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DISTAL: Distributed Dense and 
Sparse Tensor Computations
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a = B · c

<latexit sha1_base64="iYUUWvaEgmFNYDLpNGLzJaxFEpM=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JIRTdCqRuXFewDmlAmk0k7dPJg5kYssQt/xY0LRdz6G+78GydtFtp64MLhnHu59x4vEVyBZX0bS8srq2vrpY3y5tb2zq65t99WcSopa9FYxLLrEcUEj1gLOAjWTSQjoSdYxxtd537nnknF4+gOxglzQzKIeMApAS31zUOCr7AD7AG8IGtMsEP9GDDtmxWrak2BF4ldkAