V2
1G] < 049 - B[||TX;|| - || X:]]*log(1 + I?)?l\\)]‘ Combining this and Equation 4.11 yields the
theorem. ]

4.4 A Central Limit Theorem for Generalized
Multinomial Distributions

In this section we leverage the central limit theorem of Theorem 4.1 to show our second
central limit theorem that bounds the total variational distance, denoted by Dy, between
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generalized multinomial distributions and (discretized) Gaussian distributions. While The-
orem 4.1 certainly applies to generalized multinomial distributions, the goal of this section
is to derive a bound in terms of the rather more stringent total variational distance. The
main hurdle is relating the “smooth” nature of the Gaussian distribution and earthmover
distance metric to the “discrete” setting imposed by a total variational distance comparison
with the discrete generalized multinomial distribution.

The analysis to compare a Gaussian to a generalized multinomial distribution proceeds in
two steps. Given the earthmover distance bound provided by Theorem 4.1, we first smooth
both sides via convolution with a suitably high-variance distribution to convert this bound
into a total variational distance bound, albeit not between the original two distributions
but between convolved versions of them. The second step is via a “deconvolution” lemma
(Lemma 4.6) that relies on the unimodality in each coordinate of generalized multinomial
distributions.

We begin by showing this unimodality via a result about homogeneous polynomials that
generalizes the classic Newton inequalities.

Given a polynomial p in k variables, and a nonnegative integer vector v € Z*, we denote

by p the coefficient of the term xlf(l)a:;]@) Ce xz(k) in p.

Fact: Multivariate Newton Inequalities (Fact 1.10:2 of [64]). Given a homogeneous
polynomial p of degree n in k variables, with nonnegative coefficients, if it is the case that for
any complex xq, . .., xy with strictly positive real parts, p(xy,...,xx) # 0, then for any non-
negative integer vector v and letting A = (1,—1,0,...,0) € Z*, we have p(2v) > Dw+A)P(v—A) -

(We note that the actual result from [64], in analogy with Newton’s inequalities, is tighter
by a factor [T, v()?/TT;(v + A)(i) (v — A)(3)! = %, though for our purposes we
need only the simpler bound.)

Definition 4.4. A function f : Z — R™ is log-concave if its support is an interval, and
Vi€ Z, f(i)? > f(i — 1) f(i+1).

The logarithm of a log-concave function is concave (interpreting log0 as —oo); thus any
log-concave function is unimodal (i.e., monotonically increasing to the left of some point,
and monotonically decreasing to the right). We note that we consider “unimodal” in the
non-strict sense, so that, for example, the constant function is unimodal.

Lemma 4.5. Generalized multinomial distributions are log-concave, and hence unimodal, in
any coordinate.

Proof. Given a generalized multinomial distribution parameterized by p, where p has n rows
and k columns, we define p to be the matrix whose columns are indexed 0 through k, and
which consists of p extended so that for each i € {1,...n}, Zf:o pli,7) = 1.

Let p be the homogeneous polynomial of degree n in k variables defined as p(z1, ..., z) =
[T, (p(2,0)xo+. ..+ p(i, k)xg). We note that for any nonnegative integer vector v, the coeffi-
cient p(, equals, by definition, the probability of drawing v from the multinomial distribution
(ignoring the implicit “Oth coordinate™).
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We invoke the multivariate Newton inequalities (with the coordinates renumbered as nec-
essary) by noting that, first, p clearly has nonnegative coefficients, and second, if x, ..., xy
are complex numbers with strictly positive real parts, then each term (p(i,0)xo + ... +
p(i, k)xy) will have strictly positive real part, and hence be nonzero, which implies that
p(zo, ..., x,) # 0. Thus the multivariate Newton inequalities imply that the multinomial
distribution (with its “Oth coordinate” ignored) is log-concave in its first coordinate; by
symmetry, it is log-concave in every coordinate. 0

Given this general structural result about the distributions at hand, we now construct
the second ingredient of our proof, the “deconvolution” lemma. What this shows is that,
given a convolution f * g that closely approximates a third function h, we can leverage the
unimodality of f under certain conditions to “deconvolve” by g and relate f and h directly.
We will apply this univariate result in the proof of the central limit theorem by applying it
inductively along lines in each of the k coordinate directions.

Lemma 4.6. Given an integer { > 0, a unimodal function f : Z — R*, a function g :
{0, —0+1...0—1,0} - R" with ), g(i) =1, and an arbitrary bounded function h : Z —
R* then, letting [ * g denote the convolution of f and g, we have

S 156) \<1oz(suph) S 17 % 0)(0) — b0

1=—00 i=—00

Proof. Assume that we have scaled f and h so that sup; h(i) = 1. Let f~ denote the function
that is the (pointwise) minimum of f and 1, and let f* denote f — f~. We note that f+
and f~ are unimodal. For the following inequality, we let [[0, j]] denote the set of integers
{0,...,7—1} when j > 0, the set {j,...,—1} when j < 0, and the empty set when j = 0: by
the definition of convolution, two applications of the triangle inequality, and a rearrangement
of terms we have

S U@ -0l = Y

1=—00

4
> g G = f (i - j)
j=—4

)4

SO g @) = £ = )l

i=—00 j=—/

IN

o) l

ST S GGGk~ f k)]

t=—00 j=—/ ke([0,5]]

= (Ze:g IJI>ZZ|f — [ i+ 1)

jzfe =—00

IN

< €Z|f — f@+ 1))

1=—00
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Since f~ is unimodal and bounded between 0 and 1, ", |f~(¢) — f~ (¢ +1)| < 2, and we thus
bound the above inequality by 2¢.

We note that since f is unimodal, it exceeds 1 on a contiguous (possibly empty) interval,
which we denote [u,v]. Since f*xg = f~ x g+ fT % g, we have the triangle inequality
|(f *g)(@) — h()] < |(fT *xg)(@)| + [(f~ *g)(i) — h(i)|]. Since f~ *x g = 1 on the interval
[u+ €,v —{], and fT * g is confined to the interval [u — ¢, v + ¢], then we actually have
equality everywhere ezcept the intervals [u — ¢, u + ¢ — 1] and [v — ¢+ 1,v 4 £]. On these
intervals, we consider the reverse inequality (another triangle inequality) |(f*g)(:) — h(7)| >
|(fT*g)(@)] —|(f *9g)(i) — h(:)| which, since (f~ *g)(i) € [0,1], we bound as being at least
|(fT*g)(@)] 4+ |(f~ *xg)(i) — h(¢)] — 2 on these intervals. Thus

u+£4—1

S @ -h@] = 31U @I+ DU+ 9)O) — O+ Y (-2)

i=—00 i=—00 i=—00 i=u—~{

v+l

+ > (-2

i=v—_0+1

= =80+ > O+ D (T #g9)i) — ()|

> 100+ 30 701+ Y 1570 — b))
— 100+ Y 1F6) — i)l

where the last inequality is what we proved above, and the last equality is true term-by-term
since the region where f* is nonzero is exactly the region where f~(i) = 1 > h(i), and thus
we have the lemma. O

We are now equipped to assemble the components and prove the central limit theo-
rem. Our central limit theorem related the generalized multinomial distribution to the
“discretized” version of the Gaussian distribution of identical mean and covariance (see Def-
inition 4.3). For convenience, we restate the theorem below:

Theorem 4.2 Given a generalized multinomial distribution MP?, with k dimensions and n
rows, let i denote its mean and X denote its covariance matriz, then

4/3

Dy (MP,N#5¢(p1, 20)) < -2.2- (3.1 4 0.83logn)*?,

o1/3

where 0% is the minimum eigenvalue of 2.

Proof. Adopting the notation of Theorem 4.1, we let Z; denote the distribution induced
by the ith row of p, that is, a distribution over (0,...,0), (1,0,...,0), (0,1,0,...,0),..

*
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(0,...,0,1), where M is thus distributed as ) . ; Z;. Since the range of Z; has diameter V2,
each sample from Z; is within v/2 of its mean. Theorem 4.1 implies that dy (M?, N (1, X)) <
k\/2(2.7 +0.83log n).

For notational convenience, let ¢ = N(u, X)), and let ¢ = N45¢(y, ) denote the
corresponding discretized Gaussian of Definition 4.3. We note that, since every point in
RF is within distance ‘/TE from a lattice point, dy (¢, p%¢) < ‘/TE < £, Thus the triangle
inequality yields dy (M?, ¢%*¢) < kv/2(3.1 + 0.83logn).

Given positive integers d, ¢, let Ry, denote the distribution over Z* where the first d
coordinates are each independent draws from the binomial distribution B(2/, %), shifted by
—{ so as to lie in {—/,... ¢} and the rest of the coordinates are 0.

The binomial distribution B(2¢, %) is unimodal, with the probability of hitting its mode
bounded by \/Lﬂ?, which implies that the total variational distance between B(2/, %) and a
version shifted by an integer c is at most \/%Te; thus the same holds for shifting Ry, by c
along any coordinate axis, since each coordinate is distributed as an independent (shifted)
copy of B(2/, %) By the triangle inequality, if we shift by an integer vector x, then the

total variational distance is at most \/L?e S | |z(i)]. The Cauchy-Schwarz inequality yields

S 2(i)] < VE||z]|, yielding a bound on the total variational distance of \/iﬂ%HxH

We are now prepared to make the key transformation from stating our central limit the-
orem in terms of earthmover distance, to stating a central limit theorem for total variational
distance.

Consider a particular component of a “scheme to move earth” from M? to ¢%*¢; for
example, “move probability mass m from x to y”. The bound of the previous paragraph
implies that the total variational distance between copies of Ry, centered at z, and at

y, respectively, is at most \/Lﬂ%Hx — y||. Thus, in this sense, convolution by Ry, converts

earthmover bounds to total variational distance bounds, losing a factor of \/iﬁ% We conclude

that
V2k -k
vl

Were it not for the convolution by Rj, in the above expression, we could conclude here. We
now consider how to “remove” these convolutions.

Consider ¢ (not ¢%*¢) shifted by a vector z. Since ¢ has variance at least o in every
direction, then, when restricted to any line in the direction of x, ¢ will be a univariate normal
distribution of variance at least 0. We may thus bound the total variational distance of ¢ and
its shifted version by the corresponding univariate bound. Note that the univariate Gaussian
is unimodal, and thus the total variational distance between itself and a version shifted ||z|| is
at most ||z|| times the pdf at its mode, which is at most #ﬂ Applying this bound for each

x drawn from Ry, g, where for each such z, ||z|| < £v/k we have dpy (¢, ¢ * Ry ) < % Since
Ry, o is a distribution on the lattice points, taking ¢ * R, and rounding samples to the nearest

integer is distributed identically to ¢%5¢ x Ry, ,. Thus we have dry (¢, ¢%5¢ x Ry, ;) < f\/‘/%,

dry(M? % Ry g, 05 % Ry ) < (3.1+0.83logn). (4.13)
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yielding, by the triangle inequality, dry (M? x Ry g, ¢%¢) < \/\/:J“ (3.1+0.831logn) + Z\‘F

Having “removed” the second convolution by Ry, in Equation 4.13, we now turn to
the first. Recalling that R;, is the distribution whose first ¢ coordinates are distributed as
(shifted) versions of the binomial distribution B(2¢, ) where the remaining k —i coordinates
are 0, we aim to “deconvolve” by this binomial, coordinate-by-coordinate, so that when ¢
reaches 0 we will have the desired central limit theorem. Our tool is Lemma 4.6, which we

will use to show by induction that for every i € {0,...,k} we have

50 +NE+\/%-1€
T oV2w Vrl

Letting ¢ = 0 and ¢ = 62%02/3/{:1/3(3.1 4 0.83logn)?/? yields the theorem.

To prove Equation 4.14, we assume as our induction hypothesis that it holds for some
¢ > 0 and will derive it for ¢« — 1. Consider M” x R;,, M? * R;,_1,, and ¢%sc restricted to
a line L in the ith coordinate direction. We note that the pdf of ¢ restricted to this line
will be a multiple of a univariate normal distribution of variance at least o2, and thus has
the property that its maximum is at most —2 times its integral; as this is true for every
such line, it is also true in expectation for a distribution of lines, and is thus true for the
distribution of lines that will be rounded to L. Thus ¢%*¢ restricted to the line L has the
property that its maximum is at most Tﬂ times its total. With a view towards applying
Lemma 4.6, we note that R, ;¢ is itself a generalized multinomial distribution, and hence so
is M? x R;_; 4, from which we invoke Lemma 4.5 to see that M” x R;_; , is unimodal along
L. We thus apply Lemma 4.6 with f equal to the restriction of M? * R;_1, to L, g equal
to the binomial B(2/, %) shifted so as to have support on {—¢,..., ¢}, and h equal to the
restriction of ¢%*¢ to L. Since f x g is the restriction of M? x R;, to L, we conclude that,

dry (MP % Ry, ¢75°) < (k —1) (3.140.83logn) (4.14)

ST IMP « Bov)(a) — 6 >|<1oe(max¢dm ) + S0« Ru)e) - 6

z€eL €L

10¢

Z ¢ (x) + ) |(MP * Ryg) () — 67 ()|

zeLl

Summing over all such lines L yields the induction (since total variational distance has a
normalizing factor of 1). O
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Chapter 5

Lower Bounds for Property
Estimation

In this chapter we leverage the central limit theorem for “generalized multinomial distribu-
tions”, Theorem 4.2, to prove an information theoretic lower bound for property estimation
which shows that the estimators for entropy, distinct elements/support size, and total varia-
tional distance described in Chapter 3 are optimal, up to constant factors for any sufficiently
small constant error.

The connection between our central limit theorem for generalized multinomial distribu-
tions, and estimating symmetric properties of distributions, such as entropy and support
size, is that generalized multinomial distributions capture the distribution of fingerprints,
(F1,Fo,...), where F; is the number of domain elements for which we see i representatives
in a sample. To see why, recall that we may assume that we draw k' <— Poi(k) and then
draw a sample of size k’. In such a setting, the number of times each domain element is
observed is independent of the number of times each other domain element is observed.
Thus the distribution of Poi(k)-sample fingerprints is given as the generalized multinomial
distribution (see Definition 4.2) defined by the matrix M, where there is one row of M for
each domain element, and entry M ; is the probability that the ith domain element occurs
exactly j times in a Poi(k)-sized sample.

Our central limit theorem allows us to cleanly reason about the total variational distance
between these distributions of fingerprints. Specifically, this will allow us to argue that there
are pairs of very different distributions p, p’—different in terms of entropy, or support size,
for example—such that there is small total variational distance between the distribution of
fingerprints derived from samples of size k drawn from p and the distribution of fingerprints
derived from samples of size k drawn from p'.

Such a pair of distributions is not, by itself, a lower bound instance; the labels of the
data points (which are not represented in the fingerprints) will be helpful in distinguishing
whether the sample was drawn from p or p’. We can, however, easily construct a lower bound
instance from the pair of distributions, p,p’. Let n be an upper bound on the support size
of distributions, and without loss of generality assume that p and p’ are distributions over



CHAPTER 5. LOWER BOUNDS FOR PROPERTY ESTIMATION 97

2n]. Consider the ensemble of distributions 7 defined by the following process: select a
random permutation 7 of [2n], and with probability 1/2 output p,, and with the remaining
probability output p!, where p, is defined to be the distribution obtained by permuting the
labels of distribution p according to permutation 7, and analogously for p/ . The lower bound
instance derived from the pair of distributions p, p’ will simply be the task of estimating the
property value of a distribution drawn from the ensemble 7. In the case of entropy, for
example, to show that no algorithm on samples of size k samples can estimate the entropy
of a distribution to within error ¢ = ‘H(I’)_Q—H(p/)' with probability of success at least 1 — 9, it
suffices to show that no algorithm when given a sample of size k from a distribution drawn
from 7 can distinguish whether the sample was drawn from a distribution p, obtained from
p versus a distribution p/ obtained from p’ with probability more than 1 — §. As we are
permuting the supports via a random permutation, the labels are meaningless, and the only
useful information from the samples is the fingerprint, to which we may then apply our
central limit theorem.
Our information theoretic lower bound is the following:

Theorem 5.1. For any positive constant ¢ < i, there exists a pair of distributions p*,p~
that are O(¢|log ¢|)-close in the relative earthmover distance, respectively, to the uniform
distributions on n and 5 elements, but whose fingerprints derived from k = 3% . Iogn—sized
samples cannot be distinguished with any constant probability greater than 1/2.

Because of the continuity of entropy, and support size (of a distribution all of whose
domain elements occur with probability at least 1/n) with respect to relative earthmover
distance (Fact 3.5), the above theorem yields the following corollary:

Corollary 5.1. For any constant probability of failure § < 1/2, for sufficiently large n the
following hold:

e For any constant € < 1052, any algorithm that estimates the entropy of distributions of

support at most n to within additive error e with probability of success at least 1 — ¢

requires a sample of size Q(logn).

e For any constant € < %, any algorithm that estimates the support size of distributions

all of whose domain elements occur with probability at least 1/n to within additive error

en with probability of success at least 1 — & requires a sample of size Q(logn).

Further, by choosing a positive ¢ < 1 and then constructing the distributions p, p-
that, with probability e draw samples from p™, p~ respectively and otherwise return another
symbol, L, we note that the entropy gap between pf and p_ is an € fraction of what it was
originally, and further that distinguishing them requires a factor % larger sample. That is,
Corollary 5.2. For large enough n and small enough €, the sample complexity of estimating

entropy to within € grows as Q(el:gn)'
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For the task of estimating total variational distance between a pair of distributions, in
Section 5.6 we leverage Theorem 5.1 to show the following lower bound:
Theorem 5.2. For any constants 0 < a < b < %, and probability of failure 6 < 1/2, for
sufficiently large n, given two samples, drawn from a pair of distributions of support at most
n, distinguishing whether their total variational distance (¢1 distance) is less than a or greater

than b with probability of success at least 1 — &, requires samples of size Q(logn).

Both these lower bounds improve upon the previous best lower bound of n/ 20(vIogn)
shown by P. Valiant [131].

We will construct the p™, p~ of Theorem 5.1 explicitly, via Laguerre polynomials. The
key intuition to the construction is that the most naive way to try to distinguish samples
from p* versus from p~ is via their fingerprint expectations. So the first step to construct-
ing indistinguishable distributions is to ensure that the corresponding vectors of fingerprint
expectations are approximately equal. As we show, this is essentially the only step, though
proving that the construction is this “easy” requires considerable work.

5.1 Technique Overview: Fourier Analysis, Hermite
Polynomials, “Fattening”, and the Laguerre
construction

As introduced in Definition 4.2, generalized multinomial distributions capture the distribu-
tion of fingerprints induced by drawing a Poi(k)-sample from a given distribution. And thus
the final step of the proof that p™ and p~ are indistinguishable in Poi(k)-samples will be to
apply the central limit theorem for generalized multinomial distributions (Theorem 4.2) to
the distributions of fingerprints of p™, p~ respectively, approximating each as a discretized
Gaussian. This will be sufficient provided a) the Gaussians are sufficiently similar, and b) the
total variational distance bound when Theorem 4.2 is applied is suitably small. We consider
each part in turn, and conclude with the intuition behind the Laguerre construction of the
lower bound distributions p*, p~. Throughout we admit the slight abuse of notation and use
pT,p~ to refer both to the distributions, as well as to the histograms of the distributions.

Similar Expectations Induce Similar Covariances

For two Gaussians to be statistically close, three things should hold: the Gaussians have
similar expectations; the Gaussians have similar covariances; and the minimum eigenvalue of
the covariance matrix must be large. We begin by describing the intuition for the somewhat
surprising fact that, in the present setting, similar expectations induce similar covariances.
Recall the effect of a single element of probability x on the distribution of fingerprints:
for each integer ¢ > 0, with probability poi(xk,i), that element will occur i times in the
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sample and hence end up incrementing the ¢th fingerprint entry by 1. Thus the contribution
of this element to the expectation of the ith fingerprint entry equals poi(xk,i).

Similarly, since covariance adds for sums of independent distributions, we may compute
the contribution of an element of probability x to the (7, j)th entry of the fingerprint covari-
ance matrix, which we compute here for the case i # j. The covariance of random variables
X,Y is E[XY]— E[X]|E[Y]; since in our case X represents the indicator random variable for
the event that the element is sampled 7 times, and Y represents the indicator for the event
that it is sampled j times, E[XY] = 0 as they can never both occur. Thus the contribution
to the covariance is
(zk) (7))

_ezxki!j! = —2(i+j)poi(2xk7i + 7).

—poi(zk,i)poi(xk,j) =

Our claim that similar expectations imply similar covariances may now be rephrased
as: each “skinny Poisson” function poi(2xk, ¢) can be approximated as a linear combination
of “regular Poisson” functions ). poi(zk,i), with small coefficients. Specifically, the
coefficients «; ¢ allow one to approximate the fingerprint covariances as a linear function of the
fingerprint expectations; thus if two distributions have similar fingerprint expectations, then
they must also have similar fingerprint covariances, since the covariances can be expressed
as functions of the expectations.

We show that one can approximate such a “skinny Poisson” to within € as a sum of regular
Poissons using coefficients of total magnitude (roughly) no more than % Intuitively, this is
true for exactly the same reasons that the analogous claim holds for Gaussians. However, as
opposed to the relatively simple case of Gaussians, proving this claim is perhaps the most
technical part of this chapter, making heavy use of Hermite polynomials in Fourier space.

CLT Performance

If we apply Theorem 4.2 to the distribution of the first m fingerprint entries, and the covari-
ance matrix of the distribution of these fingerprint entries has minimum eigenvalue o2, then
the resulting bound on the total variational distance is % times logarithmic factors. Since
o2 is never going to exceed O(k), we clearly cannot use m = k. That is, we must apply the
central limit theorem to only a small subset of the fingerprints entries. Additionally, we must
ensure that o2 is big for this portion—intuitively that the distribution of these fingerprints
is “fat in every direction”.

Set m = logk. We assume that p* and p~ are constructed so as to be supported on
probabilities at most l‘ggkk, and have similar fingerprint expectations and covariances. This
bound of 1%%’“ ensures that we will almost never see any element of p™ or p~ more than log k
times; that is, the portion of the fingerprint below m “captures the whole story”. However,
if we were to try to apply the central limit theorem at this stage, the bound would be
horrendous because the variance in the higher fingerprints (say the mth), is tiny. Thus we
“fatten” the distributions of fingerprints by smearing a small (1/polylog(k)) amount of the
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probability mass in p™ and p~ uniformly among probabilities, up to m/k. Because we fatten
pt and p~ identically, their fingerprint expectations and covariances still closely match.
Given the fattened pair of distributions, we can now obtain satisfactory bounds from our
central limit theorem. To complete the argument, we make use of the natural coupling of
the portions of the fingerprints above m, stemming from the identical fattened portions of
the distributions p*,p~.

Thus the Hermite polynomial argument guarantees matching covariances; “fattening” in
conjunction with our central limit theorem for generalized multinomial distributions guaran-
tees all the rest. What remains is to construct p™, p~ with matching fingerprint expectations.

The Laguerre Construction

We will construct the pair of histograms, p*,p~ explicitly, via Laguerre polynomials. We
begin by letting p*, p~ be the uniform distributions over support n and n/2, respectively.
We then modify p*, p~ by transferring some of the probability mass to make elements with
higher probabilities, so as to ensure that the fingerprint expectations of Poi(k) sized samples
from p* and p~ roughly agree.

The condition that the expected ith fingerprint entries of p* and p~ agree is simply
that >+ @z P " (¥)poi(ka,i) = 37, (40P (x)poi(kz,i). Equivalently, define the func-
tion f(x) : [0,1] — R by f(x) = p*(z) — p~(x). The condition that p* and p~ have the
same expected first j fingerprints can be expressed as . ¢, [(2)poi(kz,i) = 0, for all

integers ¢ < j. Since poi(kz,i) = k:k 2 this condition is equivalent to the function

g(z) == f(z)e~*® being orthogonal to polynomlals of degree at most j. The following easy
fact (proved in Section 5.3) outlines an approach to creating such a function.

Fact. Given a polynomial P of degree j + 2 whose roots {x;} are real and distinct, letting
£

P’ be the derivative of P, then for any { < j we have fo P/xj;c =0.

To construct f(x), choose a polynomial P(z) = (x —1/n)(x —2/n) [[._,(x —1;), for some
set of j distinct values r;, with 2/n < r; < 1, then let g(z) be the function that is supported
at the roots of P, and takes value 1/P’(z) for the j + 2 values of x for which P(z) = 0. To
obtain f(xz), simply set f(z) = g(x)e*®

If we interpret the positive portion of f(x) as p* and the negative portion as p~, we
will, by the above fact, have two histograms whose first j fingerprint expectations agree.
Additionally, p™ will have some probability mass at probability 1/n, and p~ will have some
probability mass at 2/n.

The tricky part, however, is in picking the r; so as to ensure that most of the probability
mass of pT is on probability 1/n, and most of the mass of p~ is on probability 2/n. If
this is not the case, then p* and p~ will not be close (in relative-earthmover distance) to
the uniform distributions over n and n/2 elements, respectively and thus may have similar
entropies, or support sizes, failing us as a lower bound. Further complicating this task, is
that whatever weight is at z > 2/n in g(z), ends up being multiplied by e**. To offset this
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Figure 5.1: a) The 10th Laguerre polynomial, multiplied by e~*/2z'/*  illustrating that it
behaves as a - e®/2x71/* . sin(b - \/z) for much of the relevant range.

b) f(z), representing histograms p™(x), p~(z) respectively above and below the z-axis.

¢) The discrepancy between the first 40 fingerprint expectations of p*, p~; the first 10 ex-
pected fingerprint entries almost exactly match, while the discrepancy in higher fingerprint
expectations is larger, though still bounded by 2 - 107°.
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exponential increase, we should carefully choose the polynomial P so that the inverses of its
derivatives, 1/P’(z), decay exponentially when evaluated at roots x of P. Such polynomials
are hard to come by; fortunately, the Laguerre polynomials have precisely this property. See
Figure 5.1 for a plot of our lower bound construction, and some insight into the structure of
Laguerrre polynomials that may prove helpful.

In the remainder of this chapter, we make the above outline of the proof of Theorem 5.1
rigorous. We begin by showing that the covariance of the fingerprint entries can be expressed
as a low-weight sum of the expectations of the fingerprint entries.

5.2 Linear Combinations of Poisson Functions

Our central limit theorem for generalized multinomial distributions is in terms of the first
and second moments. Our lower bound construction will be a pair of distributions that have
similar fingerprint expectations—i.e. similar first moments. In this section, we show the
convenient fact that for fingerprints, “similar expectations” imply “similar covariances”.

For a histogram h, the ith fingerprint expectation is » .y h(z)- poi(zk, 7). Since, for
random variables X, Y, their covariance equals E[XY|— E[X]E[Y], and covariance sums for
independent distributions, we have that the covariance of the ¢th and jth fingerprint entries,
for i # j, equals — Zx:h(z);éo h(x)poi(xk,i)poi(zk, j). We simplify this product,

(xk)i-i—je—?mk

poi(zk,i)poi(zk,j) = i

= 27 (1+) (Z Jg])poi(%k,i +7),
to reveal a scaled version of a “squashed” version of the usual Poisson—that is, with 2zk
instead of zk as the argument. The variance of the ¢th fingerprint entry may similarly be com-
puted as >° ., 40 2(2) (poi(xk, i) — poi(xk,i)?), where poi(zk,i)* = 27% (%" poi(2xk, 2i).
The point of the next result is that one may express “squashed” Poisson functions
poi(2xk, i) as linear combinations of Poisson functions poi(xk, 7); thus, since the expectations
relative to (regular) Poisson functions poi(zk, j) match for pf)gh s and pig_k’ 4> the same will
hold true (though with greater error) for the expectations relative to the “squashed” Poisson
functions poi(2xk, ), and hence the variances and covariances will also approximately match.
We note that the Stone-Weierstrass theorem of Analysis trivially implies the convergence of
this type of approximation; however, we require much stronger bounds on the relationship
between the approximation factor and the coefficient sizes.

Lemma 5.3. For any € > 0 and integer i > 0, one may approzimate poi(2x,i) as a linear
combination Y 37 a(j)poi(z, j) such that

1. For allx >0, |poi(2z,1) — > 72, a(j)poi(z, j)| < €; and

2. Z;io la(j)| < % - 200 max{\‘*/g7 2410g3/2 %}
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We prove these strong bounds via a Fourier analysis approach relying on properties of
Hermite polynomials.

To see the intuition both behind the result, and our approach, consider the above problem
but with Poisson functions replaced by Gaussians, and all errors evaluated in the Ly sense:
for each € > 0 there exists a function K, of Ly norm 1 that when convolved with N(0,1)

approximates N (0, %) to within €, in the Ly sense. Let K. be the ratio of the Fourier trans-
forms of the pdfs of N(0,1) and N (0, §) respectively, restricted to be 0 outside the interval

[—24/log %, 2 /log 2] and let K, be the inverse Fourier transform of K.. By Parseval’s theo-
rem, we may bound the Ly norm of K, and the Ly norm of the error ||N(0, 3), K. *N(0,1)|]s,
as the Ly norms of their corresponding Fourier transforms. As the Fourier transform of K, is
x? /4

K., which grows as e*"/4 but is zero outside the interval [—24/log 1,24 /log 1], its Ly norm is

roughly <. Further, the Fourier transform of K. * N'(0,1) equals K. -N(0,1), which by con-
struction is exactly the Fourier transform of A/(0, ) within the interval [—24/log £, 24 /log ],

and zero outside this interval. Since the Fourier transform of N(0, 3) decays as e /1 the
Ly norm of the portion outside this interval is thus roughly €, the desired bound.

Our proof of Lemma 5.3 relies on the substitution  — 22 to make the Poisson functions
“look like” Gaussians, where the relationship between the transformed Poisson functions and
Gaussians is controlled by properties of Hermite polynomials. Additionally, since we require
an L; bound on the coefficients, as opposed to the Ly bound that comes more naturally (via
Parseval’s theorem), instead of a sharp cutoff outside a designated interval (as we had done
in the previous paragraph in our construction of K.), we must use a smooth cutoff function
T, constructed as the convolution of the indicator function of an interval with a Gaussian of
carefully chosen width.

—a2/2,.2k
Proof of Lemma 5.3. Let gx(x) := poi(z?/2,k) = %
form of gi.(x), using the facts that the Fourier transform of f(x) = e /2 is flw) =e
and that if f(x) is differentiable with Fourier transform f(w), then the Fourier transform of

A

L f(x) is —iwf(w) :

. We consider the Fourier trans-
—w?/2
)

A O 1
ge(w) = (—I)Qk—dw% (6 /2>.M

(—1)Fe=*/2 Hyp (w)
ok ! ’

where Hj(z) := (—1)7e” /22 ¢="/2 ig the jth Hermite polynomial. Since Hermite polyno-
mials form an orthogonal basis with respect to the Gaussian measure e~/ 2 and the even
numbered Hermite polynomials are even functions while the odd numbered Hermite poly-
nomials are odd functions, we have that the even numbered Hermite polynomials form an
orthogonal basis with respect to the Gaussian measure e=*°/2 for the set of even functions. In-

corporating the (square root) of the normalizing function e~*/2 into the basis yields that the
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set of functions gy (w)ew2/ 4 form an orthogonal basis for the set of even functions with respect

to the uniform measure. In particular, since the set of functions e=**/4 Hyy,(w) /1/ (2k)!
sometimes known as the Hermite functions, are orthonormal, we define the orthonormal

: ; I w?/4___2Fk!
basis for even functions Gi(w) = gp(w)e TN

Define hi(x) = gi(xv/2). Recall our goal of approximating h; as a linear combination of
{g;}. We work in Fourier space, and more specifically, to compute a linear combination of

{g;} which approximates hi, we multiply both sides by e*’/4 so that we may make use of

the orthonormal basis {G;}. Explicitly, defining T, .(w) = I|_,j(w) * e~ V¢ where Iy

f)
denotes the indicator function of the interval [—r, r], for constants ¢ and r to be specified
later, and “+¢” denotes convolution, we use the basis {G;} to express T}..(w) - €”*/* - hy(w).

Since {G;} is orthonormal, the coefficient of G; is exactly the inner product of G; with this
expression. That is, defining

2 ~ 2741 w2 ~
T (w)- e /4 hy(w) J 2.},

Bi,r,c(j) = /_Z : m/ rc

we have expressed T, ,(w) - e”"/* - hy(w) = > 0 Bire(d) - Gj(w). Invoking the definition of G;

i(w)g; (w)dw

and dividing both sides by e“*/4, we see that if we define
4 2i j1 L 2%(j i i
ai,r,c(]) = —/Bi,’r,c(j ' / rc - e 72 hl(w)g](w)dw7 (51)
(2)IV/27 (2))!v2m

then we have expressed
Tr,c(w> : }Alz(w) = Z ai,T,C(j> ’ g](w) (52)
j=0

We bound |a;,.(j)| in two ways from Equation 5.1.

We first note that since for a real number a # 0, the Fourier transform of a function
s(x) = fla-x)is §(w) = %f(w/a), we have h;(w) = fgl(f) Further, we recall the basic
fact that |G;(w)| is maximized, over all j and w, when j = w = 0 (see [119] p. 190). Thus

by definition of G;(w), we bound |e**/4g;(w )| < X (22]7)]" 2T Go(0) = %, and thus since

hi(w) = %gz(%), we have |e**/8h;(w)] < QVZ '\f Thus we may bound

(23 )27 2@2'\/_ Trel

|O‘i,r,0(j) | <
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To evaluate this integral, we use a trick which we will use twice more below: we “complete
the square” and make the substitution (in this case) s = tﬁ, yielding

To(w) e/ = % / " Bt gy
- \/_/ e 1/8 tc/m e Eice 1/s)dt

c— 1 rc/(c—1/8)
= e
CT J—re/(c—1/8)

- 3 C*1/8.w2 7(071)11)2
— n [[r e r—ep)(w) - e F 1*6 8V,
8

—(w—s)%(c=1/8) ps* S 1

Qy

o=

~

Q‘

We may thus integrate this over R as the product of the integrals of the terms on each

1
. . S V8mc c .
side of the convolution, that is: —= —C_l/gerﬁ (7“ (cé)) \/C sV Smerfi ( VAT 8))’

where erfi is the imaginary error function, defined as erfi(z) := \F IS e’ dy. Noting the
bound that erfi(z) < %%e (which can be derived by differentiating), we have

o) < 20 VO L3VE Jemg 2o PPl VOB Jemg 2o
Qe 2iv2 4\ ¢ @2))! 2 r\ ¢
(5.3)

To bound «;,..(j) a second way, we first note that a second application of “completing
the square” allows us to reexpress part of Equation 5.1 as

_l o
Tyolw) - e/ = = [ﬂr () e 272“2]*6—<c—;>w2.

NG =1

Let f,..(z) be the inverse Fourier transform of Ij_,_e_, <
c—5 c—3

c—

(w)-e 32 0* We thus evaluate

Equation 5.1 by noting that inner products are preserved under Fourier transform, that the
i ; —(c—Hw? 1 —74@_11/2) x? .. .
(inverse) Fourier transform of e~\“72)%" equals \/@6 , and that multiplication

and convolution swap roles under the Fourier transform, we have that

22 (j

ai,r,c(j) = (2‘])'\/% \/ﬁ

By definition of the Fourier transform, for any function f, we have ||f]|o < \/%H fllh.

Thus we may bound the maximum value of |f, .| by \/%7 times the L; norm of its Fourier

transform, that is,
"ol em1/2,0 c r c
e 2 Ydw=,|—efi| —=, [ —F
oy c—3  \V2Ve—3

/ frel@) ) ()] gi0)dr (54)

| fre(x)] € —=
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o—2/2,2i

2751
r < e always, and replacing = by x/y yields x < /¥y, we set y = /27 and raise both
sides to the power 27 to yield that, for positive z,

We now bound g;(z) = the final term of Equation 5.4, by noting that, since

—2%/2,2)  o—a?/24aV/2j-2) 5 3 ;i
e T e J (o—vE)2€ J

_ < _
9(7) =~ = ! - !

Thus by definition of h;i(z) = g¢;(zv2) we have hi(z) < (x_‘[)% ' for positive .

Generally, we may see that h;(z) < (6_(35_\/;-)2 + e~ (@+Vi)? > " for all x. We may thus

bound Equation 5.4 as

2j
i e(5)] < 2 - ]j] Z/ e T g @RV | =3 @RV gy
” (2 '27r \/_ ! ~

where the summation is over the four possible combinations of the two choices of “+”7. We
note that the integral is equal to the convolution of the three terms inside of it, evaluated

1
at x = 0, namely 8le=3) o~ gors (e Vit v2))?

) , since the denominators in the exponents of

x=0
Gaussians add under convolution. Thus we bound

221 (41 ﬁ( r c )e"z e djl |8(c—3) A e ViV
i

i,r,c ) S A — -
[@ire(7)] (2])!27Ter J! de+1

1

V2\e—3

Since, as noted above, erfi(z) < %%6$2, we have

2%e I jijleiit 4(c—3)
@2)2r i Jelde+ D)

7'2 C > y
017} < 3 i

925 =3 ji j1 . e L i
We bound o < 1 as a combination of Stirling’s formula, e™7j7 < ool and the

bound on the middle binomial coefficient (ZJJ) > 2 A second application of Stirling’s

\/27r]
e~ 4t z (c— 2) .
formula yields that < F and we trivially bound T < 2 to yield
. 3 ﬁ#*#hﬂ*\/?ijp
| i e (4)] < Le 7 IR (5.5)

211

Having thus derived two bounds on |a;,.(j)|, that of Equation 5.3 and that of Equa-
tion 5.5, we now aim to bound )., [aisc(j)| via a combination of these bounds: using
Equation 5.3 when 27 is near i, and using Equation 5.5 otherwise.

Let ¢ = 72, and consider two cases.

Case 1: i < 2¢2.

9
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We first bound > - 42 | (4)] from Equation 5.5. Specifically, consider 3, 4.2 € e lVievVEP,
c2 c
We note that the first term of the sum is at most e’fcﬂ < e“Ses. To bound the ra-

tio between successive terms, we note that d%.(\/; —V/27)? = 2(1 — %) > 1, which im-

L\ il ¢ _1 ¢
plies >4 e VitV < emfed Spp€ F = 6_2€é16_1%. We note the gen-
eral inequality e® > 1 + a, or equivalently, e!/* > 1 + 1, which may be rearranged to

17e+1/a < a + 1, yielding a bound of (4c + 2)e"2e § on the sum. To bound the sum of
Equation 5.5, we note that for ¢ > 1, we have ém < s+ %, leading to a bound of

232402 ’O‘i,r,c(j)‘ < 27TZC(4c—|— 2) 5/8 ~ 5\/—
To bound |O‘imc( )| for small j we instead use Equation 5.3. We note for ¢ > 1 the

bounds on the middle binomial coefficient of \/2474 < 2 (Qf) < 1. Further, for ¢ > 1 we

have %m < £ + =, yielding that > icae [ire(G)] < 4221 - 402%61/5660/8 < 28¢2e¢/8.
Combining this with the result of the previous paragraph yields 3> [oviyo(j)] < 32¢%e/.
Case 2: i > 2¢2.

We use the bound of Equation 5.3 when j € (% — 26\/;,% + 3¢/4), and Equation 5.5
otherwise.

Consider ) _ . i eV | rc(4)]. Invoking Equation 5.5, we analyze > - § 430y o~ Tt IVim V2l

We aim for \\/— V2| > V/2¢, and show this by considering (\/—+ \/_c) =1+ 2\/_\/_0 +

22 < i+ 3vV2Vice < 2j, as desired. Thus the first term of this sum is at most e~ 4c+1 <

e 5es. As above, we bound the ratio of successive terms by noting that % (\/— V25)? =
cV2

: e i
2(1 — \/\/2%) > %,5, which implies that Zj>i+3c\/76 e ViovVEP < o=fes D osp€ GV =

_c 1 1 (4e+1)Vi
€ e e~V G DD

which, as analyzed in the previous case, yields a bound of e~ 2 es (= o T
)§4\/_e 2 on Z]> +3cxﬂ6 4c+1|\[ \/7\2

We now bound the small terms of the sum, Z]<i —9eVi e~ mrVimvalP - pg above, we
show that v/i — V27 > V/2¢ for such j by noting that (\/_ \/_c) =i—22Vi + 22 >
2j. Thus the last term in the sum is at most e~ o < e75es. As above, we bound the

ratio of successive terms, this time as j decreases, by noting dj(ﬂ - V27?2 = 227 —

V2j
t 2v2¢
N

ﬂ), which since 25 < 7, has magnitude at leas Thus the bound of the previous

paragraph holds, yielding ng%fQC\ﬁ e~ aertVimv2il? < 4\/—6 2. As shown in Case 1, the

remaining part of Equation 5.5 is bounded as — 3% eTEIR < m e2e!/? | yielding
ng(gfzcﬂ,;wc\ﬂ) | e(5)] < 1/2 < 6.

For intermediate j € (4 — 26\/—, 5 —|— 30\/_) we bound |a,..(7)| from Equation 5.3. From
the fact that i! lies between its Stirling estimate and 1.1 times its Stirling estimate, we have

that \/_ € (v/mj,1.1y/mj). Thus, since j < 67, we have 22;")' ”;,Z < 1.1v/6 < 2, and

we thus bound Equation 5.3 as |a;,..(j)| < 23e/%5¢%/®, and the sum of the 5¢v/i of these
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terms as at most 31v/cie®®. Combining this result with that of the previous paragraph yields
>0 laire(d)] < 32v/ciecl?

Having bounded » 77 |, (j)[, namely the second claim of the lemma, we now turn
to bounding the first claim of the lemma—showing that the error of our approximation is
small. As above, our expressions will involve the parameter c; as the final step of the proof,
we choose ¢ appropriately to obtain the claimed bounds.

Taking the inverse Fourier transform of both sides of Equation 5.2 yields that the dif-
ference between h;(w) and > 27 ;,.(j) - gj(w) equals the inverse Fourier transform of
(1— Tr,c(w))ﬁi(w); we thus aim to bound the absolute value of this, pointwise. We note
that from the definition of the Fourier transform, for a function f, ||f||c < #H fIlh, so thus

the maximum error of our approximation is bounded by \/%7 [ .- () | (w)]dw <
2%,(;; f ))e‘wg/ 8dw. Again using the “completing the square” trick yields that

this integral equals v/8merfc (r /1 ) <V 87Terfc( <), where erfc = 1 —erf is the comple-

22
mentary error function. Noting the general bound that erfc(z) < ¢ 7= and from the above

bound that \/2:3_') > /7j, the maximum error of our approximation is seen to be at most
2j

—c/8'

%xﬁ

We have thus shown that ) ™2 | ai . .(j)poi(z, j) approximates poi(2z, ) to within (‘/’ ¢ e~/8,

pointwise, while > % [ai,.(j)| is at most 32e/® max{c? v/ci}, where c is arbitrary. Thus

for desired error €, we may choose ¢ < 8|loge¢| so as to make e~/8 = ¢, yielding that

8
Vriye

1 1
Z |tire(7)] < 32 max{c?, Vei} = = - 200 max{V/i, \\//__} - 200 max{ v/, 24 log®/? }
i

as desired. ]

5.3 The Laguerre Lower Bound Construction

We will construct the p™, p~ of Theorem 5.1 explicitly, via Laguerre polynomials. We now
state the properties of these polynomials that we will use.
Let L;(z) denote the jth Laguerre polynomial, defined as L;(z) = & (g gd),

l dx]
Fact 5.4. For each integer j > 0,
1. Forz €0, %], Li(z)e[l—jz,1];
2. L; has j real roots, all lying in [%,4]’];

3. Letting x; denote the ith root of L;, fori e {1,...,j}, we have x; > %,
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dL; zi/251/4 . 1 dL; z;/2
4. Fori<j/2, |=2= (x (x5)| > 623;3/4 and for any i, | j;x)(xz)l > \/67?1?”/4'

Proof. Since L; is a polynomial of degree j with j positive real roots, none of the inflection
points lie below the smallest root. Since L;(0) = 1, L;(0) = —j, and L7(0) > 0, we have
that L;(z) > 1 — jz for x less than or equal to the smallest root of L;. Thus the smallest
root of L; must be at most %, and L;(z) > 1 — jx for x < % The fact that the largest root
is at most 4; follows from [119], Theorem 6.32. The third fact appears in [119], p. 129, and
the fourth fact follows from [119] p. 100. O

Definition 5.5. Given real number ¢ € (0, %) and letting j = log k, consider the degree j+2
polynomial M;4(x) == —(x — ¢%)(m - 2¢%)Lj(3:). Let v(x) be the function that takes value
1/M; 4(x) for every x where M;4(x) = 0, and is 0 otherwise, where M is the derivative of
M. Define the distributions p;¢,p;¢ such that for each x where v(z) > 0, the corresponding

/32 probability mass at probability ﬁz, and for each x where

x/32

histogram p;f(b contains v(x)e
v(x) < 0 the histogram p; , contains [v(x)|e*/** probability mass at probability 3z, where
each distribution is then normalized to have total probability mass 1.

We note that since each element in the support of either pfggk 6 OT Piog. s 18 defined to

have probability at least 57— lo +, both distributions have support at most %klog k, which
we take as n, in the context of both the entropy and the support size problems.

Lemma 5.6. Distributions plf)gk:,(j) and pio, i, are O(¢|log @|)-close, respectively, in the rel-
ative earthmover distance to the uniform distributions on %klogk and %klogk elements.

Proof. Letting j = log k, consider the values of % =M 4() at its zeros. We first consider the
two zeros at ‘;’ and 2‘?. Note that _E("T — gbj)(m — 2gbj) = —2x + 3¢%, having values j:gb%
respectively at these two points. By the product rule for differentiation and the first part of
Fact 5.4, | L M; 4(z)| < ¢% at these points.

Let z; denote the 7th zero of L;. We note that since by definition, ¢ < }l, and from

Fact 5.4, each x; > %, we have (x; — ¢%)(9cl — 2¢1) > ng At each z;, we may thus

bound |-LM; 4(z)| = |(z — ¢1.)(:c — 2<z5l)i (@) > 3:1:2612/ 3]/4 for i < j/2 and by 2z 2\;;;32/4
otherwise, which we will denote as e®/?z%/4 ( i< /2 + ﬁ[z > j/ 2])

Consider the unnormalized versions of pj s P; ¢, that is, containing probability mass
|11/L0M; 4(x)|e”/3* at each probability si-z where -t M 4(x) is positive or negative respec-
tively (without scaling so as to make total probability mass be 1). Let ¢;, ¢y respectively
be the constants that pj+¢, p; ¢ respectively must be multiplied by to normalize them. Recall
from above that |%Mj7¢(a7)| < gb% for the point z = —. in the support of p] s and the point
T = 2¢l in the support of p; 4, which implies that the probability mass at each of these
points is at least e o5/ 3Qé > fb From these point masses alone we conclude c;, ¢y < ;f

We now consider the earthmover cost of moving all the weight of the unnormalized version
of pj(ﬁ to x = gzﬁ% or all the weight of the unnormalized version of p; , to x = 2¢%7 which
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we will then multiply by c;, ¢s respectively to yield upper bounds on the relative earthmover
distances for the normalized distributions. The per-unit-weight relative earthmover cost of
moving weight from an x; to either z = gb% orx = 2¢% is at most log |¢|+log(jx;). As we have

bounded the weight at z; (for either pf, or p7,) as Se~157/325 5/4 ( Z[i < L)+ /mli > 9])

and since, from Fact 5.4, z; > 2 we may thus bound the relative earthmover distance by

35
substituting this into the preceding expression, multiplying by the cost |log ¢|+log(jz;) and

our bound ¢y, c; < ?, and summing over ¢:
¢ 8 w2 (2T .
3 % (ogel + 21080 5 (1) (Sl </ + VAl 2 3/21) = Olol1og )
=1
as desired. ]

We note the following general fact that we will use to bound the discrepancy in the
fingerprint expectations of p;', and p; ,.

Fact 5.7. Given a polynomial P of degree j whose roots {xz;} are real and distinct, letting

P’ be the derivative of P, then for any ¢ < j — 2 we have ZZ 1 P,zx) =0.

N

Proof. We assume, without loss of generality, that P is monic.
To prove this, consider the general prescription for constructing a degree j —1 polynomial

through j given points (v, y;): f(z) = Y.0_, v (Hm7éz — Ty, >/ <Hm¢l (x; — xm)> We
‘ -1
note that the coefficient of 27~ in this polynomial is f(z) = >>7_, y; (Hmiz(xZ - :L‘m)> :

where for each i, the expression <Hm 2ilTi — a:m)> is exactly 1/P’(x;). Thus since poly-

. ¢ .
nomial interpolation is unique, >’ QC—I) computes the 277! coefficient in the polynomial

i=1 P/(
x¢, which, for £ < j — 2 equals 0, as desired. n

The following lemma is the cornerstone of the proof of correctness of our lower bound
construction, and guarantees that the expected fingerprints of the lower bound pair closely
match.

Lemma 5.8. For any i, the ith fingerprint expectations for distributions p;:b,pj_’g& are equal
to within o(1).

Proof. Consider, as in the proof of Lemma 5.6, the unnormalized versions of p;rd), Pjg» that
is, containing weight |1/-LM; 4(x)|e*/3 at each probability o3-o where -LM; ,(x) is positive
or negative respectively (without scaling so as to make total probablhty mass be 1), and
let cq, co respectively be the constants that p;f¢, pj respectively must be multiplied by to
normalize them.

Fact 5.7 directly implies that for any ¢ < j, the ith fingerprint expectations for (unnor-
malized) p;.qu and p;, are identical. The proof of the lemma will follow from the following
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two steps: first, we will show that the normalizing factors ¢y, cy are nearly identical, and
thus after normalizing, the ith fingerprint expectations for ¢ < j continue to be very close.
In the second step, we show that by construction, and the second part of Fact 5.4, p}fd) and
p; ¢ consist of elements with probability at most 4 32%{ = I%ka, and thus the discrepancy in
the expected ith fingerprint entries for ¢ > j = log k will be tiny, as the absolute values of
these expectations are tiny. We begin by making the first point rigorous.

We note that

N i - poi(xk,i) xk xk poz (xk,i) = xk,
@—1

=1

and thus for any generalized histogram h,

Z Z h(z)i - poi(kx,i) =k Z h(x)x.

x:h(z)#£0 =1 z:h(z)#0

In particular, the sum over all ¢ of ¢ times the ¢th fingerprint expectations is exactly k times
the probability mass of the unnormalized distribution we started with. We thus compare
these sums for histograms p;f(p, p; 4 to show that they have similar probability masses.

As noted above, by construction, p;f(z) and p; , consist of elements with probability at

most logk Thus, for z < l‘égkk, we bound 7, .\ ., @+ poi(wk,i). We note that i - poi(zk, i) =

xk - poz(a:k:,z — 1), yielding, from Fact A.19 a bound zk Zfilogkpoi(%log ki) < Lok -
poz’(%log k,logk). We compare this to poi(logk,logk) < 1 by noting that, in general,
p;i(;éfy’z)") = 67;,/8 < 3.37Y, yielding a bound of {zk -3.37'¢6F < fz. That is, for an ele-
ment of the distribution with probability x, its total contribution to the expected fingerprint

175; summing over all z yields ﬁ for the

sum of these fingerprint expectations.

As noted above, the sum over all fingerprint entries equals £ multiplied by the total
mass of the corresponding generalized histogram. As noted in the proof of Lemma 5.6,
c1,Co < % < 1, and thus

Z Zp%(%‘)i -poi(kx,i) >k,

Z:pj:¢ (z)#0 i=1

and similarly for the corresponding expression with pje- Yet, as we just showed, the con-
tribution towards this sum from fingerprints ¢ > j is at most " /6 Thus the unnormahzed
mass of p;, and p; , are at least 1, and the discrepancy in mass is at most ]i = /6, since the
first j expected ﬁngerprints agree exactly, and thus the normalizing constants ¢y, ¢y differ by
a factor of at most 1 & = .

To conclude, since the unnormalized distributions had identical expected fingerprints for

1 < j = logk, for the normalized distributions these expected fingerprints differing by a
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factor of 1 4 1/k7/6, and thus differ in magnitude by at most 1/k/6 = o(1) as desired.
Further, as shown above, the expected sum of expected fingerprint entries above logk is
bounded by ¢;/k'/¢ < 1/k'/® = o(1), yielding that the corresponding expectations for P
and p; , match to within this bound. O

Our goal now is to mould p;f¢ and p; , into distributions with the property that the
distributions of their respective fingerprints are “close”, respectively, to two very similar
multivariate Gaussian distributions. As fingerprints are integer-valued vectors, while Gaus-
sian distributions are continuous, we instead consider Gaussian distributions rounded to the
nearest lattice point. Discreteness is still an obstacle, however, and the central limit theorem
we use (Theorem 4.2) yields better bounds as the variance of the distributions in each di-
rection increases. With this motivation in mind, we introduce the next construction which
will modify p;fd) and p; , very little in the relative earthmover metric, while making the dis-
tributions of their histograms suitably “fat” so as to be amenable to applying our central
limit theorem. Additionally, for the sake of rigor, in this step we also round so as to ensure
that the histograms are integer-valued, and thus correspond to actual distributions. This
rounding moves very little mass, and changes the fingerprint expectations little, though we
must still round rather delicately.

Definition 5.9. Define the fattening operator F' that, given a histogram p, constructs a new
histogram p* as follows:

o Setq:= Zi‘;gf%[bg’%ﬁ-

e Provisionally set p*'(z) = [(1 —q) - p(z)] for each z, let x* = max(x : p(x) > 1) and
decrement p*'(x*) by 1.

o Setm =3, rusrp" (2), and increment p” (ﬁ) by [2 + logk].

e For each integer i € {1,...,logk}, increment p*(3) < p*'(£) + [logkgd

Lemma 5.10. Let pf;[ and pqu denote the results of applying Definition 5.9 to histograms

p;f¢,p;¢, respectively, as constructed in Definition 5.5. Then pfd‘f and pf; satisfy the follow-
g conditions:

e The histograms take integral values and have total probability mass 1 (and thus corre-
spond to actual distributions).

e There is no probability mass on probabilities below m.

e The discrepancy in fingerprint expectations of Poi(k)-sample fingerprints from pf qf and
pf; s at most 3log k.
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e The relative earthmover distances between the fattened and original version ofpjd) and

| log ¢|+log log k )

;. respectively are both O( Togk

Proof. First, observe that given a generalized histogram with total probability mass 1, fatten-
ing returns a distribution, since all histogram entries of the fattened histogram take integer
values, and the total probability mass is 1, since the total mass after the second step is m,
the third step adds 1 — ¢ — m mass, and ¢ mass is added in the final step.

By Fact 5.4, z* € | 31392’2, l‘ggkk ], and since these histograms will be supported on j + 2 =
log k + 2 values which each can get rounded, and thus we crudly bound the amount of mass
that was lost in the rounding and decrementing of p” (z*) by 1 —q —m € [28k logk(f;];log B,
and thus the location at which the extra 1 — ¢ — m units of mass are added in the third step
is in the range [ﬁ, losikk], provided k is sufficiently large. In particular, for the sake of our
bounds on support size, no elements are added below probability O(%), so that pf ;r and pf n

retain the lower bound of 32];% on the probability of each domain element.
g

We now argue that the fingerprint expectations of the pair pf ; or pf s will still be
close. If we had simply set p*(z) = (1 — q) - p(x), and then performed the fourth step, the
discrepancy in fingerprint expectations could only decrease, as the modification of the fourth
step is performed identically in each histogram, and the scaling factor 1 — ¢ < 1. Now, note
that the actual histograms output by the procedure differ from this in only the second and
third steps, that decreases at most 2 + log £ histogram values by at most 2, and then adds
at most 3 + log k histogram entries. These modification can alter the expected fingerprints
by at most their sum, and thus from Lemma 5.8, the total discrepancy in the fingerprint
expectations of pJF; and pqu is at most 2+ logk + 3 +logk + o(1) < 3logk..

All the probabilities of p}% and p; 4 and their fattened versions are between o 7 and

32k lo,
loik, incurring a per-unit-mass relative earthmover cost of at most O(|log ¢| + loglogk).
Since ¢+m = O( , the relative earthmover cost is thus trivially bounded by the product

of these terms:

1
Tog%)

| log ¢| + log log k
log k

-O(|log ¢| + loglog k) = O(

),

as claimed. O

log k

We next show that for any fattened distribution, the variance of the distribution of the
fingerprint is large in any direction. Specifically, for any unit vector v € R'°e* we find an
integer ¢ such that elements of probability %—sueh as those added in Definition 5.9—have
high-variance fingerprints along the direction v. Instead of proving this result only for pf ;
and pf s> We prove it more generally, so that we may more easily invoke our central limit

theorem.

Lemma 5.11. For any vector unit vector v € R™ with v(0) = 0, there exists an integer
i€ {l,...,m} such that, drawing ¢ <— Poi(i) conditioned on ¢ < m, the variance of v({) is

1
at least Tomi/2 "
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Proof. We note the crucial stipulation that v(0) = 0, for otherwise, a uniform vector would
trivially have zero variance.

Given a unit vector v, there exists i € {1,...,m} such that [v(i) —v(i — 1) > —i7, since
otherwise (since v(0) = 0) we would have |v(i )| < —i7, implying 7", v(i)* < 1. Consider
such an 1. o

Since in general, i! < 3\/_' we have that poi(i,i — 1) = poi(i,i) = “5— > ﬁ, which

implies that, just the two poss1b1htles Poi(i) =i or Poi(i) = i—1 alone are enough to induce

variance in v(¢) of the product of our bound on their total probability mass, # 3\}5 and

the square of half |v(i) — v(i — 1)| > —7, yielding 7. O

5.4 Proof of Theorem 5.1

We now assemble the pieces of the main result of this chapter.

Proposition 5.12. For a positive constant ¢ < 1/4, the total variational distance (¢1 dis-
tance) between the distribution of Poi(k)-sample fingerprints from pigk7¢ and pfzg_w> goes to
0 as k goes to infinity.

Proof. Since both pfgg ko and P, consist of elements with probabilities at most %log k,
tail bounds (see the proof of Lemma 5.8 for the calculations) show that the probability that
any such element occurs more than log k times is o(1). We thus assume for the rest of this
proof that all such domain elements are seen at most log k times.

Consider, for either fattened distribution, pf;gh s Or pfgg,ﬁ 4> the portion of the fingerprint
above log k, which we denote Fsio5%. Since by assumption, only the “fattened” portion of
either distribution contributes to F<.4%, and since these portions are identical, we have that
the probability of a given F< .4, occurring from pigk’ 4 equals its probability of occurring from
pfggh s We complete the proof by comparing, for each F.oq1, the conditional distributions
of the fingerprints at or below log k conditioned on the value Fsiogr and which elements of
the distribution contributed to Fsiog k-

The fattening process introduces elements to the distribution at probability ¢ . for

lo 3k
each ¢ € {1,...,logk}. Since the number of occurrences of one of these elements is dis-
tributed as Poz( ), for i < logk, in expectation no more than half of these elements will
be sampled more than log k times. Since the number of times each element is sampled is
independent (as we are taking a Poisson-distributed sample size), Chernoff bounds imply
that the number of elements sampled more than logk times will be at most 2 with

k()

110 3k
probability 1 — for each i. By a union bound over ¢ < logk, with probability at

least 1 — o(1), condltlomng on which elements contribute to Fsoe; Will leave at least 11 TE

elements at each probability + E that are not fixed by the conditioning.
By Lemma 5.11, for each unit vector v € R°8* there is an index 7 such that each element

of probability % contributes m to the (conditional) fingerprint variance in the direction
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1k
1 log® k
property that are disjoint from the elements comprising F-1e . Thus the fingerprint variance

is at least 02 1= in any direction v.

of v. As the previous paragraph showed that there are at least elements with this

4810g+3/2k’
We thus apply our central limit theorem, Theorem 4.2, to the distributions of the first
log k fingerprint entries corresponding to drawing Poi(k)-sized samples from pigmﬁ and
pllzg_;h ¢» conditioned on F>oex. Each such distribution is a generalized multinomial distribu-
tion (see Definition 4.2) with log k columns and at most n = %klogk rows. We invoke the
central limit theorem, to conclude that each such distribution may be approximated by the
multivariate Gaussian distribution of the same mean and covariance, rounded to the nearest
o2k 9.2 (3.1+ 0.83logn)*3, which is
dominates the logarithmic terms.

lattice points, to within total variational distance
o(1) since the k in the numerator of o2 = 4810g+3/2k

For a given Fsiogi, let p", 1~ denote respectively the vectors of conditional fingerprint
expectations, for pfzgk7¢ and pllzg_k,aﬁ respectively; let X1, 3~ denote respectively the corre-
sponding covariance matrices. As we have just shown that the conditional distributions
of fingerprints are statistically close to the multivariate Gaussian distributions N (u*, X7),
N (=, X7), respectively, each rounded to the nearest lattice point, it remains to compare the
total variational distance of these distributions. We note immediately that rounding to the
nearest lattice point can only decrease the total variational distance. We thus must bound
DN (pt, 2), N (™, X7)), which we will do with Proposition A.13 once we have analyzed
the disparities between the means and covariances.

Lemma 5.10 showed that the fingerprint expectations of plFogh s and pfzg_k’ » match to within
O(log k). Since the conditioning applies only to the identical fattened region, it remains true
that [ (i) — p=(4)] = o(1) for each i.

As we noted in the discussion preceding this result, approximating Poisson functions
poi(2xk,i) as linear combinations of Poisson functions poi(zk,j) means that we can ap-
proximate each entry of the covariance matrix ¥ by a linear combination of entries of the
expectation vector p. We thus invoke Lemma 5.3 for € = \/LE to see that, indeed, there

exist constants «;(j) with Y772 [a;(j)| < V- 200 max{v/i, 2410g** Vk} = O(vklog** k)
such that we may approximate entries (¢, m) via coefficients oy, (j), where the error con-
tributed by each domain element is at most €. As there are at most n = 3f/’{:logk domain

elements, this approximation error is at most %\/Elog k. Thus by the triangle inequality,
the discrepancy |X7 (¢, m) — X~ (¢, m)| for each element of the covariance matrix is bounded
by twice this, plus the discrepancy due to |;(j)| times the difference |put (i) — p=(7)]. We
combine the bounds we have just derived to yield

1=H (0, m) — (¢, m)| = 0(% log®? k).

The two Gaussians N (™, X7) and M (p~, X7) thus have means that are component-wise
within O(logk) and thus within Euclidean distance O(log®? k), covariance matrices within

O(\/?E log®? k), and variances at least 02 = in each direction—which thus lower-

_k__
48 10g13/2 k
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bounds the magnitude of the smallest eigenvalues of ¥, ¥~ respectively. For any positive
constant ¢, as k gets large, Proposition A.13 implies that Dy, (N (u™, X1), N (=, X7)) =
o(1), as the k terms dominate the logarithmic terms, as claimed. ]

We now prove our main theorem:

Proof of Theorem 5.1. Let k be such that n = %klog k. Construct pt = pfggmﬁ and p~ =

pf;;h ¢ according to Definition 5.5 followed by Definition 5.9. Lemma 5.6 and Lemma 5.10
imply that p™, p~ that are O(¢|log ¢|)-close in the relative earthmover metric, respectively, to
the uniform distributions on n and § elements. Proposition 5.12 shows that the distribution
of fingerprints derived from Poi(k) sized samples have statistical distance o(1). Thus, if
one were presented with a fingerprint derived from a Poi(k)-sized sample that was either
drawn from p™ or p~ (with probability 1/2 each), then no algorithm can distinguish the
case that the fingerprint was drawn from p™ versus p~ with any constant probability greater
than 1/2. The same claim holds for fingerprints derived from a sample of size exactly k,
since Pr[Poi(k) < k] > 1/2, and thus if such an algorithm existed achieving probability of
success 1/2 + «, then it could be used to give correct answers with probability of success
at least 1/2 4+ «/2 in the case of k' «— Poi(k) sized samples by simply guessing randomly if
k' < k, and otherwise running the algorithm of k-sized samples on a random subsample of
size k < k. O

5.5 A Lower Bound for the Distinct Elements
Problem

In this section, we explain how extend our lower bound of Theorem 5.1 to show a lower
bound for the distinct elements problem. For clarity, we briefly restate the distinct elements
problem:

Definition 5.13. Given access to n buckets, each of which contains one object that is not
necessarily distinct from those in the other buckets, how many buckets must one inspect in
order to estimate the total number of distinct objects to ‘en, with high probability?

Theorem 5.3. For constant § < 1/2, any algorithm for the distinct elements problem with n
buckets that estimates the number of distinct elements to within additive error § with failure
probability at most 0, must look in at least Q(i75) buckets.

There are two differences between the distinct elements setting, and the more general
problem of estimating the support size of a distribution which could, conceivably, make the
former problem easier. The first difference is simply that in the distinct elements setting,
one is essentially sampling elements from the distribution described by the contents of the
buckets without replacement, whereas in the general setting, a sample is drawn from the
distribution (with replacement). Note that nothing can be gained in the distinct elements
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setting by specifying which bucket to examine next, as an adversary can always re-shuffle
the buckets, and thus each bucket that is revealed is equivalent to a randomly selected
unexamined bucket. (See Lemma 3.1 of [107], for example.)

The second, and more significant difference between the distinct elements setting and
the general setting is that the histogram corresponding to the distinct elements setting is
supported at probabilities that are integer multiples of 1/n, since an element either occurs in
0,1,2,... of the buckets. The lower bound instance constructed in our proof of Theorem 5.1
did not have this property—its histogram is supported at the roots of a Laguerre polynomial.
This construction was rather delicate, and we relied fundamentally on the properties of the
Laguerre polynomials.

Fortunately, we eschew having to deal with either of these issues directly, by showing
that any algorithm for the distinct elements problem can be adapted to yield an algorithm
with comparable (though slightly worse) performance on the general problem of estimating
support size. The following simple lemma is adapted from Lemma 3.3 of [107], and implies
Theorem 5.3 by plugging in a = 3.

Lemma 5.14. [Based on Lemma 3.3 of [107]] For any constant o > 1, given an algorithm
A for the distinct elements problem that looks in k(m) buckets when presented with a total
of m buckets, and estimates the number of distinct elements to within additive error em
with probability of failure 0, we show how to use it to estimate the support size of a general
distribution D (all of whose elements occur with probability > 1/n) with probability of failure
d + o(1), using a sample of size k(an), and achieving error (e + 2e~“)n.

Proof. The simple procedure is described below:

e Draw k' « Poi(an), and set m := k'

e Select a sample of size k,, from D, and give them as input to algorithm A, and return
the output of algorithm A.

We now prove the correctness of the above procedure. Given a distribution D all of whose
domain elements occur with probability at least 1/n, let D,, denote the empirical distribution
of a sample of size m drawn from D. While D and D,, might be quite different distributions,
we note that with high probability, their support sizes will be similar. Trivially, the support
of D,, is at most that of D. Furthermore, the probability that a given domain element does
not occur in D,, is at most poi(a,0) = e~*, and by the independence of the number of
occurrences of different domain elements, with probability 1 —o(1), the discrepancy between
the support sizes of D and D,, is at most 2ne=“.

To conclude the proof of correctness, simply note that a set of k,, < m draws without

replacement from the distribution D,, is distributed identically to a set of k draws taken with

!The lower bound construction of Definition 5.5 is extremely delicate: while the roots of the Laguerre
polynomials are roughly quadratically spaced, constructing a lower bound instance by using the polynomial
whose roots are exactly quadratically spaced does not seem to allow our analysis to go through.
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replacement from distribution D, and thus the input to the algorithm A is indistinguishable
from a sample of size k,, drawn from the distinct elements instance defined by the empirical
distribution D,,. O

5.6 Lower Bounds for Total Variational Distance

In this section, we leverage Theorem 5.1 to prove a lower bound for the task of estimating
the total variational distance (¢; distance) between a pair of distributions. For convenience,
we restate the theorem:

Theorem 5.2. For any constants 0 < a < b < %, and probability of failure 6 < 1/2,
for sufficiently large n, given samples from a pair of distributions of support at most n,
distinguishing whether their total variational distance (€1 distance) is less than a or greater

than b with probability of success at least 1 — §, requires samples of size Q(logn).

Proof. Theorem 5.1 shows that we can construct, for any sufficiently small constant «, a pair
of distributions, p”, p™? on support n such that they are a-close in the relative earthmover—
and hence also in /; distance—to uniform distributions, respectively, on n and 7 elements,

yet whose fingerprints are indistinguishable given samples of size less than O(logn). For our

in{a,%— .
{1 lower bound, construct such distributions for a < min{o3 7P Consider now the task

of distinguishing, for random permutations oy, o9, the pair of distributions (o1 (p"), o2(p™))
from the pair (o1 (p™/?), 02(p")), where we consider that the application of a permutation
relabels its elements.

Assume for the sake of contradiction that these pairs are distinguishable with probability

6 > 1/2 given k = o(y;;;) sized samples from each. We could thus construct an algorithm

that distinguishes k-sample fingerprints from p™ from those from p"/? with probability § by
simulating the application of this hypothetical algorithm on the two samples consisting of
the given k-sample, and a k-sample constructed ad hoc from a random permutation of p™.
If the hypothetical algorithm returned that the ¢; distance is smaller than a we could return
“p™”, and if the hypothetical algorithm returned that the ¢; distance is at least b, we could
return “p™/?”.

Thus we have the desired contradiction and no such algorithm can exist. O]
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Chapter 6

The Power of Linear Estimators

Our algorithmic toolbox is large. Given independent draws from a distribution, one might
imagine a wide gamut of algorithmic strategies for recovering information about the under-
lying distribution. When limited by data instead of computational resources, a brute-force
search through hypotheses might be the best option. More specifically, one might be guided
by a Bayesian heuristic, or otherwise try to optimize “likelihood”. More firmly in the realm
of polynomial-time algorithms, convex programming is a powerful tool for rapidly traversing
a sufficiently structured search space. At the far extreme of simplicity, are linear estimators.
Given the fingerprint vectors of the sample, a linear estimator multiplies each entry by a
fixed, position-dependent constant and returns the sum.

For the broad class of “symmetric” distribution properties, despite the plethora of al-
gorithmic options and a rich history of study by both the statistics and computer science
communities, nearly all the proposed estimators are these algorithmically-hollow linear esti-
mators.

Because of, or perhaps despite, their rather pedestrian nature, linear estimators have
many features to recommend: they are easy to use, easy to describe, and, because of the
especially transparent fashion in which they use the data, generally easy to analyze. These
niceties, though, make it even more urgent to resolve the question: “How good are linear
estimators?”

Despite much effort constructing linear estimators during the past century, and perhaps
even more effort analyzing these estimators, for many symmetric distribution properties
the best known linear estimators require much larger samples than necessary to achieve a
desired accuracy of estimation. Specifically, to achieve constant additive error (with high
probability) for any of the following properties: entropy, distinct elements, ¢; distance and
KL-divergence, previously proposed linear estimators require ©(n) sized samples, where, as
throughout, n is a bound on the support size of the distributions being sampled, and is a
natural parametrization of the sample complexities of these estimation problems. Corre-
sponding statements hold for estimating support size and distance to uniformity, for which
the sample complexities are parameterized slightly differently.

L As in the previous chapter, the problem of estimating support size is parameterized in terms of a lower
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In Chapter 3, we applied the algorithmic power of linear programming to these estimation
tasks, yielding estimators for entropy and support size that require only O(n/logn) sized
samples. This intriguing state of affairs provokes the question:

What richness of algorithmic machinery is needed to effectively estimate these
properties?

Answers to this question could serve to guide future endeavors to construct and analyze esti-
mators. Additionally, questions of this nature lie at the philosophical core of the theoretical
approach to computing.

The main result of this chapter is the near-optimality of linear estimators for additively
estimating a subclass of symmetric distribution properties that includes entropy, variants of
distance to uniformity, and support size (which may be viewed as a version of the distinct
elements problem). Our proof is constructive, in that we give a polynomial-time algorithm
that is practically viable which, on input n,k, and the property in question, outputs a
linear estimator which, on input k independent draws from a distribution of support at most
n, will with high probability return an e-accurate approximation of the property value; this
estimator is near-optimal in the sense that there exist &' = k(1—o0(1)), and ¢ = ¢(1—o0(1)) and
two sets of distributions of support at most n where the property values of the distributions
in one set differ from those in the other set by €, yet no algorithm when given a k’-sized
sample from one of the distributions can distinguish whether the sample was drawn from a
distribution in the first set from being drawn from a distribution in the second set, with any
fixed probability greater than 1/2.

While our result shows that linear estimators are near-optimal, the proof does not yield
any bounds on the sample complexity. The proof is constructive, and gives an algorithm
for constructing these estimators, yet it does not reveal the sample size necessary to achieve
a desired estimation accuracy. In this sense, the results of this chapter complement the
results of Chapters 3 and 5. In Chapter 7, inspired by numerical solutions to the algorithm
of this chapter, we are able to describe and analyze the performance of some explicit linear
estimators for several properties. This analysis reveals the surprising inverse linear rate of
convergence of optimal estimators for entropy (as opposed to error decreasing as the inverse
of the square root of the sample size, as one might expect), and allows us to establish the
sample complexity of estimating the ¢; distance to the closest uniform distribution over a
specified number of elements.

bound, 1/n on the probability of any domain element. The problem of estimating the distance to the uniform
distribution on m elements is parameterized by m.
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6.1 A Duality of Estimators and Lower Bound
Instances

The main result of this chapter—the near-optimality of linear estimators—hinges on a new
connection between constructing “good” lower bounds, and “good” linear estimators.

The canonical approach to creating lower bounds for estimating symmetric properties
consists of finding a pair of distributions, A", A~ with rather different property values, such
that given only the fingerprint of a sample, one cannot distinguish whether the sample was
drawn from AT or A~.2 This condition of indistinguishability is very stringent, and requires
showing that the distribution of fingerprints derived from a sample drawn from A* is close in
total variation (¢;) distance to the corresponding distribution for a sample drawn from A~.
The central limit theorems of Chapter 4 and lower bound tools of Chapter 5 suggest and
enable a principled approach to constructing lower bounds for property estimation. Here, we
show the perhaps surprising result that despite the effort required to assemble the required
tools, the condition of indistinguishability in this framework can be roughly expressed via
an intuitive set of linear constraints.

Turning, for a moment, to the side of constructing linear estimators, a natural and
popular approach is to represent the “characteristic function” of the property in question as
a linear combination of “Poisson functions” poi(zx,i) := e_;xz; see [34, 90, 102, 101, 123, 136].
Indeed, in [102, 101], Paninski showed the existence of a sublinear-sample linear estimator
for entropy via a simple nonconstructive proof that applies the Stone-Weierstrass theorem
to approximate the logarithm function (the characteristic function of entropy) via the set of
Poisson functions. We show that the task of constructing such a representation of a given
accuracy can also be framed as a set of linear constraints.

Thus general techniques for proving property estimation upper and lower bounds can both
be characterized by linear constraints. One may then ask how the performance of the best
such lower bound compares to the performance of the best such upper bound. Optimizing
each notion of performance relative to the corresponding linear constraints can be expressed
as a linear program. Amazingly (though in retrospect not unexpectedly) these two linear
programs—one for constructing good lower bound example pairs, and one for constructing
good linear estimators, are dual to each other.

The fundamental complication, however, is that the range of parameters for which the
lower bound program will be pertinent, and those for which the estimator program will be
pertinent, are non-intersecting. Intuitively, it is clear that these parameter ranges must be
disjoint, as one would not expect the exact correspondence between optimal lower bounds
of this form, and optimal linear estimators, as would be implied if these programs were

2Specifically, as described in Chapter 5, distributions AT, A~ will not themselves be indistinguishable, but
rather, the ensembles that arise from considering a random permutation of the domain elements of AT, A~
respectively will be indistinguishable. Because we are considering symmetric properties of distributions, such
permutations do not affect the property value and thus are benign. The purpose of these permutations is to
remove any useful information from the sample except the fingerprint.
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dual for pertinent parameters. Thus the main technical challenge is relating optimal values
of the lower bound program to optimal values of the estimator program corresponding to
slightly different parameters. Establishing this relation traverses some nice math involving
the exponentials of infinite “Poisson-matrices”.

Definitions

We begin with some definitions that will be used in this chapter. We refer the reader to
Chapter 3 for the basic definitions related to property estimation, including the definitions
of fingerprints and histograms.

Definition 6.1. A k-sample linear estimator « is defined by a set of at least k coefficients,
a = (aq,...,ag). The estimator is defined as the dot product between the fingerprint vector
F of a sample of size k, and the vector a, namely Si(F) := Zle o F;.

Recall that any symmetric property is a function of only the histogram of a distribution.
Additionally, a symmetric property is linear, if the property value is a linear function of the
histogram:

Definition 6.2. A symmetric property 7 is linear if there exists some function f : (0,1] —
R which we term the characteristic function of m, such that for any distribution A with

histogram h,
Z h(@) fx(a
) #£0

As the following examples illustrate, most of the properties that we have been dealing
with are linear. (In the following, D" denotes the set of distributions over support [n] =

(1,....n})

Example 6.3. The entropy of a discrete distribution p € D™ with histogram h is given by
H(R) = Y0, p(i)|10g p(i)| = 3,0y 20 h(2)f (@), for the function f(z) := o|loga].

Example 6.4. The support size of a discrete distribution p € D™ with histogram h is given
by D~ nwyzo M) [ (@), for the function f(z) := 1.

Example 6.5. The total variational distance between a discrete distribution p € D™ with
histogram h and the closest uniform distribution on s elements can be approximated to within

a factor of 2 as 3, 20 M) f(2), for the function

f(z) = {x for x <

|z — 2| foraz>

no
[~ |~
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Summary of Results

The main theorem of this chapter shows that linear estimators are near-optimal for additively
estimating the class of linear symmetric distribution properties, provided that they satisfy a
mild continuity condition:

Theorem 6.1. Let 7 be a symmetric linear property that is d(k)-relative earthmover continu-
ous on distributions of support n(k). If for some constant ¢ > 0 and parameter e(k) = 6 /k°0),
any distributions of support n whose w values differ by at least € are distinguishable with prob-
ability at least % + ¢ using a sample of size k, then for each k there exists a linear estimator
that estimates ™ on distributions of support n to within error (14 o(1))e using a sample of
size (1+0(1))k, and which has probability of success 1 —O(W). Additionally, such a linear

1
. N . . . . poly
estimator is given as the solution to a polynomial-sized linear program.

To clarify, the above theorem trivially implies the following corollary:

Corollary 6.6. Given a symmetric linear property m that is 1-relative earthmover continuous
(such as entropy), if there exists an estimator which on input k independent draws from any
distribution A of support n outputs a value v such that |v — w(A)| < € with probability .51,
then there exists a linear estimator which, given a sample of size 1.01k, outputs a value v’
such that [v' —7m(A)| < 2.01€, with probability > .99, provided € > m and k is sufficiently
large.

Given that the proof of Theorem 6.1 is via duality, unsurprisingly, it does not give any
bounds on the sample complexities of these estimation tasks. Nevertheless, as mentioned
above, in Chapter 7 we leverage the insights provided by Theorem 6.1 to give explicit con-
structions of near-optimal linear estimators for entropy, distance to uniformity, and ¢; dis-
tance between pairs of distributions, establishing new bounds on the sample complexities of
these tasks that seem inaccessible to the machinery and analysis techniques of Chapter 3.

6.2 Constructing Lower Bound Instances

Given a property m, a sample size k, and an upper bound n on the support size of the
distributions in question, we wish to construct lower-bound instances via a principled—and
in some sense mechanical—approach. Specifically, we would like to find two distributions
AT, A~ (of support at most n) which are extremal in the sense that they maximize § =
7(AT) — (A7) while having the property that the distributions over fingerprints derived
from sets of k independent draws from A", A~ respectively are indistinguishable with high
probability. Given such a pair of distributions, if one defines D to be the distribution
over distributions that assigns probability 1/2n! to each of the n! distributions obtained
from A% via a permutation of the domain, and assigns probability 1/2n! to each of the n!
distributions obtained from A~ via a permutation of the domain, then no algorithm, on
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input k£ independent draws from a distribution chosen according to D can estimate property
7 to within +4/2.

At least intuitively, the distribution in fingerprints derived from samples of size k& drawn
from A" and A~ will be difficult to distinguish if their fingerprint expectations are very sim-
ilar (relative to the size of the covariance of the distribution of fingerprints). The machinery
of Chapter 5 makes this intuition rigorous; specifically, Lemma 5.3 shows that similar expec-
tations imply similar fingerprint covariances, and the central limit theorem for “generalized
multinomial distributions”, Theorem 4.2, implies that if the first and second moments match,
then the distributions are similar in total variational distance (¢; distance).

Since these fingerprint expectations are simply linear functions of the histograms, this
constraint that the fingerprints of A™ and A~ should be indistinguishable can be charac-
terized by a set of linear constraints on the histograms of AT and A~. Additionally, the
constraint that AT and A~ have support size at most n is a linear constraint on the his-
tograms: Zx:hA(m) £0 ha(x) < n. Since we are concerned with a symmetric linear property,
m, which is given as w(A) 1= >, )0 ha(2) fx(x), for some function fr, our aim of max-
imizing the discrepancy in property values, (A1) — m(A7), is just the task of optimizing
a linear function of the histograms. Thus, at least intuitively, we can represent the task of
constructing an optimal lower-bound instance (A", A7), as a semi-infinite linear program
whose variables are ha+(z), ha-(x), for z € (0, 1].

Before writing the linear program, there are a few details we should specify. First, to
avoid the messiness that comes with semi-infinite linear programs, we will restrict ourselves
to a finite set of variables, corresponding to x values in some set X C (0, "%) that consists of
a polynomially-fine mesh of points, the details of which are largely irrelevant. Rather than
solving for histogram values ha+(x), it will be more convenient to solve for variables vy,
which are related to histogram values by y} := h+(x) - . Thus y represents the amount
of probability mass accounted for by hu+(z). Thus ) yS = 1 for any distribution A".
Additionally, we have

, , ek (k) k : ,
Z yzpoi(kx,i) = Z h(z)x f Z h(z)poi(kx,i+1).

Tt

Thus >, y.poi(kx,i) is the expected i + 1st fingerprint scaled by k/(i + 1), given a sample
of size Poi(k) drawn from a distribution with histogram given by h(z) = %,

Finally, we will restrict ourselves to the “infrequently-occurring” portion of the histogram:
namely, we will only be concerned with fingerprint indices up to k', for a parameter ¢; €

(0,1), and will only solve for histogram entries corresponding to probabilities x < %%
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Linear Program 6.7. LOWER BounD LP
The Lower Bound LP corresponding to parameters k,ci,c2,X, and property m satisfying

T(A) =3 n(w)20 ha(@) fx(2), is the following:
. fﬂ'(x) + -
M : —_— -
azimize ;e - (v —vz)

Subject to:

vie U0y, 3 (i - vi) - poi(ak,i) < kT

x

Vie [k u{0}, > (v —vy) - poi(k,i) >~k

xT
Syl <2

rzeX
Y Yo

E = <n and E = <n
T T

rzeX reX

VeeX, ylf>0,y;, >0

In words, this linear program maximizes the discrepancy in property values of the dis-
tributions corresponding to y* and y~ subject to the following conditions: the first two
constraints ensure that the fingerprint expectations of the two distributions are similar, the
third condition ensures that y* and y~ together represent at most 2 units of probability
mass, the fourth condition ensures that the two distributions have support at most n, and
the last condition ensures that all elements of the support are assigned nonnegative proba-
bility values.

We now argue that the intuition for the above linear program is well founded. For
any reasonably well-behaved property m, given a solution to the above linear program y™*, y~
that has objective function value v, we will construct distributions A", A~ whose fingerprints
derived from samples of size k are indistinguishable, and A™, A~ satisfy m(AT)—m(A™) > v—e
for some tiny €. As shifting a property by a constant, # — 7w+ C' does not affect the property
estimation problem, for the sake of convenience we assume that the property takes value 0
on the trivial distribution with support 1, though the following proposition remains true for
rather extreme (though not unbounded) shifts away from this.

Proposition 6.8. Let m be a d-relative earthmover continuous property that takes value
0 on the trivial distribution. Given any feasible point y*,y~ to the Lower Bound LP of
Linear Program 6.7 that has objective function value v, then, provided k' € [log® k, k'/3?]
and cg > % + 6¢y, there exists a pair of distributions AY, A~ of support at most n such that:

o T(AT) —m(A7) >v-(1—0(1)) —O(0 - k= log k),

e 10 algorithm, when given a fingerprint derived from a sample of size Poi(k) can distin-
guish whether the sample was drawn from A versus from A~ with probability 1 —©(1).
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To construct A*, A~ from the solution y*, 3y, there are three hurdles. First, y;, y. must
be rounded so as to be integer multiples of 1/x, since the corresponding histograms must be
integral. Next, we must ensure that A", A~ have total probability mass 1. Most importantly,
we must ensure that the fingerprints derived from A*, A~ are actually indistinguishable—
i.e. that we can successfully apply the central limit theorem, Theorem 4.2—a more stringent
condition than simply having similar fingerprint expectations. These three tasks must be
accomplished in a delicate fashion so as to ensure that 7(A") — (A7) =~ v.

These three hurdles exactly correspond to the modifications that needed to be made to
the Laguerre polynomial construction of Chapter 5 in order to yield a lower bound instance.
In fact, the Lower Bound LP (Linear Program 6.7) can be seen as mechanizing the approach
of Chapter 5. Whereas in that chapter there was a single explicit pair of distributions for
which the goal was an indistinguishability result, the analysis there, while quite involved,
essentially relied on nothing beyond the conditions of our Lower Bound LP. We refer the
reader to Section 5.1 for a discussion of the intuition behind these modifications.

Proof of Proposition 6.8

In this section we show that a solution y™,y~ to the Lower Bound LP (Linear Pro-
gram 6.7), for appropriate parameters, corresponds to a pair of distributions p*, p~ of sup-
port n whose property values differ by roughly the objective value of the linear program and
which are indistinguishable given Poi(k) sized samples.

The essential approach is: 1) round y* and y~ to distributions p™, p~ where the con-
straints of the linear program imply that p* and p~ will have almost identical expected
fingerprints; 2) invoke Lemma 5.3 as summarized in Corollary 6.9 below to argue that the
fingerprint distributions will thus also have almost identical covariances; 3) invoke the central
limit theorem (Theorem 4.2) to conclude that the distributions of fingerprints are essentially
multivariate Gaussian distributions of almost matching expectation and covariance, and
hence indistinguishable.

Corollary 6.9. Given two distributions p*,p~ such that when taking Poi(k) sized samples
from p*,p~ respectively the expectations of the fingerprints match to within ke, element-by-

element, for some € > 0, then the i, jth entry of the covariance matrices of the fingerprints
match to within O(ky/e|loge|(i + j)'/4).

Proof of Proposition 6.8. We prove the lemma for the case § = 1, as otherwise, we may
divide the property by ¢, and only the objective of the linear program will be affected, and
thus both sides of the first claim of the proposition are proportional to d, and nothing else
is affected.

We note that 1-relative earthmover continuity implies that \f"T(m < |log z| for any =.

Further, for the range under consideration, z € X = (0, %), this implies | f-(z)| < z|log z| <

K= log k. For the case when n < k', we thus have the LP constraint ) _ % < n implies
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that the corresponding portion of the objective function is bounded as ’erx Ir(2) Ixlz)y <

n% log k < %k‘cl log k, implying that the objective value of the LP is at most twice this, and
thus that the proposition may be trivially satisfied by the pair consisting of any distribution
and itself.

The other trivial case is when (for n > k'°&*) there exists some z > * for which |f (@) >

log? k. Let 2t be the number in the interval [+, 5] that maximizes 5@ “and let = be the
number that minimizes this. It is stralghtforward to see that relatlve earthmover contmulty
implies that, for the optimum (y;', v, ) of the linear program, ZzeX n(z )y+ < f“(x ) 13 log k
and > v f"T(m)y; > f”;’ff) 3logk, implying that f”(x ) % 2 v (1- 0(1)). Thus
the uniform distributions on, respectively, 1/x* and 1/ x elements will have property values
that differ by v - (1 — o(1)), and further, will have indistinguishable fingerprint distributions
(statistical distance O(1/k) from each other), as in either case, no element will be seen more
than once in a sample of size Poi(k), except with O(1/k) probability.

Otherwise, if neither of the above two cases apply, then we derive the distributions p™, p~
directly from the linear program solution (y*,y~), via “fattening and rounding”, applying
Corollary 6.9 and then the central limit theorem, Theorem 4.2 to prove indistinguishability.

We first analyze what corresponds to “total probability mass” in each of y™,y~. Note
that for any positive A, >~ poi(}, i) = 1. Consider combining the first two LP constraints
into, for each i € {0,...k“} |erx vl =y, ) poi(:rk: z)! < k72, and then summing over
i < k° to yield |Zm€X yd = vy ) (X icper poi(ak, i) } < k“k~®. Since X consists only of
elements less than %, and by assumption, k > log? k, Poisson tail 1nequaht1es yield that
for any such z, we have 1 > %" <k poi(zk,i) > 1 — (poly(k ). Thus > vyt and > vy
differ by at most 2k k= + o(—+— Oly(k ) Our first modification to y*, 3~ is to take whichever
one has the higher sum and decrease its entries arbitrarily until the two sums are equal. Since
poi(xk,1) < 1in general, this will affect each constraint by at most 2k k= 4 0( zy(k)) and

will affect the objective function by at most O(k®k~° log® k). Next, multlply each of the
entries in y*,y~ by the largest number less than 1 that would make > _, v+ <1 — k2

and ) v % < n —k'34 — 1, along with the corresponding statements for y~. We note
that the LP constraints imply this scaling is by 1 — o(1). Since before this scaling we had
for each ¢ < £k that > (v — vy, ) - poi(zk,q)| < 3k k=, after scaling both y™,y~ by the
same number less than 1, this will remain true.

The final steps of the transformation are to round each of y™, 3y~ into histograms ht, h~
with integral entries, though which will not have total probability mass 1; fatten: for each
i € [k!] increment h:;k and h;, by ¢ = k1=4¢1: to make each histogram have total probability
mass 1, let m be the probability mass that must be added to each (which will be the same for
each, by construction), and increment both At and h, by 1. (There are some details involved
in rounding appropriately, but the analysis is straightforward, and neither the objective value
term nor the constraint terms corresponding to the difference in expected fingerprints will
be affected by more than o(k“ k~).)

Thus h*,h~ are now histograms of distributions, each having support at most n. Since
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poi(xk,i) = 2L - poi(xk,i + 1), we have, since h},h, correspond to rounded versions of

%, %, that the LP constraints for a certain ¢ yield bounds on the i 4 1st fingerprint entries,

specifically, the fact that |>° (v — vy ) - poi(xk,i)| < 3k k= implies that the expected
fingerprint entries up to k£“ must match to within 3]{;1*‘31_62,. Corollary 6.9 yields that the
fingerprint covariances must thus match to within O(kl_%?*% log k).

Further, since there are at least ¢ = k'=** elements in each distribution at each proba-
bility % for ¢ < k', Lemma 5.11 implies that each such element contributes at least m
towards the minimum covariance of either fingerprint distribution, in any direction, and thus
this minimum covariance in any direction is at least Q(k'~'°¢1/2). Thus Theorem 4.2 yields
that the total variational distance of each fingerprint distribution from the Gaussian of cor-

. . . 4c1/3 3 .
responding mean and covariance is O(wﬁ logn) < O(%log n). While we cannot

bound n directly, distribution ~* is indistinguishable (statistical distance O(3) from a dis-
tribution obtained by modifying it so that no probabilities lie below k% Thus if we modify
both h™,h™ in this fashion before applying the central limit theorem, effectively making
n < k?, and thus, for ¢; < 55 we have O(kg%log k3) = o(1).

We have thus shown that h*, A~ are indistinguishable from Gaussians of corresponding
mean and covariance. Comparing multivariate Gaussians is straightforward—Proposition A.13
shows that two Gaussians are indistinguishable when the smallest covariance in any direc-
tion is w(1) times larger than both the square of the distance between their means, and the
product of the dimension (k') and the largest pairwise discrepancy between any entries of
the two covariance matrices. The smallest covariance has been bounded by Q(k'~15¢1/2); the
element-wise difference between the means is at most O(k'™¢1~¢2) implying that the square
of their Euclidean distances is at most O(k*™3“172¢2). To ensure that the squared distance
between the means is o(1) times the smallest covariance, it is enough to let ¢y > % + 6¢;.
Finally, the pairwise discrepancy between the two covariance matrices was bounded above
by O(k'=¢2/23/410g k), which, plugging in our bound for ¢, yields O(k3/4~51/2log k; the
condition that this times the dimension (k) is o(1) times the minimum covariance in any
direction yields that we may set ¢; < == (since by assumption k® > log® k), yielding the

25
desired indistinguishability. O]

6.3 Constructing Linear Estimators

Perhaps the most natural approach to constructing estimators for linear properties, dating
back at least to the 1950’s, [90] and, implicitly, far longer, is to approximate the characteristic
function of the desired linear property as a linear combination of Poisson functions. To see the
intuition for this, consider a property 7 such that w(A) == >__, @0 P A(z) fr(x), and assume
that there exist coefficients 5 = (1, fs, ... such that, for all x € (0,1], > o2, Bipoi(zk,i) =
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fr(x). Thus for a distribution with histogram h, we have

Z h(z)fr(z) = Z h(x Z@poz (kx,1)
)4

z)#£0 0 i>1

where E[F(i)] is the expected ith fingerprint entry derived from Poi(k) independent draws.
By linearity of expectation, this quantity is precisely the expected value of the linear estima-
tor given by the coefficients §, and thus such an estimator would have zero bias. Additionally,
since we expect the fingerprint entries to be closely concentrated about their expectations,
such an estimator would also have relatively small variance, provided that the magnitudes
of the coefficients |f3;| are small relative to 1/v/k. (Roughly, the contribution to the variance
of the estimator from the ith fingerprint entry is the product of |3;|*> and the variance of the
ith fingerprint entry which can be as high as k.)

For several reasons which will become apparent, instead of approximating the function
fr(z) as > o2, Bipoi(kx, i), we instead approximate the function f”T(z) as the 0- indexed sum
Yoo zipoi(kx,i). These two approaches are formally identical by setting 3; = + - z;_1, since
- poi(kx, i) = poi(kz, i+ 1)=L.

The following proposition formalizes this intuition, establishing the requisite relationship
between the magnitudes of the coefficients, error in approximating the function f“T(:”), and
the performance of the derived estimator.

Proposition 6.10. Let m be a linear symmetric property with characteristic function fr,
and define the function v : (0,1] — R by r(z) = f”T(Z) Given integers k,n, and a set of
coefficients zg, z1, . .. define the function err : (0,1] — R by

r(z) =err(x) + Z zipoi(xk, ).

i>0
If, for positive real numbers a,b, c, the following conditions hold,
1. |err(z)] < a+ 2,

2. forallj >1let B; =

i,
z
we have |5; — Bo| < c:/g

Then the linear estimator given by coefficients By, ..., Br, when given a fingerprint derived
from a set of k independent draws chosen from a distribution of support at most n will
estimate the property value with error at most a + bn + clogk, with probability of failure

o(1/poly(k)).

zj—1 with By = 0, then for any j, ¢ such that |j —¢| < \/jlogk
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The condition on the magnitude of the error of approximation: |err(z)| < a + 2, is
designed to take into account the inevitable increase in this error as  — 0. Intuitively, this
increase in error is offset by the bound on support size: for a distribution of support at most
n, the amount of probability mass at probability = is bounded by nz, and thus provided that
the error at x is bounded by %, the error of the derived estimator will be at most nx% = nb.

Before proving Proposition 6.10, we first show that the task of finding these coefficients
z;, can be expressed as a linear program:

Linear Program 6.11. LINEAR ESTIMATOR LP
The Linear Estimator LP corresponding to parameters k,ci,co, X, and property m with
characteristic function fp is the following:

ket

Minimize:  22%+mn- (2P +2P7) kT2 (5 4 27)
i=0
Subject to:
k€1
) . _ fr(2) o2
Ve X, Zopoz(xk,z)(z;"—zi ) > ”T—(z"—&-T)
1=

k€1
oo o fx(@) 2t
Ve e X k Fo) < 2 4+ —
r e X, iE_O poi(zk,i)(z" — 27 ) < . +2%+ .

Vie k], >0,z >0,

2% > 0,27 > 0,27 >0.

To see the relation between the above definition and Proposition 6.10, we let the co-
efficients z; = 27 — 2. The parameter a in the proposition corresponds to z% in the LP,
and the parameter b in the proposition corresponds to max(z**, 2°7). The first two sets of
constraints ensure that 2%, 2%+, 25~ capture the bias of the estimator. The objective function

then minimizes this bias, while also penalizing unduly large coefficients.

Proof of Proposition 6.10

Proof of Proposition 6.10. To start, consider that instead of a sample of size k, we are given
k'« Poi(k) draws from the distribution. Trivially, if we prove the proposition in this
setting, then, because k' = k with probability at least ﬁ, and our probability of failure
is o(1/poly(k)), the conditional probability of failure given exactly k draws must also be
o(1/poly(k)). Thus, for the remainder of the proof, assume we are given a sample of size
k' <« Poi(k).

The proof consists of two parts, we first argue that the first condition of the proposition
guarantees that the expected value of the estimator is within a + bn of the true property
value—thus the resulting estimator has small bias. We then argue that the second condition
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of the proposition implies, via basic tail bounds, that the value of the estimator will be
closely concentrated about its expectation.

For a histogram h corresponding to a distribution of support at most n, we have the
following:

r(h):Zh x)x-r(z

x:h(z)#0
= Z h(z)x (err x) + Z zipoi(zk, z))
x:h(x)#0 >0

Z h(z)x - poi(zk,i) | + Z h(z)-x-err(z). (6.1)

z:h(x)#0 x:h(x)#0

= Zﬁm
>0

We start by bounding the magnitude of the second term (the error term). Since > h(x) <
n,and ) h(z)xr =1, we have

Zh Yo -err(x) < Zh :va—l—Zh ;1:—<a+nb

z:h(x)#0 x:h(x)#0

We now turn to the first term in Equation 6.1. Observe that

k i,—xk k i+1,—zk ; 1 ; 1
x - poi(xk,i) = x(x )z'!e = (JE(Z)—i— 16)! /H/; = poi(xk,i + 1)22 .
Additionally, Zx:h(x) 40 h(x)poi(zk,j) is simply E[F;], the expected jth fingerprint entry
given Poi(k) draws from h. Thus the first term in Equation 6.1 becomes:

Z@zﬂ Z h(z)x - poi(xk,i) Z/BZH Z h(z)poi(xk,i+ 1) ZBZE}“

h(z)#0 i>0 i>1
which is the expected value of our estimator. Thus the bias of the estimator is at most
a + bn, as desired.

We now argue that with high probability the error will be tightly concentrated about this
bias. Tail bounds for Poisson distributions (Fact A.19) shows that for A > 1, the probability
of a Poisson distribution Poi(\) taking a value outside the range \ + VA log k decays super-
polynomially fast with k. Thus letting j = | A], we thus also have that Poi(\) will lie outside
j £+/jlog k with o(1/poly(k)) probability. Thus, with all but o(1/poly(k)) probability, each
element in the support of the distribution that occurs with probability p(i) > 1/k will
be sampled a number of times that lies in the interval j + \/jlogk, for j = [k - p(i)].
Thus from the second condition of the proposition, each such element will contribute to

the property estimate a number in an interval of radius c\/i% <c %(i) = ¢y/p(i) and




CHAPTER 6. THE POWER OF LINEAR ESTIMATORS 132

hence diameter at most 2¢4/p(i). With a view towards applying Hoeffding’s inequality, we
bound the sum of the squares of the diameters of these intervals: >, .~ 4¢% - p(i) < 4c.
Thus Hoeffding’s inequality yields that the contribution of the elements of probability at
least 1/k to the estimate will be within \/4_02% = M of its expectation, except with

log2 k

2-e "5 =o(1/poly(k)) probability.
Next we consider those elements for which p(i) < 1. We note that for A <1 and £ > 1 we

have poi(\, () = ’\Zz!ﬂ

than 1/k appears more than log k times is at most (Zblogk %) > k-p(i). The first term is

< % Thus the total probability that any element of probability less

o(1/poly(k)), and the second term equals k, leading to a total bound of o(1/poly(k)). Similar
to above, we may use the bound from the second condition of the proposition, for j = 1 to
say that, except with this negligible probability, each such element with p(i) < ]1 contributes
to the property estimate a value in an interval of radius f We further bound the variance

of each such contribution: since an element of probability p(i) < & L will likely be seen 0 times,
and in fact will be seen a nonzero number of times only with probability less than k-p(i), the
variance of each such contribution will be at most k- p(7) - (2\%)2 = 4c¢?-p(i), which must thus

sum to at most 4¢2. Thus we have a sum of independent random variables each in an interval

of diameter 2 \/E and having total variance at most 4c®>. Bennett’s inequality says that in such

a case, with a sum of independent random variables of total variance o2, each bounded to be
within m of its mean, then the probability that the sum is more than ¢ away from its mean
is at most 2 exp(—;—Q2 -¢(ZF)) where the function ¢ is defined as ¢(z) = (1+x)log(1+x) —

In our present case, we consider the probability that the contribution to the estimate from
the small distribution elements deviates from its mean by more than Clogk, yielding a bound

of 2exp(—k - gb(logk) Since for x < 1, ¢(z) >
negligible.

Thus in either case, the probability of deviating from the expectation by more than
is negligible in £, so thus the total estimate will never deviate by more than clogk from
its expectation, except with probability o(1/poly(k)). Thus the error of our estimator is at
most a + bn + clog k, with probability 1 — o(1/poly(k)). O

our bound becomes 2 exp(— log” %), which is

3’ 48

clogk

6.4 Duality, and Matrix Exponentials

The impetus for our main result is the observation that the Lower Bound LP (Linear
Program 6.7) and the Linear Estimator LP (Linear Program 6.11) are dual linear programs.
Complications arise, however, when one considers the allowable settings of the parameters.
Intuitively, the Lower Bound LP only begins to make sense when ¢ > 1/2—mamely, when
the discrepancy in fingerprint expectations of the implicitly described pair of distributions is
less than k'/2, since the standard deviation in fingerprint entries can never exceed this value.
Conversely, the Linear Estimator LP yields reasonable estimators only when ¢y < 1/2, since
this corresponds to coefficients at most 1/k'/2, which, coupled with the variance in fingerprint
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entries of up to k£, would lead to an estimator having constant variance.

As our goal is to find a linear estimator of near—optimal performance, we start with a
solution to the Lower Bound LP with objective value v, which, provided ¢y > % is suitably
chosen, yields a lower bound of ~ ¥, on the accuracy of estimating (via any algorithm)
the desired property given a sample of size k. We invoke duality to yield a k-sample linear
estimator with coefficients described by the vector z, and with objective value also v in the
Linear Estimator LP, with parameter ¢y > % as above. The issue is that the entries of z may
be unsuitably large, as the only bound we have on them is that of the objective function
of the Linear Estimator LP, which yields that their sum is at most v - k2. Since ¢ > %,
the entries may be bigger than vk, which corresponds to an estimator with inadmissibly
super-constant variance.

We now show how to transform a solution to the Linear Estimator LP with ¢ > 1/2 into
a related estimator that: 1) has smaller coefficients; 2) takes a slightly larger sample; and
3) has almost unchanged bias. Intuitively, we have a vector of Poisson coefficients, z, whose
magnitudes exceed vk, yet whose linear combination, the function g : [0,00) — R defined as
g(x) =Y 2, #(i)-poi(zk, 1) closely approximates f”T(x), and thus, despite its huge coefficients,
the resulting function is small and well-behaved. The task is to transform this into a different
linear combination that has smaller coefficients and is almost equally well-behaved. The
principal tool we may leverage is the increased sample size. While poi(zk,i) captures the
Poisson functions corresponding to taking samples of size k, if we instead take samples of size
g for a < 1, then the corresponding functions are poi(%, i), which are “thinner” than the
original Poisson functions. To phrase the intuition differently, if the target function f’TT(x) is
so finely structured that approximating it with “fat” Poisson functions requires coefficients
exceeding vk, we might hope that using “thinner” Poisson functions will lower the required
coefficients.

It is straightforward to re-express a linear combination of Poisson functions in terms of
“thinner” Poisson functions. Intuitively, this is the process of simulating a Poi(k)-sample
estimator using Poz’(g)—sized samples, and corresponds to subsampling. We let z, denote the
vector of coefficients induced from subsampling by a—that is, z,(¢) = Zf:o 2(i)Pr[Bin({, o) =
i], where Bin({, o) represents the binomial distribution taking ¢ trials each with success prob-
ability a.. The question becomes: how does the magnitude of z, decrease with o7

We show that the square of the L, norm of the vector z, is a quadratic form in z,
defined by an infinite matrix M,. We are able to analyze these norms because of the
fortuitous form of its matriz logarithm: there exists an infinite tri-diagonal matrix A such
that for all a € (0,1), M, = 2e!=*4. We show this via the Gauss relations for contiguous
hypergeometric functions. Our main result, Theorem 6.1, then follows from the fact that
the quadratic form ||z4|[3 = 2¢X 2T is a log-conver function of a, for arbitrary z and X, and
thus we can bound the size of the entries of the coefficient vector z,, for « in the interval
(0,1), by interpolating between the values of its Ly norm at the endpoints. We now make

this high-level approach is rigorous.
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Matrix Exponentials of Poisson Matrices

Given a vector of Poisson coefficients, z, indexed from 0 through oo, we may associate it
with the real function g : [0,00) — R defined as g(z) = > ;0 2(¢) - poi(x,4). The input
of the function g will typically by scaled by the sample size, as in g(zk). Consider the
task we call “resampling”, that is, given coefficients z and a constant «, finding a vector
2, that yields a corresponding g, such that g(azx) = g.(x) for all x > 0. That is, if z is
the vector of coefficients for a k-sample estimator, z, will be a vector of coefficients for a §
sample estimator that has identical expected estimates. (See Proposition 6.10.) Constructing
such an estimator for a < 1 is straightforward—intuitively, taking a larger sample can
never hurt. More specifically, given a Poisson process Poi(£) that returns an integer ,
namely, “¢ Poisson events have occurred”, we may simulate a Poisson process Poi(x) by, for
each “event”, accepting it with probability a and otherwise ignoring it; that is, when the
Poisson process Poi(%) returns ¢, our simulation of Poi(x) returns ¢ < ¢ with probability
al(l—a)? (f), that is, the probability that a binomial distribution with parameter a returns
i heads out of ¢ draws. Symbolically, poi(z,i) = S5, poi(Z, )a’(1 — )~ (%). To ensure
Yoo 2(1) - poi(x,i) = Y2 za(l) - poi(£,£) for all x, we expand and then change the order
of summation:

zi:(;z(l) poi(z, 1) = ggz(i)wi(—,@a (1 o) (f)
— ipoz(—,ﬁ) Z 2(D)ai(1— o)t (f)
£=0 =0

which implies that we should set z,(¢) = 3¢, 2(i)ai(1 — )¢ (), as we do in the following
construction.

Construction 6.12 (Resampling). Given a vector z, indexed from 0 through oo, let z, be

the resampled version of z, defined as z,(¢) = Zf:o 2(i)ad (1 — )" (f) We define z, := z.

Lemma 6.13. Resampling a vector z by factor a to yield z, satisfies > o (i) - poi(z,i) =
> v Zal(l) - poi(2,0) for all x > 0.

To bound the size of the coefficients as « decreases, we prove the following general
structural result, which is central to this section.

Proposition 6.14. For an arbitrary vector z of finite support and for a € (0, 1], let z, be the
a-resampled version of z, and let || - ||o denote the Ly norm. Then \/al|z4||2 is log-convex in
a. Further, letting g denote the function represented by z, that is, g(x) = Y2, 2(1)-poi(z, 1),
then the limit as « approaches 0 of \/al|za||2 equals the Ly norm of g.

We first set up some preliminaries that will help us characterizes the behavior of ||z4]]2-
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Definition 6.15. Define the matriz M, for a € (0,1) by Ma(i,5) = S0y () (f)o/“(l —
a)?==J and the matriz A such that A(i,i) = 1 —2i,A(i,i +1) = A(i + 1,i) =i + 1 for
all i > 0, and with all other entries set to zero, where both matrices are indexed by the
nonnegative integers.

The matrix M, is chosen so that, trivially, ||z,||3 = 2M,zT. We relate M, to the much
simpler matrix A by the following lemma, in terms of matriz exponentiation.

Lemma 6.16. M, = Le(l=94,

Proof. Note that -LLle(l=4 — _ glel=a)d _ L o(1=0)4 5o we prove the result by showing
that %Ma = —AM, — é]\/[a, and noting that when a = 1 we have that ée(l_o‘)A equals
the identity matrix, which is easily seen to equal lim,_,; M,. We treat this as our initial
condition.

We first evaluate M, (7, j). Assume for the moment that ¢ < j. Thus the sum that defines
M, (i, j) only has nonzero terms for ¢ > j, so we may substitute m = ¢ — j and sum over
m going from 0 to infinity instead. We aim to represent the terms using rising factorial

notation, namely, for a number z, let (x),, denote z(z+1)(z+2)-... - (z+m—1). Further,
aiming to use only an argument of m in the rising factorial notation (for)the mth component
of the sum, we note that (g) = ( jj) = S and (j) = (") = T = (jj—i+1)m (3)-

Thus M, (i, j) = o'*(1 — )i~ () S0, %(1 — a)?™, where we may immediately
read off the sum as the hypergeometric function o Fy(j + 1,5+ 1,5 — i+ 1; (1 — «)?). Thus

for i < 7,
M, (i, §) = ™ (1 = a)™ @”1(;’ +1Lj+ 1 —i+1L(1-a)).

We now turn to the claim, that AM, + éMa + %Ma = 0. Because of the structure of
A, the (i, j)th entry of AM, equals iM,(i —1,7) + (1 — 20)M,(3,75) + (¢ + 1) My (i + 1, j).
Further, to evaluate the derivative of M,, we note that in general, we have the Gauss rela-
tion %gFl(x,y, zt) = Zzl (oF(x,y,z — 1;t) — o F1(x,y, z;t)). Combining everything yields
a linear combination of the hypergeometric functions o Fy (5 + 1,7+ 1,5 —4; (1 — )?), 2 F1 (5 +
Lj+1,j—i+1;(1—a)?),and o Fy(j+1,j+1, 5 —i+2; (1 —«a)?) which equals zero because of
the corresponding Gauss relation between these three contiguous hypergeometric functions.
(A slightly different linear combination arises for the border case where i = j, but again, the

Gauss relations are sufficient.) O

We now prove our main proposition.

Proof of Proposition 6.1/. Since by construction, ||z4||3 = 2M,2T, and by Lemma 6.16 M, =
Lel=94 we have that (v/a[za|[2)* = ze'=®42T. Substituting 1 — o — « yields that this
is a log-convex function of a provided ze®42T is. Denote f(a) = ze*12T. We note that

since the second derivative of the logarithm of a positive function f equals £ H'J;Qf /2, we
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have that f is log-convex provided f - f” > f". Since the vectors z are constant, we may
differentiate e®4 and post- and pre-multiply by z. By definition, %ea“‘ = Ae™*, and thus
. We note that the power series representation eX := ppa % implies,
since A is symmetric, that A commutes with e®4. Since the square of L equals e, we
may thus reexpress the first derivative of f as ze%O‘AAe%O‘AzT, and the second derivative as
26294 A2e30A T Letting v, = ze%O‘A, since all the matrices are symmetric, we thus have
that f(a) = vvT, f'(a) = vAvT, and f”(a) = vA%T, and the desired relation f - f” > f
is simply the Cauchy-Schwarz inequality: f'(a)? = (vAvT)? < [vAPv]? = (VAAVT)(voT) =
f'(@) - fla).

Finally, we show that for g(z) = Y~ 2(i) - poi(z,i), we have lim,_,0 v/[|2a|]2 = ||9]]2-
Note that z,(¢) = Zf:o z(i)Bin(¢, a, i), where Bin({,a,i) denotes the probability that a
binomial distribution with parameter o will draw ¢ heads from ¢ trials. Recall that as «
approaches 0, the binomial distribution becomes very well approximated by the Poisson pro-
cess of parameter af, yielding z,(¢) = Y, z(i)poi(al, i) = g(al). Thus lim, 0 -y, 24(0)* =
[ g(z)*dz = ||g||3, yielding the claim. O

2
further L, ¢4 = A2e04
do?

We have thus shown that \/a||z.||2 varies log-concavely with a; to complete the analysis
of its behavior for a € (0, 1) we need to understand its behavior at the endpoints. The Linear
Estimator LP provides us, in rough form, with bounds on both the size of the coefficients z (i),
and the size of the function the coefficients represent, g(z) = > 2(4) - poi(x,i)—that is,
intuitively, bounds for the o = 1 and a = 0 cases respectively. However, we must eliminate
one odd possibility before proceeding: for very small z, the linear program essentially bounds
the linear combination of poisson functions as a multiple of 1/x. The function 1/z, however,
has infinite Ly norm, so a 1/z blowup would in fact be unworkable. Fortunately, this kind of
blowup is in fact overly pessimistic: a linear combination of Poisson functions with bounded
coefficients cannot “blowup” like 1/z at the origin; the following lemma characterizes this.

Lemma 6.17. Given a vector z of coefficients that induces a function g(x) = > =, 2(i) -
poi(z, i), where for each i, |2(i)| is at most some bound b, and |g(z)| < %, then the Ly norm

of g is O(logb).

Proof. We note that floo g(z)%*dz < 1, so we need only bound the blowup as = approaches
0. We reexpress g(x)* as a sum of “thin” Poisson functions, g(z)? = Y2, w({)poi(2z, () via
poi(z,1) - poi(x, j) = poi(2x, i+ 5)2~0+) (’f]), and note that the new coefficients are bounded
by b? since for any index £, we have w({) = Zf:o 27 (f)z(i)z(ﬂ — 1), and Zfzo 2-* (f) =1
We may further alter g(z)? so that it is still expressible by Poisson functions as: g(x)%e %" =
S o w(Opoi(2z, £)e=2* = S0°  w(l)2  poi(4x, £). Since |w(f)] < b%, we may cut off this sum
at ¢ = 2log, b without altering its value by more than 1. Define h(z) = iioogQ * w(€)2  poi(4x, 0).
We note that the integral of h differs from the integral of g(x)?e~2* by less than 1, since
fooo poi(4x, l)dr = i, and thus the integral of the fth term of the sum is bounded by }lb22_£,

so the terms beyond 2log, b will contribute at most }L to the integral.
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We express h as e 42 P(z) where P is some polynomial of degree 2log, b. We may thus
approximate fol (7)? to within factor e* by fo x)dz. Gauss- Legendre quadrature trivially
implies that if a polynomial of degree d is bounded on the interval [ 2, 1], then its integral
over [0,1] is bounded identically. Since by assumption, |h(z)| < 6_22’%2 + 1, where the
final 1 captures the error from truncating at 2log, b, setting d = 2log, b yields the desired
result. O

Finally, we assemble the pieces to transform a solution to the linear program into a near-
optimal estimator, using Proposition 6.10 for the final step. The following construction will
yield a vector of “Poisson coefficients,” in terms of a parameter o« and a solution to the
linear estimator LP, that will yield, under Proposition 6.10, a §—sample estimator whose
performance—when o converges to 1 suitably—will be good enough to yield Theorem 6.1.

Construction 6.18. Given a solution z = z* — 2~ to the linear estimator LP for a property
represented as fr, letting e = 2]1;%1“, for parameter o € (0, 1), construct the a-scaled estimator

as follows: Attenuate the coefficients, defining Z(i) := z(i) - (1 — €)'. Resample Z by «
to yield Z,, as in Construction 6.12. Finally, construct the Poisson coefficients zg(i) =

Zali) + (1 — ™) o (22 b fori < k.

For the next proposition, it will simplify the analysis to scale the property = under
consideration so that it is 1-relative earthmover continuous, and shift it so that it takes
value 0 on the trivial distribution with support 1: 7(“1”) = 0. Clearly such a transform will
not affect the behavior of linear estimators that are correspondingly transformed.

Proposition 6.19. Let z = 2zt —2~ be a solution to the linear estimator LP that has objective
value v for a property m that is 1-relative earthmover continuous and takes value 0 on the
trivial distribution, where k° € [log k k1/4] and co < 1. Then Proposition 6.10 when applied
to the results of Constructzon 6.18 for o€ ( 1) will yield a ——sample estimator with error

v (14 0(1)) + O(keertB/2=a)a=1/2 ot | 1 k /2log? k) and probability of failure of oly(k))

provz'ded v <log?k; if v > log? k then the “estimator” that returns 0 always will have error
at most v - (1 4+ o(1)).

Proof. Defining the linear combination of Poissons g(z) := Zf:lo poi(xk,i)z(i), we first note
that if we attenuate the coefficients, as in the construction, letting Z(z) := z(i) - (1 — ¢)* and
consider the corresponding linear combination of Poissons, §(x), then g and g are related as
g(x) == Zf:o z(i)(1 — 6)1% = g(x- (1 —¢€))e **. We then resample this vector by a to
yield Z,. Our first task is to bound the coefficients here. We do this using the log-convexity of
the resampling operation, as shown by Proposition 6.14. Explicitly, Proposition 6.14 implies
VallZallz < 121§ - 1]z~ We must bound each term on the right hand side. For the
first term, we note that because each term in the objective function of the linear program
is non-negative, the objective value v thus bounds the portion of the objective function
ke Zf:o 2(@)|. Thus the ¢; norm of z is at most v - k2, which hence also bounds the ¢,
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norm of the attenuated coefficients, z; further, the /1 norm of a vector bounds its L, norm,
so we have ||Z||2 < v - k.

Bounding the second term, ||g||2 takes a bit more work. Consider the characteristic func-
tion of the property, fr. By assumption, f(1) = 0. Further, relative-earthmover continuity
imposes the condition |fr(x)/z — fz(y)/y| < |log {]; letting y = 1 yields | fz(z)[/z < |log .
We note that for the range of z considered in the linear program, z € (0,%%), we may

¢ ' 2%
crudely bound |logx| < %=logk. For each such x, the linear program bounds the pos-

kx
itive error of the Poisson approximation by z% -+ Z% and the negative error by 2% + Z%,

where the objective function penalizes large 2%, 2%, 2%~ via the term 22 + n - (2°* + 27).
We consider two cases. For n < k!¢t we note that if we replace the triple (2%, 2%, 2°7) by
(0, 2% 42, 2t~ + 22} then the objective function remains unchanged and further each of the

linear program constraints becomes looser as, since z < -, we have 2% 4 *— <042 ++Za/ -
with the corresponding statement for 2~. Thus at optlmum we may assume 2 = 0. Smce
as noted above, ]f”xx) | < kx " log k, we have that letting 20+ = 2= = T log k and all the other

variables being 0 is a feasible point of the linear program with objective value n(z** + 2°7)
and thus the since all variables of the linear program are restricted to be nonnegative, the
sum 2°F + 207 = 2% log k bounds both 2°* and 2°~ at the optimum of the linear program.
Thus at optimum, the bound in each constraint of the linear program may be bounded as
2%+ Zl; < 2% log k. We analyze this in a moment.

For the other case, when n > k=, We note that the bound in each constraint of the

bt b— 2,0 (b + b—
linear program may be bounded as 2% + = < 2 @4 2 :Z ey < +7;k(f L1+z ) < — o1 -

Thus for both cases we have the bound z* —|— < - max{2logk,v}. Adding this to the

above bound \];f | < I}C log k yields a bound on the rlght hand sides of each constraint in the
linear program namely a bound on g, the left hand side of the linear program constraints,
of [g(z)] < EX(v+ 3logk) for z € (0,£2). To bound |g(z)| for z > £L we note that g is a
linear combmatron of Poissons with coefficients as high as v- £k, and may thus reach as high
as v - k2. We note, however, that we are dealing with the attenuated version of g, namely,

as derived above, §(z) = g(z - (1 —¢€))e™** where € = 21°gk Thus at = £ the attenuation

is already e~ 1°¢% = 1 and will clearly decay at least as fast as 5 beyond this. Thus, for all
xz, we have §(z) < 251 (v 4 3log k), where the 2 is a crude bound on . Thus if we scale §

by m so that it is bounded by é and apply Lemma 6.17 to %, we thus

have a bound on the Ly norm of § of ||§|]s = O(2k% (v + 3log k) log(v - k2)) = O(k log® k)
for v < log? k.

Thus, as discussed at the beginning of the proof, we may combine this bound and the
bound ||Z]]s < v - £ via log-convexity to yield a bound on the Ly norm of the resampled
coefficients: v/a|Zs||s = O(k*2t1-9 . 1og® k). We will consider cases where o € (1,1), so
we may drop the v/« term from the left hand side while preserving the asymptotic expression.

As each element of Z, must be at most the Ly norm of the whole, we have the element-by
element bound of |7, (i)| = O(ke+(1=®e1]og® k). We are now in a position to analyze the

application of Proposition 6.10 to the coefficients zg(i) = Z,(i) + (1 — ea“')fﬂ(@) (i—fl)a’

o
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where for i > k we extend this definition by letting zg (i) = zg (k).

We first analyze the second condition of Proposition 6.10, where we separately bound
the contributions from Z, and from the remaining term. We have just derived the bound
Z4(1)| = O(koe2+(1=2)er]og® k) and we use this for ¢ < 2k, Our aim is to find a bound ¢
such that for all j, ¢ between 1 and 2k such that |j — ¢| < \/jlogk we have ¢ > \/Tﬂ%,ia(] —

1) — £2,(¢ — 1)|. We note that —- = = O(k®/?), and that \%. < M% = O(k“/?), which

implies that we may set ¢ to be O(kcl/ %) times our just-derived bound on |Z,(7)|, namely,
¢ = O(koc2tB/2=)a=1/21503 L),

For the case where one of j, ¢ is greater than 2k we now derive a bound on how Z,(7)
decays for large i. As each original coefficient z(7) is bounded by v - k%, each attenuated
coefficient is bounded as |Z(i)| < v- k(1 —¢€)’. Assume for the moment that each coefficient
equals exactly this. The corresponding linear combination of Poissons is hence g(x) =
v - ke~ resampling by a factor replaces  with az, which has the effect of replacing
€ by ae, yielding coefficients v - k2(1 — e)’. Since resampling involves a positive linear

combination of the coefficients, we thus have the bound |§a(z)] < v-k2(1 — ae)’. As
2ailogk

v < log’k and (1 — ae)’ < e = e " #1 | then for o > 3, ¢ < 1, and i > k we have
Z,(i)| < log?k and decaying by another factor of k for each addltlon of k“ to 4. Thus,
trivially, the ¢ from above applies to this region.

We now examine the contribution to the second condition of Proposition 6.10 from the

remaining term of zg, namely (1 — ™) fw((”kl) )(Z 7o~ As above, we desire a bound ¢ >

%Kl—e‘ae(i_l))fﬂ(%)—(1—6_“(5_1))#(%)] for pairs j,¢ > 1 such that |j —¢] < +/jlogk.

For the case that j < vk, we use the bound f,(z) < x|log x|, the trivial bound (1 —e¥) < 1
for any y, and the triangle inequality to yield a bound of ¢ = O(k~"*logk). For j > V/k,
we note that e=*U~Y and e~ are both negligible in k, and thus it is sufficient to

bound %ﬂ fw(%) — fw(%)\ To bound this change in f,, recall that for general z,y we

have |f-(2)/x = f=(y)/y] < [log |, yielding [ fr(%) = 4 f(%)| = O(|log &| = O(X=L).
We add this to the bound |Z%f7r(%)| = O(*/jl+g2k). Combining, yields a bound of ¢ =

%O(ﬁ%ﬂ) = O(lo\g/%k). We note that, since a € (3,1) and ¢, > 1, the bound derived

earlier of ¢ = O(k*etB/2=)e=1/2]003 ) is at least O(k~"/*log® k), which thus subsumes
the two just derived bounds of respectively O(k~'/*logk) and O(%). Thus we take ¢ =

O (keert(3/2=)e1=1/2 1903 ) for the bound on the second condition of Proposition 6.10.
We now turn to the first condition of Proposition 6.10, essentially examining the bias of

the estimator. We must compare £ "J(: ) to the linear combination of Poissons > iz 2E(1) -

poz(m—”C i). We consider each of the two terms of zg separately, and start by comparing the

ekx) fr(x)

fraction of our target (1 —e to the combination of Poissons corresponding to the

second term of zg, namely Y7, (1 —e*) fr( Z+k1) )(H-kl)a poi(E, 7). Since > is0 poi(ZE i) =
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1, we may thus bound

5 (1_e_a€i)fﬂ<(i—|—1)a) g ; _(1_6_51%)@

= k i+ 1)
< (Z |efaei . efekm| @ . pOZ(%, Z))

+ <Z(1 - e—afi)pm(%’“,i)

>0

L xk
. poz(gv Z)

fx ((i +k1)a) (i +k1)a - fﬂf)

)

We bound each of the sums separately, noting throughout that a € (%, 1). Recalling that

e = 2%k we bound the first sum for z < i by noting that since e”¥ has derivative at most

kel o
fr(z)

1 for positive inputs, we have |e=* — e~ < qeli—E£|.

Since ) < |log z|, the first sum

is thus bounded by ae|log z| times the expected distance of Poi(%£) from its mean, which is
bounded by the square root of its variance, namely E? yielding a bound on the first sum

of O(evkzx|log ZED We apply this bound for x < i; since |z log x| is an increasing function
of x for :v < e ! we evaluate this bound by plugging in x = i to yield O(k—*/2 logg/2 k).
For = > _175 we note that poz( ,1) is negligible unless 7 is within a factor of 2 of %k Thus
for ei > 92 we bound |e™* — e~**| < qeli — EZ|e=%*/2 and thus, corresponding to the
above bound on the first sum, we now have a bound of O(evkz|log z|e=**/2). Because of
the exponential term, this expression is maximized for z = O(i), and as above we may
bound the first sum as O(k~/2log®? k).

For the second sum, consider x > ﬁﬁ We note that \f"T(y) _ [nl@) <

. |, which, when

y is within a factor of two of x is bounded as 2'3’;—“. Since with all but negligible probability,
when ¢ is drawn from Poi(%) we will have @ within a factor of 2 of z, we have a bound

for this case of | f; ((i+1)°‘> k__ [x@)| < glGtDajk—a] _ o|(i+1)—zk/a| Further, 1 — e <

k (i+1) x — x zk/a

aer < 22’“, and is also at most 1. Thus we can bound the second term by O(%
times the expected distance of Poi(% k) from its mean; this latter quantity is bounded by
O(V/xk), yielding a bound on the second sum of O(%) The expression inside the
asymptotic notation is maximized when z = i, yielding a bound on the second sum of

O(\/€) = O(k=1/?1og"* k) for z > ﬁ/ Otherwise, for x < Flf we analyze the second sum

(i+1) k
fﬂ' ( ) (i+1l)a| —
|log &| < 1+ logk. Since (1 —e ) < aei, we have ). (1 — e‘o‘“) fr ( +k1)°‘> (Hkl)a

Pm(x_k i) < (1 + logk)ae - E[POi(%k)] = exk(1l + logk). For z < —= thls is O(y/elogk) =
O(k=e/? logg/2 k). The remaining part of the second sum we easﬂy bound as Zizo(l
fﬂ;w) fﬁT(z)‘ >0l 'pOi(%k,i) = exk f”T(x)‘ < exk|logz|. This last

in two parts, noting that, since ¢ > 0, we have ZH)Q > 7, yielding that

—aez’)

e - poi(ZE i) < e
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expression is increasing in z, and hence we have a bound for z < ﬁé of O(y/elogk) =
O(k=1/210g®? k). Thus we have shown that the portion of z other than Z, contributes to the
fekx) fr(2) .

It remains to compare the remaining portion of zg with the remaining fraction of f’rT(z),

namely, compare .- Za(i) - poi(%£,4) to e*dmf“T(x). We start the analysis by consider-

ing the vector z returned by the linear program, which, for positive numbers a, b satisfies

f”T(x) — D is0 2(4) -poz’(a:k,i)) <a+? forzel0, L
program, v, is guaranteed by the hnear program to be at least as large as a + bn.

As argued above, attenuating z to form Z(i) := 2(i) - (1 — €)* transforms the linear
combination of Poissons g(x) = Zleopoi(xk,i)z(i) into §(z) = g(x - (1 — €))e~**. Thus

g(x) is within a+ ( 5 of e*km%, where % is within | log(1—e¢)| of f"T(z) By the

triangle inequality, ( ) is thus within a + O(e€) + w of e_fkmf’*T(z), provided z(1 —¢€) €
[0, kgkl |. Otherwise, we have z > le, implying e~** < e~ logk — %, which is small enough
to wipe out any discrepancy that may occur in this region. Specifically: since the Poisson
coefficients sum to at most kv < klog®k, and since any Poisson distribution of parameter

A has each probability bounded by O( 1 ) we have that for x > %, the linear combination

of Poissons g(z) must be at most O(k'~ cl/2 log® k), implying §(z) = O(k=“/21log® k) in this
range. Trivially, e~k f”x(x) = O(*2%). Thus for arbitrary positive z we have that g(z) is

within a + O(k~/%log? k) bUTOk 2 logh) of —cke f"xx) Resampling Z to Z, is exact, with
G(T) =D s Zali) - poi(2E,7), so thus these bounds apply to ;5o Za(i) - - poi(2E, 1) as well, as
desired.

We thus invoke Proposition 6.10. For the first condition, we have shown that » ..o 2p(i)-

1+O(k 1 log k))

linear combination of Poissons a function that is within O(k=¢1/2 log®/? k)of (1—e

], where the objective value of the linear

poi(%£ i) approximates f’TT(I) to within a+O(k~/2log® k) + , where a+bn < v.
We have shown that the second condition applies for ¢ = O(/ﬁo‘cfr (3/2-a)ei-1/2 log® k). Thus
Proposition 6.10 yields that: the linear estimator zp estimates the property 7 to within
error v - (1 + o(1)) + O(ko‘cﬁ(?’/2 @)e1=1/2og* k + k=1/2log” k) using £-sized samples, with
probability of failure o(-7. = G ), provided v < log® k.

The proof will be compfete upon analyzing the unusual but essentially trivial case of
v > log® k. Note that any distribution of support at most n must have relative earthmover
distance from the trivial distribution (support on 1 element) at most log n, and thus property
value between 4logn. Thus if n < v - k?® then the “estimator” that always returns 0 will
always have error at most logv+3logk = v-(1+40(1)). We consider the case when n > v- k3.
Let 77, m~ denote respectively the maximum and minimum value of =@ for ¢ € [n, v}@]
with m* x~ denoting respectively the values at which 7, 7~ are attained. For this range of
x, the P01sson functions take very limited Values poz(xk’ 0)=ee[l- k, 1], and thus
the remaining Poissons sum up to at most %. Thus since the coefficients of the vector z are
at most v -k < vk, we may use the triangle inequality to bound the difference between the
expected estimates returned in the “+” and “—" case: Y, 2(i)-|poi(z ¥k, 1) — poi(x™k,i)| <
4. Letting et be the expected estimate returned in the “4” case, we consider the constraints
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max{zbT 26~}

corresponding to z* and z~ from the linear program: |7% —e*| < 2% 4 25— and
7= —ef| < 4+ 2° +M. Since v = 22% + n - (2" + 2¥7), we note that z > £
implies x% < 2 and we have, letting 7% denote either 7+ or 7~ that |[1% —ef| <

5+ 7 +4. Thus by the triangle inequality we have |7* — 77| < v + %” + 8. Consider
the relative earthmover cost of taking an arbitrary distribution of support at most n, and
making all its probabilities lie in the interval [£, —5]. We note that trivially, this is at most
max{log k,log vk?} = logv + 2logk. Thus the interval encompassing all possible values 7
might take has diameter at most v + 2 + 8 + 2(log v 4 2log k) and contains 0. Hence the
“estimator” that always returns 0, without looking at the sample, will be accurate to within
v-(1+0(1)) for v = w(log k), as desired. O

Theorem 6.1 Let w be a symmetric linear property that is 6(k)-relative earthmover continu-
ous on distributions of support n(k). If for some constant ¢ > 0 and parameter e(k) = 6 /k°W),
any distributions of support n whose m values differ by at least € are distinguishable with prob-
ability at least % + ¢ given samples of size k, then for each k there exists a linear estimator
that estimates m on distributions of support n to within error (1 + o(1))e using a sample of
size (1 + o(1))k, and which has probability of failure o(poly(k))

Proof of Theorem 6.1. Without loss of generality, we assume § = 1, as we may replace 7, ¢€,0
by %, %,1 respectively, and scaling the property by % simply scales the estimation error
correspondingly. Further, without loss of generality, we assume that the property has value
0 on the trivial distribution of support 1, as the property estimation problem is unaffected
by constant shifts.

Let ¢1, as a function of k, be such that it converges to 0 as k increases, yet large enough
that k=1/2log? k = o(min{e, 1}). Let ¢ = 1 + 6¢;. Consider k large enough so that ¢; < o
Proposition 6.8 implies that, for these parameters any solution to the Lower Bound LP with
objective value v induces a pair of indistinguishable distributions whose property values differ
by at least v - (1 —o(1)) — O(k~° log k), which must thus be smaller than than ¢, as defined
by the theorem. Thus v < e (1 + o(1)).

We then apply Proposition 6.19 to conclude that, for any o € (%, 1) there exists a
£ _sample estimator that has o(m) probability of failure, and error at most v - (1 +
o(1)) + O(/<,‘0‘02+(3/2_"‘)‘31_1/2 log*k + k=¢/2log? k). As already noted, v < € - (1 + o(1)), and
by assurnption k=1/2log’ k = o(e). For the remaining (rniddle) term, we note that since

= 1 +6¢; we have ac; + (3/2 —a)e; —1/2 < H(a—1) + 301 Setting a=1- 1501 yields
that thls expression is at most —c;, yielding that koeat(3/2=a)er=1/2 1904 | < L=< 1og* k. By
assumption, this is o(min{e, 1}?) = o(¢). Thus, the estimator guaranteed by Proposition 6.19
has total error at most € - (1 4+ o(1)), as desired. Since & = 1 — o(1), the estimator uses a
sample of size k- (1 + o(1)). O
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Chapter 7

Explicit Linear Estimators

In this chapter we describe machinery for constructing and analyzing the performance of
explicit linear estimators for symmetric linear properties, such as entropy. The main result
of Chapter 6, Theorem 6.1, shows that for such properties, there exist linear estimators whose
performance is essentially optimal among the class of all possible estimators; additionally,
the proof of Theorem 6.1 is constructive in that it gives an algorithm for generating such
near-optimal linear estimators. Unfortunately, the proof does not allow one to extract any
bounds on the performance of these estimators—the guarantee is that they are essentially
optimal, yet the proof does not reveal what sample size is required to yield an estimator
with a desired accuracy.

The tools we develop in this chapter are robust and general, and allow us to both con-
struct and analyze linear estimators for several properties, revealing tight bounds on the
sample complexities of the corresponding estimation tasks that were not accessible using the
approach of estimating the unseen of Chapter 3. The approach of Chapter 3 was to first
recover an approximation of the histogram of the distribution from which the sample was
drawn, and then simply return the property value of the returned histogram.

The canonical nature of that approach (in that the reconstruction of the histogram does
not depend on the specific property in question), has benefits and downsides. The obvious
benefit is that the returned histogram gives more information than a single property value.
Nevertheless, some properties might be easy to estimate, requiring far smaller sample sizes
than would be necessary to accurately estimate the histogram of the true distribution. The
machinery of this chapter allows us to create estimators that are tailor-made to a specific
property.

The main results of this chapter are summarized below:

Theorem 7.1. For any € > ﬁ, the estimator described in Construction 7.4, when given

a sample of size Q(el:gn) (consisting of independent draws) from a distribution of support
at most n will compute an estimate of the entropy of the distribution, accurate to within €,
with probability of failure o(1/poly(n)).
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The performance of this estimator, up to constant factors, matches the lower bounds of
Corollary 3.6, both in terms of the dependence on n and the dependence on €. In particular,
this resolves the question as to whether the sample complexity increases linearly with 1/e,
or the much slower quadratic sample complexity shown in Theorem 3.1.

This inverse linear rate of convergence is rather surprising; given a coin with probability of
landing heads p, estimating p to within 4 requires O(1/€?) coin tosses, and thus estimating
the entropy of this distribution of support {heads, tails} to within +e also requires O(1/€?)
draws. Indeed, this example shows that the asymptotic rate of convergence of any entropy
estimator is O(1/v/k), where k is the sample size. Our theorem, however, specifies that for
the critical range of parameters when O(1) < € > 1/n%% our estimator converges at the
much faster inverse linear rate.

This theorem largely completes the picture of the sample complexity of estimating en-
tropy: given a sample of size k£ drawn from a distribution of support size at most n, if
k = o(1,5), accurate estimation is impossible. For k = 6(;;+), the optimal estimator can
achieve constant error, and as k increases, the error decreases very quickly—inverse linearly
with the sample size. Then, when k = Q(n®), for some a > 1.03, the rate of convergence
slows, eventually tending towards the asymptotic rate of ©(1/vk).

Closely following the form of our linear estimator for entropy, we construct a linear
estimator for the distance to uniformity:

Definition 7.1. Given a distribution p, the distance to the uniform distribution of support
m, D(p,Unif(m)), is the {1 distance between p, and the “closest” uniform distribution of
support m. Formally, for all 1 > 1, letting x; > 0 denote the probability with which the ith
most frequently occurring element arises, we have

D (p, Unif(m) = 3" fri — [+ 3

i= i>m
The following theorem describes the performance of our estimator for estimating distance

to uniformity:

Theorem 7.2. For any € > @, there is an explicit linear estimator that, when given a

m
logm

sample of size §2 (6% . > drawn from a distribution of any support, will compute the {1

distance to Unif(m) to within accuracy €, with probability of failure o(1/poly(m)).

This is the first o(m)-sized sample estimator for distance to uniformity, and the lower
bounds of Theorem 5.1 proved in Chapter 5 imply that for any constant error €, this estimator
is optimal, to constant factor. This tight bound of ©(m/logm) on the sample size required
to yield constant error contrasts with the tight bound of ©(m!/2?) shown in [19, 57] for the
related problem of distinguishing a uniform distribution on m samples from one that has
constant distance from such a distribution.
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It is worth stressing that the sample complexity expressed in the above theorem is in
terms of m, and is independent of the support size of the distribution from which the sample
was drawn. This makes intuitive sense, and also explains why such a result would be difficult
to obtain via the approach of Chapter 3 which relies crucially on an upper bound on the
support size of the distribution from which the sample was drawn.

7.1 Constructing Estimators with “Skinny Bumps”

We consider a symmetric linear property m with characteristic function f,—that is, the
property value of a distribution with histogram h is given by

= Y falw

x:h(z)#0

As discussed in Section 6.3 of Chapter 6, the challenge of constructing a good linear estimator
for m is the task of accurately approximating f(z) in the basis of Poisson functions, poi(kx, ).

The key technical tool that we use to construct good linear estimators is the “Chebyshev
bump” construction (Definition 3.17) that we defined in Chapter 3 and used as a component
of an earthmoving scheme. Here, we use this Chebyshev bump construction to turn the
basis of Poisson functions into a more adroit basis of “skinny” bumps, which are, in a
very rough sense, like the Poisson functions compressed by a factor of logk towards the
origin. Intuitively, this super-constant factor is what allows us to construct sublinear-sample
estimators.

Perhaps the most simplistic attempt to represent the characteristic function f, as a
sum of Poisson functions is to simply set the coefficient of poi(xk,i) equal to fﬂ(%) This
estimator is the “naive” or “plug-in” estimator, and simply returns the property value of the
empirical distribution of the sample. For most properties, such as entropy, this estimator
should be good for the high-probability region Note that rather than approximating f,(x) as
S, poi(kx, i), we will instead approximate =% %) by the zero-indexed sum Yo poi(kx, ).
These two tasks are formally equivalent, as x - poz(kx i) = &b H=poik(z,i+ 1). The following
lemma, which we will use later, characterizes the performance of any “plug-in” estimator.
The relatively straight-froward proof of this lemma is deferred to Section 7.3.

Lemma 7.2. Given a function f : R — R whose fourth derivative at x is bounded in
magnitude by =5 for x > 1 and by a for v < 1, and whose third derivative at x is bounded

by 5, then for any real x, Y ooy f(i) - poi(x, i) is within O(%) of f(z) + 3z f" ().

To interpret this lemma, consider the case of entropy estimation; this lemma implies that

1

e L
log x — Zlog(z/k)poz(kx, i) = YR O(k: xQ)
i=0
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In some regimes this error is satisfactorily small (and this estimator is in fact widely used in
practice). However, for x = 1/k the error is constant, and for smaller = the error increases.
Given this analysis, it is clear why the naive estimator performs poorly on, say, a uniform
distribution of support larger than k.

How can one improve this estimator? The obvious correction is to account for the second-
derivative term of Lemma 7.2, corresponding to the term ﬁ in the above expression for the
bias for the naive estimator for entropy. This yields the “Miller-Madow Corrected Estimator”
for entropy. Nevertheless, the error term is still constant for z = 1/k, making sublinear-
sample estimation impossible. Such error is, in some sense, to be expected: the first few
Poisson functions poi(kz, i) have “width” O(1/k).

A “plug-in” estimator in terms of a “skinnier” basis than the Poisson functions would
make the estimate correspondingly more accurate. The crux of our estimator is to employ
the skinny Chebyshev bumps of Definition 3.17 in place of the fat Poisson functions to get
correspondingly better estimators. As we proved in Chapter 3, each of these skinny bumps
can be expressed a low-weight linear combinations of Poisson functions, and thus, ultimately,
we will still end up with an approximation of the desired characteristic function in the basis
of Poisson functions.

For convenience, we restate the definition of the Chebyshev bumps, and the key lemmas
proved in Chapter 3 that we will reuse. Recall that the jth Chebyshev polynomial 7} is

defined so as to satisfy 7}(cos(y)) = cos(j - v).

Definition 3.17. The Chebyshev bumps are defined in terms of k as follows. Let s =
0.2log k. Define g1(y) = Zj;l_s cos(jy). Define

™

T 3
25) +301(y+ =) + oy + —)) ,

1 3T
(1) = 155 (9= 500+ 30100 - a o

:1_68 2s

and, for i € {1,...,s — 1} define gi(y) = go(y — =) + go(y + ), and ¢ = g2(y), and
95 = g2y + 7). Let ti(z) be the linear combination of Chebyshev polynomials so that
ti(cos(y)) = gi(y). We thus define s + 1 functions, the “skinny bumps”, to be B;(x) =
ti(1— 25) Zj;é poi(zk,j), fori € {0,...,s}. That is, Bi(z) is related to gi(y) by the coor-
dinate transformation x = 25(1 — cos(y)), and scaling by Z;;é poi(xk, 7).

The following lemma showed that each of the Chebyshev bumps defined above can be
expressed as a low-weight linear combination of the Poisson functions.

Lemma 3.21. Each B;(z) may be expressed as 7~ aijpoi(kx, j) for ai; satisfying > 72 |aij| <
1{50‘3

The above lemma will allow us to attempt to approximate the characteristic function of
the property in question with Poisson functions by directly approximating the characteristic
function via these conveniently-skinny bumps. The bound k%3 on the coefficients is crucial,
as the coefficients of our estimator must be somewhat less than vk in order for our k-sample
estimator to have sub-constant variance. As the coefficients of Chebyshev polynomials grow
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exponentially in their degree, this is what limits us to the first s = O(log k) Chebyshev poly-
nomials. Thus our approximation of the characteristic function via the Chebyshev bumps
will only apply to the very low-probability region—but this is acceptable, since above this
region, the more crude approximation via the Poisson functions, using Lemma 7.2, will
suffice.

The quality of the estimators we construct in this chapter rests on the following lemma,
which is the Chebyshev bump analog of Lemma 7.2, and shows that if one constructs the
naive “plug-in” approximation using the skinny Chebyshev bumps, instead of the Poisson
functions, the approximation is very good. While the proof of this lemma is somewhat labo-
rious, the guiding intuition is simply that the Chebyshev bumps are reasonably symmetric
and skinny. The proof of this lemma is deferred to Section 7.3.

Lemma 7.3. Given a < 8 and a twice-differentiable function f(z) : [0, 5] — R satisfying

f(@)] < v, [f(2)] <2, and |f"(z)] < m%, then f(x) can be approzimated as Y, w;B;(x)

for weights w; = f(¢;) for ¢; = 22(1 — cos T), with error of approzimation at x bounded in
magnitude by
15} Q@

O(L) + O(azks) +0( (xks)3/?

(xks)3/?

) + 6_5/7.

7.2 Linear Estimators for Entropy and Distance to
Uniformity

We now define explicit linear estimators for entropy, and “distance to uniformity”. The ap-
proach will be to use the plug-in estimator with the Poisson functions in the high-probability
part of the distribution z > s/k, and will use the skinny Chebyshev bumps in the small-
probability regime (z < s/k). Additionally, we will need a smooth cutoff between these
regimes, as the bounds of Lemmas 7.2 and 7.3 depend on the derivates of the function we
are trying to approximate in the Poisson basis, and hence an abrupt cutoff would yield a
poor bound. As a final step in our proofs of the performance guarantees of our estimators,
we will apply Proposition 6.10, which argues that if the characteristic function is sufficiently
accurately approximated, and the coefficients of our linear estimator are sufficiently small,
then the estimator performs well.

As we are hoping to achieve an inverse linear convergence rate for our entropy estimator,
our construction and analysis for entropy will be significantly more delicate than that of our
estimator of distance to uniformity.

Entropy

The following construction defines a set of coefficients {2} such that )., 2z - poi(zk,i) =
log x. -



CHAPTER 7. EXPLICIT LINEAR ESTIMATORS 148

Construction 7.4. As in Definition 3.17, let s := (0.2)logk. Define the interpolation
function I : R — R such that I(y) =0 fory < 3, I(y) =1 fory > 3, and I(y) is continuous,
and four-times differentiable, where foriv € 1,....4, the magmtude of the ith derivative is at
most /s, for some fized constant c. (Such a function I can trivially be constructed.)

Consider the function f(y) := I1(y) [i + logy — log k] , and provisionally set z; := f(1).
Note that by Lemma 7.2 we have accurately represented the logarithm function via the Poisson
bumps in the interval |5, 1].

We will now use the skinny Chebyshev bumps to approximate the function v(x) defined
as

o(z) = logx — I(2kx) - Y02 poi(xk,i) f(i) for x> =
T | log(L) — 1+ sk for x < =

Thus v(x) is twice differentiable for x > 0, v(z) ~ 0 for v > 5, v(z) = logx for x €
(1/ks, 57), and v(z) is a linear approzimation to logx for x < 1/ks.

Define the coefficient b; of the ith Chebyshev bump B;, with “center” ¢; = 22 (1 — cos (%)) ,
to be v(c;). To conclude the construction, letting the ith Chebyshev bump B; be represented
as a sum of Poisson functions, as guaranteed by Lemma 3.21: B;(x) = Zj a; jpoi(xk,j), for
each i € {0,...,s}, increment z; by >, a; jv(c;).

Define the linear estimator given by coefficients B1, ..., B, where B; := z;_1 -

o

i
-

Theorem 7.1, which we restate here for convenience, describes the performance of the
above estimator. The proof is given in Section 7.3.

Theorem 7.1. For any € > 002, the estimator described in Construction 7.4, when given
a sample of size Q(Elogn) (conszstmg of independent draws) from a distribution of support
at most n will compute an estimate of the entropy of the distribution, accurate to within €,
with probability of failure 0(1/poly(n)).

The bound that € > 0 5 can be relaxed slightly, though we prove this with the exponent
0.02 for ease of exposition.

Distance to Uniformity

We now describe our linear estimation for distance to uniformity. While distance to unifor-
mity is not a linear property, it can be 2-approximated by a linear property:

Fact 7.5. The total variational distance between a discrete distribution p € D™ with his-
togram h and a uniform distribution on m elements, denoted by D(h,Unif(m)), can be
approximated to within a factor of 2 as Zx:h(x)#o h(x) fu(z), for the function

v — | for x> 5.
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Proof. From Definition 7.1, to compute the distance between a distribution p and the uniform

distribution on m elements, one takes the m elements p; of h that have the highest probability,
and computes the cost of changing each of their probability masses to %, namely |p; — %|,
and then adds to this the cost of changing every other mass p; to 0, namely |p;|. This is
lower-bounded and 2-approximated by the cost of sending every element that is below ﬁ

down to 0, and sending every element above ﬁ to %, as defined in Fact 7.5. [

As for estimating entropy, we will use the Chebyshev bump construction of Definition 3.17
to help approximate the function ! ”;x) via a sum of Poisson functions, then apply Proposi-
tion 6.10.

Construction 7.6. Let s = (0.3)logk. Define the interpolation function I : R — R such
that I(xz) = 0 for x < 3, I(x) = 1 for x > 3, and I(x) is continuous, and four-times
differentiable, where fori € 1,..., 4, the magnitude of the ith derivative is at most c/s', for
some fized constant c. Such a function I can be easily constructed.

Consider the function g(x) := I(ka:)f“T(m), and provisionally set z; == g(+). We will now
use the skinny Chebyshev bumps to approzimate the function v(z) = (1 — I(lm))f“T(x)

Define the coefficient of the ith Chebyshev bump B;, with “center” ¢; = Qk—s (1 — cos (%)) ,
to be v(c;). To conclude the construction, letting the ith Chebyshev bump B; be represented
as a sum of Poisson functions, as guaranteed by Lemma 3.21: B;(x) = Zj a; jpoi(xk,j), for
each i € {0,...,s}, increment z; by >, a; jv(c;).

Define the linear estimator given by coefficients By, ..., P, where 3; == z;_1 - %

The following theorem asserts the quality of our estimator:

Theorem 7.2. For any € > ;m, there is an explicit linear estimator that, when given

4log

Q (}2 . %) independent draws from a distribution of any support, will compute the f,

distance to Unif(m) to within accuracy €, with probability of failure o(1/poly(m)).

The lower-bound construction of Theorem 5.1 of Chapter 5 shows that this is tight for
constant €; in particular, for any constant € > 0, there is a constant ¢ such that for sufficiently
large m, there exist two distributions A, A’ such that D(A, Unif(m)) < e, D(A’,Unif(m)) >
0.49, but distributions A, A" are indistinguishable (with any constant probability greater than
1/2) given ci;r-sized samples.

In contrast to the estimator for entropy, the estimator for distance to uniformity does not
need any assumption on the support size of the distribution being sampled. Additionally,
the convergence rate is as the inverse of the square root of the sample size, as opposed to
the much faster inverse linear relationship of the estimator for entropy. Intuitively, this is
because the function f,(y) has a kink at probability y = 1/m, as opposed to the smooth
logarithm function.

The proof of Theorem 7.2 is considerably easier than for our estimator of entropy:

Proof of Theorem 7.2. Consider setting m = €e*klogk, for some ¢ > @, and thus the

portion of f,(z)/x approximated exclusively by the Poisson bumps (i.e. > 5) corresponds
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to z > +, and in this range f,(z)/z = 1 — . In particular, the function % has
jth derivative bounded in magnitude by O(#), for constant j, and thus satisfies the
conditions of Lemma 7.2 with @ = O(:%), and thus the approximation in this regime is
accurate to O(=£3) + O(%2-£;) = O(-L;), which is maximized by minimizing z, in which
case the error is O(mks ) = 05157 lolggk), which is at most O(e), as in the case that € = 1/log k.

We now consider the error in approxirnation from the skinny bumps (i.e. for z < 57).
In this regime, the function fyu(z)/x is O(—=5)-Lipschitz for # > 1/2m. By Lemma 3.22
(arguing that the functions g4 decay super quadratlcally) Lemma 7.11, and the change
of coordinates, the width of the Chebyshev bumps centered at = are O(—mGlog) thus the
error of approximation is the product of this width and the Lipschitz Constant yielding
O(W). This is maximized by minimizing x, and thus taking x = O(1/m) yields error
O(e), as desired. Since f,(x)/x =1 is constant for x < 1/2m, the error in this small regime
is o(€). Thus the error of approximating the function f,(z)/x is O(e). To conclude, since the
coefficients of the approximation are sufficiently small (at most k%3, by Lemma 3.21), we

may now apply Proposition 6.10 to yield the claim. O

7.3 Missing Proofs

Proof of Lemma 7.2. Consider the Taylor expansion of f to third order around x, f(i) ~
a+b- (i—z)+c-(i—2x)P+d-(i—x)+e(i), for a = f(z),b= f(x),c=35f"(x), and
f”’ (x), where the error, e, is a function which we will analyze later. By assumption,

d < g25. We bound 7, f(i) - poi(z,4) by thus decomposing f(i). We note that we may
take the lower limit of the sum to be 0, since f(7) equals zero for i < 5. We evaluate the first
four terms by noting, respectively, that the Poisson distribution of parameter x has total
probability mass 1, has mean z, has variance x, and has third moment about its mean x,
leading to >y a-poi(x,1) = a = f(z), Y rep bli—x)-poi(x,i) =0, >0y c(i—x)* poi(z,i) =
cx = sxf"(x), and Y oo d(i — x)* - poi(z,i) = dv < 5.
We now analyze the error function e(7). By construction, it and its first three derivatives
are 0 at ¢+ = z, while its fourth derivative is everywhere equal to the fourth derivative of

f, which by assumption is bounded by . Thus for i > z, the fourth derivative of e(7) is

bounded by % implying a bound of |e(i )\ < 5255 (i —x)* for i > x. Similarly, for i € [£, 2] we
have that the fourth derivative of f is bounded by 1% yielding a bound of |e(i)| < 2% (i—:c)4
for i € [§,z]. For general i < z, we bound e by repeated integration. Since |e"” (i )| < > and

¢”(z) = 0 we may integrate from i to z to yield |¢”(i)| < sa(s —25), which we crudely bound
by 14. We repeat this process, since ¢”(z) = ¢/(z) = 0, to yield, successively, |¢"(i)| < 5%,
and |¢/(i)| < 9. We integrate once more, though without discarding the constant term, to
yield |e(i)| < 5;a(log z — log ), again, valid for i < z. Instead of using this bound directly,
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we sum from 1 to z:

Z| |<—aZlogm—log@)<ﬂ/o |logz —logi|di = —

=1

We now bound e(0). If # < 1 then, directly, since ¢”” < a, we have |e(0)] < f£a' <

2. Otherwise if # > 1, note from above that |e(1)] < 4282 |¢/(1)] < &, [¢"(1)] < &,

le”(1)] < ¢, and for all i € [0,1], (i) < «. This 1mmed1ately yields a bound that

]()]<a[logm+ + 51 + ] Since 3 +logzr < 2+ < 3z for x > 1, we have that

Dizole(d)] < G
Trivially, we use this bound to bound the sum over half the domain: ZZZ 2le(i)] < 5T
In sum, we will use the bound |e(i)| < 2% (i —x)* for ¢ > £, and Zx/z e(i)| < §r otherwise.
To complete the proof, we note the basic fact that the P01sson distribution dies off super-
polynomially fast away from its mean, relative to its standard deviation. That is, for any
positive integer—weﬁchoose 6 here—there is a constant 7 such that for all ¢, x, we have
poi(z,i) < =

We thus bound ).~ e(i)poi(x, i) piecewise. For i € [x —+/x, z+ /z], we have that since
poi(x,1) is a distribution over ¢, it sums to at most 1 here; since we have the bound here that
le(i)] < 2%(i — x)*, we note that when |i — z| < /2 we have |e(i)| < 2%, which is thus also

—6
a bound on )Zf;[ﬁe(i)poi(x, z)‘ For i > 2 4 y/x we use the bound poi(z,i) < =
to see that

Z e(i)poi(x,i)| < Z Q—Q(Z’_x)‘l L

i>x+\/T i>z+/T

i—T

1—x|

VT

The same argument yields the same bound for the sum over 7 € [§,2 — /z]. To bound

the remaining region, when 7 < £, we note that for this region poi(z,7) < 16;1—/72, and since, as

noted, 32772 |e(i)| < & 2x we have that SY2 e (i) |poi(x, i) = 0(%). Combining all the bounds
yields that |> "7 e(i )poz(:z: i)] = O(%), and combining this with the bounds from the power
series expansion of f yields Y7, f(i)poi(z,i) equals f(z) 4+ 3z f"(z) to within O(%), as
desired. O

6
_ 2ay 1 o Q
 3a83/? Z (i—x)2 O(xQ)‘

i>T4\T

Proof of Lemma 7.3

Before tackling the proof of Lemma 7.3, we prove several helpful lemmas that establish
properties of the Chebyshev bump basis.

Lemma 7.7. Fory € [—n/s,n/s], sufficiently large s, and positive integers a,b < s,

1> (y+7ifs) - galy + wifs)| < % <%+b%) .

i=—a
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Proof. We will first show that

| i <sin(y + mi/s) + w> - g2(y +mi/s)| =0,

1=—S

and then will use the fact that sin(z) + sin®(2)/6 ~ x near zero, and that g.(x) decays
quickly away from zero to yield the claim. To begin, note that go(z) is an even function,
and can be written as a weighted sum of cos(jz), for integers j at most s — 1. Since
cos(jx)sin(z) = Lsin((j + 1)z) — $sin((j — 1)z), and 35-" sin(j(z + ) = 0, for any
integer j < 2s — 1, we have

s—1

Z sin(y + mi/s) - ga(y + mi/s) = 0.
Additionally, sin®(z) = w, and by the above, cos(jz)sin(3z) = 1sin((j + 3)z) —
$sin((j — 3)x), and thus for s > 3, by the above,

s—1

Z sin®(y + mi/s) - ga(y + wi/s) = 0.

i=—s

Next, note that |z — sin(z) — sin®(z) /6| < 32°/40, and thus from the above,

| Z (y+mi/s) - goy + mi/s)| < Z |92(y + mi/s)| - 3(y + mi/s)®/40].

We now leverage the bounds on |g2(y)| from Lemma 3.22. For the at most 5 terms in the
above sum for which y + mi/s € (—=3n/s,371/s), since go(y) < 1/2, we get a contribution of

535x° - 4700 ‘s ; 285
at most 5555 < “5°. For the remaining terms, we have |ga(z +mi/s)| < 77757, and thus

the contribution of the remaining terms, since |y| < /s, is at most 27, 8554(022/ o) < Blogs,
Thus for sufficiently large s,

| i(y+m’/s) cge(y+mifs)| < é.

1=—S

To conclude, the claim clearly holds for a = 1 or 2, and for a > 3 we have

s

> . . _ 285
; ((y +mi/s) - g2y +mifs)| < ;(y + 7TZ/S)—@ T i/s)ist
285 <~ 1 23
< — — .
- s i§1 73 < 2a2s
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Lemma 7.8. Fory € [—7/s,m/s|, sufficiently large s, and positive integer a < s,

IS s galy + 7)) = O5).

S

Proof. From our bounds on g5 given in Lemma 3.22, have the following:

. e . 1 22 < 5 285
];(y—l—m/s) cgo(y +mifs)| < 3-§~ = +;(y+m/5) (y +in/s)ist
1 285 o 1 1
< O(—= < O(—=).
- (52)+ﬁ252§(i—1)2 - (52)

O

Lemma 7.9. For y € [—n/s,m/s|, sufficiently large s, and positive integers a,b,c,d such
thatc < a < s andd < b < s, and a twice-differentiable function f : [—°F, bf] — R satisfying
|f'(0)] < a, maxye(—cnsanss) | [ (y)| < B, and max, [ f(y)] <,

b i i 11\ af1 1 i
‘ZFD(Q"‘?)]%Q‘Fg)—f(O)l§O<7<C—3+$)+§(§+E>+?)_

Proof. We first bound the contribution of the terms with ¢ € —a, ..., —c,d,...,b. Using the
bounds on |gs| from Lemma 3.22, we have
iT im 285 (= 1 = 1
Y el ) < (Z T S T 1)4) < O(y(1/+1/d%).
i€—a,...,—c,d,....b 1=C i=d

We now consider 30 go(y+ %) f(y+T). We express each f(y+ ) in terms of the first
order Taylor expansion about 0, and note that | f(y+2)—(f(0)+(y+Z)f'(0))] < (y+=)26.
Thus we have the following:

> o+ D+ D= Yt + T (50 + 6+ Do)
<BY gply+ Zg)(y + %)2

1=—c

= 0(B/s%) from Lemma 7.8.

We now turn to analyzing the term involving the Taylor approximation:

>t D) (F0+ 0+ TO) = S ety DO+ 10 X mly+ T+

i=—c i=—c i=—c
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To analyze the first term above, by Lemma 3.20, Zf:_s 9s(y + ) f(0) = f(0). Additionally,
by Lemma 3.22, 57 gs(y + ) < 35 25 < 2 and analogously, "¢ g (z + =) < 2.
Thus

)= 3 ato+ Do) <2500 L + L

C

i=—c

To analyze the second term, by Lemma 7.7,

S+ O+ Dizo(3ro(5+3))

i=—c

The desired statement now follows from adding up the above bounds. O

Lemma 7.10. For y € [0,7/2], sufficiently large s, and twice-differentiable function f sat-
isfying |[f()] < v, |/ (W) < ¢ and |[f"(y)| < 13

s

1w - Yoo+ L),

i=0
Proof. From Lemma 3.22, we have ¢3(y)f(0) + g5(y) f(7) < O(;25)-
Next, define i, := [%], and let 0, := y — Z“ . Thus §, € [0, 7T/8] For any j € {—i, + 1,
.., § —1i, — 1}, we have

iy+j(

g3 + g2(y +

D = gy T Gt

T 20, + 9)m
— 92<5y _ %) + 92(531 + M)

Defining the function r,(w) = f(y — w), we have the following:
s—1 X s—1 . ] '
i ey s T i
2 aWf() = Zl (92(3/ — ) oy + ?)> r (—(? - y))
Sil y y - . .
Ty — 1 7 Ty — 1
- Z (92(% + (iy - )W) + go(y + g)) Ty ((Sy + g)

i=1

iy—1 i . .
jm (iy — i)
= E g2(8y + )Ty5 + )+ E 92 y+ (5 +yT)

j=—stiy+1

The idea now is that Lemma 7.9 guarantees that the first term above is roughly 7,(0) =
f(y), and it is easy to show that the second term above will be very small. We start by
bounding the magnitude of the second term, using the bound on g, given in Lemma 3.22:

s—1 . . .

17T Uy — )T .
Zgz(y + ?)Ty (5+ %) < y/iy.
i=1
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We now consider the first term above, and apply Lemma 7.9 with ¢ = ¢ = | — s+, + 1],
d = |i,/2], and b =i, — 1 to yield:

iy—1 , ,
P = Y e, + 6, + ) <O (54 B+ Es).
Jj=—s+iy+1
from which the desired claim follows. O]
Lemma 7.11. Forx < &, 1— Y%7 poi(zk,i) < e~*/S.
Proof. This discrepancy is maximized at x = 5, and by tail bounds of Poissons and

Fact A.19, this is at most

Zpoi(s/Q,z’) < 2poi(s)2,s) < e/,

]

Proof of Lemma 7.5. Recall from Definition 3.17 that B;(x) is related to gi(y) by the coor-
dinate transformation z = 2¢(1 — cos(y)), and scaling by Zj;(l) poi(zk, 7). By Lemma 7.11
we can ignore the scaling factor for # < 5 and lose only s - (1 + logks) - /6 < e7¢/T in
approximation, since there are s skinny bumps, and in Construction 7.4 each skinny bump
has a coefficient of magnitude at most max, [v(z)| = 1 + log ks + e~*/7. To represent f(z)
as a linear combination of B;(z)’s, we will represent 7(y) as a linear combination of g4(y)’s,
where 7 is chosen so that r(y) = f(22(1 — cos(y))). Note that

PO < G- cos(y)) = sin)
< ﬁ%Q—;y since for y € [0,7/2],1 — cos(y) > y*/3, and sin(y) < y.
o
oy
Similarly,
" n, 28 2s | 2 , .25 2s
)] < 17 CI — cosw) (D sin()? + 121 cos() (2 cos(y)
< % +a < %
) Y

Thus by Lemma 7.10, we can approximate r(y) as a linear combination of gi(y) to within
error O(35) —i—O(yQ—iQ)—i-O(yg%)—l—e_sﬁ. For y € [0,7/2], note that (1—cos(y)) € [y?/3,v%/2]
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and thus the error in the corresponding approximation of f(z) via the linear combination of
B;(z)’s will have error at most

L R B S
WJEyse (S (B

_ g g —s/

- O<—<£L‘/€S)3/2+O(l’k8)+0(—(l’k‘ )3/2)—|—e T

as desired.

We now turn to bounding the approximation of f(z) for small x < 1/ks, which thus
equates to bounding the approximation of 7(y) via the gi(y)’s for y < 2/s. The desired
lemma now follows from noting that the approximation of r(y) for such values of y is a
convex combination of r(im/s) for i € 0,1,2,..., where the weight on r(0) is trivially seen
to be at least .1, and the contribution to the approximation from gé for 7 > 100 is bounded
by > 101 gi(y)r(im/s) < .1, from Lemma 3.22 and the assumption that |f(z)| < 1/z°. O

Proof of Theorem 7.1

Proof of Theorem 7.1. Consider the function f(z) := I(x) [logz —logk + 5-], and note
that it satisfies the conditions of Lemma 7.2, with a = O(1), and thus

|Zf poiCa,i) — () + go"(@) ) | < O
For x > s/2, we have I(z) = 1 and thus for such z

fz) + %xf”(x) =logz — logk + O(%)

Thus via the change of variables y = ¥, we have that for y € [5}, o0],

[logy — Y _ poi(yk, i) f(i)| < O

1=0

k2y2)'

Thus we have accurately represented the logarithm function via the Poisson bumps in the
interval [5, 1].
We now consider the Chebyshev-bump approximation of the function v(y) defined in

Construction 7.4 as

o(y) = logy — I(2ky) - > poi(yk,i) f(i) fory> L
 log(s) — 1 +ysk for y < &



CHAPTER 7. EXPLICIT LINEAR ESTIMATORS 157

Note that v(y) satisfies the conditions of Lemma 7.10 with v < log(sk) + 2 and «, f =
O(1). Thus v(y) can be accurately represented by ) . B;(y)v(c;), yielding that for sufficiently
large k,

|2 Bily)ole) + 3 poilyk,i) (i) — log(y)| <

{O(ﬁ) +e /7 forye (L,2)
1
=1

z) for y > 7.

2

—~
o

Y

Finally, we have the trivial crude bound for the extremely small region:

| Z Bi(y)v(ei) + Y poi(yk,i) (i) — log(y)| < log(y) + log(ks) + O(1) for y < ki

- S
=1

We will now apply Proposition 6.10 with a = O(e),b = O(¢/n), and ¢ = k7%!. Note that
by Lemma 3.21, the coefficients are sufficiently small and vary sufficiently slowly, satisfying
the second condition of Proposition 6.10. For the first condition of Proposition 6.10, it
suffices to show that err(y) < e fory > £ and err(y) < o fory < L. To show this, consider
setting n = eks. For y < 1/ks, since y < 1/n, we have

(eksy) (log(ksy) + O(1))
€ (log(ksy)ksy + O(1)ksy)
0O(1),

(ny) (log(y) + log(ks) + O(1))

VARVANRVA

and thus the error in this region is good enough to yield an O(e) estimator. For y € (%, 57 )
e=/T = O(k~%) = o(e), and for y > 1/n, we have error of approximation of the logarithm
function at most O(n/ks) = O(e), and if y < 1/n = 1/eks, we have ny - O(1/yks) = O(e),
which is sufficient to yield an O(¢) estimator. Finally, in the region y > o, if y > 1/n, which
implies that € > 1/yks, we have error O(1/k*y?) = O(1/yks) - -~ Because of our bound on

y, s/yk < 2, and thus this error is O(1/yks) = O(e). In the case that y < 1/n, we have
ny - O(1/k*y?) < eksO(1/k*y) = O(es/ky) < O(e), again because of our bound on y. Thus
the above approximation scheme of the logarithm function is sufficiently accurate to yield
O(e)-error estimators of entropy for distributions of support at most O(ek log k). ]
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Chapter 8

Estimating Properties in Practice

In Chapters 3, 6, and 7, we described three approaches to estimating symmetric properties
that yield sublinear sample estimators achieving near-optimal performance on worst-case
instances. In Chapters 4 and 5, we developed techniques for proving information theoretic
lower bounds on the sample size required to obtain accurate estimates of symmetric proper-
ties; in the process, we developed insights into the mapping between distributions, and the
distribution of fingerprints obtained from a sample consisting of independent draws from the
distribution. Much of the analysis in the previous four chapters is asymptotic, and some of
the constants involved are daunting: a direct implementation of the estimators to which our
theorems apply would be impractical, and would likely yield disappointing results on all but
truly enormous datasets. Nevertheless, in this chapter we propose a heuristic adaptation of
the “unseen” approach of Chapter 3, and demonstrate via simulations that it performs ex-
ceptionally well for a variety of estimation tasks (estimating entropy, the number of distinct
elements, and ¢; distance), on a variety of natural distributions, for a wide range of param-
eters. We compare this estimator with previously proposed estimators from the literature:
for all settings considered, our estimator performs at least as well as the best previously
proposed estimator that we consider, and significantly outperforms all these estimators in
some settings.

While our experiments do not form a comprehensive evaluation of our estimators, they
provide strong evidence that this theoretically principled approach yields robust and general
estimators that seem to perform very well in practice. We expect (and hope) that the
estimator described in this section may be fruitfully used in practice, both directly, and as
a component within larger machine learning and data analysis systems.

In Section 8.1 we describe the practical adaption of the estimator of Chapter 3. In
Section 8.2 we describe our experimental setup for evaluating the quality of this approach
for estimating entropy; our experimental setup is based on that used in [137] to compare
various entropy estimators. In Section 8.3 we apply this approach to estimate the total
variational distance (¢; distance) between pairs of distribution. Finally, we demonstrate the
versatility of our estimator, and show that it can be adapted to estimate the total number of
distinct words that appear in Shakespeare’s Hamlet based on the word counts of surprisingly
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short passages.

8.1 A Practical Algorithm for Estimating the
“Unseen”

In Chapters 3, 6, and 7, we described three approaches to estimating symmetric properties.
While these three approaches all yield provably constant-factor optimal estimators, from
a practical viewpoint, they are not equivalent. The estimators of Chapters 6 and 7 are,
in a rigorous sense, tailored specifically towards optimizing the performance on worst-case
instances—the estimators of Chapter 6 are described as the dual to a linear program that
explicitly searches for optimal worst-case (lower bound) instances, and the tradeoff between
the magnitude of the coefficients and bias of the estimators of Chapter 7 was chosen to
optimize the performance on worst-case instances. In contrast, the estimators of Chapter 3
achieve the same worst-case performance, yet are not tailored to worst-case instances in
any sense; thus one might suspect that their performance on “typical” instances may be
superior. For the remainder of this section on experimental performance, we will focus on
these estimators.

Given the fingerprint F of a sample of size k, consisting of independent draws from a
distribution with histogram h, the high-level approach of the estimator of Chapter 3 is to
find a histogram h that has the property that if one were to draw a sample of size k from
a distribution with histogram A’, the fingerprint of the resulting sample would be similar to
the observed fingerprint F. The hope is then that A and h will be similar, and, in particular,
have similar entropies, support sizes, etc.

For general fingerprints, how does one obtain a “plausible” histogram from a fingerprint
in a principled fashion? The approach of Chapter 3 is based on the observation that, given
a distribution p, and some domain element a occurring with probability x = p(a), the
probability that it will be drawn exactly ¢ times in a sample of size k drawn from p is
Pr|[Binomial(k,z) = i| = poi(kx,i). By linearity of expectation, the expected ith fingerprint
entry will roughly satisfy

E[F] ~ Z h(z)poi(kx,1). (8.1)
z:hyp ()70

This mapping between histograms and expected fingerprints is linear in the histogram, with
coefficients given by the Poisson probabilities. Additionally, Var[F;] < E[F;], and thus
the fingerprint is tightly concentrated about its expected value. This motivated the “first
moment” approach of Chapter 3. The new central limit theorem for generalized multinomial
distributions of Chapter 4 (Theorem 4.2) and Lemma 5.3 of Chapter 5 showing that the
fingerprint expectations actually determine the fingerprint covariance, together imply that
the distribution of fingerprint entries is robustly determined by its vector of first moments—
thus there would be little gained by attempting to match higher-order moments.
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The most significant difference between our practical estimators and those of Chapter 3 is
that the practical ones do not need an upper bound on the true support size of the distribu-
tion. Without such an upper bound on the support size, the space of “plausible” histograms
can be very large. To illustrate, suppose we obtain fingerprint F = (10,0,0,0,...), and
consider the two histograms given by the uniform distributions with respective support sizes
10,000, and 100,000. Given either distribution, the probability of obtaining the observed
fingerprint from a sample of size 10 is > .99, yet these distributions are quite different and
have very different entropy values and support sizes. They are both very plausible-which
distribution should we return if we are not provided with an upper bound on the support
size?

To resolve this question in a principled fashion, we strengthen the initial goal of our linear
program of finding a histogram that could have plausibly generated the observed fingerprint:
we instead return the simplest histogram that could have plausibly generated the observed
fingerprint of the sample. There are many potential implementations of this Occam’s razor:
we return the plausible distribution of minimal support size.

Thus we pose this problem of finding the simplest plausible histogram as a pair of
linear programs. The first linear program is based on Linear Program 3.8 of Chapter 3
and returns a histogram A that minimizes the distance between its expected fingerprint
and the observed fingerprint, where we penalize the discrepancy between F; and E[F!] =

~

> wh(a)z0 (x)poi(kx, 1) in proportion to the inverse of the standard deviation of F;, which we

estimate as 1/4/1 + F;. The second linear program will then find the histogram g of minimal
support size, subject to the constraint that the distance between its expected fingerprint,
and the observed fingerprint, is not much worse than that of the histogram found by the
first linear program.

As with the estimators of Chapter 3, we will only apply the linear programs to the “rare
events” regime, and will simply use the trivial empirical estimate for the regime in which
the fingerprint entries are sparse, and represent a few domain elements that are seen often.
Algorithm 8.1 describes a simple and crude procedure for separating these two regimes,
which performs well in practice.

LA unified approach is possible, using an earthmover distance metric as part of the linear programs to
cleanly circumvent these issues. However, the experimental results this yielded were indistinguishable from
those presented here, and thus do not seem to justify the additional computational expense.
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Algorithm 8.1.

ESTIMATE UNSEEN

Input: Fingerprint F = JF1,Fo,...,Fm, derived from a sample of size k,
vector & =21,...,&; with 0 <z <1, and error parameter o > 0.
Output: List of pairs (Y1, hy, ), (Y2, hy,),..., with y; € (0,1], and h,, > 0.

Initialize the output list of pairs to be empty, and initialize a vector F' to
be equal to F.

Fori=1 to k,

= I Yjefi- [yl it vin i S 2Vi
at index 1
Set F{ =0, and append the pair (i/k,F;) to the output list.

[i.e.

if the fingerprint <s ‘‘sparse’’

e Let v,y be the objective function value returned by running Linear Program 8.2
on input F,x.

e Let v = (Vyy,...) be the vector returned by running Linear Program 8.3 on input
F' 2, Vopt, .

e For all i s.t. vy, >0, append the pair (z;,v,,) to the output list.

Linear Program 8.2. FIND PLAUSIBLE HISTOGRAM

Input: Fingerprint F Fiyoo oy Fmy k, and vector x = xq,..
mesh of points in the interval (0,1].

Output: wector v = (Uy,,...,Vs,), and objective value v,y € R.

., Ty consisting of a fine

Let vgy,...,0z, and vop; be, Tespectively, the solution assignment, and corresponding
objective function value of the solution of the following linear program, with

variables Vg ,..., Vg, !
m 1 4
Minimize: Z — | Fi — szj - poi(kx;,1)
o VIt j=1
i>1 0Fi .
Subject to: Zle Ty, = Z*%, and Vj, vy, >0.
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Linear Program 8.3. FIND SIMPLEST PLAUSIBLE HISTOGRAM

Input: Fingerprint F = Fi,...,Fn, k, and vector x = x1,...,T¢ consisting of a fine
mesh of points in the interval (0,1], optimal objective function value Vopt from Linear
Program 8.2, and error parameter o > 0.

Output: wector v = (Vgy,...,Us,)-
Let vg,,...,V;, be the solution assignment of the following linear program, with
vartables vz, ...,V

Minimize: Z§:1 Vg,

Subject to:

L . .
> ey ﬁ Fi— Zj:l Vg, - poi(kzj,i)| < vopt + @,
Y T, = SIS and Vi, v, > 0.

8.2 Estimating Entropy

In this section we demonstrate that Algorithm 8.1 can be used to very accurately estimate
the entropy of a distribution. Before describing our experimental setup and results, we list
the five estimators for entropy that we use for comparison. The first three are standard,
and are, perhaps, the most commonly used estimators [102]. The final two estimators were
proposed more recently, and have been shown to perform well in some practical settings [137].
For a more detailed discussion of these estimators, see Section 2.3.

The “naive” estimator: The entropy of the empirical distribution, namely, given a fin-
gerprint F derived from a sample of size k, H"*"*(F) := 3, Fi+|log ¢|.

The Miller-Madow corrected estimator [90]: The naive estimator H"*¢ corrected to

try to account for the second derivative of the logarithm function, namely HMM(F) :=
naive o Fa)—1

HMOwe(F) 4 ~=i—.

The jackknifed naive estimator [144, 51]:
k=1
HJK(JT_') . Hnawe(f) _ ; Hnawe(‘/—;—j)’

j=1
where F~7 is the fingerprint given by removing the contribution of the jth sample point.

The coverage adjusted estimator (CAE) [36]: Chao and Shen proposed the CAE,
which is specifically designed to apply to settings in which there is a significant component
of the distribution that is unseen, and was shown to perform well in practice in [137].2 Given

20ne curious weakness of the CAE, is that its performance is exceptionally poor on some simple large
instances. For example, given a sample of size k drawn from a uniform distribution over k elements, it is not
hard to show that the bias of the CAE is O(log k). This error is not even bounded! For comparison, even
the naive estimator has error bounded by a constant in the limit as kK — oo in this setting. This bias of the
CAE is easily observed in our experiments as the “hump” in the left plot of Figure 8.1.
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a fingerprint F derived from a sample of size k , let P, := 1 — F; /k, representing the Good—
Turing estimate of the probability mass of the “seen” portion of the distribution [59]. The
CAE adjust the empirical probabilities according to Ps, then applies the Horvitz—Thompson
estimator for population totals [68] to take into account the probability that the elements
were seen. This yields:

HCAE(Jf) — ZJT_-Z (Z/k)Ps 10g ((Z/k>F;S) _
7 1= =(/k)F)

The Best Upper Bound estimator [102]: The final estimator to which we compare
ours, is the Best Upper Bound (BUB) estimator of Paninski. This estimator is obtained
by searching for a minimax linear estimator, with respect to a certain error metric. The
linear estimators of Chapter 6 can be viewed as a variant of this estimator with provable
performance bounds.® The difficulty in using the BUB estimator is that it requires, as input,
an upper bound on the support size of the distribution from which the sample was drawn.
In many settings, such an upper bound is either unknown, or nonexistent; and if the bound
provided to the estimator is inaccurate, the performance degrades considerably, as was also
remarked in [137]). In our experiments, for the distributions with finite support, we gave
the true support size as input, and thus we are arguably comparing our estimator to the
best—case performance of the BUB estimator.

Experimental setup

We performed a comparison of our estimator with the above five estimators for a variety
of sample sizes and distributions. We considered three classes of distributions, the uniform
distribution, Uni f[n] that assigns probability p; = 1/n for i = 1,2,...,n; the Zipf distribu-
tion Zipf[n] that assigns probability p; = zﬂi_/fj 7
to model naturally occurring “power law” (Jiistributions, particularly in natural language
processing; and the geometric distribution Geom|[n| which has infinite support, and assigns
probability p; = (1/n)(1 — 1/n), for i = 1,2.... For each distribution, we considered three
settings of the parameter n, 1000, 10000, and 100000, and for each setting, we considered
drawing a sample of size k, for k ranging from n°®¢ to n'?5. For each setting of the parame-
ters, 500 trials were run: each trial consisted of drawing a sample of size k, then evaluating
each of the estimators on the resulting sample.

All experiments were run in Matlab. The error parameter o in Algorithm 8.1 was set
to be 0.1 for all trials, and the vector x = x1, 2, ... used as the support of the returned
histogram was chosen to be a coarse geometric mesh, with z; = 1/(200n), and z; = 1.1z;_;.
The experimental results are essentially unchanged if the error parameter is varied within
the range [0.01,0.5], or if z; is decreased, or if the mesh is made more fine. We used

for i =1,2,...,n and is commonly used

3We also implemented the linear estimators of Chapter 6 though found that the BUB estimator performed
better.
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Paninski’s implementation of the BUB estimator (publicly available on his website), with
default parameters. This estimator requires a parameter upper-bounding the support size of
the distribution, which we set to be n for the three cases considered here (Unif[n|, Zipf[n],
and Geom/[n]).

Results and Discussion

The performance of our Algorithm 8.1 for estimating entropy is evaluated and compared
with that of the five other estimators in Figure 8.1. We plot the root-mean-square error of
each estimator for each of the three distributions (Unif[n|, Zipf[n], and Geom|n]), param-
eterized by each of the three values n = 1,000, n = 10,000, and n = 100, 000. Our “unseen”
estimator performs well in both the super-linear and sub-linear regime, matching or ex-
ceeding the performance of all the other estimators in all cases. Further, each of the other
estimators seems to have quirks that drastically limit their performance in certain regimes,
while our estimator performs robustly throughout. Each of the standard three entropy
estimators—the naive estimator, the Miller-Madow corrected estimator, and the jackknifed
estimator—performs well only in the super-linear regime, where the sample size is larger than
n, though their performance improves smoothly, with the jackknifed estimator performing
better than the Miller-Madow estimator, which performs better than the naive estimator.
The Coverage-Adjusted estimator performs virtually identically to the unseen estimator on
the uniform distribution in the sublinear regime, suggesting that perhaps the CAE estimator
was specifically designed for this case. In other cases, however, the CAE estimator performs
disappointingly; even in the super-linear regime for the uniform distributions, when all the
other estimators are converging rapidly, the CAE has a “hump”, which in fact grows with
n. The BUB estimator, as noted above, has a free parameter representing an upper bound
on the support size, which we set to be equal to n to yield a “best-possible” performance for
the uniform and Zipf distributions; this performance may not be representative of the BUB
estimator in general.

8.3 Estimating /; Distance, and the Number of
Words in Hamlet

The other two properties that we consider do not have such widely-accepted estimators
as entropy, and thus our evaluation of the unseen estimator will be more qualitative. We
include these two examples here because they are of a substantially different flavor from
entropy estimation, and highlight the robustness and versatility of our approach.

In Figure 8.2 we show the results of estimating the total variation distance (¢; distance)
between two uniform distributions A, B on n = 10,000 points, in three cases: the two
distributions are identical (left plot, d = 0), the two distribution supports overlap on half
their elements (center plot, d = 0.5), and the two distributions have disjoint supports (right
plot, d = 1). The estimate of the statistical distance is plotted, along with error bars at
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Figure 8.1: Plots depicting the square root of the mean squared error (RMSE) of each entropy
estimator over 500 trials, plotted as a function of the sample size; note the logarithmic scaling
of the x-axis. The samples are drawn from a uniform distribution Unif[n] (left column),
a Zipf distribution Zipf[n| (center column), and a geometric distribution Geom|n] (right
column), for n = 1,000 (top row), n = 10,000 (middle row), and n = 100, 000 (bottom row).
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Figure 8.2: Plots depicting the estimated ¢; distance (total variational distance) along with
error bars showing one standard deviation, for samples from two uniform distributions of
support 10,000 having distance 0 (left plot), distance 0.5 (center plot), and distance 1 (right
plot) as a function of the sample size.

plus and minus one standard deviation; our results are compared with those for the naive
estimator. The naive estimator, of course, returns the total variation distance between
the empirical distributions observed, and thus in the third plot, when the distributions are
disjoint, the naive estimator will perform perfectly; in the other cases, when the sample size
is rather small, the two empirical distributions will be essentially disjoint, so the distance
estimate of the naive estimate starts near 1 in all cases, and only gradually converges for
super-linear sample sizes. Meanwhile, our unseen estimator can be seen to reliably distinguish
between the d = 0, d = %, and d = 1 cases even for samples of size as few as several hundred.

Because total variation distance is a property of two distributions instead of one, finger-
prints and histograms are two-dimensional objects in this setting (see Section 3.2 of Chap-
ter 3), and Algorithm 8.1 and the linear programs are extended accordingly, replacing single
indices by pairs of indices, and Poisson coefficients by corresponding products of Poisson
coefficients.

Estimating the number of distinct words in Hamlet

Finally, in contrast to the synthetic tests above, we also evaluated our estimator on a real-
data problem which may be seen as emblematic of the challenges in a wide gamut of natural
language processing problems: given a (contiguous) fragment of Shakespeare’s Hamlet, esti-
mate the number of distinct words in the whole play. We use this example to showcase the
flexibility of our linear programming approach—our estimator can be customized to partic-
ular domains in powerful and principled ways by adding or modifying the constraints of the
linear program. To estimate the histogram of word frequencies in Hamlet, since the play is of
length ~25,000 , the minimum probability with which any word can occur is m. Thus in
contrast to our previous approach of using Linear Program 8.3 to bound the support of the
returned histogram, we instead simply modify the input vector x of Linear Program 8.2 to
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contain only values > WBOO’ and forgo running Linear Program 2.* The results are plotted
in Figure 8.3. The estimates converge towards the true value of 4268 distinct word forms
extremely rapidly, and are slightly negatively biased, perhaps reflecting the fact that words
appearing close together are correlated.

In contrast to Hamlet’s charge that “there are more things in heaven and earth...than
are dreamt of in your philosophy,” we can say that there are almost exactly as many things

in Hamlet as can be dreamt of from 10% of Hamlet.

Estimating # Distinct Words in Hamlet

8000 ; ‘ ‘
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2 _—
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0 0.5 1 1.5 2 2.5
Length of Passage x 10"

Figure 8.3: Estimates of the total number of distinct word forms in Shakespeare’s Hamlet
(excluding stage directions and proper nouns) as a function of the length of the passage from
which the estimate is inferred. The error bars depict one standard deviation in the estimate
over the random choice of each contiguous passage of the given length. The true number of
distinct word forms, 4268, is shown as the horizontal line.

4A passage of text should be regarded as a sample without replacement from the set of words in the work;
thus rather than applying our estimator to the fingerprint of the word counts of a passage, we first apply
the natural transformation from a sample taken without replacement, to a sample taken with replacement,
and then apply our estimator to the fingerprint of the resulting modified set of word counts.
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Part 11

Correlations, Parities, and Juntas
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Chapter 9

Finding Correlations and the Closest
Pair Problem

One of the most basic statistical tasks is the problem of finding correlations in data. In
some settings, the data is gathered with the specific goal of ascertaining the set of correlated
variables; in many other settings, the identification of correlated features is used repeatedly
as a key data analysis primitive within the context of more complex algorithms.

From a theoretical perspective, this problem of finding correlations is extremely rich.
Most of the theoretical work has focussed on the closely related problem of finding a pair of
vectors with minimal distance from among some set of vectors, also known as the “closest pair
problem”. To see the relation between these problems, recall that the Pearson—correlation
of two vectors with mean zero and unit length is defined to be their inner product; and the
pair of unit-length vectors with maximal inner product will also be the pair with minimal
Euclidean distance.

9.1 Discussion of Previous Work

Historically, the first line of work on finding close pairs of vectors focussed on the “nearest
neighbor search”: given a set of vectors how can one preprocess them such that given a new
vector, one can efficiently find the vector in the set that is closest of the new vector (with
respect to some metric—typically Euclidean distance, or Hamming distance in the Boolean
setting)? For such problems, there are typically two parameters of interest: the amount of
space required to store the preprocessed set of vectors, and the amount of time required to
perform a single query.

The earliest work on this question considered the case in which the n points lie in very low
dimensional space, d = 1,2, 3,.... In the case that d = 1, each point is a real number, and
one can simply sort the list of numbers, and store the sorted list. Given a new number, one
can perform a binary search over the sorted list to find the closest number. Thus the storage
space is linear in the size of the input, and each query requires O(logn) comparisons. For
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d > 2, the analogous scheme corresponds to partitioning the space into n regions, indexed
by the points in the set, where the region corresponding to the ¢th point x; consists of those
points that are closer to x; than to any of the other n — 1 points in the set.

In the case of d = 2, such a partition of the plane is known as the Voronoi diagram of
the set of n points, and yields space bounds and query time analogous to the d = 1 setting.
Unfortunately, such schemes suffer a curse of dimensionality and do not generalize well to
higher dimensions; while the query time remains polynomial in dlogn, the space required to
store such partitions scales as O(n!%?1) [41], and quickly cease to be preferable to performing
the brute-force comparisons (see, for example, [89, 140]). On the practical side, there
has been considerable work in developing reasonable data structures to partition slightly
higher dimensional Euclidean spaces (d < 20), starting with the notion of k-dimensional
trees (kd—trees), introduced by Bentley [24] (see [116] for a summary including more recent
developments).

In an effort to overcome some of the difficulties of returning the exact closest point,
starting in the late 1990’s, significant effort was spent considering the c—approximate nearest
neighbor problem in which the goal of returning the closest point is relaxed to the more
modest goal of returning a point whose distance is at most a multiplicative factor of ¢ =
1 4 € larger than that of the closest point. Additionally, a small probability of failure is
allowed. In many practical settings, such a relaxation is essentially equivalent to the exact
nearest neighbor problem. Starting with the results of Kushilevitz et al. [81] and Indyk and
Motwani [71], algorithms requiring space that is polynomial in n and d, with query time
polynomial in dlogn were given (for constant € > 0).

Introduced in work of Indyk and Motwani [71], the concept of locality sensitive hashing
offered both sublinear query time, as well as subquadratic space, thereby yielding nontrivial
algorithms for the approximate closest pair problem. Specifically, they gave an algorithm
with query time O(nﬁ) and space O(nHl%e). (Throughout, we ignore logn factors, and
the additive dn term in the space.) The basic idea was to use a series of hashing functions
that all have the property that close points have a higher probability of hashing to the same
bucket. To perform a given query, one simply hashes the query point, and then checks the
subset of the n data points that have also been hashed to those buckets. Since the original
paper, there have been a number of improvements in the parameters, and generalizations
from Hamming and Euclidean distance to other ¢, metrics [49, 100, 10]. The current state
of the art for the 1 + € nearest neighbor problem under the Euclidean metric is given in
Andoni and Indyk [10], achieving query time and space O(dn®), O(n'*®), respectively, for

a = ﬁ + o(1). These results were recently shown to be essentially tight in the sense
that for any scheme based on locality sensitive hashing, the exponent o > ﬁ —o(1) [94].

(See [9] for a survey on locality sensitive hashing.)

For the problem of finding a pair of points whose distance is at most a factor of 1 + ¢
further than that of the closest pair of points, by simply running the nearest-neighbor
search n times—once for each vector—one obtains algorithms with runtimes O(nHl%e),

1
and O(nH(He)2 ), respectively in the Hamming and Euclidean settings which are the best
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previously known algorithms for these problems. For small ¢, these runtimes are roughly
O(n*7¢), and O(n?*~%), respectively.

The Light Bulb Problem

For completeness, we restate the definition of the light bulb problem:

Definition 9.1. Given a set of n vectors in {—1,+1}4, with the promise that the vectors are
chosen uniformly at random with the exception of two vectors that have Pearson—correlation
p (Hamming distance d - ? ), the light bulb problem with parameters n,d, p is the problem
of recovering the true correlated pair of vectors.

The light bulb problem is easily seen to be a special case of the approximate closest pair
problem. To see the correspondence in parameters, for sufficiently large dimension, d, the
Hamming distance between the correlated vectors will be at most %d whereas, with high
probability, the Hamming distance between any other pair of vectors will be close to g. Thus
solving the 14 € approximate closest pair problem for 1+¢€ ~ l%p will, with high probability,
return the correlated pair of vectors.

The light bulb problem has received much less attention than the nearest-neighbor prob-
lem; the early work on locality sensitive hashing seemed unaware that somewhat similar

ideas had appeared nearly a decade earlier in the work of Paturi et al. [104], which gave
@

an algorithm for the light bulb problem with runtime O(nHl?oggil??), which is slightly better
than that given by the application of locality sensitive hashing for the Hamming cube given
in [71]. More recently, Dubiner introduced the “Bucketing Codes” approach [50], which is
similar in spirit to the approach of Andoni and Indyk [10], and yields an algorithm for the

light bulb problem with a runtime of O(nﬁ)

For small values of p, all these approaches yield runtimes of n>~°®) with [50] achieving
the best asymptotic runtime of O(n?~??), in the limit as p — 0.

For our results on the light bulb problem, and closest pair problem, we will perform some
metric embeddings: the hope is to construct some embedding f : R? — R™ with the property
that if (u,v) is large, then the inner product of the images of u and v, (f(u), f(v)) will also be
large, and if the inner product is small, the inner product of the images is tiny. For the light
bulb problem, we will be able to choose the embedding f to be a simple “XOR” /“tensor”
embedding, which sets each coordinate of f(u) to be the product of entries of u. Such an
embedding has appeared previously in several contexts, and was used by Lyubashevsky [83]
to show that given few examples from an instance of learning parity with noise, one can
generate new “simulated” examples, that can be used in place of actual examples.

Our results for the approximate closest pair problem will require a more sophisticated
embedding. In fact, it seems unlikely that we would be able to construct a single embedding f
with the desired properties (see the comments in Section 9.3 on Schoenberg’s characterization
of what is achievable via a single embedding). Instead of using a single embedding, we will
construct a pair of embeddings, f, g : R? — R™ with the property that (f(u), g(v)) is large
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[small] if (u,v) is large [small]. This observation that a pair of embeddings can be more
versatile than a single embedding was first fruitfully leveraged by Alon and Naor in their
work on approximating the cut norm of a matrix [6].

9.2 A New Algorithm for the Light Bulb Problem

We begin by presenting our new approach to the light bulb problem; our improved algorithm
for finding the closest pair of vectors in the general setting will build upon this approach.
There are two essential features of the light bulb problem which we exploit:

e With the exception of the correlated pair of vectors, the Hamming distance between
pairs of vectors is tightly concentrated around a single value, d/2.

e One need not iteratively solve n nearest neighbor search problems, one for each vector;
instead, one can effectively perform many such searches simultaneously.

We now provide an intuitive overview of how we exploit these features. We begin by assuming
that we can choose the dimension of the vectors, d.

Given a d x n matrix X with entries in {—1,41} whose columns are uniformly random,
with the exception of two p-correlated columns, one naive approach to finding the correlated
columns is to simply compute W = X'X, the matrix whose 7, jth entry is the inner product
between the 7th and jth columns of matrix X. With overwhelming probability, the largest
off-diagonal entry of W will correspond to the correlated columns, as that entry will have
value roughly dp, whereas all the other off-diagonal entries have expected value 0, and will
be tightly concentrated around 0, with standard deviation O(v/d). The obvious issue with
this approach is that W has n? entries, precluding a sub—quadratic runtime. This remains
an issue even if the number of rows, d is taken to be near the information theoretic limit of

O(l252).

(p)ur approach is motivated by the simple observation that if two columns of X are highly
correlated, then we can compress X, by simply aggregating sets of columns. If one randomly
partitions the n columns into, say, n?/3 sets, each of size n'/3, and then replaces each set of
columns by a single vector, each of whose entries is given by the sum (over the real numbers)
of the corresponding entries of the columns in the set, then we have shrunk the size of the
matrix from m x n, to an m x n*? matrix, Z (that now has integer entries in the range
[—n!/3,n!/3]). Tt is still the case that most pairs of columns of Z will be uncorrelated. If,
in the likely event that the two original correlated columns are assigned to distinct sets, the
two columns of Z to which the two correlated columns contribute, will be slightly correlated.
Trivially, the expected inner product of these two columns of Z is O(pm), whereas the inner
product between any two other columns of Z has expected value 0, and variance O(n?/3m).
Thus provided pm >> Vn2/3m, and hence m >> n?/3/p?, there should be enough data to
pick out the correlated columns of matrix Z, by computing W’ = Z'Z, and then finding
the largest off-diagonal element. This computation of the product of an n?? x n?3/p?
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matrix with its transpose, via fast matrix multiplication, is relatively cheap, taking time
n2/3poly(1/p) < n'S - poly(1/p), where w is the exponent of matrix multiplication.

Once one knows which two columns of Z contain the original correlated columns of W,
one can simply brute-force check the inner products between all pairs of columns of W that
contribute to the two correlated columns of Z, which takes time dn??. (One could also
recursively apply the algorithm on the two relevant sets of n'/? columns, though this would
not improve the asymptotic running time.) The computation, now, is dominated by the size
of the initial n?3/p? x n > n'% matrix! It is also clear that the runtime of this algorithm
will depend only inverse polynomially on the correlation—in particular, p will not appear in
the exponent of n. Optimizing the tradeoff between the size of the initial matrix, and the
time spent computing the product, yields an exponent of (5 —w)/(4 — w) < 1.62.

In the rest of this section we formally describe the algorithm, and give the proof of
correctness.

Algorithm 9.2. VECTOR AGGREGATION
Input: An m xn matriz X with entries x;; € {—1,+1}, and constant a € (0,1].
Output: A pair of indices, ¢i,c2 € [n].

e Randomly partition [n| into nl-« disjoint subsets, each of size n®, denoting the
sets Si,...,S8,1-a, and form the m X n'~® matriz Z with entries Zij = Ekes,» ik
where the sum 1s taken over the reals. '

o Let W =Z'Z, and denote the largest off-diagonal entry by w; ;.
e Using a brute-force search, taking time O(ano‘), find and output the pair

m

(c1,c2) == argmaz,,es; c,es, § Thyey Thcy
k=1

The following proposition describes the performance of the above algorithm:

Proposition 9.3. For any constant € > 0, setling o = m the algorithm VECTOR-

AGGREGATION, when given as input the value o as above and the matriz X whose columns
consist of the vectors given in an n,d, p instance of the light bulb problem with d = "2:;5,
will output the true pair of correlated columns with probability 1 — o(1), and will run in time

”Zﬁ% 1.62
02 ) < nt 2 poly(1/p),

2
where w < 2.38 s the exponent of matrix multiplication.

Proof. We first verify the runtime of the algorithm. The input matrix X has size dn =
nit2ete/n? "and the creation of the matrix Z takes time linear in this size. The only remaining
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bottleneck is the computation of W = Z!Z, which is the product of a n'= x d matrix with
5—w
its transpose, and hence can be computed in time max (¥, (n'~*/d)?d¥) < ni== /p**, where

the second argument to the max operation is the case that d < n'=@.

We now verify the correctness of the algorithm. Assume without loss of generality that the
true correlated columns are the first and second columns, and that they contribute to distinct
sets (which happens with probability > 1 —1/n?®), and denote those sets Sy, S, respectively.
By a union bound over Chernoff bounds, with probability 1 — o(1), for all 7,7, |z ;| <
n®/?log® n. Additionally, aside from the first and second columns of Z, which correspond
to the sets 51,52, all columns are independent, with each value z; ; having expectation 0,
and thus by another union bound over Chernoff bounds, with probability 1 — o(1) each off-

diagonal entry of W aside from w; 5 and ws ; will have magnitude at most |z; ; ]2 Vd log2 n <
"QQ:/onlylog n.

We now argue that w; o will be significantly larger than this value. Indeed, w;, =
> iesyjes,(Xis Xj), where X; denotes the ith column of matrix X, and by the above calcu-

lation, the magnitude of the contribution to this sum from all terms other than (X, X5)
n2a+e/2

p
of (X1, X,) = pd, and with probability 1 — o(1), (X, Xo) > & =

n2a+e/2

will be at most

polylog n, with probability 1 — o(1). To conclude, the expected value
n2a+e

2p
polylog n for any constant € > 0 and sufficiently large n, and thus w; 2 or ws; will be
the largest off-diagonal entries of W with probability 1 — o(1), in which case the algorithm

outputs the correct indices. O]

which dominates

Projecting Up

The algorithm described above shows how to solve the light bulb problem provided that
the points have dimension d > nﬁ“/p2 ~ n%%/p?. What happens if d is quite small?
Information theoretically, one should still be able to recover the correlated pair even for
d = O(logn/p?). How can one adapt the VECTOR-AGGREGATION approach to the case
when d is near this information theoretic boundary? We shall carefully project the vectors
into a larger space in such a way so as to guarantee that the projected vectors act like vectors
corresponding to an n, d’, p’ instance of the light bulb problem for some d' > d, and p’ < p,
with the property that d’ is sufficiently large so as ensure that the approach of the previous
section succeeds. We rely crucially on the fact that p does not appear in the exponent of n
in the runtime, since this transformation will yield p’ << p.

Consider randomly selecting a small set of the rows of the matrix, and producing a new
row by component-wise multiplication. We term such a process of generating new examples
(rows) as “XORing together a set of rows”, and we claim that the new row of data thus
produced is reasonably faithful. In particular, if two columns are completely correlated,
then the result of XORing together a number of rows will produce a row for which the values
in the two correlated columns will still be identical. If the correlation is not 1, but instead
p, after combining ¢ rows, the corresponding columns will only be p? correlated, as XORing
degrades the correlation. Recall, however, that the algorithm of the previous section was
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extremely noise robust, and thus we can afford to degrade the correlation considerably. For
constant p, we can certainly take ¢ = o(logn) without increasing the exponent of n in the
runtime.

Note that as we are viewing the vectors as having entries in {—1, 1}, this XORing of sets
of rows is simply component-wise multiplication of the rows. Equivalently, it can be seen as
replacing each column with a sample of the entries of the gth tensor power of the column.

In the context of learning parity with noise, this expansion approach was used by Lyuba-
shevsky [83] to show that given few examples from an instance of learning parity with noise,
one can generate new “simulated” examples, that can be used in place of actual examples.
In contrast to the current setting, the challenge in that work was arguing that the new
instances are actually information theoretically indistinguishable from new examples (with
higher noise rate). To prove this strong indistinguishability, Lyubashevsky employed the
“Leftover Hash Lemma” of Impagliazzo and Zuckerman [70].

In our setting, we do not need any such strong information theoretic guarantees, and
hence our results will apply more generally than the random setting of the Light Bulb
problem. Our approach only requires some guarantee on the inner products of pairs of
columns, which can be given by inductively applying the following trivial lemma:

Lemma 9.4. Given vectors u,v,w,z € R? with (u,v) = pid and (w, z) = pad, fori,j chosen
uniformly at random from [d],

E[(wiwj) - (vizj)] = p1pe-

Phrased differently, letting = € R? be the vector whose entries are given by the d?
entries of the outer-product uw?, and y is given by the entries of vz?, then (x,y) = pp2d?®.
Elementary concentration bounds show that provided one samples sufficiently many indices
of this outer product, the inner product between the sampled vectors will be close to this
expected value (normalized by the dimension).

Proof. The proof follows from the independence of 4, j, the facts that E|w;v;] = p1, E|w;z;] =
p2, and the basic fact that the expectation of the product of independent random variables
is the product of their expectations. O

We now state our theorem, which applies more generally than the Light Bulb problem,
and can alternately be viewed as a result on the complexity of approximating the product of
two matrices, under the assumption that the product has only a moderate number of large
entries.

Theorem 9.1. Consider a set of n vectors in {—1,1}* and constants p, T € [0,1] such that
the following condition holds:

1

e For all but at most n1°~2 &~ n'3 pairs u,v of distinct vectors, |(u,v)| < 7d.
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There is an algorithm that, with probability 1 — o(1), will output all pairs of vectors whose
inner product is least pd. Additionally, the runtime of the algorithm is

3w lo, lo,
dn’® - p*s polylogn < O(dnl'leogf)7

where w < 2.38 s the exponent of matrix multiplication.

Algorithm 9.5. EXPAND AND AGGREGATE

Input: An m x n matriz X with entries z;; € {—1,+1}, € € (0,1), and p,7 € (0,1), with
p>T

Output: Two indices ci,c2 € [n].

log p

§ Tra — ;.
o Let m/ =nit?wsr log®n, and g = 98"

—logT"

e If m' >n, do the O(mn?) time brute—force search.

o (Otherwise, we create an m' xn matriz Y with entries in {—1,+1}:

— For each of the m' rows of Y, select a list t1,...,tq with each t;
selected uniformly at random from [m], and set the jth component of the
corresponding row to be H;]:l T, -

e Let c1,co be the output of algorithm VECTOR-AGGREGATION on input Y with the
parameter a = i, where the algorithm s modified to brute-force-search for each

of the top ni®"z entries of W.

The intuition of the above algorithm is that the matrix Y resulting from the XOR expan-
sion step has the property that the expected inner product between any two “bad” columns
is bounded in magnitude by m/79 = m/ %, and the expected inner product of a “good” pair

of vectors will be m’p? = m/ nTeEr >> m % We now hope to argue that the inner products
of the “bad” vectors are closely concentrated about their expectations, in which case the
Vector Aggregation step of the algorithm will find a “good” pair of vectors. The minor
technical issue is that the entries of matrix Y resulting from the XOR expansion step are
not independent. Even if we start with an instance of the Light Bulb problem—while the
expansion step, intuitively, can be thought of allowing us to pretend that we were given
much more data than we were, the added dimensions are far from independent. This lack of
independence harms the exponent slightly—we leverage the randomness of the partitioning
of the Vector Aggregation algorithm to obtain slightly worse concentration than we would
obtain in the truly random setting. This results in a worse exponent of &~ 1.79 instead of
~ 1.62 as in Proposition 9.3, though this discrepancy can, perhaps, be removed via a tighter
analysis.

Before proving Theorem 9.1, we state a simple corollary that applies to the light bulb
problem in the setting in which the dimension, d, is near the information theoretic limit
of O(IO;‘Q”). This corollary results immediately from applying Theorem 9.1 together with
elementary Chernoff bounds.
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Corollary 9.6. For any constant p,e > 0, there exists a constant c. dependent on € such
that for sufficiently large n, given an instance of the Light Bulb problem with parameters
n,d, p with d > c, lopgzn, with probability 1 — o(1), the pair of correlated vectors can be found
in time O(dn't <) < O(dn*™).

Before proving Theorem 9.1, we establish a simple concentration result for the sum of
the entries of a random submatrix of a specified size:

Lemma 9.7. Given an s x s matriz X, with entries bounded in magnitude by b, let S1, Sy C
[s] be two sets of size h chosen uniformly at random. Define the random variable y =

ZiESh_jESQ Xij- Then
Pr [|y — E[y]| >b- h3/2 log h} = o(1/poly(h)).

Proof. First consider selecting set S1, and then selecting set Sp. Let zg, := E[y|Si]| denote
the expected value of y given the choice of S;. We now argue that Pr[|zs, — E[zg,]| >
b- h3%log h] = o(1/poly(h)). To see this, let p; = ZFTNC] denote the average weight of the
ith column, and thus zg, = h ), s, Pi- The probability of zg, deviating from its expectation
by more than some value is easily seen to be dominated by the process of choosing the h con-
tributing p;’s with replacement from the set {p1,...,ps}, in which case a standard Chernoff
bound applies, yielding that Pr|zs, — E[zg,]| > b- h¥2log h] < e=©0e* M) — o(1 /poly(h)).
We now argue that, with high probability, the value of y will be closely concentrated
around zg,. In analogy with the above, fixing a set S; fixes the average weight of each row of
the restriction of matrix X to the columns indexed by elements of S;. An identical analysis
to the above (over the randomness in the choice of Sy rather than S;) yields the desired
lemma. [

We now prove Theorem 9.1.

Proof of Theorem 9.1. The runtime of EXPAND AND AGGREGATE is dominated by the mul-
tiplication of an n3/* x m’ matrix with its transpose, and thus trivially, takes time at most

O <n37w . (n?—/;)Q)

To verify the correctness of the algorithm, we first proceed under the assumption that
the only pair of columns with inner product greater than 7d is the pair with inner product
at least pd. First observe that for a pair of vectors with inner product bounded in magnitude
by 7d, after the degree ¢ XORing expansion, by Lemma 9.4, the magnitude of the expected
inner product is at most m/-79 < m//n < 1, which is negligible in comparison to the variance
of this quantity. By a union bound over Chernoff bounds, with probability 1 — o(1) all such

lo,
inner products will have magnitude at most vm’logn < Tk, log7/ *n = B. Since the

inner product of two sums of sets of vectors is simply the sum of the pairwise inner products
between the elements of the sets, by Lemma 9.7, the contribution from these uncorrelated
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columns to each entry of the product of the aggregated matrix and its transpose—matrix
W—calculated in the VECTOR-AGGREGATION stage of the algorithm will be bounded by

(n/4)3210gn - B = nitier 1og®2 n

On the other hand, the inner product of the expanded pair of correlated vectors will, with
probability 1 — o(1), be at least
1 1 / __logp 1 3+10gp

I q __ _ = 5
—m'pl = —m'n Ter = —ni"ler log”n
2 2 2 ’

which dominates the contribution of the uncorrelated vectors for sufficiently large n.

To conclude, we consider the case that there might be at most niv®=s pairs of columns
with inner product > 7d. With probability 1—o(1), all the pairwise correlations between the
sets of vectors to which the most correlated pair get grouped will be at most 7d. Additionally,
as there are at most ni“~2 pairs of vectors whose inner products have magnitude greater
than 7d, there will be at most this many entries of W that are larger than n%ﬂ‘;% logg/ ’n,
with probability 1 — o(1). Thus one could modify the VECTOR-AGGREGATION algorithm
by performing the O(dn'/?) time brute-force search for each of the niv=: largest entries of
the matrix W of the VECTOR-AGGREGATION algorithm, taking total time O(dni*). The
probability of success can trivially be boosted by repeating the entire algorithm. O]

9.3 The Chebyshev Embedding, and Closest-Pair
Problem

We now abstract and refine the main intuitions behind the EXPAND AND AGGRECGATE
algorithm, to yield our algorithm for the general approximate closest pair problem, which will
work in both the Boolean and Euclidean settings. The VECTOR-AGGREGATION algorithm
of the previous section relies, crucially, on the tight concentration around 0 of the inner
products of the uncorrelated vectors. In the case of Proposition 9.3, this concentration
came “for free”, because we assumed that the dimensionality of the data was large ~ n%¢.
To obtain Theorem 9.1, we needed to work to obtain sufficiently tight concentration. In
particular, we performed a metric embedding f : {—1,+1}¢ — {—1,+1}™, with the crucial
property that for an appropriately chosen integer ¢, for u,v € {—1,+1}¢,
(f(u), f() _ ((uyv>>q

m d

The key property of this mapping x — z¢ is that if one pair of vectors has an inner
product that is a factor of (1 + €) larger than than that of any other pair, after performing
this mapping, the inner product of the image of the close pair will now be a factor of
(14 €)? >> 1+ € larger than that of the images of any other pair of vectors; thus the “gap”
has been significantly expanded. Of course, we can not take g to be arbitrarily large, as we
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would like to maintain a subquadratic amount of data and thus m << n, and the variance
in the inner products that arises from the subsampling process (choosing which subsets of
the rows to XOR) will be O(m). Thus if ¢ is so large that the O(y/m) standard deviation in
the inner product dominates the mp? inner product of the images of the closest pair, all the
signal in the data will be lost and the algorithm will fail. (Phrased more generally, if ¢ is
too large, the distortion caused by projecting to a lower dimensional space will swamp the
signal.)

A simple calculation shows that if we try to obtain an algorithm for the (1+¢) approximate
closest pair problem via this EXPAND AND AGGREGATE approach, we would end up with an
algorithm with runtime n?~9(). Can we do any better? To simplify the exposition, assume
that we are told that there is a “good” pair of vectors with inner product at least (1+¢€)d/2,
and that all other pairs of vectors are “bad” and have inner product in the range [—d/2, d/2].
In order to improve upon this runtime of n?~°(, we need an improved embedding—one that
damps the magnitudes of the “bad” pairs of vectors as much as possible, while preserving
the inner product between the closest pair. Specifically, we seek a mapping f, : R? — R™
with the following properties:

e For all u,v € R4, if (u,v) > (1 +€)d/2, then (f.(u), f.(v)) > c.
e For all u,v € R4, if (u,v) € [—d/2,d/2], then (f.(u), f.(v)) is as small as possible.
e For all u € R? f.(u) can be computed reasonably efficiently.

The dimension of the image, m, is not especially important, as we could always simply
choose a random subset of the dimensions to project onto while roughly preserving the inner
products (provided this can all be computed efficiently). In general, it is not clear what the
optimal such embedding will be, or how extreme a “gap amplification” we can achieve. In
the following section, we show how to construct one family of natural embeddings which

allow us to give an algorithm for the (1+ ¢) approximate closest pairs problem with runtime
2-Q(ve)
n .

Embedding via Monic Polynomials

For the remainder of the chapter, it will prove convenient to consider vectors with unit
Euclidean norm; hence the boolean vectors will be scaled by a factor of 1/+/d. Given a monic
degree ¢ polynomial P, with ¢ real roots ry,...,7, € (—1,1) we wish to give a mapping
f R — R™ such that (f(u), f(v)) = P ({u,v)).

Constructing such a mapping in general is not possible: a classical result of Schoenberg
from the 1940s [117] characterizes the set of functions g : R — R which have the property
that for any d, there exists f : S9! — R™ such that (f(u), f(v)) = g({u,v)) for all
u,v € S where S4! denotes the d-dimensional spherical shell. In particular, he showed
that a necessary and sufficient condition for such functions ¢ is that their Taylor expansion
about 0 has exclusively nonnegative coefficients (and converges uniformly).
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Given that realizing a general polynomial P via a single embedding is impossible, we now
briefly describe how to construct two mappings, f, g : R — R™ with the property that

(F(),9(0)) ~ P (fu,0) - 5
Note that for the purposes of the closest pair problem, such a pair of embeddings are just as
good as a single embedding.

Lemma 9.4 shows that if we can construct such embeddings for the polynomials )y and
()2, then by simply taking the component-wise products of pairs of rows (as in the “XOR”
embedding), we can obtain an embedding for the polynomial Q(z) = @Q1(z)Q2(z). Thus
all that remains is showing that we can construct embeddings for the degree-1 polynomials
Q(z) = %5 for each root r; of the desired polynomial P.

The mappings for Q(z) = % is obtained by scaling the vector by 1/4/2, and then

adding d additional dimensions to each vector, populated with 1/ V2d’s, thus sending an
inner product of ¢ to an inner product (in 2d-dimensional space) of § + % Generally, for
Q(z) = %5, the mapping f will scale the entries by 1/ v/2, and then simply add d additional
dimensions populated by 1/v/2. The mapping ¢ will scale the entries by 1/4/2, and then add
d additional dimensions where the first %d dimensions are populated with 1/v/2d, and the
remaining %d dimensions are populated with —1/ v2d. Given these mappings, an inner
product of ¢ will yield an inner product of 5 + % — % = =, as desired. Given this
tool, the question is now which polynomials should we use? The following fact suggests an
embedding which, at least among a certain class of embeddings, will be optimal.!

Fact 9.8. (e.g. Thm. 2.37 of [112]) For any x ¢ [—1, 1],

Ty(w) = max {|p(z)| : p € Py and supye(-1,1|p(y)| < 1},

where T, is the degree q¢ Chebyshev polynomial (of the first kind), and P denotes the set of
all degree q polynomials with real coefficients.

Perhaps the most surprising aspect of this fact is that a single polynomial, 7, captures
this extremal behavior for all x.

To illustrate the general approach, for the example above in which all the “bad” inner
products of the boolean setting are in the range [—d/2, d/2], which becomes [—1/2,1/2] after
scaling, we will construct an embedding corresponding to the monic polynomial P(z) =
T,(2z)/2%~1 where T,(x) is the gth Chebyshev polynomial (of the first kind). Note that
since T;,(z) has ¢ roots, all in the interval [—1, 1], the polynomial P(z) will also have ¢ real
roots in the interval [—1/2,1/2]. The corresponding mappings f, g, constructed as described

"'We note that better constants would be obtained by replacing Chebyshev polynomials of the first kind,
with Chebyshev polynomials of the second kind, as we want to minimize the ¢; norm of the inner products
of the images of the “bad” vectors, rather than the /., norm, though the difference is a small constant, and
the analysis is easier in the case of Chebyshev polynomials of the first kind.
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above, will have the property that (f(u),g(v)) = P ({u,v)) /2. In particular, we will have
the following two properties, the second of which will be the source of the /e term in the
n?~UVe runtime of our approximate closest pair algorithm:

e For u,v with (u,v) € [-1/2,1/2], {f(u), f(v)) < 5.

e For u,v with (u,v) > %—I— 5 (f(u), f(v)) > 2‘3;(1—{61

Our general algorithm for the approximate closest pair problem, which uses this Cheby-
shev embedding, together with the Vector Aggregation algorithm and the fast rectangular
matrix multiplication of Coppersmith [42], yields the theorem given below. Roughly, we
will choosing ¢ = O(logn), and hence the above multiplicative gap of eV = n®v<, hence
we will be able to aggregate sets of n®V9 vectors. We will ensure that the image of the
original vectors have dimension m < n%2??, hence the most computationally expensive step
of our algorithm will be the computation of the product of an n'=°V9 x m matrix and an
m x n'~OvVe matrix, using fast rectangular matrix multiplication, which will have runtime
O(n'~O0W9),

The algorithm and proof of correctness are described in the following two sections. In
Section 9.4 we show how to obtain a pair with an additive guarantee on the inner product.
In Section 9.5 we show how to translate this algorithm for obtaining a pair with an additive
guarantee on the inner product into an algorithm with a multiplicative guarantee on the
distance.

Theorem 9.2. Given n vectors in RY, an approximation parameter € > 0, and a probability
of failure & > 0, our algorithm returns a pair of vectors u,v such that with probability at least
1 — 4, the Euclidean distance ||u—wv|| < (14 €)d*, where d* is the Euclidean distance between
the closest pair of vectors. Additionally, the algorithm runs in time

1
<n2_ﬂ(ﬁ) + nd> poly(log 5 logn).

9.4 Finding Vectors with Maximal Inner Product

We start by describing an algorithm that takes as input a set of vectors of unit length, and
recovers a pair whose inner product is additively within € from that of the pair with largest
inner product. In the following section, we describe how to use such an algorithm to yield
an algorithm with the desired 1 + € multiplicative distance guarantee.

The first step of our algorithm will reduce the dimensionality of the input vectors to
d = O(logn/e?), and will make all entries have value :I:Ld. Ensuring that all entries have
comparable magnitudes is critical, as we will require Chernoff-type concentration bounds
in the results of expanding the vectors; even if the entries of the vectors were chosen to be
independent Gaussians (as would be yielded by applying a standard Johnson-Lindenstrauss
transformation) after taking the gth degree XOR (tensor) of the vectors, we would not have
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the desired concentration. Additionally, there is the added convenience that the transformed
vectors will all have identical norm.

Algorithm 9.9. MAKE UNIFORM
Input: An m X n matriz X with entries z;; € R whose columns have unit Euclidean
norm, and 0 € (0,1).

Output: An m/ xn matriz Y with entries y,;; € {:I:\/%}, where m’ = %.
e For each i = 1,...,m', select a random unit vector v € R™, and let w = v'X. For
. . 1
all j=1,...,n, set y; ; = sign(w;) - ok

The following basic lemma characterizes the performance of the above algorithm:

Lemma 9.10. Letting Y denote the output of running Algorithm 9.9 on input X, 9, where
X is a matriz whose columns have unit norm, with probability 1 —o(1), for all pairs i, j € [n],

‘<Y;,Yj> - (1 - 2(“’05_1“?’)9)))‘ <5

where X;,Y; denote the ith columns of X and Y, respectively. And thus if (Y;,Y;) >
maxyzo(Yi, Ye) — 9, then with probability 1 — o(1), (X, X;) > maxyz(Xy, X¢) — 270.

Proof. Letting o denote the angle between X; and X, hence (X;, X;) = cos(«), for any
ke [m],

1 (0%
Prlyriyr; = —%] =Pr[re|0,q]] = -

where r < Unif[0, 7], is selected uniformly at random from the interval [0, w]. Hence
E[(Y;,Y})] =1-2°.
T

Since all entries y; ; € j:\/me,, and the different dimensions are chosen independently, a union

bound over n? Chernoff bounds yields that with probability 1 — o(1), all pairwise inner
products will be within 4+ of their expectations.

The second claim follows from noting that the above guarantees that if (Y;,Y;) >
maxyze(Yi, Yy) — 0, then with the claimed probability the expected inner product of Y;
and Yj is at most 20 smaller than that of the maximal expected inner product, and hence
the angle between the corresponding columns of X is at most 27d smaller than that of the
optimal pair, and hence the inner products of the corresponding columns of X are at most
276 smaller than the optimal inner product, since the magnitude of the derivative of the
cosine function is at most 1. O
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Algorithm 9.11. EXPAND AND AGGREGATE ((GENERAL)

Input: An m X n matriz X with entries z;; € R whose columns have unit Euclidean
norm, and € € (0,1).

Output: Two indices ci,Co € [n], s.t. with probability > 04, (X.,Xe,) >
max; jen(Xi, X;) — €, where X. denotes the cth column of matriz X .

e Let X' denote the m' X n matriz with m’ = 0(106% resulting from applying
Algorithm 9.9 to matriz X with input parameter § = e/4m.

e Choose n random pairs of distinct columns of X', for each pair compute
their inner product, let VUpg, be the mazimum such inner product, and let
b::2—|—log21++, and t:(mq#.

e Randomly partition the columns of X' into two sets of size n/2, forming m' X %

matrices X; and Xso.

e We now iteratively populate the m” x § exzpanded matrices Y1,Ys, where m" =

0.28
nd-28 ;
e For i=1 to m":

— Construct the list S = (s1,...,8), with s; € [m'|U{—,+} by, independently for
each j € [t], setting s; as follows:

1
with prob. 3 85 < Unif([m'])
ith prob L7 “+
we rob. —- 1 8; = ’
P 2 2 %
1 147,
[th prob. = - = =
with pro 5 5 ]

where r; is defined to be (1 + q])”giﬂrl — 1, where q; is the jth root of the
tth Chebyshev polynomial of the first kind, and thus r; € (=1, Vmaz)-

— We populate the ith row of Y1 as follows: for each column, k € [n/2], the
element at position i,k of Y1 is set to be J[;cy Xi(s; k), where Xi(+,k) and

; 1
Xi1(—,k) are interpreted as the value Nk

— We populate the ith row of Yo as follows: for each column, k € [n/2], the
element at position i,k of Y2 is set to be J[ .y Xo(s; k), where Xo(+ k)
15 interpreted as the value \/17, and Xo(—,k) is interpreted as the value
—1

vVm!®

t

e Rescale each entry by vm' /vm'. Let Z1,Zy be the results of applying
AGGREGATE-VECTORS to the respective matrices Y1,Y>, with the compression
parameter « := 0.01/e.

e Compute the product W = ZIZQ, (using fast rectangular matriz multiplication)
and for each of the ntl largest entries of W, compute the pairwise inner
products of all the original columns of X that contributed to that entry
(via the aggregation partition into n'~® sets). If the maximum inner product
discovered in this phase is more than Upyem, output the corresponding indices,
otherwise output the indices corresponding to the pair of columns whose inner
product was Vpmaz-
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The runtime of the above algorithm is dominated by the computation W = ZlT Zy, where
Z; are n%?® x n'=©W matrices. For any constant €, this computation can be done in time
O(nQ_@(ﬁ)), using Coppersmith’s fast rectangular matrix multiplication, whose performance
is summarized below:

Fact 9.12 (Coppersmith [42]). For any positive § > 0, provided o < .29, the product of an
n X n® with an n® X n matriz can be computed in time O(n>*%).

The following facts concerning Chebyshev polynomials will be helpful in proving the
correctness of the above algorithm:

Fact 9.13. Letting T,(z) := (z_‘xz_l)q;r(ﬁ“ =D denote the qth Chebyshev polynomial (of
the first kind), the following hold:

e T,(x) has leading coefficient 277"

o T,(x) has q distinct real roots, all lying within the interval [—1, 1].
o Forx e [-1,1], |T,(z)| < 1.

o Ford e (0,1/2], T,(1+6) > %eq‘/g.

Proof. The first 3 properties are standard facts about Chebyshev polynomials (see, e.g. [119]).
To verify the fourth fact, note that for ¢ in the prescribed range, /(1 +60)? — 1 > v/24, and
we have the following:

1 1
T,(1+6) > 5(1 + 0+ v20)7 > §(1 +Vv26)1
1
> Ve
= 26
O]
Proposition 9.14. Algorithm 9.11, when given as input n unit vectors vi,...,v, € R?

and constants €,0 > 0 will output a pair of indices, i,j, such that with probability at least
1 — 0, (v;,v5) > maxy (v, vg) — €. Additionally the runtime of the algorithm is bounded by
O(n?*~<log 1 + ndlogn).

Proof of Proposition 9.14. We first prove the correctness of the algorithm, and then verify
the runtime. If v,,,, is within € from the inner product of the pair with largest inner product,
then, trivially, the algorithm succeeds. If v,,4, is not within € from the maximal pairwise
inner product, then we claim that with probability at least .4, the algorithm will find the
pair of columns of X’ with mazimal inner product (henceforth referred to as the mazimal
pair. By repeating the algorithm log% times, the probability of success can be increased to
1 — 0. By Lemma 9.10, such a pair of columns of X’ will correspond to a pair of columns
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in the original matrix X with inner product within €/2 from the maximal inner product, as
desired.

For the remainder of the proof, assume that v,,,, is at least € smaller than the maximal
inner product. Additionally, as there can not be more than 1/¢? vectors that are all more than
e anti-correlated, we may assume with probability 1 — o(1) that v, > —.5. Additionally,
assume that one of the members of the maximal pair is assigned to matrix X, and the other
is assigned to matrix X, which will occur with probability 1/2. Note that with probability
at least 1 — o(1), there are at most n'! pairwise inner products that are larger than vy,
otherwise we would have seen at least one such example in our initial sample of n out of
the n? pairwise inner products. Hence, during the VECTOR-AGGREGATION stage of the
algorithm, letting Ry C [n] denote the sets of vectors to which the first member of the
maximal pair is assigned, and Rs is the set of vectors to which the second member of the
maximal pair is assigned, with probability at least 1 — o(1) the only pairwise inner product
between vectors in R; and Ry which does not lie within the range (—1, vpayx) is that of the
maximal pair.

All that remains is to verify that with probability 1 — o(1), the value of matrix W
corresponding to the inner product between the aggregated sets R; and R is greater than the
largest value of the matrix W that corresponds to an inner product between the aggregated
sets R}, R}, for which no pairwise inner product between vectors in R| and R, lie in the range
[—1, Urmaa)-

Each entry of W, corresponding to the inner product between aggregated sets R}, R}, is
simply the sum of all pairwise inner products of the transformed vectors that are assigned to
those sets. By Lemma 9.4, and Fact 9.13, the expected value of the inner product between
a pair of transformed vectors whose original inner product lies within [—m, vy,q,m] will be
at most 2%1, where ¢ is the degree of the Chebyshev polynomial that is being used. Thus
q = t, as defined in the algorithm description, and hence the expected inner product will be
at most 5% = —375. Since m” = n®, by a union bound over standard tail bounds, with
1

m/’!

probability 1 —o(1), all such inner products will be at most ﬁ + polylog n < ﬁ
Since sets of n%?1V< are being aggregated, the total magnitude of the sum of all these n%02v¢
such inner products contributing to each entry of W will be at most % We now consider
the contribution of the inner product corresponding to the maximal pair. By Fact 9.13, and

a Chernoff bound, the expected value of this inner product will be at least

2etVe  p03ve
obt = 027/2

in which case it will dominate the contribution of magnitude at most % from the other

inner products that contribute to that entry of W, and thus will, with probability 1 — o(1),
be in the top n'! entries of W, in which case the algorithm will find the maximal pair in the
brute-force search phase of the algorithm. O]
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Remark 9.15. The above algorithm scales the roots of the Chebyshev polynomial so as
to occupy the range |—1,Umas|. Alternatively, in the second step of the algorithm when we
sampled n pairwise inner products, we could have also recorded the minimal pairwise inner
product, Vpyi,m, and then scaled things so that the roots of the Chebyshev polynomial occupied
the range [Vmin, Umaz)- At the expense of a slightly more tedious analysis, the \/€ in the runtime
would be replaced by s 1 , solidifying the intuition that the runtime of

Umax —VYmin

the algorithm improves as the bulk of the pairwise inner products become concentrated about
some value.

('Umaz 7vmin) IOg

9.5 The Approximate Closest Pair

We now return to the issue of a multiplicative (1 + €) guarantee on the distance, versus an
additive e guarantee on the inner product. We first prove the claim in the Boolean setting,
and then consider the Euclidean setting. In both settings, we may assume that we know the
distance between the closest pair, up to a factor of 2, by, for example, running the locality
sensitive hashing algorithm of [71], which returns a (1 + €’) factor approximate closest pair,
for ¢ = 1.

Algorithm 9.16. (1 +¢) CLOSEST PAIR: BOOLEAN SETTING
Input: An m xn matriz X with entries z;; € {—1,+1}, €,6 € (0,1).
Output: Two indices ci,c2 € [n].

e Use locality sensitive hashing to obtain « € (0,1], s.t. with probability
1 — o(l), the Hamming distance between the closest pair of columns of X is in
the interval [am,2am].

o If o >1/8, then run Algorithm 9.11 on matriz X with target accuracy €/4.

e (Otherwise, we create the m' xn matriz X', with m' = % as follows:
— Set q = Q%w and for each i € [m/], pick s C [m] to be a randomly selected

subset of [m] of size q, and for each j € [n], set X], =[] c, Xs;-
e Run Algorithm 9.11 on matriz X' with target accuracy 0.03e.

e To boost the probability of success to 1 — 0, repeat the above log% times, and
output the closest patir that was found in the log% TUNS .

The following proposition asserts the correctness of the above algorithm.

Proposition 9.17. For any constant ¢ > 0, Algorithm 9.16, when given as input a set of
n vectors in {—1,1}%, will output a pair with Hamming distance at most a factor of (1 + ¢)
larger than that of the minimal pair, with probability of success at least 1 — §. Additionally,
the runtime is O(n*>=*V91log 1 + dnlogn).



CHAPTER 9. FINDING CORRELATIONS AND THE CLOSEST PAIR PROBLEM 187

Proof. In the case that a > 1/8, the correctness follows immediately from the fact that for
vectors u,v € {—1,1}™, the Hamming distance Dy (u,v) = %“’”), and hence if the closest
pair has distance at least am = ¢, an €/4 additive approximation of the pair with maximal
inner product will yield a multiplicative approximation of the closest pair.

In the case that o < 1/8, consider the matrix X', and assume that the first two columns
are the closest pair of matrix X, and have distance Sm for some /3 € [« 2a]. By Lemma 9.4,

for each index ¢ € m/,

(. X2

EIX!. X! =
[ i1 1,2] ( m

— (1-28)7=(1-28)2 € [0.05,0.35].

Additionally, for any pair of columns X, X, for which Dy (X;, X;) > (1 + €)8m, we have
that
BIXXG] < (1-2(1+ )% < (1—e)(1—26)7.

Since we chose m' = 10061#, by a union bound over Chernoff bounds, with probability

1—o0(1), all pairs of columns of X’ will have their expected inner products to within +0.01em,
and hence if a pair of columns of X’ has the maximal inner product to with an additive
0.03em’ they will also have the minimal distance to within a multiplicative factor of (1 + €).

To conclude, note that the formation of matrix X’ takes time O(gnlogn), and ¢ < d, as
otherwise, the minimum distance would be 0, and the closest pair could simply be found in
near-linear time. O]

(14 ¢) Multiplicative Closest Pair: Euclidean Setting

We now show how to achieve the analog of Proposition 9.17 in the Euclidean setting. In
the Euclidean setting, the “law of cosines” gives ||v — w||> = ||v||? + |Jw||* — 2(v, w), relating
the distance to the inner products. This will allow us to very easily translate between
multiplicative bounds on the distance and additive bounds on the inner product provided
that the vectors have roughly unit length, and provided that the closest distance is not too
small. Showing that we may reduce the problem to the case where all vectors lie on the
unit sphere is relatively straightforward, and we accomplish it in two steps (Lemma 9.18 and
Algorithm 9.19).

The second obstacle—the issue of lower bounding the minimum distance—is more te-
dious. In contrast to the Hamming distance setting above, we cannot assume any lower
bound on the minimum possible distance. In particular, in the previous section, we “XORed”
sets of size ¢ = é, where « lower bounded the minimal distance. If we attempted to do the
same XORing trick here, in the case that ¢ > n, we would end up with n? runtime sim-
ply computing the new matrix that will be input to the additive approximation algorithm.
Thus we first show how to solve the problem for a > no% Ifa< #, then the closest pair
is extremely close, and, intuitively, we should be able to find it with a divide-and-conquer
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approach, since either there are only a few pairs of points that are very close in which case
we can easily pick them off, or there is a large set of points that are all extremely close in
which case we will be able to subtract off their mean, and rescale that cluster of points;
such a transformation has the property that it effectively increases the minimal distance by
a factor of 1/z, where z is the diameter of the cluster of points.

We begin by showing how to reduce the problem to the case in which all input vectors
have lengths that lie in the interval [1,2].

Lemma 9.18. For any constant ¢ > 1, given an algorithm with runtime O(n°) for computing
the (1 + €) approximate closest pair for sets of n vectors vy, ...,v, having the property that
for all i, ||v;|| € [1,2], one can obtain an algorithm for the general setting with runtime

O(n°logn).

Proof. Assume without loss of generality that the n vectors vy, ..., v, have lengths r; < ... <
rn. We now iteratively define several sets of vectors, S, Ss, ... :let Sy :={i:r; <re+2r}.
Given the set S; C [n], we define S;;; as follows: let j = min(S;), and let k£ := min{¢ :
r¢ > rj + 141}, and define S;iq = {{ : 7y € [rg, 7 + 27%41]}. By the triangle inequality,
the pair of vectors of minimal distance lie within one set, S;; additionally, each vector v; is
contained in at most two sets, 5;, S;11, for some ¢. Thus given any algorithm for solving the
approximate closest pair problem on a given set of vectors wy, . .., wy,, with ||w;|| < ||wii1]],
such that ||w,|| < ||wi]| + 2||wz||, one can obtain an algorithm for the (1 + €) approximate
pair on an arbitrary set of vectors with comparable runtime by computing the above sets .5;,
and running the algorithm on each set, and then comparing the outputs of the various runs
(using the fact that we can boost the probability of failure of a given run to 1 — 1/n? at the
expense of a multiplicative factor of O(logn) in the runtime).

Finally, for any set S;, for all j, k € S;, ”ZH < 2, except when j = min(S;). Given an
algorithm for solving the approximate closest pair problem on a set of vectors wy, ..., wy,,
with ||w;||/||w;|| < 2 for all 7, j, we can obtain an algorithm with comparable runtime for the
setting in which ||w;||/||w;]| < 2 with the exception of a single value of i by simply explicitly
computing the distances ||w; = w;|| for all values of j, and then using the algorithm on the

set of vectors with w; removed. O

We now describing a procedure for splitting the problem into a series of problem that
each only involve vectors of unit norm.
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Algorithm 9.19. STANDARDIZE

Input: An m x n matriz X with entries x;; € R, with all columns having norm in the
interval [1,2], constant e € (0,1).

Output: A series of matrices Yi,...,Y;, with each column of Y; having unit norm. Y

. . . 1001
is has dimensions m' xn; for m' = —2%" and ), n; <2n.

e Use locality sensitive hashing to obtain « € (0,1], s.t. with probability
1 — o(l), the Euclidean distance between the closest pair of columns of X 1is
in the interval [o,2a].

e Sort the columns of X in terms of increasing morm. Form sets of columns of X
s.t. the following properties hold:

— For each set, all columns contained in that set have norm that falls
within some interval of length 4do.

— For each column, i, there is some set containing ¢ and all columns whose
norm differ from that of ¢ by at most 2.

— Each column occurs in at most 2 sets.

(Note that such a collection of sets can be computed in linear time, and that
the closest pair of vectors is contained in one of the sets.)

e e iterate over the sets: For the ith set set, containing n; columns, let X;
represent the m X n; matrixz of columns of one of the sets.

o Choose a random random Gaussian vector of covariance %%9, and add tt to all
vectors in X;, then perform a Johnson—-Lindenstrauss transformation of them into
. ; 1001
dimension 4@%;5@

Y;.

, and normalize them so as to have unit norm, to yield matriz

The following lemma characterizes the performance of the above algorithm:

Lemma 9.20. Given an algorithm for finding the 1+ ¢/2 approximate closest pair for unit
vectors, with runtime O(n°), for some ¢ > 1, there exists an algorithm for finding the 1 + €
approximate closest pair for arbitrary vectors with runtime O(n°).

Proof. Given an algorithm for finding the 14 € approximate closest pair for unit vectors, we
take our set of arbitrary vectors, run Algorithm 9.19 to yield & sets of unit vectors, and then
iterate over all sets: for the ith set, containing n; vectors, if n; < n%?, then we simply do a
brute-force-search for the closest pair among that set. If n, > n%?, we run the hypothetical
algorithm for closest pair on these n; unit vectors. We will then output the closest pair from
among the k sets. Since the total number of columns of the sets is at most 2n, the runtime
guarantee follows.

We now guarantee that the (1 4 €) approximate closest pair of a set X; corresponds to a
(1 + €) approximate closest pair of the corresponding set of vectors of X. We now explain
the motivation for adding a random Gaussian vector to all vectors, performing a Johnson—
Lindenstrauss transformation, then normalizing the vectors so as to have unit norm. We
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would like to simply normalize the vectors; the difficulty, however, is that there might be
several pairs of vectors that are nearly collinear; the difference in lengths can be as much as
4o, and we are trying to obtain an additive ae approximation of the closest pair, and thus we
cannot afford to simply renormalize the vectors and risk losing an additive « factor. Instead,
we add a random Gaussian of large covariance, O(1/e?), which has the effect of preserving
distances, while ensuring that with high probability, for every pair of vectors, their difference
is nearly orthogonal to the vectors. Thus when we normalize the vectors, the small distances
are not distorted by much. Specifically, with probability 1 — o(1), the normalizing distorts
the distances between vectors by at most a multiplicative factor of (1 4 €/2). O

After reducing the problem to the setting where all vectors have unit norm, we now
describe two algorithms that will apply to two different regimes of the distance of the closest
pair. The first algorithm applies when the minimum distance is at at most 1/n°?. The second
algorithm applies when the minimum distance can be arbitrarily small.

The first algorithm applies the same XORing approach of Algorithms 9.16. The slight
subtlety is that we need to ensure that the inner products between the columns of the
matrix that results from the XORing will be concentrated about their expectations, hence
we essentially switch to the Boolean setting before XORing. As throughout, we favor clarity
of exposition over optimizing the constants.

Algorithm 9.21. (1 +¢) CLOSEST PAIR: EUCLIDEAN SETTING (LARGE «)
Input: An m xXn matriz X with entries x;; € R, where all columns have unit norm.
Output: Two indices ci,c2 € [n].

e Use locality sensitive hashing to obtain « € (0,1], s.t. with probability
1  — o(1), the Fuclidean distance between the closest pair of columns of X is
in the interval [a,2q].

o If a<1/n%% run Algorithm 9.23. If a> 0.1, apply Algorithm 9.11.

e (Otherwise, perform a Johnson--Lindenstrauss transformation to X to yield a dxn
matriz Y, with d= 10006;ogn.

e Define the d X n matriz Z as follows: for each i € [d], select a set of ¢ = |7~

2c
uniformly random unit vectors vi,...,u; and for all j € [n], set
q
2,5 = Sign HY]-tvk .
k=1

o Apply Algorithm 9.11 with error parameter €/1000 to the matriz Z after scaling
all entries by 1/\/& so as to make them have unit norm.

The following proposition characterizes the performance of the above algorithm.

Proposition 9.22. For any constant e > 0, Algorithm 9.21, when given input n unit vectors
m R™ whose closest pair have distance at least €, will output a pair with Euclidean distance
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at most a factor of (1 + €) larger than that of the minimal pair, with probability of success
1 —o(1). Additionally, the runtime is O(n*=*Ve) 4 mnlogn).

Proof. With probability 1—o(1), the initial Johnson-Lindenstrauss step preserves all distance
to within multiplicative factors of 1+€/100 (see, e.g. [44] for an elementary proof). Assuming
this holds, consider the formation of matrix Z, which takes time at most O(gn log? n) <
O(n?>~¥V9). Consider two columns Y;,Y; that form an angle of 3 (and hence have distance
V/ (1 — cos 8)2 + sin? 3). For each random vector v, we have that E[sign(Yi'v-Yjv)] =1~ 22,
and since expectations of independent random variables multiply, we have that for each k,

E[Zk,izk,j] = (1 — %)q .

T

Consider the pair of columns of X with minimal distance ¢* € [«, 2a], and hence form an
angle 5* € [a/2,2a], in which case the expected Hamming distance between the correspond-

ing columns of Z is at most d (1 — %)”/ZQ < 0.65d, and is at least d (1 — %)W/m > 0.1d.
By the same reasoning, the image of any pair of columns of X whose distance was a mul-
tiplicative factor of at least (1 + €) larger than 6* will have expected distance at least a
multiplicative factor of (1 + €) larger than that of the image of the pair with distance §*.
By a union bound over Chernoff bounds, with probability 1 — o(1) the distance between any
two columns of Z differs from its expectation by at most de/100. Hence with probability
1 — o(1), very crudely, any pair of columns of Z whose inner product is within an additive
de/1000 from that of the maximal inner product, will correspond to a pair of columns of the
original matrix X whose distance is within a multiplicative factor of 1 + ¢ from the minimal
distance ¢*, and hence the result of applying Algorithm 9.11 to the scaled matrix Z will be
satisfactory. n

Finally, we address the setting in which the closest pair might be extremely close, having
distance < ﬁ Here, the difficulty is that we cannot XOR sufficiently large sets without
spending super-quadratic time on the XORing step. The idea here is that if the minimum
distance is so small, then we can recursively divide the set of points into small clusters, that
are all far apart. If all clusters are small, then we can trivially find the closest pair by brute
force search with each cluster. If we have a large cluster (with tiny diameter), then we can
can simply subtract off the mean of the cluster; after re-normalizing via the Standardization
algorithm, Algorithm 9.19, and the procedure of Lemma 9.18, the resulting points will have
unit norm, and the smallest distance will have increased to at least 1/n%%, and we can apply

the above algorithm.
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Algorithm 9.23. (1 +¢) CLOSEST PAIR: EUCLIDEAN SETTING (SMALL «)
Input: An m X n matriz X with m = 100615%", and entries x;; € R, with all columns
having unit norm. Constant € € (0,1).
Output: Two indices ci,c2 € [n].
e Let v; denote the ith column of X. Use locality sensitive hashing to obtain
a € (0,1, s.t. with probability 1 — o(l), the Euclidean distance between the
closest pair of columns of X is in the interval [a,2q].
o If a>1/n"% run Algorithm 9.21.
e /e now recursively split up the wvectors:
— Project all vectors onto an m dimensional Gausstian of unit covartiance,

sort the resulting projections, 1 <...<w,, wlog x; ©s the proj. of v;.
— We now traverse the list: we ‘‘pause’’ at some x;, if there are fewer than
n%C® points with projected value in the interval [v; — 2«a,7;]. If we have

‘‘paused’’ at x; we do one of two prodecures:
—af {jia; <ax} <n%9:
* Brute force search for the closest pair of points from the set
{vj + z; < z;}. Store the closest pair and their distance, and Temove
all points v; (and their projections x;) for which x; < x; — 2o from all
further computations. Continue traversing the list (with those points

removed) .
— if [{jx; <ai}] >n9:
* Save set S; = {vj xy < a:i}, and continue traversing the list with all

points v; s.t. x; <x; —2a removed.

— Having finished traversing the list, if we have not stored any sets S;,
then we can simply compare the stored closest pair distances, and output
the minimum. Otherwise, let Si,...,S; denote the sets that are stored.

For each set S=5;:
x Points in S had projections x; in sets of contiguous intervals of
width 2«; each interval had > n® points, hence all x; are within 2am?.

* Choose \/n random pairs of wectors from S, and compute their distances.
Let pu be the median of these \/n distances. If pu > an®®, then the
fact that these vectors were grouped together is a ‘‘fluke’’, and
recurse the partitioning procedure on this set.

* Otherwise, randomly select v S S, sample n! distances between v
and randomly chosen v/ € S; repeat until one has found a v that has
distance at most 2an’% from at least 1/4 of the points in S.

* Let 0 = d; < ... < d|5| be the distances beween v and all points in S.
Find c € [2an%%,4an%] s.t. |{i : d; € [c,c +2a]}| < n%1, and construct the
sets T = {v; : di < ¢+ 20}, and T' := {v; : d; > c}. Since |T'| < 3|5|, we
recurse on set T'.

* Subtract v from all wvectors in T (and remove v) and Tun the
standardization procedure of Lemma 9.18 and Algorithm 9.19 on T'.
(Since all points in T were distance at most 4an-6 from v, after
subtracting off v, and re-standardizing so as to be unit wvectors
the distance of the closest patr will have increased by a factor of

Q(ﬁ), and hence will be at least Q(ﬁ) >> n%_g.

* Run Algorithm 9.21 on the standardized version of T.

e Aggregate the closest pairs returned by all branches of the algorithm, and
return the closest.
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Proposition 9.24. In each run of Algorithm 9.23, either the closest pair is output, or
the algorithm recurses, and with probability at least 0.2 the number of points in each set
considered decreases by a factor of at least 1.1.

Proof. Each time that the algorithm “pauses” at a projected value z;, if no set is saved
during that pause, then a brute-force-search is performed on at most n%? vectors, which
are then removed from all subsequent computation. If the closest pair involves one of those
points, then we will find it, since our Gaussian projection typically shrinks distances (by a
factor of 1/4/m), and only inflates distances with probability 1 — o(1/n).

If a set S'is “saved”, then the vectors correspond to a set of vectors that ended up unusu-
ally close together in the projection. In particular, we expect O(any/m) < n%? projections
in each interval of length 2c, yet each interval that contributed to S contained at least n%®
projections.

If this is deemed a “fluke”: i.e. a random sample of y/n pairwise distances have median
at least an® then with probability 1 — o(1/n), at least 1/3 of the |S|?* pairwise distances
are larger than Q(an®®/m), in which case in the random Gaussian projection performed
in the next round of the algorithm, with probability at least 1/5, more than 1/6 of these
projected pairwise distances will be at least Q(an®?), and each such pair of points must end
up in disjoint sets in the partitioning algorithm, as there will be one index “paused” on in an
interval between their projections (otherwise there would be > n!! total points). Hence with
probability at least 1/5, the set will end up being partitioned into smaller sets, as claimed.

If the set S is not deemed a fluke: i.e. a random sample of y/n pairwise distances have
median at most an®®, then with probability 1 — o(1/n), the attempt to find a vector v that
has distance at most 2an’® from at least a quarter of the points in S will be successful,
and will take time O(|S]). Since all points in T were distance at most 4an®® from v, after
subtracting off v, and re-standardizing so as to be unit vectors the distance of the closest pair
will have increased by a factor of Q(ﬁ), and hence will be at least least ﬁ, and hence we
can apply Algorithm 9.21 to yield a (1+¢) multiplicative factor approximate closest pair. []

9.6 Further Directions: Beyond Fast Matrix
Multiplication

Beyond the more obvious open questions posed by these improved algorithms, one very rel-
evant direction for future work is to give algorithms with subquadratic asymptotic runtimes
that improve over the brute-force search in practice for modest-sized datasets. For instance:

Does there exist an algorithm for finding a pair of 0.05-correlated Boolean vectors
from among n = 100,000 uniformly random Boolean vectors that significantly
beats brute-force-search, in practice?

There are two natural approaches to this question. The first is to try to improve practical
fast matrix multiplication implementations. While the algorithms of this chapter (as well as
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the next chapter) rely on fast matrix multiplication, they do not require an especially accurate
multiplication. In particular, our algorithms would still succeed if they used a noisy matrix
multiplication, or even an algorithm that "misplaced” a constant fraction of the cross-terms.
(For example, for n x n matrices A, B, C, in computing AB = C, the entry ¢; ; should be the
sum of n cross terms a;j - by ;; our algorithms would be fine if only, say, half of these cross
terms ended up contributing to ¢; ;.) Tolerating such “sloppiness” seems unlikely to allow
for faster asymptotic bounds on the runtime (at least within the Coppersmith—Winograd
framework), though it may significantly reduce the overhead on some of the more practically
expensive components of the Coppersmith-Winograd framework.

The second approach to yielding a practical algorithm would be to avoid fast matrix mul-
tiplication entirely. Our Expand and Aggregate algorithm seems natural (if many pairwise
inner products are extremely small, we should “bucket” them in such a way that we can pro-
cess them in bulk, yet still be able to detect which bucket contains the large inner product).
Nevertheless, if one replaces the fast matrix multiplication step with the naive quadratic-time
multiplication, one gets no improvement over the quadratic brute-force search. It seems that
no clever bucketing schemes (in the “aggregation” step, one need not simply add the vectors
over the reals. .. ), or fancy embeddings can remove the need for fast matrix multiplication.

One intuitive explanation for the difficulty of avoiding fast matrix multiplication is via
the connection between finding correlations, and learning parity with noise. The statistical
query (SQ) lower bound of Blum et al. [28], informally, implies that any algorithm that will
beat brute-force-search must be highly non-SQ; in particular, it must perform nontrivial
operations that intertwine at least logn rows of the matrix whose columns are the given
vectors. Fast matrix multiplication is clearly such an algorithm.

Given this intuitive need for a non-SQ algorithm, perhaps the most likely candidate for
an off-the-shelf algorithm that might replace fast matrix multiplication, is the Fast Fourier
Transform. In a recent paper, Pagh gives an extremely clean (and practically viable) algo-
rithm for computing [or approximating| the product of two matrices given the promise that
their product is sparse [or has small Frobenius norm after one removes a small number of
large entries| [99]. The algorithmic core of Pagh’s approach is the computation of a Fourier
transform. Perplexingly, despite the fact that Pagh’s results specifically apply to the type
of matrix products that we require for our algorithms that find correlations and parities, it
does not seem possible to improve on the trivial brute-force search runtimes by using Pagh’s
matrix multiplication algorithm.
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Chapter 10

Learning Parities and Juntas

An example (x,y) from an (n, k,n)-instance of parity with noise, consists of z € {—1,+1}",
chosen uniformly at random, together with a label y € {—1,41} defined by y = z - [[, g i,
where z € {—1,+1} is chosen independently of = to be —1 with probability n € [0,1/2),
for some fixed set S C [n| with |S| = k. The problem of learning parity with noise is the
problem of recovering the set S from a set of examples. One reason for considering this
specific noisy recovery problem is that it seems to be the most difficult, in the following
sense: Given any set S’ 2 S, the distribution of the values indexed by elements of S” and
the label will be uniformly random elements of {—1, 1}'3"“. Additionally, given any set
S’ #£ S, the corresponding Fourier coefficient—the expected correlation between the label
and [[,ce i, will be zero. Thus this problem of recovering S is the epitome of a needle-
in-a-haystack problem: if one finds the needle, it is obvious that one has found the needle,
but it is not clear whether one can glean any sense of whether a guess is “close” to the
right answer. While this problem of finding a needle in a seemingly structureless haystack
should be reminiscent of many of the classical “hard” problems of computer science, it seems
difficult to show that this problem is NP-hard, at least in part because the randomness of
the examples render every instance equally difficult.

In the case that the noise rate n = 0, by translating the entries of the examples from
being in {—1,1} to being elements of [Fy, this problem of recovering the set S is simply the
task of solving a linear system of equations over [y, since the dot product (over Fy) of each
example with the indicator of S will yield the label. Such a linear system can trivially be
solved in time O(n?) via Gaussian elimination, irrespective of k = |S].

In contrast to the setting of solving systems of noisy linear equations over the real num-
bers, there is no easy least squares regression algorithm over finite fields. For even a small
positive noise rate, n > 0, the complexity of this problem seems to change drastically; al-
gorithms such as Gaussian elimination will no longer work, as they proceed by adding and
subtracting examples from other examples, and the noise in the labels of the corrupted ex-
amples will thereby be spread throughout the set of examples until there is essentially no
signal left in the final output of the algorithm.

It is worth stressing that the difficulty of this problem is strictly computational. From an
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information theoretic standpoint, the addition of a small amount of noise does not change the
problem significantly—given O(n) examples, Chernoff bounds yield that with overwhelming
probability, the true parity set S will be the only set for which the product of the corre-
sponding indices correlates significantly with the labels.

10.1 The History of Parity with Noise

Interest in the problem of learning parity with noise was sparked by the results of Blum
et al. [27], who first showed that there exists a class of functions that can be learned in
polynomial-time with a constant amount of random classification noise, but which, provably,
cannot be learned in the statistical query (SQ) learning model. The SQ learning framework,
introduced by Kearns in 1993 [79], sought to abstract and formalize the restricted manner in
which many types of learning algorithms interact with data. Specifically, given a distribution
over labelled examples, an SQ algorithm interacts with the data via the following protocol:
it describes a function, f; from an example/label pair to {0, 1}, and then receives the average
value of that function over the examples, with the addition of a small amount of (potentially
adversarial) noise. The algorithm then produces a second query, fs, and receives a perturbed
expectation of that function, and so on. This framework captures many learning algorithms:
stochastic gradient descent, the perceptron algorithm, etc. The salient feature of all SQ
algorithms, is that because they only interact with the data via receiving noisy expectations,
they are robust to modest amounts of random classification noise. Intuitively, the main
limitation of SQ algorithms is that they can not interact directly with the data, precluding
algorithms such as Gaussian elimination which seem to require access to the actual data
points.

Blum et al. [27] showed that parity functions on O(lognloglogn) bit strings with con-
stant noise rate can be learned in polynomial time, whereas the earlier results of Blum et
al. [28] imply that any SQ algorithm provably requires a super-polynomial number of queries
(provided the noise rate of each query is at least inverse polynomial). Phrased differently,
they presented an algorithm for learning parity with noise over n bit strings, with runtime
20<$), whereas any SQ algorithm provably required runtime 2%,

Their algorithm proceeds by obtaining a huge number of examples, ZO(ﬁ), and then
performs a sort of “block” Gaussian elimination in which the vast number of examples
is leveraged to ensure that sets of no more than O(y/n) examples are added together, as
opposed to O(n) that would occur in typical Gaussian elimination. This reduction in the
number of examples that are added together implies that the level of noise in the output
(which increases geometrically with every additional addition of an example), is significantly
reduced, allowing for a slightly sub-exponential algorithm.

This algorithm prompted several other works, including work by Lyubashevsky [83], who
showed that a similar approach could be applied to a much smaller set of examples (n!™¢) and

still obtain a sub-exponential, though slightly larger, runtime of 20 (wetozw) | The algorithm
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of Blum et al. was also shown to have applications to various lattice problems, including the
shortest lattice vector [4].

The assumption that the noise in each example’s label is determined independently seems
crucial for the hardness of learning parity with noise. In the case in which noise is added in
a structured manner—for example, if examples arrive in sets of three, with the promise that
exactly one out of each set of three examples has an incorrect label, the recovery problem
can be solved in polynomial time, as was shown by Arora and Ge [11].

More recently, with the surge of attention on lattice problems prompted by the develop-
ment of lattice-based cryptosystems, there has been much attention on the related problem
of learning with errors (LWE). The LWE problem, introduced by Regev in 2005 [109], cor-
responds to the problem of learning parity with noise with two modifications: instead of
working over Fy the LWE is over a larger finite field, and every example is perturbed by
adding a small amount of (discrete) Gaussian noise. One of the attractions of basing cryp-
tosystems on the LWE problem is that it has been shown to be as hard as the worst—case
hardness of lattice problems such as GapSVP (the decision variant of the shortest lattice
vector problem), and SIVP (the shortest independent vectors problem) [109, 106]. See [110],
for a relatively recent survey on LWE. There are no known such hardness reductions for
learning parity with noise.

Sparse Parities and Juntas

The results of this thesis will be concerned with the problem of learning sparse parities with
noise. Specifically, this is the problem of learning parities with noise in the special case when
the size of the parity set & = |.S| is known to be very small. Such a restriction clearly makes
the problem easier, as one could simply perform a brute-force search over all (Z) ~ n* sets
of k indices. In light of the subexponential algorithm of Blum et al. [27] for learning large
parities, it is tempting to hope that analogous savings over the brute-force approach can be
achieved in the sparse setting, perhaps yielding an n°*) algorithm, though no such algorithm
is known, and adapting the approach of Blum et al. to the sparse setting seems problematic.

This problem of learning sparse parities is especially relevant to learning theory, as several
other basic problems in learning theory have been reduced to it. In 2006, Feldman et al. [54],
showed that algorithms for learning k-sparse parities with noise can be used to learn k-
juntas—functions from {0,1}" — {0, 1} which only depend on the values of k << n of the
indices (see definition 10.1)—and learning 2*-term DNF, from uniformly random examples.

The reductions of Feldman et al. transform instances of k-juntas or 2*-term DNF into
instances of parity with noise, with a parity of size < k, by adding some specially designed
extra noise, which zeros out nearly all the heavy Fourier coefficients of the juntas or DNF.
With some reasonable probability, however, exactly one heavy Fourier coefficient will remain,
in which case this process has created an instance of parity with noise. It is worth stressing
that such a transformation adds a large amount of noise—corresponding to noise rate n =
11

5 — 3%, thus motivating the development of algorithms for sparse parity with noise that are
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very noise robust; for example, algorithms whose runtimes depend only as poly( ), as
opposed to having the noise rate in the exponent of n.

For completeness, in Appendix B.1 we include formal statements of the reductions of
Feldman et al. [54], which we use to obtain improved algorithms for learning k-juntas and
DNF from our algorithm for learning parities. We now briefly summarize the previous
algorithmic work on learning sparse parities and k-juntas.

For the problem of learning k-sparse parities with noise, in a recent paper, Grigorescu et
al. [62] adapt the approach of Hopper and Blum [67] to the noisy setting to give an algorithm

that runs in time poly(ﬁ)n“”m%"’(l))k/?. In particular, as the noise rate goes to 0, the

1
1/2—n

performance of this algorithm tends to O(n*/?), and as the noise rate tends towards %, the
dependency on n tends towards O(n*).
For the problem of learning juntas over the uniform distribution, Mossel et al. [92]

show that size k juntas can be learned in the absence of noise, in time nw%poly(Qk) R~
n% ™% poly(2%). This result leverages a powerful characterization of k-juntas: in particular,
they show that any k-junta either has a nonzero Fourier coefficient of degree at most d, or,
when regarded as a polynomial over [y, the k-junta has degree at most k — d. Their result
follows from balancing a brute-force search for low-degree Fourier coefficients, with solving
a large system of linear equation (using fast matrix multiplication) to find the low-degree
representation over Iy in the case that the brute-force search did not find any heavy Fourier
coefficients. As this approach involves solving a large system of linear equations, the as-
sumption that there is no noise is necessary. In particular, for constant noise 7, prior to the
results of this dissertation, no algorithm for learning k-juntas with noise n > 0 running in
time O(n*) for any constant ¢ < 1 was previously known.

For the problem of (¢,0) PAC-learning s-term DNF under the uniform distribution, the
results of Grigorescu et al. [62] imply a runtime of

11

poly(log = §)n{1-Ote/s)+o(D)log ¢

which improves upon the O(n!°8 <) of Verbeurgt [135] from 1990.

10.2 Summary of Approach and Results

The problem of finding a p-correlated pair of Boolean vectors from among n random vectors
is easily seen to be equivalent to solving the parity with noise problem, in the special case
that the size of the true parity set is k& = 2; the correspondence between the correlation p
and noise rate 7 is given by n = 1/2 — p/2. To see one direction of the equivalence, note
that given an instance of such a parity with noise problem, if one removes all examples that
have label 1, one will be left with a set of examples in which the two true parity indices are

correlated. One could thus use the algorithm of Proposition 9.3 to find the pair of parity

1

indices in time nﬁkpoly( ! ) ~ n1'62])0l3/(1/2_77

) e 1/2=n
matrix multiplication.

), where w < 2.38 is the exponent of
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In general, given an algorithm for solving the parity with noise problem for parities of
some fixed size ¢ in time O(n®), one may attempt to adapt it to obtain an algorithm for
the parity with noise problem for parities of any value k& > ¢ that runs in time O(n*%) by
performing the following transformation: for each length n example with label ¢, transform
it into a length N = (k7c) ~ nP*/¢ example with label ¢, where each index represents the XOR
(or product in the £1 setting) of some set of k/c of the indices of the original example. If
the original set of examples contained a set of k indices whose XOR is correlated with the
labels, then the transformed examples will contain (several) sets of ¢ indices whose XOR
is correlated with the labels. One can now simply apply the original algorithm for finding
parities of size ¢ to the transformed set of examples, to yield a runtime of O ( (nk/ C)a) . The
minor difficulty, of course, is that the transformed examples are no longer uniformly random
bit strings, though most algorithms should be robust to the type of dependencies that are
introduced by this transformation.

The above transformation motivates the search for improved algorithms for finding small
constant—sized parities (k = 2,3,4,...). Given the existence of a subquadratic time algorithm
for the case k = 2, a natural hope is that one can design better and better algorithms for
larger k, perhaps with the eventual hope of yielding an n°*) algorithm.

While an extension of the algorithm of Proposition 9.3 (corresponding to k£ = 2) would
yield an algorithm for learning k-sparse parities with runtime

1 1
1/2—n 1/2 —n
we instead consider the £ = 3 case, and obtain an exponent of < 0.80k. While the constant

in the exponent is only 0.02 better than what is yielded from leveraging the k& = 2 case
implied by the results of Chapter 9, this alternate approach may be of independent interest.

R poly( ) =~ n® ¥ poly( ),

Theorem 10.1. For any fized € > 0, for sufficiently large n and k, given examples from an
(n, k,n) instance of parity with noise, with probability 1 — o(1), our algorithm will correctly
return the true set of k parity bits. Additionally, the algorithm will run in time

wiep 1 0.80k 1
< { .

The above theorem has immediate implications for the problems of learning juntas and
DNF:

Definition 10.1. An example (z,y) from a (n,n)-instance of a noisy k-junta consists of
x € {—1,4+1}", chosen uniformly at random, together with a label y € {—1,+1} defined by
y=z-f(xg), where z € {—1,+1} is chosen independently of x to be —1 with probability n,
f is a fived though unknown function f : {—1,+1}* — {—1,+1}, and xs denotes the indices
of x occurring in a fized (though unknown) set S C [n] with |S| = k.

The above theorem together with Theorem B.1 immediately imply the following corollary:
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Corollary 10.2. For sufficiently large n and k given access to examples from an (n,n)
nstance of a noisy k-junta, with constant probability our algorithm will correctly return
the true set of k' < k relevant indices, and truth table for the function. Additionally, the
algorithm has runtime, and sample complexity bounded by

w+te k)

1
n s "poly( 0-80k ).

l
po y(l_277

)y<n

1—2n

The above theorem together with Corollary B.1 yields the following corollary for learning
juntas without noise, where the exponent is obtained by setting o = % in the statement of

Corollary B.1 so as to equate the two arguments of the max operation:

Corollary 10.3. For sufficiently large n and k given access to examples from an (n,n)
instance of a noisy k-junta with n = 0, with constant probability our algorithm will correctly
return the true set of k' < k relevant indices, and truth table for the function. Additionally,
the algorithm has runtime, and sample complexity bounded by

0.60k

anﬂkpoly(n) < n " poly(n).

Definition 10.4. An example (z,y) from a r-term DNF over n bits under the uniform
distribution consists of x € {—1,+1}", chosen uniformly at random, together with a label
y € {—1,+1} given by a fized (though unknown) r-term DNF applied to x.

The following corollary follows from first arguing that an analog of Theorem 10.1 holds
(Theorem 10.3) in which the sample complexity has been reduced, and then applying The-
orem B.2.

Corollary 10.5. For sufficiently large n and k, there ezists an algorithm that (e,5)-PAC
learns r-term DNF formulae over n bits from uniformly random examples that runs in time

pOly <17 C) n0.8010g2 g
d €

A Little Bias Goes a Long Way

As with the results in Chapter 9, our k = 3 algorithm uses fast matrix multiplication to find
a pair of correlated vectors. The crux of the approach is that a parity function has reasonably
heavy low-degree Fourier coefficients if one changes from the uniform distribution over the
Boolean hypercube to a slightly biased product distribution. The required bias is very small,
thereby allowing one to efficiently subsample a set of uniformly random examples so as to
produce a set of examples with the desired bias. In the remainder of this section we describe
the main idea behind the algorithm.

Given an example z,y, for z = (z1,...,x,) from an (n, 3, n)-instance of parity with noise
(with three parity bits), for any ¢, Pr[z; = 1|y = 1] = 1/2. Similarly, Pr[z;z; = 1ly = 1] = 1/2
for distinct i,7 € [n]. The improved algorithm for finding parities rests on the following
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observation about parity sets of size k& = 3: if the bits of z are not chosen uniformly at
random, but instead are chosen independently to be 1 with probability % + a, for some small
bias «, then the above situation no longer holds. In such a setting, it is still the case that
Prlz; = 1|y = 1] ~ § + a, however

14+ 06(a) ifiand j are both in the true parity set,
Pr[:ciszlly:l]:{f N ep . . . .
3 +0O(a®) ifiorjisnot in the set of parity bits.

The punchline of the above discrepancy is that very small biases—even a bias of « = 1/y/n
can be quite helpful. Given such a bias, for any pair ¢, j € [n], for sufficiently large n, even
ntO examples will be sufficient to determine whether ¢ and j are both in the parity set by
simply measuring the correlation between the ith and jth indices for examples with odd
label, namely estimating Pr[z;z; = 1|y = 1] based on the examples. How does one compute
these (}) correlations in time o(n®)? By (fast) matrix multiplication. It is worth stressing
that, provided this argument is sound, the resulting algorithm will be extremely noise-robust,
since the discrepancy between Prlz;z; = 1ly = 1] in the cases that ¢, j are both parity bits
and the case that they are not will degrade linearly as n — 1/2.

It should now be intuitively clear how to extend this approach from the small-biased
setting to the setting in which the examples are generated uniformly at random, since a
bias of 1/y/n is quite modest. In particular, with constant probability, a random length—
n example will have at least 5 + v/n positive indices, thus simply filtering the examples
by removing those with fewer than n/2 positive indices should be sufficient to instill the
necessary bias (at the minor expense of independence).

10.3 Learning Parity by Adding Bias

As in the case of learning a parity of size k& = 3, outlined in the previous section, for the
general case of parities of size k a bias of 1/y/n in the examples will be sufficient. There
are many approaches to achieving this bias; algorithmically, the most simple approach is
to take examples, and reject those which have fewer than § + \/n positive indices. While
this approach can be made to work, the conditioning on the total weight being large greatly
complicates the analysis. Thus we instead argue that one can filter the examples in such
a way that the distribution of the examples that remain is very close in total variational
distance (¢; distance) to the distribution in which the examples are actually generated by
independently choosing the value of each index with probability % + \/Lﬁ Thus the result of
applying our algorithm to the filtered examples will, with high probability be identical to
the result of applying the algorithm to a set of examples generated according to the idealized
process which selects the value of each index of each example independently, to be 1 with
probability 1/2 4 1/+/n, and thus it suffices to perform the analysis of the simpler setting in
which indices are chosen independently.

We first state the simple filtering process, and then prove that the resulting distribution
of examples has the desired property. Throughout, we let Bin[r,p|] denote the binomial
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random variable representing the number of heads that occur after flipping r i.i.d. coins that
each land heads with probability p.

Algorithm 10.6. MAKE BIASED EXAMPLES

Input: An m x n matriz X with entries z;; € {—1,+1}, a desired bias o € (0,3), and
t € [n].

Output: an m' X n matriz Y, for some m’ < m, consisting of a subset of the rows of
X.

Pr[Bin[n,$]>1]
Pr[Bin[n, %+a]>t] :

e Define r =
e For each row Z; =Z;1,...,%Tin of X:
— let s; be the number of 1’s in z;.
— If s; >t discard row x;.
— Otherwise, if s; <t, then include row x; in matriz Y with probability
Pr[Bin[n, 3 + o] = s;]
Pr[Bin[n, 1] = s;]

(Note that this quantity s always bounded by 1.)

Proposition 10.7. The algorithm MAKE BIASED EXAMPLES when given as input an m Xn
matriz X chosen with each entry being 1 independently with probability 1/2, o = o(1), and
t > 5 +/n+an, will output matriz'Y satisfying the two following properties:

e The total variation distance between the distribution from which each row of Y is chosen
and the distribution on rows defined by the process of picking each of the n elements
(n(3+a)-t)?

independently to be 1 with probability % + «, 1s at most 2e” (1-2a)n

mr 1

2
o With probability at least 1—e™ 32", Y has at least "}~ rows, where r := A5y (T3t yn

The following lemma will be useful in the proof of the above proposition.

Lemma 10.8. For Bin[n,p| denoting a binomially distributed random variable, for a > 0
with a = o(1) and s > \/n+ an,
Pr[Bin[n, 3] > 2 + s] S (1—2a)*"2(1 +2a) 2%
Pr[Bin[n, 3 +a] > 2 +s] ~ Vn ’

for sufficiently large n.

Proof. We first lowerbound the numerator; trivially, Pr{Bin[n, 1] > 2 + s] > Pr[Bin[n, 5] =

5+ s = (218)2% We now upper bound the denominator. To this order, note that for any
2
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s’ > s, we have

Pr[Binn,5 +a] =%+ +1] (g+2'+1) (3+0a)
Pr[Bin|n, % +a] =5+ 5] N (ﬁis,)(% — )
2
. n—2¢ 1+a
24 n+2¢ g

2
n—2/n+an) i+
24+n+2(y/n+an) s—a

4y/n —4da + 2 <1_L

(n 4+ 2v/n+2an+2)(1 — 2a) — vn’

for sufficiently large n. This shows that we may bound Y7 .. (7)(1/2—a)'(1/2+a)"~" by
the geometric series
- 1

( n ><1/2_a)§—5(1/2+a)’;+52(1__)i:( n >(1/2_a)3—5(1/2+a);+s\/ﬁ.

Z+s — NZD 5+s
Thus the desired ratio is at least

(3 o (1—2a)" 5(1 +2a)" 5+

(s1)(1/2=a)2*(1/2+ a)s " V/n Jn

]

Proof of Proposition 10.7. Each row of Y is distributed as a length-n string with each bit
equaling 1 independently with probability «, conditioned on the total number of 1’s to be
at most ¢. This distribution has variation distance at most 2 Pr[Bin[n, 1 + ] > t] from the

corresponding distribution in which no conditioning occurs. By standard Chernoff bounds,
(n(+e)—1)

Pr[Bin[n, 5 + o] > t] < e O-2an

The expected number of rows of Y will be at least m-r- (1 — ¢q), where ¢ = Pr[Bin[n, % +
a) > t], and thus this expectation is trivially at least %". Since each row of the input X is
inserted into Y independently, with probability at least %, by a Chernoff bound, Pr[|Y] <

zr < e~z . Using the lower bound on 7 of Lemma 10.8 yields the claim. O]

We now state the general algorithm for learning parities of size k. Note that throughout,
we assume that we know the size of the true parity set. This is without loss of generality,
as we can always simply try £ = 1,2,3,..., and lose at most a factor of k in our runtime.
Additionally, we aim to find the parity with some constant probability. Since we can always
verify whether the returned parity set is correct (with all but inverse exponential probability),
by simply repeating the algorithm many times this constant probability of success can become
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probability 1 — § at an extra multiplicative expense of log %. Finally, we assume that k is
divisible by 3. This is without loss of generality, as we can always insert up to two extra
bits in each example and multiply the label by their values so as to yield examples from an
instance of size at most n + 2 where the size of the parity is actually divisible by 3.

Algorithm 10.9. LEARN PARITY WITH NOISE

Input: An m xn matrizc X with entries x;; € {—1,4+1}, a length m wector v e {—1,+1}"
of labels, a parameter k that is divisible by 3.

Output: a set of k indices S C [n].

e Let Y be the result of running MAKE BIASED EXAMPLES on matriz X, with a =
_n klogn
and t = § + =557 /n.

e Remove all rows from Y whose corresponding label (in vector v) is —1, and
denote the resulting smaller m' xn matriz Y'.

1
v

e Generate the m' X (Z) matriz Z by taking each row of Y', and generating a row of
3

Z of length (k%), with each position z;g corresponding to a set S C [n] of k/3
distinct indices, and setting z; g :Hjesyg,j'

e Compute the (,;}3) X (k%) matriz C = Z'Z. For convenient, we regard the elements
of C to be indezed by a pair of sets 5,5 C n with |S| = k/3, thus cgg s the
entry corresponding to the product of the two columns of Z corresponding to the
sets S and 5.

e For every pair of subsets 5,5’ C [n] with S and S’ each consisting of k/3
distinct elements, if SNS #0, set cgs =0.

e Let cg, 5, be the largest elements of matriz C. For all sets S C [n] with
|S] k/3 satisfying S N (S1 U S1) # 0, zero out the row and column of C
corresponding to set S. Let cs,,s, be the largest element of the resulting
matriz, and return S;US;USs.

2k (1.
Theorem 10.2. For any fixed € > 0, for sufficiently large n and k given m = %

examples from an (n,k,n) instance of parity with noise, with probability 1 — o(1/n), the
algorithm LEARN PARITY WITH NOISE, when given as input the m X n matriz of examples,
and length m vector of labels, will correctly return the true set of k parity bits. Additionally,

the algorithm will run in time O (((fgz(—;;)re) > .

Given that applying MAKE BIASED EXAMPLES to matrix X yields a matrix Y with
suitably biased elements, we must make sure that the matrix Z inherits some bias from Y.
In particular, the fact that each entry of Z is given as the product of k/3 entries of X should
not completely erase the bias. While the bias will decrease, note that the length of the rows
of Z are correspondingly larger, and we are only hoping that the bias of each element of Z
is roughly 1/ \/m . The following basic lemma guarantees this.
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Lemma 10.10. Let z = [[_, w;, where each w; € {—1,+1} is chosen independently to be
1 with probability 3 + a. Then Pr[z = 1] = 1 + 2°71a”.

Proof. Letting p = % — «a, we have the following:

Prlz = 1]~ Prlz = —1] = i(—l)ip%l—p)s-i(‘“’f)

]

Proof of Theorem 10.2. Proposition 10.7 guarantees that with probability at least 1—o(1/n)
the matrix Y has at least the following number of rows:

m > m . m S m
4(1 — \/iﬁ)n*t(l + \/iﬁ)t\/ﬁ 41+ %)2@*%)\/% B A(1 + \/Lﬁ)%(klogn)/?)\/ﬁ T 4pk/3+y

For m as specified in the theorem statement, any constant € < e, for sufficiently large n and
Eyd

k, this is at least % Additionally, Proposition 10.7 guarantees that the rows of matrix

Y are 7-far in variation distance from the distribution defined by choosing each element

independently to be 1 with probability % + \/Lﬁ, where

(B+vn—n?
7h klogn 1)2 kQIOgn
2 vnt < 2¢ (T DT < 200

T<e

for sufficiently large k. This variation distance is super constantly smaller than 1/(mn), and
thus with probability 1 — o(1/n), the algorithm will perform identically as in the case that
the elements of matrix Y were actually generated independent with probability of being 1
equal to % + \/Lﬁ For the remainder of the proof, we argue as if matrix Y is generated in that
fashion.

We now consider the matrix Z. Let zg, zs» be two element of the row z of Z corresponding
to disjoint sets S,S" C [n], and let ¢ denote the label corresponding to row z. Let w =
11 iesus Yj» denote the random variable representing zgzg. For notational convenience, define

_ Lh/2] 1_ ) 1 o (b :1 .
=0

which is the probability that when A identical independent coins that land heads with prob-
ability % + [ are tossed, an even number of heads occurs. Letting s denotes the number of
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parity bits in S U .S’, we have the following, where o = \/iﬁ:

F(a,s)F(a,Z — s)F(a,k — s)

Priw=1(=1] = 7F3(a 3
+(1 _ F(O_/,S))(l - F(aa % - S))(l B F(O./7/{3 - S))
F(a, k)

1+ (20)%%/3 4+ (2a)k + (2a0)%F/32
2(1 + (20)k) ’

where the numerator of first line is computing the probability that w =1 and ¢ = 1.
In the case that s = 2k/3, which occurs when both S and S” are subsets of the set of
parity bits, then we can lowerbound the above as

1 (2a)k3
— + ,
2 3

1+ (2a0)3 1 (2a)"3
Prjw =1 =1] > + (29) > (20)

Pairean 2t 2

since &« = o(1). In the case that s < 2k/3 — 1, we upperbound the quantity as follows:

k/342 k/3
1+ 2(2«) < 1 N (2a) 7
2 -2 100

Prlw=1(=1] <

since a = o(1).
Putting the pieces together, letting m’ denote the number of rows of matrix Z, which we
k ¢
showed is at least %, in the case that 7 = 0 (there is no noise in the labels), we have

that for any entry cg ¢ of matrix C' corresponding to two disjoint sets S, S’, where S and 5"

, —\k/3
are not both subsets of the parity bits, Elcg g/ < QM. On the other hand, if S, .S" are

both subsets of the parity bits, then E[cgg/] > 2%, and since these quantities have

variance at most m/, for any constant €, via a union bound over Chernoff bounds, taking
n large yields that with probability 1 — o(1/n), all the entries of C' corresponding to pairs
of disjoint sets that are not both subsets of the true parity bits will be smaller than all the
entries that correspond to pairs of subsets of the true parity bits. In the case of n > 0, an
identical argument holds. O

Reducing the Sample Complexity

In order to obtain our desired corollary for learning DNF (Corollary 10.5), we must reduce
the number of examples used in our LEARN PARITY WITH NOISE algorithm. Intuitively,
provided one has a very noise-robust algorithms, such reduction in sample complexity is
very easy; one simply takes a very small number of examples—in fact, n'*¢ will suffice—and
then “manufactures” many examples by XORing together small sets of the actual examples.
Provided the initial noise in the labels is 7, if we XOR together ¢ examples, then the XOR

of the labels will be the correct label with probability at least 1 + 1=22",
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Algorithm 10.11. MAKE MORE EXAMPLES

Input: An m xn matriz X with entries x;; € {—1,+1}, a length m wector v € {—1,+1}"
of labels, a positive integer ¢ <m, an integer m’.

Output: An m' Xn matriz Y, and a length m’ vector w of labels.

e For each i € [m'], randomly choose a set T C [m], with |T| = q, create row y; of Y,
by assigning the jth component of y; to be H%Txg,j, and letting the ith label be

HjET Uy

Ideally, we would be able to apply the algorithm LEARN NOISY PARITIES in a black-
box fashion to the output of running MAKE MORE EXAMPLES on a small number of actual
examples; as was done in [83]. Unfortunately, because the noise in the generated examples
will increase with ¢ in the exponent, we will not be able to take sufficiently large ¢ so as to
yield the necessary claim that the distribution of resulting examples is close in total variation
distance to the desired uniform distribution.

Instead, we argue that the distribution of a small number (namely, k) of the columns
of the generated examples are close to uniform. The idea is that we will argue that the
distribution of the values in the k parity columns are close to uniform, which will let us
apply our Chernoff bound to argue that with very high probability, the “good” entries cg g
of the matrix C' generated in LEARN NOISY PARITIES, corresponding to S, S’ subsets of the
true parity set, will be “large”. For all the “bad” entries of C, we will not be able to apply
Chernoff bounds; however, using the fact that the rows are pairwise independent, we will
apply Chebyshev’s inequality to argue that with probability at least 1/2, each “bad” element
will be small. Thus after running the whole algorithm log((kng)) times, we can argue that
with high probability, in every run, the “good” coordinates Wﬂ( be large, whereas for a “bad”
element, in each run of the algorithm, it will be small with probability at least 1/2. Thus
after log((,;;g)) runs, with high probability the only elements that were never “small” will
correspond to entries whose row and column correspond to subsets of the true parity set, as
desired. We now make this roadmap rigorous. We begin by defining what it means for a
family of hash functions to be universal, and state the Leftover Hash Lemma.

Definition 10.12. Let H be a family of hash functions from A to B, and let H € H be
chosen uniformly at random. H is a universal family of hash functions if for all distinct
a,a’ € A, Pr[H(a) = H(d')] < ﬁ

Lemma 10.13 (Leftover Hash Lemma [70]). For A C {0,1}™, with |A| > 2", and |B| =
{—1,41}Y* for some £ > 0, if H is a universal family of hash functions from A to B, then
with probability at least 1—27* a uniformly random h € H will satisfy Dy,[h(a), Unif(B)] <
274 where a is a random element of A, Unif(B) denotes the uniform distribution on B,
and Dy, is the statistical distance (total variation distance).

The following basic fact will also be useful.
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Fact 10.14. Given a vector v € {—1,+1}™, such that m(% + p) indices of v are +1, then
for a random set T' C [m], with |T| = q,

1 2mp — 1\?
Pr[Hvizl]Z_ 1+ M .
, 2 m—q-+1
€T
Proposition 10.15. Given an m x n matric X and vector of labels v consisting of m
examples from an instance of parity with noise with noise rate n, integer q < M, and

log %*k

integer m', for any fized set S C [n] with |S| = k, with probability at least 1 —2~ 1 | the
algorithm MAKE MORE EXAMPLES on input X, v,q, m', will output a matrizY such that the
m' X k submatriz Ys defined as the subset of the columns of Y corresponding to indices in

qlog ™ L
S, will have total variation distance at most m'2~— 3 from the distribution on matrices

given by assigning each element to be +1 independently with probability 1/2.
(g—1) log q”fﬁ*k

Additionally, with probability at least 1 — 2~ 1 , the distribution of the rows

of Ys corresponding to the set of correct labels, will differ from that corresponding to the
(g—1)log My —k
set of incorrect labels by statistical distance at most 2m/2~ . Finally, provided

1 —2n > 4m=1 with probability at least 1 — o(1/m), the number of correct labels will be at

least m' (1 + 1 (3221)7) — m/0S,

Proof. We will first apply the Leftover Hash Lemma (Lemma 10.13). Note that each choice
of matrix X defines a hash function from the set A := {T : T C [m],|T| = q} to the
set B = {—1,+1}*, via the mapping that considers the columns of X corresponding to
indices in set S, and XORs each coordinate of the rows of X with indices in set T (as
described in the algorithm MAKE MORE EXAMPLES). Trivially, this family of hash functions
is universal, since for two sets T" # T, supposing that ¢ € T, i € T, the image of T and
T" will differ XORing with a uniformly random string (namely, the ith row of X). Next,
note that |A| = (T;) > 29°8% and thus Lemma 10.13 implies that with probability at least

qlog %*k

1—277"1 over the choice of matrix X, we will have that the distance between each row
log m—2k
of Y and the uniform distribution over {—1, +1}* is at most 2="°5 . A union bound over

our m' rows yields the desired claim.

We now reason about labels. With probability at least 1 —o(1/m), the number of correct
labels in the original vector v of labels will be at least % + M —mP6 > 5+ M.
Thus by Fact 10.14, with this probability the expected number of correct labels in vector w

will be at least

1 m(1—2n)/2 —q+1\? 1 1 /1-2n\"
/ - 1 > / — —
m(2(+< m—q+1 ~m\3T3\ 1 ’
and thus with probability at least 1 — o(1/m) over the initial choice of the v labels, and the

choice of the sets that generate the m’ new examples, at least m/ (% + % (1%4271)(1) — m/%C of
the labels w will be correct.
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We now argue that for a given “manufactured” example, the correctness of the label is
essentially independent of the values of the chosen set of k£ indices. We proceed as in [83],
and note that, assuming there is at least one incorrectly labelled example in v (if not, then
the independence is trivial), letting X,qq, Xeven denote the sets of subsets T' C [m] with
|T'| = ¢ for which the number of corresponding label is incorrect (correct). With probability
1—o(1/m), | Xeven| > | Xoaa| > (qu)’ and thus (since the correctness of the original labels are
chosen independently of the corresponding example) we may apply Lemma 10.13 as above, to

conclude that the distribution of the values of the k bits is distributed nearly uniformly over
(g—1) log q%f —k

the 2% values. In particular, with probability at least 1 — 2~ P , the distribution of

the k bits conditioned on the label being correct will differ from the distribution conditioned
. . . (a-1)log 5%y —k
on the label being incorrect by at most statistical distance 1 — 2~ 1 . O]

We now describe our algorithm for solving instances of parity with noise, that uses few
examples.

Algorithm 10.16. LEARN WITH FEW EXAMPLES

Input: Positive integers k,r,q,m' an r-mxn matriz X with entries T € {-1,+1}, and
a length r-m wvector v € {—1,4+1}" of labels.

Output: A set S C[n] with |S|=k.

e Fori1=1 tor

— Let matriz X', and labels v' be the output of running algorithm MAKE
MORE EXAMPLES on input X' v’ q,m’/, where X' is the m x n submatriz of X
consisting of rows i-m—+1 through rows (i+1)m, and v’ is the corresponding
vector of labels.

— Let matriz Y be the result of running MAKE BIASED EXAMPLES on matriz X

with o = ﬁ and t =1 + kl‘fg"\/,ﬁ_

— Remove all rows of Y with labels —1, and denote the resulting smaller
m"” xn matriz Y'.

— Generate the m' X (k’}d) matriz Z by taking each row of Y’', and generating a
row of length (k73) with each position z; g corresponding to a set S C [n] of
k/3 (distinct) indices, and setting z¢s =[[;cs Vi,

— Compute the (kT/L3) X (k7/13) matriz C' = Z'Z, and let m':=m'.

e Let the set ParityBits be the union of all pairs of disjoint sets of size k/3,

) i(o k/3
S,S’, that have the property that 5o > %

denotes the index of matriz C' indezed by the sets S,S', as in algorithm LEARN
PARITY WITH NOISE.

for each i € [r], where g

e If |ParityBits| # k output FAIL, otherwise output the set ParityBits.
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Theorem 10.3. The algorithm LEARN WITH FEW EXAMPLES, when run on input k,
/ n%quE)
r:= 100k logn, q, m' := =it
of parity with noise, will return the correct set of k parity bits with probability at least 1—o(1).
Additionally, the number of examples used is m, and the total runtime of the algorithm is

bounded by
1 K
= o9q) . 5(14ew
pOly((l—%)q’Q) A

where w < 2.38 s the matrix multiplication exponent.

and m = 100 - rq% examples from an (n, k,n) instance

Proof. The proof follows from noting first that m’ < (mq/ ") '4, and thus with probability
1 —o(1), in all r runs, no two choices of random subsets of [m] of size ¢ chosen in the
construction of X’ will be equal, and thus with this probability, the rows of X’ (and thus
Y and Y”) will all be pairwise independent. Thus, from the proof of Theorem 10.2 and
Chebyshev’s inequality, for each pair S, S’ of disjoint sets of size k/3 that are not both
subsets of the true set of parity bits, Cg,s' < w with probability at least 1/2. Since
each of the r runs are independent, the probability that such a bad pair of sets remains after

all » = 100k log n runs is at most nlﬁ, and thus via a union bound over the at most (k73)2

such pairs of bad sets, with probability 1 — o(1), no such bad pairs of sets will appear in the
final output set ParityBits.

By Proposition 10.15, and our choice of parameters, with probability 1 — o(1/n), the
total variation distance between the assignment of the values to the k true parity columns
of matrix X’ in a given run, and if they were chosen uniformly is at most o(1/n), and thus
with probability 1 — o(1), after the r runs, the algorithm must perform identically to the
performance in the case that these columns were chosen uniformly at random, and thus the
arguments of the proof of Theorem 10.2, and, in particular, the Chernoff bound, guarantees
that with probability 1 — o(1) in all r runs, every pair of disjoint sets S,.S” of size k that are
> mz@/g/ﬁ)k/s

subsets of the parity bits, will satisfy C’fg’ g , as desired. O
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Chapter 11

Learning Univariate Mixtures of
Gaussians

The problem of estimating the parameters of a mixture of Gaussians has a long history of
study in statistics and more recently, computer science. Given a sample drawn from a single
Gaussian distribution, it is easy to accurately estimate the mean and covariance of the true
distribution, since the sample mean and covariance converge very quickly to the true mean
and covariance. In contrast, consider the setting in which, for example, half the sample
points are drawn from one Gaussian, and half are drawn from a different Gaussian. How can
one obtain accurate estimates of the means and covariances of these two Gaussians? From a
practical perspective, this problem arises in many settings across a number of fields, including
agriculture, economics, medicine, and genetics [122, 88], and represents one of the most basic
mathematical formulations of the pervasive problem of clustering high dimensional data.

In this chapter we tackle the univariate version of this problem: learning mixtures of
Gaussians in one dimension. In Chapter 12 we leverage the results of this chapter via a
dimension reduction approach to yield an algorithm for the high dimensional analog of this
problem.

Consider a mixture of k different univariate distributions, each with mean u; € R, vari-
ance o € RY, and mizing weight w; > 0. The mixture is referred to as a Gaussian Mixture
Model (GMM), and if the univariate density of the i Gaussian component is F; = N (p;, 0?2),
then the GMM density is,

F= Z w; F;.
(2

The problem of learning the mixture is that of estimating w;, u;, and ¢? from a sample
consisting of m independent draws from the GMM.

In this chapter we prove that the parameters w;, j1;, 07 can be estimated at an inverse
polynomial rate. Given a desired accuracy €, we give an algorithm for recovering the pa-
rameters to within this accuracy whose runtime and required sample size is polynomial in
1/€e, under provably minimal assumptions on the GMM, namely that the mixing weights w;
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and the total variational distance between the Gaussian components are all bounded away
from 0. Previously, even in the case of mixtures of just two components, to the best of our
knowledge, no subexponential bounds on the required sample size were known.

The guarantees of the following theorem, which is the main theorem of this chapter,
are in terms of the error of the recovered parameters; we rely on this result on parameter
recovery in Chapter 12 to yield our more general theorem on learning GMMs in arbitrary
dimension with the stronger success guarantee that the recovered components are close in
total variational distance (¢; distance) to the true components.

Theorem 11.1. Suppose we are given access to independent draws from a GMM F of
variance in [1/2,2], consisting of at most k Gaussian components, F = Y, wN (ju;, 07),
where for all i, w; > ¢, and for all i # j, |p; — ps| + |07 — 03| > €.

There is an algorithm that for any fived k, uses a sample of size poly(%,log%) and has
runtime at most poly(%, log %), such that with probability at least 1 — 9 it will output mixture
parameters Wy, fi;, 62, with the property that there is a permutation 7 : [k] — [k] such that

lwi — ey <€ i — finny] <€, o7 — 6§(i)| <e€ foreachi=1,... k.

Our approach is via the method of moments. We show that noisy estimates of the first
4k — 2 moments of a univariate mixture of k Gaussians suffice to recover accurate estimates
of the mixture parameters, as conjectured by Pearson in 1894 [105] in the case that k = 2,
and that these estimates converge at an inverse polynomial rate.

The correctness of our algorithm rests on what we term the polynomially robust iden-
tifiability of GMMs (Theorem 11.2). The identifiability of GMMs is well known: any two
different GMMs F, F’ (where the components of F' differ from those of F”) have different
probability distributions [120]. We show that this identifiability is “polynomially robust”; if
the components of F" and F” differ by ¢, then the densities of F' and F” differ in total variation
distance by at least poly(e). Our proof of this robust identifiability is based on a series of
convolutions and “deconvolutions”, which could also be interpreted via the univariate heat
equation.

The running time (and sample complexity) of our algorithm is a fixed polynomial in
% for any constant number of mixture components, k. The dependence on k, however, is
disappointing—the exponent of the polynomial is exponential in k. Nevertheless, in Sec-
tion 11.4 we prove the following proposition demonstrating that a polynomial dependence
on k is information theoretically impossible.

Proposition. There exists mixtures Fy, Fy of at most k Gaussians such that all mixing
weights are at least 1/4k, for every pair of components in the same mizture, their total
variational distance is at least 1/4k, one of the miztures has a component with variance 2,
and the other mizture consists entirely of components with variance 1, yet

Dy(Fy, F) < e W),
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Figure 11.1: A fit of a mixture of two univariate Gaussians to Pearson’s data on Naples
crabs [105]. This density plot was created by P. Macdonald using R [84].

In particular, F, F’ are mixtures of significantly different Gaussian components, yet the
final condition shows that we cannot hope to distinguish between these two mixtures using
a sample of size poly(k).

A Brief History of GMMs

In the 1890’s, Karl Pearson was given a dataset consisting of the ratio of the length to the
breadth of 1000 crabs found near Naples, and conjectured that the dataset arose as a GMM
of two components, corresponding to two crab species. Pearson then attempted to recover
estimates of the parameters of the two hypothesized species, using the method of moments.
He computed empirical estimates of the first six (raw) moments E[z!] ~ %Z?; xé, for
1=1,2,...,6; then, using only the first five moments, he solved a cleverly constructed ninth-
degree polynomial, by hand, from which he derived a set of candidate mixture parameters.
Finally, he heuristically chose the candidate among them whose sixth moment most closely
agreed with the empirical estimate. [105]

The potential problem with this approach, which Pearson acknowledged, was the issue of
robust identifiability. Perhaps there exist two different mixtures, where the components of
one mixture are very different from the components of the other mixture, but nevertheless
the densities and the moments of the two mixtures are extremely similar.

Later work showed that “identifiability” is theoretically possible—if there are two differ-
ent GMMs (i.e. the components of one of the mixtures differ from the components of the
other mixture) then they have different probability densities [120]. The proof of this fact
argued that if the components of the two GMMs of largest variance do not match, then this
disparity will be exposed in the tails of the GMMs. If they do match, one can peel away the
pair of components, and proceed inductively. The issue with this approach is that it sheds
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no light on convergence rates, as it is based on differences in the density of the tails of the
distributions, which would require exponential amounts of data to discern. In particular,
to e-approximate the Gaussian parameters in the sense that we will soon describe, previous
work left open the possibility that it might require an amount of data that grows exponen-
tially in 1/e. In Section 11.2 we show that GMMs are polynomially robust, and hence a
polynomial amount of data is sufficient. Our proof of this robustness is via the method of
moments, in some sense validating Pearson’s approach.

Dasgupta introduced the problem of learning GMMs to the theoretical computer science
community in the setting in which the GMM is in high dimensional, and the components are
extremely well separated in comparison with their covariances (essentially non-overlapping
densities) [43]. Dasgupta considered the case where all the components are spherical Gaus-
sians with radii 1, and required that the separation between the components’ center be O(d?),
where d is the dimension of the space. He gave a polynomial time algorithm for learning
the mixture, which proceeded by first accurately clustering the sample points according to
which component they were drawn from. Given such a clustering of the data, one can then
simply return the sample mean and covariance for each cluster.

This work initiated a line of work on polynomial-time algorithms for clustering GMMs in
high dimensions [12, 46, 134, 76, 3, 31]. As this work progressed, the assumptions that the
components be identical and spherical was removed, and the separation assumptions were
relaxed slightly; however, any approach to learning GMMs via clustering must assume that
the components have essentially no overlap.

More recently, a polynomial-time density estimation algorithm was given for axis-aligned
GMMs (i.e. GMMs whose components have diagonal covariance matrices), which did not
require any separation assumption [53]. The problem of density estimation is to return a
GMM whose probability density function is close to that of the true GMM from which the
sample was drawn, as opposed to the potentially more ambitious goal of returning estimates
of each of the constituent components. The results of this chapter, however, imply that any
two GMMs with sufficiently similar densities must also have similar components (provided
the number of components in each GMM is bounded, and the minimum mixing weight is
not too small.)

Independently from this work, using ideas from algebraic geometry, it was recently shown
that the method of moments can be used to provably learn mixture parameters in the more
general context of mixtures of any family of distributions whose moments are given by
polynomials of a finite parameter set [23]. For the case of GMMs, our results of Chapter 12
are stronger than the more general results of [23] in two senses: first, our approach allows
one to obtain explicit bounds on the exponent of the polynomial bounding the required
sample sample, in contrast to the existential results that simply show that the exponent
of the polynomial dependence is finite for any fixed k. Secondly, and more significantly, we
recover components that are accurate in a variational sense (i.e. the recovered components
are close to the true components in ¢; distance), and thus our algorithm can be used to
accurately cluster the sample points (up to the statistical overlap in the components) or for
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density estimation. In contrast, the results of [23] are in terms of a different metric which is
not affine-invariant; their algorithm does not yield components that are necessarily close to
the actual components in total variational distance (¢; distance), and hence their approach
does not yield algorithms for clustering or density estimation.

Subsequent to the publication of the work presented in this chapter, there has been
some progress on developing practically viable algorithms for learning GMMs and mixtures
of other distributions, that also use a method of moments [8]. In contrast to our results,
these algorithms only consider third or fourth moments, and have provable guarantees under
certain non-degeneracy assumptions on the geometry of the components.

There is a vast literature on heuristics for learning GMMs, including the popular Expectation-
Maximization and k-means algorithms, which lack provable success guarantees. While these
approaches are effective in practice in some contexts, they can suffer slow convergence rates
or terminate at local optima when run on high-dimensional data (see, e.g. [108]). These
heuristics are orthogonal to our current goal of describing algorithms with provable success
guarantees, and we refer the reader to the two books [122, 88|, for a treatment of such
heuristic approaches to learning GMMs.

11.1 Notation and Definitions

We use N (i, 0?) to denote the univariate Gaussian of mean p and variance o2. Corre-
spondingly, we denote the probability density function of such a Gaussian by N (i, 02, ) :=

1 _(@—w?
Given two distributions, F, F’, with probability density functions F(z), F'(x), we denote
their total variation distance by Dtv F F'):=3 [|F(z (x)|dz. For a function f : R — R,

its 5 norm is denoted || f(z)||2 := foo (f( )) dx, and 1ts€ norm is denoted by || f(2)||s :=

—00
supger|f(z)]. We denote the i"*-raw moment of a distribution F, as M;(F) := Ep[zf].

We define the condition number of a GMM, which is a parameter expressing the infor-
mation theoretic difficulty of learning the given mixture:

Definition 11.1. The condition number x(F) of GMM F = 3w, F; is defined to be,

1
min({wl,wz, o wi U{ Dy (F Fy) | i # ]}) ‘

R(F) =

Any estimation algorithm requires, at a minimum, a sample size proportional to x(F') to
have a constant probability of accurately estimating each component. This is simply because
one requires a sample of size at least 1/w; to have a constant probability of encountering a
single example generated by F;. Hence, for very small w;, a large sample size is necessary.
Similarly, even if one knows the distributions of two components, F; and F5, one requires a
sample of size at least 1/ Dy, (F}, F3) to have a constant probability of distinguishing between
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the case that all sample points arise from I’ or all sample points arise from F’. Thus, at
least a linear dependence on k(F’) is required; our results will have a polynomial dependence
on k(F).

Definition 11.2. The parameter distance between GMMs F(x) = Y7 wiN (u;, 02, x), and
F'(z) = S0 wiN (i, 02, ) is defined to be

Dypar(F, F') := Hﬁrmz (’wz - w;r(i)‘ + i — M;(i)’ + |<7i2 - Uf(i)‘) 5

where the minimization is taken over all mappings ©: {1,...,n} —{1,... k}.

11.2 Polynomially Robust Identifiability

Our main technical result, which we prove in this section, is the following theorem, showing
that GMMs are polynomially robustly identifiable.

Theorem 11.2. There is a constant ¢ > 0 such that, for any any e < ¢ and any GMMs F, F’,
of n and k components, respectively with condition numbers k(F), k(F') < %, if Dy (F, F') >
€, then
max | M;(F) — M;(F'")| > €©W)",
i<2(n+k—1)

Before giving a formal proof of Theorem 11.2, we first sketch the rough intuition. Our
proof will be via induction on max(n, k). We start by considering the constituent Gaussian
of minimal variance in the mixtures. Assume without loss of generality that this minimum
variance component is a component of I and denote it by A/. If there is no component of
F’ whose mean, variance, and mixing weight very closely match those of N, then we argue
that there is a significant disparity in the low order moments of ' and F’, no matter what
the other Gaussian components are. (This argument is the crux of the proof, and we will
give the high-level sketch in the next paragraph.) If there is a component N of F’ whose
mean, variance, and mixture weight very closely match those of A/, then we argue that we
can remove N from F and N’ from F’ with only negligible effect on the discrepancy in
the low-order moments. More formally, let H be the mixture of n — 1 Gaussians obtained
by removing N from F, and rescaling the weights so as to sum to one, and define H', a
mixture of k — 1 Gaussians derived analogously from F’. Then, assuming that A" and N are
very similar, the disparity in the low-order moments of H and H’ is almost the same as the
disparity in low-order moments of F' and F’. We can then apply the induction hypothesis
to the mixtures H and H'.

We now return to the problem of showing that if the smallest variance Gaussian in F
cannot be paired with a component of F’ with similar mean, variance, and weight, that
there must be a polynomially-significant discrepancy in the low-order moments of F' and F’.
This step relies on “deconvolving” by a Gaussian with an appropriately chosen variance (this
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corresponds to running the heat equation in reverse for a suitable amount of time). We define
the operation of “deconvolving” by a Gaussian of variance « as J,; applying this operator to
a mixture of Gaussians has a particularly simple effect: subtract « from the variance of each
Gaussian in the mixture (assuming that each constituent Gaussian has variance at least ).
If « is negative, this operation is simply convolution by a Gaussian of variance —a.

Definition 11.3. Let F(z) = Y., wiN (i, 07, ) be the probability density function of a
mizture of Gaussian distributions, and for any o < min; o2, define

Jo(F)(z) = ZwiN(MiaUz? —a, ).

The key step will be to show that if the smallest variance Gaussian in one of the mixtures
cannot be paired with a nearly identical Gaussian in the other mixture, then there is some «
for which the difference in the probability densities of the resulting mixtures, after applying
the operation J,, has large ¢, norm. Intuitively, this deconvolution operation allows us
to isolate Gaussians in each mixture and then we can reason about the total variational
distance between the two mixtures locally, without worrying about the other Gaussians in
the mixture.

Given this /., distance between the transformed pair of mixtures, we use the fact that
there are relatively few zero-crossings in the difference in probability density functions of
two mixtures of Gaussians (Proposition 11.5) to show that this /., distance gives rise to a
discrepancy in at least one of the low-order moments of the pair of transformed distribu-
tions. To complete the argument, we then show that applying this transform to a pair of
distributions, while certainly not preserving total variational distance, roughly preserves the
combined disparity between the low-order moments of the pair of distributions.

We now formalize the above high-level outline of the proof approach. The following
lemma argues that if the smallest variance Gaussian in mixture F' can not be matched with
a sufficiently similar component in the mixture F”, then there is some «, possibly negative,
such that max, |7, (F)(x) — Jo(F")(x)| is significant. Furthermore, every component in the
transformed mixtures has a variance that is not too small.

Lemma 11.4. Let F,F' be GMMs with at most k components and condition numbers
bounded by 1/e. Suppose without loss of generality that the Gaussian component of minimal
variance is N(u1,0%), and that there is some positive v < €/8 such that for every i €
{1,...,k}, at least one of the following holds:

o | —pi| >~°
I}~ 0% >
o |wy —wj| > 7.

Then there is some o > —~* such that either
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o max,(|Jo(F)(x) — Jo(F')(x)]) > % and the minimum variance in any component of

Jo(F) and T, (F') is at least ~*,

or

e max,(|J.(F)(x) — Jo(F')(x)]) > ,%5 and the minimum variance in any component of

Jo(F) and T, (F') is at least v*2.

Proof. We start by considering the case when there is no Gaussian in F” that matches both
the mean and variance to within v°. Consider applying 7, 2_,12 to both mixtures. Observe

that g
€ o v

12 0y _
\70%*712(}7)(/”’1) Z EN(07’7 70) - ,-)/6 27T - 76 271"
We now argue that J,2_,12(F")(p1) cannot be too large, as all of its components must either
have large variance (and hence small maximum value of the probability density function),
or has small variance but a mean that is far from p;. Corollary A.4, makes this argument
rigorous, showing the following:

2

> 1o(F' < —
jcrl*'Y ( )(:u1> = 75\/%

Thus
8y 2 2

— > —.

V82 A8 2me T P

Next, consider the case where we have at least one Gaussian component of F”’ that matches
both z; and o? to within 75, but whose weight differs from w; by at least . By the bounds
on the condition number, there can be at most one such Gaussian component, say the i‘".
If wy > wi+7, then Jyz2_ya(F) (1) — Tz s (F) (1) > #ﬂ - 5\/%’ where the second term
is a bound on the contribution of the other Gaussian components to J,2_4(F")(p1), using
the fact that F, F" have condition numbers at most 1/¢ and Corollary A.4. Since v < €/8,
this quantity is at least 47\?% > %.

If wy < w} —~, then consider applying 7. 2_,4 to the pair of distributions. Using the fact
that ——— > 1 — x/2, and using the fact that o/ < 02 ++°, we have

jaff'yu(F)(:ul) - jaff'ym(F/)(:ul) >

Vitzx
Tr s (F) (1) = Tooa(F)(1l) > L () - — —
\/m\/ﬂ V227 eV/2me
1—~/2 1 2
> 72]% (wy +7) — 2 27rw1 - Sv/2ne
1
= 5
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The above lemma guarantees that we can pick some a such that J,(F) and J,(F") con-
tain Gaussian components whose variances are at least v'2, and whose probability densities
differ significantly in the ¢,, norm. We now show that this poly(y) in the f,, norm gives
rise to a poly(vy) disparity in one of the first 2(k + n — 1) raw moments of the distributions.
To accomplish this, we first show that there are at most 2(k + n — 1) zero-crossings of the
difference in densities, f(x) = Jo(F)(z) — Jo(F')(z), and construct a degree 2(k +n — 1)
polynomial p(x) that always has the same sign as f(z), and when integrated against f(z) is
at least poly (). We construct this polynomial so that the coefficients are bounded, and this
implies that there is some raw moment i (at most the degree of the polynomial) for which
the difference between the i’ raw moment of 7, (F) and of J,(F"') is large.

We start by showing that the difference in density functions, J,(F)(z) — Jo(F")(z), has
relatively few zeros, for any a.

Proposition 11.5. Given f(x) = Y7, a;iN(ui, 07, ), the linear combination of m one-
dimensional Gaussian probability density functions, such that for i # j either o? # 032- or
wi # pjand for all i, a; # 0, the number of solutions to f(x) = 0 is at most 2(m — 1).
Furthermore, this bounds is tight.

Using only the facts that quotients of probability density functions of Gaussians are
themselves Gaussian density functions and that the number of zeros of a function is at most
one more than the number of zeros of its derivative, one can prove that linear combinations
of m Gaussians have at most 2™ zeros (see Lemma 11.8). However, since the number of
zeros dictates the number of moments that we must consider in our univariate estimation
problem, we will use slightly more powerful machinery to prove the tighter bound of 2(m—1)
zeros. Our proof of Proposition 11.5 will hinge upon the following fact:

Fact 11.6 (See, e.g. [69, 14]). Given f(z) : R — R, that is analytic and has n zeros, then
for any 0® > 0, the function g(z) = f(x) o N(0,0% x) has at most n zeros.

The intuition for the above fact is that g(z) is the solution to the following differential
equation (known as the heat equation) for an appropriately chosen value of ¢:

d d?
h(z,0) = f(x), %h(x,t) = @h(x,t).
Intuitively, the above dynamics imply that local optima get smoothed out, rather than
reinforced; in particular, for any second order zero of h(z,t) (viewed as a function of x),
the dynamics will remove that zero by increasing h(z,t) according to j—;h(x, t), rather than
creating an additional zero.
The following trivial lemma will be helpful in our proof of Proposition 11.5:

Lemma 11.7. Given a linear combination of Gaussians, f(z) := > ", aiN (i, 02, x), with
r zeros, there exists € > 0 such that at least one of the following holds:



CHAPTER 11. LEARNING UNIVARIATE MIXTURES OF GAUSSIANS 221

e For all positive € < €, the function fo(z) = (a1 — € )N (1, 0%, 2) + >y aiN (s, 07, x)
has at least v zeros, with |- f. ()] > 0 for at least r zeros.

o For all positive € < ¢, the function fo(x) := (a1 +€ )N (1,07, 2) + >y aiN (i, 07, x)
has at least v zeros, with |- f.()| > 0 for at least r zeros.

Proof. For any analytic function g(x) that is not identically zero, with zeros at zy, ..., z,,

there exists § > 0 such that neither g(z) nor - g(z) have any zeros within any of the sets

[z; — 0, x; + d]. Consider the setting in which
Hi:g(z) >0,Ve € [x; — 0,2+ 0]} > |{i: g(x) <0,Vz € [x; — 0, z; + I},

and set a > 0 such that o < |g(x;4d)|. For any € > 0 chosen such that max, (e - N'(u1, 0%, 7)) <
«, the function g(z) + € - N'(u1, 0%, x) will have at least 7 zeros, as the zeros of even mul-
tiplicity that are tangent to the axis from the upper half plane will each become a pair of
zeros. Additionally, the derivative at at least r zeros will be nonzero.

The setting in which

{i:g(x) >0,Ve € |x;— 6,2, + 0|} < |{i:g(x) <OV € [x; —0,x; + 0]}

yields the corresponding statement with the function g(x) — € - N (1, 07, ), from which the
lemma follows. O

Before proving Proposition 11.5, it will be helpful to establish that the number of zeros
of a linear combination of Gaussian density functions is bounded.

Lemma 11.8. The function f(x) =Y v, a;N (i, 07, ) has at most 2™ zeros.
Proof. First observe that for o7 < o2, for any 1, ji2, we have

_ N(Ml,O'%,CC)

) _ 2
Q<x) T N(,LLQ,O-%,CU) =c N(Mva 7I)7

0.2 _0.2 0.20.2
for p = 2512 and 0 = 222, and some constant c.
05—07 ) 05—07 )

We begin by proving the lemma in the case that o? > 0]2- for all 7 < 7. We then consider
the case that several components have equal variances. In addition to the above fact about
the quotients of Gaussians, we will use the following two elementary facts:

1. The number of zeros of any analytic function g(x) is at most one more than the number

of zeros of its derivative, Lg(z).

2. For some degree d polynomial p(x),

%N(M,UQ,IL') p(ZE) = N(,u,O'Q,I) : q(l‘),

for some degree d + 1 polynomial ¢(z).
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We now iteratively define the functions f;(z), which will have the form

m—j

Fila) = N(ujs, 0%, 2) - pjal)

i=1
for some polynomials p; ;.

o Let fo(z) = f(x) = 20 ailN (i, 0F, ).

e For j > 1, define
fi = dtt (- fia(x)
T deet \N (0%, 1))
where N (u1, 02, z) is the Gaussian component with maximal variance in the expression
for f;_1, and o is max;(deg(pj—1.))-

By the second item above, p;;(x) is a polynomial with degree at most «; + 1 more than
the degree of p;_1,(x), and since ag = 0, a; < 2771 From the first item above, f;(z) has at
most o + 1 fewer zeros than f;_;(z). Since f,, = 0, the number of zeros of fy(x) is bounded
by >t a; < 2™, as claimed.

To conclude, we consider a linear combination of m Gaussians, f(z), with the property
that o2 = 0]2. for some distinct pair i, j. Assume for the sake of contradiction that f(xz) has at
least 2m — 1 zeros. Applying Lemma 11.7 yields that there is another linear combination of
at most m Gaussians, g(x), with at least 2m — 1 zeros and nonzero derivative at these zeros.
Since N'(0, 02, x) is continuous in o2, for any sufficiently small § > 0 the linear combination
resulting from modifying g(x) by increasing the variance of one of its components by ¢ will
still have at least 2m — 1 zeros with nonzero derivatives, and thus one can transform g(z)
into a linear combination of m components with distinct variances and having at least 2m —1
zeros, which contradicts the first part of our proof. n

Proof of Proposition 11.5. We proceed by induction on m. The base case, where f(x) =
aN (u,c? x) is trivial. The intuition behind the induction step is that we will consider the
linear combination of the m — 1 Gaussians of largest variance, except with all variances
decreased by that of the excluded component, of variance o2. The addition of this mth
component, as essentially a Dirac delta function will add at most 2 zeros; we can then con-
volve all components by N'(0, 02, z) to obtain the original linear combination f(x); Fact 11.6
guarantees that this final convolution cannot increase the number of zeros. To make this
sketch rigorous, we must be slightly careful, as we cannot actually add a true delta function.

We now prove the induction step. For ease of exposition, we describe the case in which, for
i < m, o} > o2 the general case is identical, except that we will add in all the Gaussians of
variance equal to o2,, rather than just the single component. Let f(z) = > a;N (s, 07, x)
denote the linear combination of m Gaussians. By Lemma 11.8 f(z) has are a finite number
of zeros, and hence we may apply Lemma 11.7 to yield that there is some constant ¢; > 0
such that for any € < ¢;, the linear combination obtained by decreasing a; by e will have
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at least as many zeros as f(x), with nonzero derivative at all zeros (the argument in the
case that a; is incremented by ¢, as in the second Case of the statement of the Lemma 11.7
is analogous). Let g(z) := (a1 — c1/2)N (1,03 — 02, ) + S0 aiN (i, 02 — 02, 2); by
our induction hypothesis, g(z) has at most 2(m — 2) zeros. As this number is finite, there
exists some positive ¢y < ¢1/2 such that g.,(z), the linear combination of m — 1 Gaussians,
whose first coefficient is a; — 5 — ¢, has nonzero derivative at all its zeros, and for which
Gey () # 0, as the zero set of g. is finite, and the location of each zero is a monotone
function of € within any sufficiently small interval around 0.

Define the function

m—1
c
h(z,€) = (a1 — 51 — )N, 07 =05, + €, 2) + Z aN (pi, 0f — op, + €, )
i=2

and note that there exists some €,0 > 0 such that for any positive ¢ < ¢, the following
conditions hold:

e The magnitude of the derivative of h(z,€") with respect to x within distance ¢ of any
zero of the function is at least ¢.

e The minimum magnitude of h(z, ¢') outside of a §-ball around any zero of the function
is at least 9.

o For = € [l — O, fr, + 0], |A(z,€")| > 0.

The above three conditions guarantee that for a sufficiently small €', the function h(z, €')+
amN (fm, €, ) has at most 2 more zeros than h(x,€’), and hence at most 2(m — 1) zeros.
Consider the linear combination obtained by convolving each Gaussian with N'(0, 02 — ¢, x);
by Fact 11.6 and the choice of ¢, co, the resulting linear combination has at least as many
zeros as the original linear combination f(x), completing the induction step.

To see that this bound is tight, consider
m—1 1
= 0, m? — ), ——
Flo) =m0, 2) = 3N 35.0),

which is easily seen to have 2(m — 1) zeros. O

Having bounded the number of zeros of the difference in probability densities of two
GMDMs, we now argue that we can leverage the (,, distance between J,(F') and J,(F")
guaranteed by Lemma 11.4 into a discrepancy between the low order moments of these two
mixtures.

Lemma 11.9. Let F,F' be GMMs of n and k components, respectively, with condition
numbers at most 1/e, and variances bounded by 2, and consider a positive constant v <
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min (62, ﬁ, m> . Suppose without loss of generality that the Gaussian component of min-
2

imal variance is N'(u1,07%), and that for every i € {1,...,k}, at least one of the following
holds:

o |y —pil >
o of —0P[>17°
o |wy —wj| > 7.
Then there is some choice of a > —v* and some moment i € [2(n + k — 1)] such that

) ) 716(n+k)
E ‘| — Eg (py|2']] > —————=
|Eg. (2] Ja(F)[$]|_4(n+k_1)>
and in particular is poly(y) for fized n, k.

Proof. For some specific choice of «, define the function f(z) = Jo(F)(z) — Jo(F')(2).
We start by briefly sketching the idea of the proof: the proof will follow from applying
Lemma 11.4, which shows that an « can be chosen such that there exists some z* for which
| f(x*)] is large; additionally, no component of f(x) will have variance that is too small, and
hence the magnitude of the derivative of f(z) can be uniformly bounded, and hence the
integral of the absolute value of f(x) will be large. We then apply Proposition 11.5 which
guarantees that f(z) has few zero crossings, and thus there exists a low degree polynomial
p(z) (defined by the zeros of f(x), such that f(x) - p(x) > 0 for all z, allowing us to bound
[ f(x)-p(x). We then note that this integral is some linear combination of the discrepancies
in moments; indeed if p(z) = 27, then this integral would simply be the discrepancy in jth
moments. In order to bound the discrepancy in moments, we must ensure that the coefficients
of p(x) are not too large.

We now make the above sketch rigorous. Define the interval I := [—%, %], and assume

that there exists x* € [—%, %] C I, constant b > 0, and positive ¢; < ¢y satisfying:

d

%f(x)

1
£)] 2 s and sup <

z€R

1
Consider the interval J := [z* — 7022;61,:[* + 7622;1] C I, and observe that from our
lower bound on |f(z*)| and our upper bound on the derivative of |f(x)|, the following two
properties must clearly hold:

1. f(z) has no zeros within the interval J' := [z* — @,x* + @] D J,

2. mianJ |f(..'2§')| 2 ‘f(; A Z Qbicl’
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Define the polynomial p(x) = £I1,, (x — z;) for all zeros z; € I. We can then choose the
sign so that p(z)f(z) > 0 for any « € I. Thus

/I p(o) f(z)dw > / p(#) f(x)dz.

From Proposition 11.5, f(x) has at most 2(n+k —1) zero crossings, and thus the polynomial
p(z) has degree at most 2(n + k — 1). Since f(z) has no zeros within J', for all z € J,

co—er \ 2(n+k—1)
Ip(z)] > (“’ = 1) . Combining this with the second fact above yields that

ca—c1 ca—cy \ 2(n+k—1) (c2—c1)2(n+k)
gl L ([~ gl
dx > >
[ror@iz (57) 5w () = Vg

From the above, and the fact that each coefficient of p(z) is at most 22("++=1)(2 /) 2(n+k=1) —
%, we conclude that there is some i € [2(n + k — 1)] such that

. 1 ~(camer+1)2(ntk)
|/]5U f(z)dz| > 2(n+k — 1) L ogntkp2(ntk) (11.1)

We now consider what values of ¢, ¢ are implied by Lemma 11.4. Noting that

2
Sup|d/\f(u,a,:c)(:mS 1 < 1 |
x dx o2/ 2me 202

Lemma 11.4 guarantees that o can be chosen so as to either have ¢y =1, ¢ =4, and b = 8,

or ¢y =5, co =12, and b = 1/2. In either case, Equation 11.1 is at least %
Using Corollary A.8 which gives bounds on the contributions of the tails of Gaussians to
the i*" moment, since the mixtures F, F” have condition numbers at most 1/¢ and hence mix-

ing weights at least €, and have variance at most 2, all component means lie within [—2/¢, 2/€],

. . A
and variances are at most 2/¢, and hence we have that fR\I 2 f(x)dx < -4%i/ily~%e” =7 . The

lemma now follows from noting that for v in the prescribed range this is easily bounded by
16(n+k)
4'Zn+k71)' H
We now consider what effect the transformation 7, has on the distance between a pair of
GMMs. Unfortunately, the transformation 7, does not preserve the total variational distance
between the two distributions. However, we show that it, at least roughly, preserves (up to
a polynomial) the disparity in low-order moments of the distributions.

Lemma 11.10. Given GMMs F, F’, and some o < 1 that is at most the minimum variance
of any Gaussian component of F' or I, then

My (F0(F) = M (To(F) | < 25 S I (F) = M)

=1
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The proof of the above lemma follows easily from the observation that the moments of
F and J,(F) are related by a simple linear transformation.

Proof. Let X be a random variable with distribution 7, (M (p,0?)), and Y a random variable
with distribution N (¢, 0%). From definition 11.3 and the fact that the sum of two independent
Gaussian random variables is also a Gaussian random variable, it follows that M;(Y) =
M;(X + Z), where Z is a random variable, independent from X with distribution N (0, a).
From the independence of X and Z we have that

J=0

Since each moment M;(N (i, 0?)) is some polynomial of u,c?, which we shall denote by
m;(u, 0%), and the above equality holds for some interval of parameters, the above equation
relating the moments of Y to those of X and Z is simply a polynomial identity:

(e, o) = Z (st = symyt0,5.

Given this polynomial identity, if we set § = —«, we can interpret this identity as

M(X) = Z ({)pnes a2,

where ¢; = £1 according to whether j is a multiple of 4 or not.
Consider |M; (Jo(F)) — M; (J.(F"))|; from above, and by linearity of expectation, we
get

|M; (Jo(F)) — M; (Ta(F')) | < (2> (M j(F) — M;_5(F")) ¢; M;(N(0, )

< - <]) |M;—;(F) — Mi—j(F/)|> max |Mj(N(0704))|~

: je{0,1,....k—1}
]:

In the above we have used the fact that My (N(0,a))) can only appear in the above sum
along with |My(F) — My(F')| = 0. Finally, using the facts that (;) < 27, and expressions
for the raw moments of A(0,a) given by Equation (A.1), the above sum is at most 2" -
(212 }L'/?/);/JQ' Zl o |M;_i(F) — M;_;(F")|, which completes the proof. O

We are now equipped to put the pieces together and begin our induction proof of our
main technical theorem.
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Proof of Theorem 11.2. The base case for our induction is when n = k = 1, and follows from
the fact that given parameters p, i/, 02, 0’ such that |u — /| + |0 — 0’| > ¢, by definition,
one of the first two moments of N'(u, 0?) differs from that of N'(¢/,0"*) by at least €/2.

For the induction step, assume the for all pairs of mixtures where one element of the
pair has at most n components, and the other has at most k£ components, that satisfy the
conditions of the theorem, at least one of the first 2(n + k& — 1) moments differ by at least
fle,n+k) = O(e'"""), where the hidden constant is a function of n, k and is independent, of
€. Consider mixtures F, F’, mixtures of n’, k¥’ Gaussians, respectively, where either n’ = n+1,
or k¥ = k+ 1, and either n’ = n or k¥’ = k, and assume they satisfy the conditions of the
theorem. Assume without loss of generality that o2 is the minimal variance in the mixtures,
and that it occurs in mixture F'.

We first consider the case that there exists a component of F’ whose mean, variance,
and weight match puy, 0}, w; to within an additive z, where x is chosen so that each of the
first 2(n + k) moments of any pair of Gaussians whose parameters are within = of each
other, differ by at most f(e/2,n + k — 1)/2. Hence by Lemma A.17,it suffices to choose an
r = O(e"*1f(e/2,n + k — 1)). Since Lemma A.17 requires that o7 > /x, if this is not
the case, we convolve the pair of mixtures by N(0,€), which by Lemma 11.10 changes the
disparity in low-order moments by a constant factor (dependent on n, k).

Now, consider the mixtures H, H', obtained from F,F’ by removing the two nearly-
matching Gaussian components, and rescaling the weights so that they still sum to 1. The
pair H, H' will now be mixtures of ¥ — 1 and n’ — 1 components, and will have condition
numbers at most 1/(e — €?), and the discrepancy in their first 2(n’ + &’ — 2) moments is at
most f(e/2,n + k — 1)/2 different from the discrepancy in the pair F, F’. By our induction
hypothesis, there is a discrepancy in one of the first 2(n’ + k' — 3) moments of at least
f(e/2,n+ k — 1) and thus the original pair F, F’ will have discrepancy in moments at least
half of this.

In the case that there is no component of F’ that matches p;, 0%, w1, to within the desired
accuracy x, we can apply Lemma 11.4 with v = z, and thus by Lemma 11.9 there exists
some « such that in the transformed mixtures 7, (F), J,(F"'), there is a O(2'°U*+*)) disparity
in the first 2(k +n — 1) moments. By Lemma 11.10, this disparity in the first 2(k +n — 1)
moments is related to the disparity in these first 2(k + n — 1) moments of the original pair
of mixtures, by a constant factor (dependent on j, k). Thus, up to constant factors, we must

have f(z,m) < (f(x/2,m —2))"*", and thus taking f(z,m) = 2™ uffices. O

11.3 The Basic Univariate Algorithm

In this section we formally state the BASIC UNIVARIATE ALGORITHM, and prove its cor-

rectness. In particular, we will prove the following corollary to the polynomially robust
identifiability of GMMs (Theorem 11.2).

Theorem 11.3. For e < 1/k, suppose we are given access to independent draws from a
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GMM .
i=1
with condition number w(F) < %, with variance in [1/2,2]. The Basic Univariate Algo-
rithm, when run with appropriate parameters will have runtime and sample size bounded by
(Om)* log%, and with probability at least 1 — § will output mizture parameters w;, fu;, 0>,
such that there is a permutation w : [k] — [k] for which
\w; — ey <€ i — flry] < e lo? — 62 )| <eforeachi=1,...,k.

(2

Algorithm 11.11. BAsSIC UNIVARIATE ALGORITHM
Input: k, m, v, €, probability of failure &, and sample oracle SA(F).

1. Take m draws from SA(F), and compute the first 4k - 2 sample moments,
mla"'am4;c—2~

2. Iterate through the entire set of candidate parameter vectors of the form F =
(b, i1, 012, . .., W, ik, Ok>) satisfying:

o All the elements are multiples of 7,
o W; >€/2, and Y ,w; =1,
e cach pair of components has parameter distance at least ¢/2.
o |l 6% < 2/e.
3. Compute the first 4k — 2 moments of mizture F, My eeny Myf—2 -

4. If for all i € {1,...,4k — 2}, |m; — m;| < «, then return F, which will have
the property that each returned parameters will match the corresponding true
parameters to within €/2, with high probability.

If the above algorithm outputs €/2-accurate parameters with probability of success >
0.9, to boost the probability of success to 1 —J, repeat the entire previous algorithm
1og% times; letting FZ denote the parameter set returned by the ith run, for each
candidate parameter vector (u,oQ,w) gitven in a E, output that parameter vector

1f there are at least ilog% runs for which Fi contains a component whose mean,
variance, and mizing weight all match to within €/2, and for which no parameters
matching to within € has previously been output.

Our proof of the above theorem will follow from these three step: first, basic concentration
bounds will show that with high probability, the first 4k — 2 sample moments will be close
to the corresponding true moments. Next, we show that it suffices to perform a brute-
force search over a polynomially—fine mesh of parameters in order to ensure that at least
one point (u?l,;il,cfl?, . ,wk,ﬂk,csz) in our parameter-mesh will have moments that are
each sufficiently close to those of the true parameters. Finally, we will use Theorem 11.2
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to conclude that the recovered parameter set (i1, % i, (f;f) must be close to the true
parameter set, because the first 4k —2 moments nearly agree. We now formalize these pieces.

Lemma 11.12. Let x1,x9,...,x,, be independent draws from a univariate GMM F with
variance at most 2, and each of whose components has weight at least €. With probability
Z 11— /87

LS Bt < L0

m - mp?

where the hidden constant in the big-Oh notation is a function of k.
Proof. By Chebyshev’s inequality, with probability at least 1 — j3,

m

2 m 2
(% Yol - EMWQ < %E (% Y oal - Ew[wj])
=1

i=1

We now bound the right hand side. By definition, E,, . [+ > 7", i E,r[27]] = 0.

m
Since the variance of a sum of independent random variables is the sum of the variances,

E <% zm:wf - E;UNF[xj]> - %E%F [(mj - EmNF[Ij])Q]

S _E:ENF [ij] .
m

To conclude, we give a very crude upper bound on the ¢th moment of F’; since F' has
variance at most 2 and mixing weights at least €, the mean and variance of each component
has magnitude at most 2/e. Since the gth moment of a N'(u, 0?) is a polynomial in u, o of
total degree at most ¢, and coefficients given by a function of ¢ (see Claim A.16), E,p[z7]
can be bounded by O((2/¢€)?) where the constant in the big-Oh notation hides a function of
q. O

We now argue that a polynomially-fine mesh suffices to guarantee that there is some
parameter set in our mesh whose first 4k —2 moments are all close to the corresponding true
moients.

Lemma 11.13. Given a GMM F with k components, whose means and variances are
bounded in magnitude by 2/¢, and weights are least €, for v = a - €** there exists a GMM F
with at most k components, all of whose components’ means, variances, and mizing weights
multiples of v, such that each of the first 2(2k — 1) moments of F' and F' differ in magnitude
by at most O(«), where the hidden constant is a function of k.
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Proof. Consider F' defined by rounding the means, variances, and weights of the components
of F (ensuring that the weights still sum to 1). As above, the i*» moment of each component
is a polynomial in u,o of total degree at most ¢, and coefficients bounded by i!. Thus
changing the mean or variance by at most v will change the ¢th moment by at most.

il-i((2/e+7) = (2/€))

21(2/6)1 ((1 +ve/2)" — 1)
i'(2/€) (e* — 1)
(2i/€)"(4irye), since e” — 1 < 2x for < 1/2

IA A IA

Thus if we used the true mixing weights, the error in each moment of the entire mixture
would be at most & times this. To conclude, note that for each mixing weight |w; —w;| < 7,
and since, as noted in the proof of the previous lemma, each moment is at most O(e™?)
(where the hidden constant depends on i), thus the rounding of the weight will contribute
at most an extra O(ye™*). Adding these bounds together, yields the lemma. O]

We now piece together the above two lemmas to prove Theorem 11.3.

Proof of Theorem 11.3. Given a desired moment accuracy o < €, by applying a union bound
to Lemma 11.12, O(ae 8%§2) examples suffices to guarantee that with probability at least
1—94, the first 4k — 2 sample moments are within « from the true moments. By Lemma 11.13,
setting 7 = ae®® yields mesh of parameters that are multiples of v and suffice to recover
a set of parameters (i, iy, G1°, ..., Wy, fix, 0x>) whose first 4k — 2 sample moments will all
be within o from the sample moments, and hence within 2« from the true moments, with
probability at least 1 — 4.

To conclude, note that the pair of mixtures F), F', have condition numbers at most 2 /e, and
thus if their first 4(k — 1) moments agree to within the accuracy specified by Theorem 11.2,
the theorem will guarantees that the recovered parameters must be accurate to within e;
thus it suffices to set a = ¢©@*)", m

11.4 Exponential Dependence on k is Inevitable

In this section, we present a lower bound, showing that an exponential dependence on the
number of Gaussian components in each mixture is necessary, even for mixtures in just one
dimension. We show this by giving a simple construction of two 1-dimensional GMMs, F}, Fy
that are mixtures of at most m Gaussians, have condition numbers at most 2m, and the
parameter distance between the pair of distributions is at least 1/(2m), but nevertheless
Dy (F1, Fy) < e7®m) = ¢=0W() for sufficiently large m. The construction hinges on
the inverse exponential (in k& &~ /m) total variational distance between N(0,2), and the
mixtures of infinitely many Gaussians of unit variance whose components are centered at
multiples of 1/k, with the weight assigned to the component centered at i/k being given
by N(0,1,i/k). Verifying that this is true is a straight-forward exercise in Fourier analysis.
The final construction truncates the mixture of infinitely many Gaussians by removing all
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the components with centers a distance greater than k from 0. This truncation clearly has
negligibly small effect on the distribution. Finally, we alter the pair of distributions by adding
to both distributions, Gaussian components of equal weight with centers at —k, (—k* +
1)/k, (—k*+2)/k, ..., k, which ensures that in the final pair of distributions, all components
have significant weight.

Proposition 11.14. There exists a pair Fy, Fy of miztures of at most k* + 1 Gaussians
with k(Fy), k(Fy) < 4k* + 2, and parameter distance Do, (F1, Fy) > m but for which
Dy (Fy, Fy) < 11ke /%,

The following lemma will be helpful in the proof of correctness of our construction.

Lemma 11.15. Let Hy(z) :==cp Y 0 N(0,1/2,i/k)N(i/k,1/2, ), where ¢ is a constant
chosen so as to make Hy, a distribution.

| Hi(2), N(0,1,2)]]y < 10ke /24,
Proof. The probability density function Hy(z) can be rewritten as
Hy(z) = (cxChyu(z)N(0,1/2,2)) o N(0,1/2, ),

where C/,(z) denotes the infinite comb function, consisting of delta functions spaced a
distance 1/k apart, and o denotes convolution. Considering the Fourier transform, we see
that X

Hy(s) = ik (Ci(s) o N (0,2, 8)) N(0,2,s).

It is now easy to see that why the lemma should be true, since the transformed comb has
delta functions spaced at a distance k apart, and we're convolving by a Gaussian of variance
2 (essentially yielding nonoverlapping Gaussians with centers at multiples of k), and then
multiplying by a Gaussian of variance 2. The final multiplication will nearly kill off all the
Gaussians except the one centered at 0, yielding a Gaussian with variance 1 centered at the
origin, whose inverse transform will yield a Gaussian of variance 1, as claimed.

To make the details rigorous, observe that the total Fourier mass of H; that ends up
within the interval [—k/2, k/2] contributed by the delta functions aside from the one at the
origin, even before the final multiplication by N(0,2), is bounded by the following:

2c,k / N(0,2,2)dz = 2k / N(0,1, z)dx
121: (i—1/2)k ; (i—1/2)k/V/2

> 1 . 272
< 2k .—6—(1—1/2) k2/2
; V(i —1/2)k

< 4ck6_k2/8 < 4eF/8,
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Additionally, this ¢; fourier mass is an upper bound on the ¢, Fourier mass. The total /;
Fourier mass (which bounds the ¢, mass) outside the interval [—k/2, k/2] contributed by the
delta functions aside from the one at the origin is bounded by

2¢y, /Oo2maX(N(O,2,y))N(O,2,:c)d:c < dey OON(O,Q,x)dx
k

/2 Y k/2
< 4ck/ N(0,1,z)dx
k/(2V2)
e k?/8 <4 2 e k*/8

2
NG /T

4Ck;

Thus we have that

|Hy — ckN(0,2)N(0,2)|l, = ||Hy — cuk

1

< e /8 4 42

< NG

From Plancherel’s Theorem: Hj, the inverse transform of ﬁk, is a distribution, whose /5
distance from a single Gaussian (possibly scaled) of variance 1 is at most 8e~*/8 To translate
this ¢ distance to ¢; distance, note that the contributions to the ¢; norm from outside the
interval [—k, k] is bounded by 4 [ N (0,1, z)dz < 4kf e ¥*/2, Since the magnitude of the

derivative of Hy — erN(O 1), is at most 2 and the value of Hy(x) — ckk#ﬂ/\/'((), 1,7)
is close to 0 at the endpoints of the interval [—k, k], we have
1 ’ g
max (|H, — cpk N(0,1,z 12 </ Hy(z) — ckN (0,1, z)|*dz,
(L (A 0) - ko =N 0.1 00D) /012) < [ V(o) = k0,1,

which, combined with the above bounds on the ¢, distance, yields maxge—pu (| Hi(z) —

ckkﬁN(O, 1,z)|) < (72e"¥/%)1/3. Thus we have

1 1 ) 2
—— N0, 1,2)|[s < 4——eF7/2 4 (2k)(72e7F /)13,

The lemma follows from the additional observation that

HHk<I> — Ck]{?

[IN(0,1) — cpk

N0, Dk Zgégl(HCkk N(0,1) = p(a)l}),

1 1
24/ 21 24/ 27

where the minimization is taken to be over all functions that are probability density functions.
O

Proof of Proposition 11.14. We will construct a pair of GMMs F}, F,, that are mixtures of
k% 4+ 1 Gaussians, whose total variational distance is inverse exponential in O(k?), yet whose
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condition numbers are O(k?), and parameter distances are at least 1/2k. Let

| 1 L
F = 5/\/(0,1/2)+migﬁf\/@/mm),
Bo= osd Y N(o,l/z,z'/kw(z'/k,1/z)+2(k2—1+1) S Nk, 1/2)

i=—k? i=—k2

where ¢, is a constant chosen so as to make ¢}, Zfi_kg N(0,1/2,i/k)N(i/k,1/2) a distri-
bution. Clearly the pair of distributions has condition number at least 4k% + 2, since all
weights are at least 1/(4k% +2), and the components have means that differ by 1/k. Finally,
the Gaussian component of F| centered at 0 can not be paired with any component of F,
without having a discrepancy in parameters of at least 1/2k.

We now argue that F}, F5 are close in variational distance. Let

k’2
Fy=d, > N(0,1/2,i/k)N(i/k,1/2).

Note that [ Hy(z)dz < [ N(0,1/2,2)2max,(N(0,1/2,y))dz < %e_kz < 2% and

thus ||F} — Hy||: < 8¢, and our claim follows from Lemma 11.15. O



234

Chapter 12

Learning Mixtures of Gaussians in
High Dimension

We describe a polynomial-time GMM learning algorithm—we emphasize that throughout,
we favor clarity of presentation and ease of analysis at the cost of impracticality. The
algorithm is based on the random projection method (see, e.g., [133]). Since the projection
of a multivariate Gaussian onto one dimension is a Gaussian distribution, the projection
of a GMM is a GMM in one dimension. Roughly, our algorithm proceeds by projecting
the data onto a sequence of vectors, solving the associated sequence of one—dimensional
learning problems, and then reconstructing the solution to the original high-dimensional
GMM problem, as depicted in Figure 12.1.

There are several obstacles that must be surmounted to consummate this approach.
First and foremost, is the question of solving the problem in one dimension, which we have
accomplished in Chapter 11. Supposing one has an efficient algorithm for the one dimensional
problem, a second obstacle in our high-level approach is ensuring that the projected data
that are given as inputs to the one-dimensional algorithm are meaningful. Consider, for
example, a GMM that consists of two Gaussian components that have identical covariances,
but different means. If, unluckily, we project the data onto a vector orthogonal to the
difference in the means, then the resulting one—dimensional mixture will have just a single
component. Further complicating this concern is the existence of GMMs, such as that
depicted in Figure 12.2, for which two or more essentially non-overlapping components will,
with very high probability, project to nearly identical Gaussians in a random projection.
How can we hope to disentangle these components if, in nearly every projection, they are
indistinguishable?

We demonstrate that this problem can only arise for mixtures in which some components
are extremely “skinny” (i.e. have small minimum eigenvalue of their covariance matrices), in
comparison with the overall covariance of the mixture. When this condition holds, however,
we show that a clustering-based approach will be successful. Specifically, when this condition
is met, we will be able to partition the sample points into two sets, such that the Gaussian
components from which the sample points in the first set were drawn are (nearly) disjoint
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Figure 12.1: TIllustration of the high—level approach: 1. project the data onto a series of
vectors and learn the parameters of the resulting one dimensional GMMs, 2. determine a
consistent labeling between the components of the recovered one dimensional GMMs, and
3. for each component, combine the recovered one dimensional parameters to reconstruct an
estimate of the high dimensional parameters.

from the set of components from which the second set of sample points were drawn. Thus
this partition of the sample corresponds to a partition of the GMM into two sub-mixtures;
we can then apply our algorithm recursively to each of these two sets.

For clarity of exposition, in Section 12.1 we first describe a simplified version of our
algorithm that does not require the clustering and recursion steps, though has slightly weaker
performance guarantees. In Section 12.2, we describe the full algorithm.

Statement of Main Theorem

The input to our algorithm is a sample set of n points in d dimensions, drawn independently
from GMM F = Zle w; F;, where each F; = N (u;,%;) is a distinct d-dimensional Gaussian
with mean j; € R? and covariance matrix 3; € R4,

To measure the distance between Gaussians N (u, ) and N (¢, Y'), we employ the total
variational distance, as opposed to the discrepancy in parameters as in Chapter 11. The
main strength of total variational distance as a metric is that it measures the information
theoretic similarity of two distributions. As such, total variational distance is scale invariant
and affine invariant. This will prove particularly useful in this chapter, as we will perform
several affine transformations as we peel apart the GMM in question.

Theorem 12.1. For every k > 1, there is a constant, ¢, dependent on k, such that the
following holds: for any €,6 > 0, and d-dimensional GMM F = Zle w; Fy with k' < k
components, and n > (g)ck log %, the estimation algorithm when run on a sample consisting
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of n points independently drawn from F, outputs GMM F o= Zle W, F, such that, with
probability > 1 — 0, the following conditions hold:

e Dy (F, F) <e.

o If, for alli € [K'], w; > €, and for all i # j, Dy, (F;, Fj) > €, then k =k and there is a
permutation w of [k'] such that for all i < K':

[wi — wap| < €, and Dy (F, Frg) < e.

Additionally, the runtime of the algorithm is polynomial in the sample size, n.

While our success metric is affine-invariant, our proofs will need to refer to specific dis-
crepancies in parameters. We will often work with the discrepancy in covariance matrices in
terms of the Frobenius distance, which we define below. While the Frobenius norm is clearly
not invariant to scaling, it is invariant to orthonormal changes of basis.

Definition 12.1. The Frobenius norm of a real-valued matriz A is defined as

1AllEr = Iy A
i

Additionally, the Frobenius distance between matrices A, B is defined to be Dp.(A, B) :=
|A = Bl|pr-

12.1 A Simple Algorithm

We start by describing a simple algorithm that illustrates our approach to learning GMMs.
While the performance guarantees of this algorithm are slightly weaker than those of the full
algorithm, described in Section 12.2, the mechanics of the reduction of the high—dimensional
problem into a series of one-dimensional learning problems is more clear.

The goal is to obtain, for each component in the mixture, an estimate of this compo-
nent’s mean and covariance matrix when projected onto many different directions. For each
component, we can then use these estimates to set up a system of linear constraints on the
high—dimensional mean and covariance matrix of the component. This system can then be
solved, yielding good estimates for these high—dimensional parameters.

We choose a vector v uniformly at random from the unit sphere and d? perturbations
U11...,0qq of v. For each direction v;;, we project the mixture onto direction v;; and
run our one-dimensional learning algorithm. Hence we obtain a set of d? parameters of
one-dimensional mixtures of & Gaussians. We must now label the components of these d?
mixtures consistently, such that for each ¢ = 1,..., k, the ith Gaussian component in one of
the d? one—dimensional mixtures corresponds to the projection of the same high-dimensional
component as the ¢th component of all the other one—dimensional mixtures.
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In the general setting to which the full-algorithm of Section 12.2 applies, we will not
always be able to do this consistent labeling. For the purposes of our simple high—dimensional
learning algorithm, we will assume two conditions that will make consistent labeling easy.
Specifically, we assume that all pairs of components differ in total variational distance by
at least €, and that all components are sufficiently “fat”—the minimum eigenvalue of any
components’ covariance matrix is bounded below. These conditions together imply that the
parameters of each pair of components must differ significantly (by some poly(e)).

We then show that if each pair of components — say, N (i, ¥) and N (¢, %X') — has either
llu—p||l2 > v, or ||Z—=3||Fr > 7, then with high probability over a randomly chosen direction
v, the projected means or projected variances will differ by at least poly(~, Cll) Thus we will
be able to run our basic univariate algorithm, Algorithm 11.11, on the projected GMM.
Additionally, this discrepancy in the parameters of the projected mixtures makes consistent
labeling easy. Since these parameters differ in our projection onto v, and each v; ; is a small
perturbation of v, the projection of any high-dimensional component onto v and v;; will
be similar, and thus we simply need to ensure that with high probability the discrepancy
in the projected components will be significantly larger than the variation in parameters of
components between their projection onto v and v; ;.

For each component in the original mixture, after labeling, we have an estimate of
the component’s mean and variance when projected onto each direction v;;. The one-
dimensional parameters of the projection of a Gaussian are related to the high—dimensional
parameters by a system of linear equations. We show in Lemma 12.9 that this system is
sufficiently well conditioned so as ensure that if our one—dimensional estimates are suffi-
ciently accurate, we can solve this system to obtain good estimates for the high—dimensional
parameters.



CHAPTER 12. LEARNING MIXTURES OF GAUSSIANS IN HIGH DIMENSION 238

Algorithm 12.2. THE SIMPLE HiGH DIMENSIONAL ALGORITHM
Given a sample from a GMM in d dimensions with at most k components, target accuracy
and probability of failure €,4:

Let €5 = (5)10, €3 = (€2)'0.

e Choose a random orthonormal basis (bi,...,bs), and let v := ﬁZ?:l b;.

e For all pairs i,j € {1,...,d}, let v;; == v+ ea(b; +bj).

e For all pairs i,j, project the sample points onto v;;, run the Basic Univariate
Algorithm (Algorithm 11.11) on the resulting one--dimensional data with target
accuracy €3 and probability of failure < ez, and let Pi,j = ({ul,al,w1}7...) be the
returned parameters.

e For each m = 1,2,...,k let u&?’o),aﬁﬁ’o),wﬁ,ﬁ”o) be the recovered parameters of the

mth component of FPyo. For each pair i,j > 1 let u%’j),ag’j),w%’j) be the recovered
parameters from P;; of the component whose parameters are closest, in Euclidean

distance, to (u£270)707(7?,0),w7(270))'

e For eachm = 1,....k, let w,, = median(w,(,i’j)), let ﬁ;,f; be the output of
running RECONSTRUCT (Algorithm 12.3) on input u\h?), ol?) e

o If w; <e¢, disregard component 1.

If the above algorithm outputs €/2-accurate parameters with probability of success

> 0.9, to boost the probability of success to 1 — J, repeat the entire previous
algorithm log% times; letting F; denote the parameter set returned by the tth run,
for each candidate parameter wvector (u,X,w) given in a FZ-, output that parameter
vector if there are at least %log% runs for which Fl contains a component whose
mizing weight matches to within €/2, and that is at most €/2 far in total wvariational
distance, and for which mno component whose total wariational distance is within € has
previously been output.
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Algorithm 12.3. RECONSTRUCT
Given basis B = (by,...,bq), and for all pairs i,j € [d]U{(0,0)}, u®), o3 corresponding
to projections onto vectors v :=v+e(b; + b;):

Define
plt) — ,(0,0)

//I = Z sz
i
e Define S := 52?:1 o), and S =% ZZFI o).
e Define matriz V by setting the i,jth entry to be

Vd(S — 8 — §7) B o(@d) 1 5(5:d) 8 N g (6d)
2€2(e +/d) 4e2(e+Vd) 2eV/d 22

Vij =

o (Output ﬁ,i, where
$:=B min ||M — V||p, | B
<arng§0| ] T) ’

is obtained by projecting V onto the set of positive semidefinite (symmetric)
matrices and then changing basis from B to the standard basis.

Performance of the Simple Algorithm

The following proposition characterizes the performance of the Simple High Dimensional
Algorithm (Algorithm 12.2).

Proposition 12.4. There exists a constant, ¢, dependent on k, such that given n indepen-
dent draws from a GMM F = Zf;l w; F;, with k' < k components in d dimensions, with
probability at least 1 — & the simple high dimensional algorithm, when run on inputs k, €, 6
and the n sample points, will return a GMM F= Zf’;l W, F; such that there exists a labeling
of the components such that for all i :

[w; — ] <, Dy (Fi, Fy) < e s — ]| < e, 12 — Sillr <€,
provided:
e foralli <k, w;>e,
o foralli <K, for F; = N(u;, %), the minimum eigenvalue 3; is at least €.
o foralli,j <k, Dy(F;, F;)>e,
o n > (g)c’c log%,

e the covariance of the mizture has all eigenvalues in the interval [1/2,2].
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The runtime of the estimation algorithm is polynomaials in the size of the sample.

The performance guarantees of this algorithm differ from those of our more general
algorithm, Algorithm 12.10, in two senses: first, the above algorithm requires that all mixing
weights and pairwise variational distances between components is at least €, and secondly,
the above algorithm requires a lower bound on the minimum eigenvalue of each component’s
covariance matrix.

Proposition 12.4 follows from the following sequence of lemmas. First, in Lemma 12.5,
we show the basic fact that, given the lower bound on the minimum eigenvalue of each com-
ponent’s covariance, the large total variational distance between components implies that
either the mean or covariance are significantly different. Then, in Fact 12.6 and Lemma 12.7,
we establish that if two multivariate Gaussians have sufficiently different means or covari-
ances, with high probability their projections onto a randomly chosen unit vector will also
have significantly different means and variances, and hence the output of running the basic
univariate algorithm on the projections of the high dimensional data will be accurate. We
then show that the returned set of 1-dimensional parameters corresponding to the projection
of the GMM can be consistently partitioned so that for each high-dimensional component,
we have a list of accurate estimates of the projection of the mean and covariance onto the
d?+1 vectors. Finally, in Lemma 12.9, we argue that these accurate estimates can be used to
accurately reconstruct the high dimensional mean and covariance for each component. Since,
by assumption, each of the components has a covariance matrix whose minimal eigenvalue
is lower bounded, as Lemma 12.5 shows, if the recovered means and covariances are close in
Euclidean and Frobenius distance, they are also close in total variational distance.

Lemma 12.5. For G; = N(u1,%1), Gy = N(uz,X2), such that Dy, (G1,Gs) > =, if the
minimum eigenvalue of Xy 1s at least \*, then:

% *

VA
— > Y1 — Yollp > =2

Proof. By Fact A.15, we have
a 1
¥ < (DN (1, 51), N (2, 52))° < (N — = 2) + (i — 1) 57 (111 — ),
=1

where the \; are the eigenvalues of X7 'Y,. If the discrepancy in the means contributes at
least 7?/2 to this quantity, as the minimum eigenvalue of ¥ is at least \*, we have that
”“1;% > §7 implying the claimed discrepancy in the means.

If the discrepancy in means contributes less than ?/2, then the contribution from the
eigenvalues of ¥7'Y, must contribute at least v2/2, and hence trivially there is some eigen-
value \; for which |\, — 1] > g—;. Thus letting v be the corresponding unit eigenvector,
Youv = AXqv, hence [|(X2 — Xq1)v|| > A*|A; — 1], since the minimum eigenvalue of ¥ is

bounded below by A*. Hence ||X; — Xa||p > A*|A\; — 1], from which the lemma follows. [
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The following standard fact about random unit vectors guarantees that if the means of
two components differ significantly, then with high probability, they will also differ in any
projection.

Fact 12.6. (See Lemma 1 of [45]) For any pi, s € RY,

Pr (jo- (o — o)) < ol =l

vESy_1 \/E

The following basic lemma is the analogous fact about covariance matrices.

<.

Lemma 12.7. For any d X d symmetric matriz X,

Pr [uTXu e-p BH <94, for B := W
uESg_1 ’ - ) 27d2 ‘
Proof. Consider drawing v = (vq,...,v4) from the spherical Gaussian, by choosing each

coordinate independently from N(0,1). Consider v Xv = > ; Xijvivj, and consider some
pair 7, j for which X;; = a # 0. Fixing the choice of v for all k& # i, j, the contribution
of vi,v; to V™ Xv is V7 Xy + V7 X5+ 20005 + U D 0 Xik + U Dz Uk Xk, Whose
derivative, with respect to v;, is

2?)1'XM + QCYUJ' + Z Usz',k-
k#i,5

For any choice of v;,

Pr ‘QUzXM + 2&1)]' + Z UkXi,k| <ad| < 5,
Y kti

and given such a v;, for any interval I of length ad?,

Prjv? Xv € 1] < 6.

CH)

The distribution of v is related to a random unit vector simply by scaling, thus let
u = and hence uf Xu = ¥X2 To conclude, note that, E[||v||?] = d, and very crudely,

v
[lol]” ol *

Pr [||v]|* > 4] < 6, and hence by a union bound, for any interval I of length 0‘753,
PrjufXu € I] < 36,
from which the lemma follows. O

Putting the above three pieces together, we now guarantee that with high probability,
each of the recovered sets of parameters for the 1-dimensional mixtures obtained by running
the one-dimensional algorithm on the projected data will be accurate.
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Lemma 12.8. With probability 1—e, the recovered one dimensional parameters, ,ug[j ), aﬁ,i’j ), w%’j )
of Algorithm 12.2 will all be accurate to within error es of the corresponding true projected

parameters, and
Proof. For each pair of components w;N (p;, %), w;N (u;, 3;), by assumption
Dtv (N(:uiv Ei)vN(:uja 2])) > €,

and the minimum eigenvalues of their covariance matrices are bounded below by €, hence by
Lemma 12.5, either || — || > €/2/v/2, or ||, = 5| | > &. By Fact 12.6 and Lemma 12.7,
in either of these cases, with probability at least 1 — ~ over random unit vectors v, the
parameters of the projections will differ by at least (1;)3 —. From the bounds on ||x|| and the
maximum eigenvalue of ¥; imposed by the assumption that the mixing weights are at least
1/€ and the covariance of the mixture has all eigenvalues in the interval [1/2, 2], it follows that
the difference in the discrepancy between projected components in the projection v and the
projection v; ; = v+ €3(by, + by) is at most O(€”), and hence with probability at least 1 —¢/2,
in all projections, the projected components will have parameter distance at least Q(;—z),
in which case the one dimensional algorithm, Algorithm 11.11 when run with probability of
failure at most 5%, will return estimates of the claimed accuracy with the desired probability.
A union bound assure that the probability of success is at least 1 — e. Given this accuracy,
and the fact that the difference in true parameters between the different projections is at
most O(e?), the returned 1-dimensional parameters can be consistently partitioned according
to the (high dimensional) components to which they belong. O

We now argue that, provided all the recovered parameters of the projected mixtures
are sufficiently accurate, the high dimensional parameters of each component can be accu-
rately reconstructed. Given that the returned means are accurate in FEuclidean distance,
and covariances are accurate in the Frobenius norm, then Lemma 12.5 guarantees that the
returned components are close in total variational distance to the actual components, since
the minimum eigenvalue of each covariance matrix is lower bounded, by assumption.

Lemma 12.9. Let p, > be a mean and covariance matriz of a d dimensional Gaussian; as
in Algorithms 12.2 and 12.3, let B = (by,...,by) be an orthonormal basis, and let vector
90 =y = \%ZZ bi, and v = v + €(b; + b;). Assume that p* o9 satisfy, for all

i,j € [dU{(0,0)},
o = 0] <, ()20 — 0] < v,
and define the parameters |i, S as in Algorithm 12.3:
0,0)

Z“”) b,



CHAPTER 12. LEARNING MIXTURES OF GAUSSIANS IN HIGH DIMENSION 243
and & defined by letting S° = 522‘1:1 o) and S = d%zf,jzl o) and then defining
matriz V by setting the i, jth entry to be

Vd(S — S — §7) B i) ¢ 5(5:9) S N o (i)
2€2(e 4+ /d) 4e2(e +Vd) 2ev/d 2%

Vij =
and
S:=B (argmin||M — VHFT) Bt
M0

Then )
~ Y S Y
| —7l* < d=, IS — £ pr < 6d—.
€ €

Proof. We first analyze the recovered mean:

d
I —al? = > (bi-p—b;- i)

=1

d
_ Z(b"“_u() M(oo>>

! 2€

i=1

d 2]zi_lu_UOO quz 27 2
< b - p— 2!
- Z<| H 2e |+26)

oy () o
a — 2% ) e’

We now analyze the covariance estimate. Let (z,y) := 2'Xy, and define the following
quantities which will be the true values corresponding to the above approximations:

d
i ;1 i 1 i
™= <Ui7j7vi,j>7 T .:E]EIT ], T:E E T,

Expanding T% = (v, v)+2€(v, b;+b;)+¢€ ((b,, b;) + (b;,b;) + 2(bi, b;)) , we have the following,

where we use the fact that v = %
2¢
d

T = {(v,v) 4+ 2¢{v,b;) +

> bi
vak +—2k:<b,,bk>+e (b;, b;) dek,bk

k
2¢ 2¢2

ﬁw,w \/E<
= (v,v) <1+%) + 2€(v, by) <1+%) + € (b, by) %zk: by, br.)

= (0,0) + 2¢(v,b;) + bi,v) + €2(by, by) %Z Brey br)
k
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Thus we have:

2€ 2¢ € €2 €2
T = 1+ — —(1+— be) + — (b, b) + — (g, br.)
o) (14 25) 2 (14 52) Stob + G Etonti) + 5 )

k k k

4e 26 2¢”
= (1 + Wi + 7) <'va> + 7 Z<bk’ bk)

k
Hence:
2¢?

T_T T = (—1 + 7) (v,0) — 2¢ <1 + %) (0,b; + ;) — €(bi, b)) — €(b;, by).

Some basic manipulation verifies the following expression for the ¢, jth entry of the covariance
matrix Y, when expressed in the basis B:

\/E i J _L
262(2e+\/3)(T_T Y,

By assumption |7 — ¢@9)| < 7, and hence [T% — S?| < 7, and T — S| < v, and hence
from the above, we have

1 1 y .
(bi,by) = 55T = —————(T" + T%) + 700,

2¢? de(2e + \/Zl)

1 2 3 1 37
bisbs) — Vigl < [ = + + <
i) al <7 (262 de(2ev/d  2€2(2e +V/d) 26\/_)

Letting ) denote the covariance matrix ¥ in the basis B, ) := B'XB, we have shown that
|V — Q|| < 3dZ%, and hence, by the triangle inequality,

. Y
V — — < —.
arg HHI(I) H MHFr 6d€2

Fr

To conclude, note that a change of basis with respect to an orthonormal basis preserves the
symmetry and Frobenius norm of a matrix. O]

12.2 The Full High Dimensional Algorithm

We now motivate and describe our general algorithm for learning GMMs which, with high
probability, returns a mixture whose components are accurate in terms of variational dis-
tance (¢; distance), without any assumptions on the minimum eigenvalue of the covariance
matrices of the components. To get an intuitive sense for the types of mixtures for which the
simple high—dimensional algorithm fails, consider the mixture of three components depicted
in Figure 12.2. The two narrow components are very similar: both their means, and their
covariance matrices are nearly identical. With overwhelming probability, the projection of
this mixture onto any one-dimensional space will result in these two components becoming
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F; s

Proj, (F,)

Proj, (F;)
N
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Proj, (F,) \o__ Proi, (F>)

r

Figure 12.2: An example of a GMM with three components Fi, F3, F3, such that with high
probability over random vectors, the one dimensional projections of F, and F3 will be very
similar, despite Dy, (Fy, F3) ~ 1.

indistinguishable given any reasonable amount of data. Nevertheless, the variational dis-
tance between these two components is close to one, and thus, information theoretically, we
should be able to distinguish them.

How can we hope to disentangle these two components if, in nearly every one—dimensional
projection, these components are indistinguishable? The intuition for the solution is also
provided in the example: we can cluster out these two components and recurse. In particular,
there is a vector (corresponding to the direction of small variance of these two components)
such that if we project all the data onto this direction, the pair of narrow Gaussians are almost
completely “disentangled” from the third component. Almost all of the data corresponding
to the two narrow components will be contained within a small interval when projected
on this direction, and almost none of the data generated by the third component will be
contained in this interval.

If we are able to successfully perform such a clustering of the original mixture into two
sub-mixtures, we can recursively apply the entire algorithm to each of the two sub-mixtures.
If we consider the sub-mixture corresponding to just the two narrow Gaussians, then we
can re-scale the space by applying an affine transformation so that the resulting mean and
variance are zero and one, respectively, in every direction. This re-scaling has the effect
of stretching out this sub-mixture along the direction of small variance. In the resulting
mixture of two Gaussians, if we project on a randomly chosen direction, the components will
be noticeably different.

Our full algorithm will follow this general plan—in each step, our algorithm either learns
a good estimate and outputs this estimate, or else will cluster the mixture into two proper
sub-mixtures and recurse. The remainder of this section is devoted to explaining how we
can learn a direction of small variance, and hence enable the clustering and recursion step if
we are not able to directly apply the Simple High Dimensional Algorithm (Algorithm 12.2)
to learn good estimates for the GMM components.
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Finding a Skinny Component

How does one find a vector in which direction some of the components have small variance?
Intuitively, finding this direction seems to require knowledge of the true mixture. Our
approach will be to first learn an estimate of the mixture that is close to some partition of
the true components, and thus gain some insight into the general structure of the mixture.

To deal with the issue of the skinny components, suppose we add d-dimensional Gaussian
noise to sample points drawn from the example GMM of Figure 12.2. This would have the
effect of “fattening” each component. After “fattening”, the two narrow components would
have extremely small statistical distance. So we could run our simple learning algorithm on
this “fattened” mixture. Even though this distribution is a mixture of three Gaussians, the
mixture is extremely close in variational distance to a mixture of two Gaussians. Our simple
learning algorithm will return an estimate mixture of two Gaussians with the property that
each component is close to a sub-mixture of the “fattened” distribution.

Thus one of the components in this estimate will correspond to the sub-mixture of the
two narrow components. By examining this component, we notice that it is “skinny” (after
adjusting the covariance matrix to account for the noise that we artificially added). Hence if
we compute the smallest eigenvector of this covariance matrix, we recover a direction which
allows us to cluster the original mixture into two sub-mixtures and recurse.

If the Simple High Dimensional Algorithm is run on a sample from a GMM in which all
components have large minimum eigenvalue (for example, if the sample points have been
“fattened”), then the algorithm, when run with target accuracy €, will successfully learn the
mixture provided that for each pair of components, either the total variational distance is
at least €, or at most € << ¢, where ¢ = p(€) for some polynomial p, and similarly, either
each mixing weight is at least €, or at most €. In the case that some set of components all
have pairwise variational distance at most €, or mixing weights at most €, then with high
probability the outcome of the simple high dimensional algorithm will be indistinguishable
from the case that it was run on input generated from a GMM in which these components
are merged into a single component, and hence will simply return a single component in
place of this set of components, or will be unaware of the existence of the component arising
with negligible mixing weight ¢’. The difficulty is when there exists some pair of components
whose variational distance lies within this bad window [p(¢), €., or a component whose mixing
weight is in this interval. In such an instance, the Simple High Dimensional Algorithm has
no provable guarantees.

To avoid the potential difficulty of finding a target accuracy e for which no mixing weights
lie in this inadmissable window, and no pair of components have variational distance within
the associated inadmissable window, one simply runs the high dimensional algorithm with a
range of target accuracies, €1, ..., €2, with ¢; < p(e;_1). While we will never know which runs
succeeded, there are at most (’;) pairwise variational distances, and each pairwise variational
distance can fall into the inadmissible window of at most one run; similarly for the £ mixing
weights. Thus a majority of the runs will be successful. All that remains is to find a set of
at least k% runs which are consistent: given two sets of parameters returned by runs with
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target accuracies €; < €y, we say they are consistent if there is some surjective mapping of
the components returned by the ¢; run into the components returned by the e; run, such
that each component has similar mean and covariance to its image. Thus, one can find such
a chain of at least k? consistent runs, yielding a set of accurate parameters.

Algorithm 12.10. THE FuLL HicH DIMENSIONAL ALGORITHM

Given a sample from a GMM in d dimensions with at most k components, target accuracy
€ and probability of failure 0:

Let T =€° (for a constant c dependent on k).

® Rescale the set of sample points so as to have mean O and covariance the
tdentity matriz.

e (Create a fattened set of sample points: for each of the original sample points
add an independent x <+ N(0,I5xq/2).

e Define €1 > ... > €952 wWith € = 7T and ¢ = 6547 for a constant ¢ (dependent
on k.) Run the Simple High Dimensional Algorithm 2k? times, with the ith run
having target accuracy €;, and taking 1/€;11 fattened sample points as input;
this yields 2k% parameter sets Py,...,P;.

e Find a consistent chain of at least k2 parameter sets; we say P, s consistent
with P; for i < j tf there exzists a mapping of the components of P; into
the components of P; such that the total wvariational distance between each
component of P; and its image in P; is at most €; + ¢;.

o Let P = ({u1,21,w1},...) be one of these parameter sets in the chain, and let
P={p,%1 —1/2,w1},{pe, X2 —1/2,ws},...) be the unfattened parameters.

o Let K < k be the number of components of P. Let A\ be the minimum over
i€{l,...,k'}, of the minimum eigenvalue of %;.

— If A> /T, output the recovered parameters and return SUCCESS.

— Otherwise, run the CLUSTER algorithm (Algorithm 12.11) on the original
(non-noisy) sample, the list of returned parameters, and the input
parameter 7y < T3k ; this algorithm projects the sample onto the eigenvector
corresponding to this minimum eigenvalue, and clusters the sample points
into two clusters, Y,Z with each cluster contatining points that nearly
exclusively originated from distinct subsets of the components.

— Recursively apply this entire algorithm to each of the two sets, Y,Z, with
target accuracy €, and probability of failure €/2 and number of components
set to be at most k — 1.

If the above algorithm outputs €/2-accurate parameters with probability of success

> 0.9, to boost the probability of success to 1l — J, repeat the entire previous
algorithm hng% times; letting f@ denote the parameter set returned by the ith run,

for each candidate parameter wvector (u,Y,w) given in a f@, output that parameter
vector if there are at least %log% runs for which f@ contains a component whose

total variational distance and mizing weight are within €/2, and for which no
previously output components has total wvariational distance within e.
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Algorithm 12.11. CLUSTER
Given a sample x1,...,x, from a GMM in d dimensions, and k recovered parameter sets,
Wiy 2 fori=1,...,k, and a parameter v:

1. Let A\*,v* be the minimum eigenvalue of any of the covariance matrices, and
corresponding etgenvector. Without loss of generality, assume that <t
corresponds to the first component, p;,%;.

2. If VA*> 7’“ then RETURN; otherwise, provisionally set ¢ := 'yk, and initialize the
set A={1}.

3. For each component, i ¢ A, if |[v*-p; —v* -y <t and v TS0* <t?:
e update A+ AU{i},
e update T < %,

e return to Step 3.

4. Initialize the sets Y,Z to be empty.

5. For each point x; € X, if |[v*-a; —v*- ] <t\/y then add x; to set Y, otherwise add
x; to set Z.

6. Output sets Y, Z.

12.3 Proof of Theorem 12.1

We start by ensuring that Algorithm 12.10 will make progress in each step of the recursion.
The following lemma guarantees that in any GMM with covariance matrix that is close to
the identity, provided that all pairs of components have total variational distance at least e,
there is some pair of components N (1, 3;), N (115, X;) for which either ||u; — p;|| or || —3;]|
is reasonably large, and hence at least two components will be recovered when the Simple
High Dimensional algorithm is run. Hence in the recursion step, each of the sub-mixtures
will have at most £ — 1 components.

Lemma 12.12. Given a GMM of at most k components with minimum eigenvalue of its
covariance matriz bounded below by 1/2, provided that the mizing weights are at least €, and
all pairs of components have total variational distance at least €, then there exists some pair
of components, N (pis, 5i), N (115, 2;) for which either ||p; — ;|| > § or ||5; — Ej]|pr > %,

Proof. If the minimum eigenvalue of >; is less than 1/4, then there must be another com-
ponent in the mixture, N'(u;, 3;) for which ||X; — X;||, > 1/4, since the entire mixture has
variance at least 1/2 in the direction corresponding to the minimum eigenvalue of ¥, and
hence if we consider the orthonormal change of basis that diagonalizes Y1, in that basis it
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is clear that there will be some component N (p;, ;) for which ||3, X;||p > 1/4, and the
Frobenius norm is invariant to orthonormal changes of basis.
In the case that the minimum eigenvalue of i is at least 1/4, Lemma 12.5 guarantees
that either ||p1 — ua|| > €/V/8 or ||X1 — Sol|pr > %, yielding the lemma. O
We next argue that if the clustering algorithm, Algorithm 12.11, is run, it will accurately
partition the sample points into two sets corresponding to a partition of the components,
provided the input parameters to the algorithm are sufficiently accurate.

Lemma 12.13. Let A C [k], Y, Z,v*, v be as defined in Algorithm 12.11. Given that the
parameter sets input to the algorithm are at least v*-accurate, for a data point x that was
drawn from the ith component, if i € A, then with probability at least 1 — 2./, x will be
assigned to Y. Similarly, if © A, then with probability at least 1 — 2,/7, x will be assigned
to Z.

Proof. For any i € A, letting pu := p; - v*, and 02 := v*13,0* denote the mean and variance
of the projection of the ith component onto v*, we have that

Pr [z assigned to Z] < <e << 2\/7.

>
TN (1, 25) y(—N(O 1) |:’y| \/_:|

*

For any i € A, letting p := ju; - v*, and 02 := v*7¥;v* denote the mean and variance of
the projection of the ith component onto v*, we have that

Pr [z assigned to Y] <max Pr [ye[l—27,14+2/]] <2/1.

w4 N (1, %) o? y«N(0,07)

We now put the pieces together to establish the correctness of Algorithm 12.10.

Proof of Theorem 12.1. First observe that by elementary Chernoff bounds, the affine trans-
formation computed in the first step of the algorithm, putting the data into isotropic position,
will have the property that all eigenvalues of the projection of the covariance of the actual
GMM will, with the desired probability, lie in the interval [1/2,3/2], and henceforth assume
this holds.

Since the recovered means and covariances from the successful runs of the Simple High
Dimensional Algorithm are accurate to within 7 in Euclidean and Frobenius distance, re-
spectively. Any component parameters output by the algorithm will be computed in some
projection in which the minimum eigenvalue of that component is at least /72, and thus by
Lemma 12.5, the recovered components will be within total variational distance v/8dr'/4 < ¢
from the corresponding actual component. As this metric is affine invariant, after invert-
ing the series of transformations (in each recursive step) that placed the data into isotropic
position, the accuracy of the recovered components in total variational distance still hold.
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We now ensure that the ¢; = poly(e) can be set so as yield the claimed performance.
Let p(a, k) denote the sample size required by the Simple High Dimensional Algorithm
(Algorithm 12.2) in order to return a-accurate parameters, with probability of failure at
most €, when given as input a sample from a GMM with at most k£ components, in d
dimensions, satisfying the conditions of Proposition 12.4. For two GMMs, F, F”’ satisfying
Dy, (F, F') < O(p(a, k)k?/€), the results of running any algorithm on a sample drawn from
F' will be indistinguishable from the results of drawing the sample from F” with probability
at least 1 — ¢/k*. Thus we will set the €, ..., €2 of Algorithm 12.10 as follows: ¢; = T,
and € = me /€. Hence, the ith run of the Simple High Dimensional Algorithm will
certainly perform correctly with the desired probability, when every pair of components of
the input GMM either have total variational distance at least ¢;_;, or at most ¢;.

By Lemma 12.12, each run of the Simple High Dimensional Algorithm will output at
least two component sets. As mentioned above, there are only (g) pairwise variational
distances between components, and hence at least half of the k? executions of the Simple
High Dimensional Algorithm will perform correctly, in which case the consistent chain will
be found, resulting in an accurate set of parameters for at least two components.

If each component (after subtracting the contribution to the covariance of the “fattening”)
has minimum eigenvalue at least, /7, then if each of the true mixing weights is at least €, by
Lemma 12.5, close approximations of the components in terms of variational distance will
be found. In the case that the pairwise variational distances between components is at least
€, then all components will be recovered. If the minimum pairwise variational distance, or
minimum mixing weight are less than €, we still have performed density estimation.

If the minimum eigenvalue of any returned component is less than 7 in a given run of the
recursion, then we now argue that the success guarantee of Lemma 12.13 will ensure that
the clustering algorithm partitions the data points sufficiently accurately so that the results
of recursing the algorithm on each of the two data sets Y, Z with k <— k — 1, will be (with
high probability) indistinguishable from the output of running the algorithm on a sample
drawn from each of the sub-mixtures defined by the set A of Algorithm 12.11.

The probability of mis-clustering each data point, by Lemma 12.13 is at most Ti, and
hence we can pick 7 such that 728 << m, where ¢(a, k') is the sample size required to
learn GMMs of at most &' components to accuracy €. Hence, by induction on k, using the
fact from Proposition 12.4 that p(«, k) is a polynomial in « for any fixed k, we have that
q(a, k) is a polynomial in « for any fixed k, as desired. H
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A.1 Basic Properties of Gaussians

This section contains several basic facts about Gaussians which are used throughout
Parts I and III of the dissertation.

Fact A.1. Fore >0,

€ €
< < .
= 203/2y/21 ~ 503/2

Proof. 1t is easy to verify that the desired quantity is maximized at x = 0, from which the

max [NV(0,0°%, 2) — N(0,0° + €, 7)|

claim follows by noting that for «a, 5 > 0, La — \/alT,B < 2a53/2. O

Fact A.2. Fore >0,

max [N(0,0% 2) — N (e, 0%, z)| < .
XV (0.0%, ) ~ Nle.o?. )] < —— < =

Proof. This follows from noting that the maximum magnitude of the derivative of N'(0, 02, x)
is attained at x = £o. O

Fact A.3. ]

YV ome

Proof. Tt is easy to verify that argmax N (0,02, v) = v%, from which the fact follows. [

max N(0,0%,7) =

Corollary A .4.

2 1
max  N(u,0%,0) < max [ —, — | .
0%t >y (v ) <’Y V2me vy WV)

Proof. Either u > ~/2, or 02 > ~/2. In the first case, using Fact A.3,

2
YV ome

max N (p,0%,0) = max N(0,0%,7/2) =

u>y/2

In the second case, we have

max MN(0,0% z) = N(0,7/2,0) = %

z,02>7/2

Claim A.5. Fori odd:

22

;) i _a? . i _z2
Hi(z,0) ::/:B’e 2widr = —a'lole 2? — (i — 1)r" Pote 207

22

. z2 .
—(i—=1)(i = 3)x" Pole 2 .. — (i — D)o e 22
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Proof. We can check

8 . z2 . 22 A 22
oy Hilw0) = wemam 4 (i = Da'Pote e 4 (i = lzot e
X
; z? . 22 )
—(i—1D)a" 0% 2% — (i — 1)(i — 3)a" *ote 207 ... — (i — 1)lze 27
2
= zle 22

Claim A.6. Fori even:

. _ IQ . _ xT . . _ 12
Hi(z,0) = /a:ze w2dr = —alote 2 — (i — 12" Bote 2
2

. 1,‘2 . €T
—(i—1)(i = 3)x" 0% 2% ... + (i — 1)!!UZ/€_%2dQZ

We can apply these identities to get bounds on the contribution of the tails - i.e. |z| >
for all finite moments ¢ > 0.

a9

Lemma A.7. Fore<1,

/ |x’ZN(0, 02, z)dr < i(i!)lmaie*ie*ﬁ'
|z|>0 /€

Proof. We can immediately apply Claim A.5 and Claim A.6. Note that for constant i, o2,
this bound is O(e/¢). O

Corollary A.8. Fore <1,

1

/ |z|' N (u, o2, x)dxr < 2%’(@‘!)1/2 max(c’, 1) max(|pu|, —)'e” 22.
|lz—pl|>0/e €

Proof. Using Lemma A.7, the above bound follows by a change of variables and expanding
the binomial term. O

For completeness, for the univariate normal distribution A(0,0?), the ith raw moment
is,
0 if 7 is odd

E}IN o :Ci = . . . : ep ..
N(0.0%)[2'] {(z —Dlo? = #‘/2)!0" if 7 is even.

(A.1)
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Bounds on the Distance Between Multivariate Gaussians

This section contains a straightforward analysis of the statistical distance between two mul-
tivariate Gaussians.

Fact A.9. Given independent real-valued random variables W, XY, Z the total variation
distance satisfies Dy, (W, X), (Y, Z)) < Dyp,(W,Y) 4+ Dy(X, Z), where (W, X) and (Y, Z)
denote joint distributions.

Proof.
Du((W),(Y.2)) = 5 [ [1Pwl@)Px(®) = Prla)P2)]da db

- / [ 1Pt@) = Be@)(Pxo) + P
+(Pw( ) + Py(a))(Px(b) — Pz(b))|da db
(a))(Px(b) + Pz(b))|da db

IA
\
—

%U

L / / (Pu(a) + Py (@) (Px(b) — P,(8))|da db

= 5 [ 1Bv@) = Prt@)ida+ 5 [ (Px) = Pae)lat
= D, (W,Y) +Dtv(X 7).

Fact A.10. Letting N (11, 0?) denote the univariate Gaussian distribution,
Dy (N (1, 1), N (1 + o, 1)) < |af / V2.
Fact A.11. Letting N (11, 0?) denote the univariate Gaussian distribution,

max(0?,1/0%) — 1

2me

Dy (N (11, 1), N (1, 0%)) <

Fact A.12. Given two Gaussian distributions in m dimensions Gy = N (u1,X1), and Gy =
N (g, Xs), where ¥y =TT, is the Cholesky decomposition of X1, then

Zm max(A, 1/A) =1 [T~ (11 — po)|
Dtv(Gla GQ) S + 5
) 2me V2T

where \; is the ith eigenvalue of T 3,171
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Proof. Since variational distance is affine-invariant, applying the affine transformation 71,
we have Dy, (G1, G2) = Dy, (N(0, TS T ) N (T (g — po), T71ET"7 1)), where we have
T=13,7'-! = I, the m x m identity. Thus, by the triangle inequality, this distance is at most

Diy (N0, 1), N (T (1 = pa), 1)) + Daw (N0, 1), N (0, T715T"71)).

Viewing N (T~ (py — p2), I) as the joint distribution of m independent univariate Gaussians,
where the first m — 1 distributions are N'(0,1), and the mth distribution is N (||T7(y; —
u2)]], 1), by Facts A.9 and A.10 we get that

Dy (N0, 1), N (T (s = ), 1)) < "T_l(j;_; el

To bound the other component, view A(0, T~13,7"~1) as the joint distribution of m indepen-
dent univariate Gaussians, where the ith distribution is AV/(0, );), with \; the ith eigenvalue
of T71¥,T"=!, and use facts Facts A.9 and A.11, to yield the claimed result. O

Proposition A.13. Given two m-dimensional Gaussians G1 = N (p1,21), Go = N (2, 2s)
such that for all i,j € [m], |X1(4,7) — 22(7,5)| < «, and min(eig(X1)) > X > a,

H/vbl —M2|| mao

Vo Vareh—a)

Proof. Let ¥1 = PDDP’, where D is a diagonal matrix, and P is a unitary matrix. Note
that the minimum entry on the diagonal of D is v A. We now write ¥y = ¥y + A, for
some symmetric matrix A whose entries are bounded in magnitude by «. By Fact A.12, the
contribution to Dy, (G1, G3) from the discrepancy in the means is at most

Dtv(Gla GQ) S

ID7IP (= gl _ i — pia |
V21 N 2T

We now consider the contribution to Dy,(G1,G2) from the discrepancy in the covariance

matrices. We consider the eigenvalues of D™1P'S,PD™! = I + D 'P’APD~!. We have
—1p/ —1

max, W < ¢, and thus the maximum eigenvalue of I +D~'P’APD~" is at most

1+ %, and the minimum eigenvalue is at least 1 — §; thus from Fact A.12 we have

1
o —pll ™ (= 1)
2w V2re
- mo
I — ol

27\ V2re(A —a)

Dy, (G1,G2) <
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Kullback-Leibler Divergence for Gaussians

Fact A.14. Let Gy = N (u1,%1), Go = N (pa, Xo) be two m dimensional Gaussian distribu-
tions.

KL(G162) = 5 (108 a2+ Tr (S350 + = )" S5" s = ) = m )

Total Variance via Kullback-Leibler Divergence

Fact A.15. Let G1 = N(p1,21) and Gy = N(p,32) be two m-dimensional Gaussian
distributions. Let Ai,..., A\, > 0 be the eigenvalues of X['Xy. Then the total variational
distance satisfies,

(D (G, G2)) Z + (1 = p2) 57 (i — ).

Proof. From Fact A.14, The Kullback-Leibler divergence (KL) between two Gaussians is,

1 _ det(X _
KLGGa) = 5 (TS 2a) + 1 G40 = ot G = )55 = o))

Note that det($715,) = 94 22 = A1... A, and hence In det 21 =Y In+. Also, Tr(E27'%,) =

det(X

A1+ ...+ A\,. By Pinsker’s mequahty, Dy, (G1,Gs) < \/KL(G1||G2)/2. This gives,

m

1
(D(G1,G2))* <Y (i +1n X 1)+ (1 = p2) 27 (i — pia)
i=1 !
Using the fact that logxz < x — 1, we are done. O]

Moment Bounds for Univariate Mixtures

Here we prove some basic moment bounds for univariate mixtures of Gaussians, used in
Chapter 11.

Claim A.16. The k™ raw moment of a univariate Gaussian, My(N (11, 0%)) = S5 ciplo™ ™,
where |¢;| < k!, and ¢; =0 for odd 1.

Proof. Consider the moment generating function My (t) = e"*+7°**/2 and recall that Mj,(N (u,
d* M (t)

— ) evaluated at t = 0. We will prove that

is given by

d* Mx(t) i_2j,2jtimm
T = Mx(t) B > , Clakto T,
4,j>0s.t.i+j<k

%))
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where the coefficient c(; ;1) is positive and at most ﬁ, from which the claim follows. We

proceed by induction on k. The base case, when k = 1, is clearly valid. For the induction step,
assume the above claim holds for some value £ > 1, and consider computing ﬂ#’f() To see
that the exponents of 11, 0, and ¢ are as claimed, note that the term Mx (t)c( j ‘ot ="

when differentiated becomes

MX (t) ((2] + Z _ k)C(i,j,k)MiUth2j+i_(k+l) ‘I’ C(’i,j,k),ui—i_l 2jt2j+(i+1)_(k+1)

+ k)MzUZ(JJrl)t2(j+1)+if(k+1)) :
all of whose terms have the form Mx (t)cu? 02 t2"+7=(k+1) "a5 desired, and thus the coefficient
of any term with o* for odd 2' must be zero.

To see that cgjr) < (2+—k holds, note that the three terms that contribute to c(l k1)
are C(; jk)s Ci—1,5k), and c(; j—1,), where for simplicity we assume that ¢ j ) = 0if 7/ < 0 or

j' < 0. In particular,
Cligh+1) = Clagik) (2 T8 = k) + Cl-1,40) + Clig—10)-

By our inductive hypothesis, we have the following:

Clighrl) = Cligk) (2] +1 —k) 4 1k + Clij-1,k)
! k! !
S i
P R Rk Al Y Sy s s T Y gy o
Ji!
— 14+14+Q2j+i—k—1
Py G S A )
- (k+1)!
= (2ti— (k1)
as desired. ]

Lemma A.17. Let M;(X) denote the jth moment of the random variable X. Given v, e,
w, 1, 0%, 0" such that the following are satisfied:

o |ul i), 0%, 0"
o [p—p|+lo*—0? <v<e

then for e < 1/j,

M) = NG <26+ 0t ()

Proof. We prove this by bounding both [M;(N (1, 0%))—M;(N (11, 0"))|, and | M; (N (, %)) —
My(N (i, 0™))], by (7 +1)1(2) .
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From Claim A.16, and our assumption that |02 — ¢"?| < ~, we have

J

| Mj(N (1, 0%)) = My(N(p,0™))| < Zcz‘ui|aj’i — o7
i=0
i

< Y [(2fe+ )2 - (270070

1=0

et (24P = 2/

IN

< el -)Cy

1=0

Where the final inequality above is because 2/e > j, and thus for k < j, the i'* term in
the expansion of (2/¢ + v)* is at most k(2/e)k~4 < (2/€)*~. Plugging in the bounds of
¢; < j! from Claim A.16 yields the desired bound. The same argument holds for bounding
| M;(N (p,0")) — M;(N(i/,0"))|, from which the claim follows. O
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A.2 Basic Properties of Poissons

In this section we collect the useful facts about the Poisson distribution, and the “Poisson
functions,” poi(x,i) ;= <= that are used in Chapters 3 through 8.

il

Second Derivative of Poisson Functions

Proposition A.18. Letting poi,.(x,j) denote the second derivative of the jth Poisson func-
tion, for all x >0, j > 0 we have |poiy,(z, j)| < min{2, 2}.

) A gle~® e~ 7

S we have poiy,(z, j) = (27 — 2j27 71 + j(j — 1)a?=?) .

Case 1: j = 0 or 1. We have from the above expression that poi,,(z,0) = e, which is
casily seen to be less than min{2, 2}. Similarly, for j = 1 we have poi,,(z,1) = (z — 2)e™,
where, for x € (0,1) we have that |(x — 2)e™"| < 2e7* < 2. For x > 1, we must show that
[(x —2)e™| < 2, or equivalently, |22 — z| < €. Since |32? — x| < $2% + 2, and this last
expression is just two terms from the power series of e”; all of whose terms are positive, it is
thus bounded by e* as desired.

Case 2: x <1land j > 2.

In this case we must show |poi,.(z,7)| < 2. For j > 2, we note that we may simplify the
above expression for poi..(r,j) to ((z — j)? — j)xj_;f_z. Noting that for x € (0,1) we have
2772 <1 and e < 1, we may bound the absolute value of this last expression by W

(z—5)*

Since (z — j)* > 0 and —j < 0, we may bound this expression as max {T’ ﬁ}; since we

have j > 2 and x € (0,1), we note that (27;—,])2 < jj—? < 2, and % < 1, as desired.
Case 3: x> 1 and j > 2. . .
We reexpress [poig, (z,j)| as |(1 — £)? — &| - poi(x, ), which we may bound by max{(1 —

Proof. Since poi(z, j

x

%)27 95_2} ' pOZ(ZL',j)
~ We consider the second term first. For j > x + 1, consider the ratio of the expression
“poi(x, j) for consecutive values of j:

joaG-10 oz
j—1 @il -1

and note that this is always at most 1. Thus affpoi(x, j) attains its maximum (over j) for
j < x+ 1. We may thus bound x%poz'(x,j) by taking 7 < x + 1 and noting that, since
poi(z, j) <1 we have Lpoi(z,j) < Lt < 2 as desired.

We now counsider the first term, (1 — £)poi(z, j) and show that it attains its maximum
for j in the interval [x — 2y/z,x + 2y/x + 1]. Consider the ratio of (1 — £)poi(z,j) to

(1 — =1 2poi(z, j — 1)

L (2 (A2)
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We now show that this ratio is at most 1 for j > = + 2\/x + 1, and at least 1 for j <
x — 2y/x 4 1, thereby showing that (1 — £)*poi(z,j) attains its maximum in the interval
Jj € [r —2yx,x + 2y/x + 1]. We note that both % and 7 are decreasing functions of
J, outside the interval [z, x + 1], so it suffices to check the claim for j = x + 2\/x + 1 and
j=x—2yx+1. We have

( r— (v 427 +1) )2 x _ Va1
r—(r+2yr+1)+1) 242/ +1  (2y/x+2)2

and

( T— (@ =2/ +1) ) r_@VE-1pP
r—(r—=2yx+1)+1) z—-2yr+1 (2y/x —2)? —

Thus (1 — £)2poi(x, j) attains its maximum for j in the interval [z — 2y/z, x + 2/z + 1].
We note that on the sub-interval [z — 2v/z, 2 + 2y/z], we have (1 — )2 < (22£)2 < 4 and
that, for x > 1, poi(z,j) < %, implying that (1 — %)oni(x,j) < % as desired. Finally, for
the remainder of the interval, we have, since x > 1 that (1 — %)2 < w < % On this

T

sub-interval j > x + 24/z, and thus we have, since x > 1 and j is an integer, that j > 4.

Since poi(z,j) is maximized with respect to x when z = j, this maximum has value jjje.!_ j,
which, by Stirling’s approximation, is at most \/2;73 < 2 (for j > 4). Combining these two
bounds yields the desired bound of % O

Tail Bounds for Poisson Distributions

Fact A.19. (From [56]) For A > 0, and an integer n > 0, if n < A,

n

poi(A, n)

Zpoi(/\, i) < m,

1=0

and forn >\,

= poi(A,n)
;poz()\,z) S TN+ D)

Corollary A.20. For any constant € > 0, there exists a constant d. > 0 such that for any
A > 1, letting X < Poi(\)
Pr[|X — Al > Azt < e
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B.1 Learning Juntas and DNF via Sparse Parities

We formally state the results of Feldman et al. [54] which reduce the problem of learning
Juntas and DNF to the problem of learning parity with noise. The main intuition, and proof
approach of [54] is that the problem of learning parities with noise is the problem of finding
a heavy Fourier coefficient, given the promise that one exists; in the case of learning a k-
junta, one knows that there will be at most 2* significant Fourier coefficients. The reduction
proceeds by essentially peppering the labels with random XORs, so that after the peppering
process, with some decent probability, exactly one Fourier coefficient will have survived, in
which case the problem has been successfully transformed into the problem of learning a
parity of size k with noise. It is worth stressing that this reduction results in an instance
with a very large noise rate—noise % — 2%, thus highlighting the importance of considering
the learning noisy parities problem with noise-rates that approach 1/2. We conclude this
section with formal statements of these reductions.

Theorem B.1 (Feldman et al. [54]). Given an algorithm that learns noisy k-parities on
length n strings (under the uniform distribution) with noise rate ) € [0, 3) that runs in time
T(n,k,n), there exists an algorithm that learns k-juntas under the uniform distribution with
noise rate n' that runs in time

1 1-27
O (l{)22k . T(n, k’, 5 — 2k )) .

Theorem B.2 (Feldman et al. [54]). Given an algorithm that learns noisy k-parities
on length n strings (under the uniform distribution) with noise rate n € [0,3) that takes
S(n,k,n) examples and runs in time T(n,k,n), there exists an algorithm that (e,5)-PAC
learns r-term DNF formulae under the uniform distribution that runs in time

4

0 <:—2 T (n,log (66/9)) % - O(e/r))) .S <n k1o (O(r/0) % - O(e/r))2> |

Additionally, as Feldman observed, an improved algorithm for learning noisy k-parities
can be used, via the reduction of Feldman et al. [54] to yield an improvement in runtime of
the approach of Mossel et al [92] for the problem of learning k-juntas without noise. The key
observation of Mossel et al. is that either a k-junta has a heavy Fourier coefficient of degree
at most d, or, when represented as a polynomial over Fy, has degree at most k£ — d. Their
algorithm proceeds by brute force-searching for a heavy Fourier coefficients of order at most
ak for some appropriately chosen «; if none are found, then the junta is found by solving a
linear system over n!=®* variables. Given an improved algorithm for learning noisy parities,
using the reduction of Feldman et al., one improve upon the brute-force search component
of the algorithm of Mossel et al. The following corollary quantifies this improvement.

Corollary B.1. Given an algorithm that learns noisy j-parities on length n strings (under

the uniform distribution) with noise rate n € [0,3) that runs in time T(n,j,n), for any



APPENDIX B. THE REDUCTION OF FELDMAN ET AL. FROM LEARNING
JUNTAS AND DNF TO LEARNING PARITIES 273

a € (0,1), there exists an algorithm that learns k-juntas without noise under the uniform

distribution in time

1 1
max <T(n, ak, =

5~ %), nm(lo‘)) poly(n).



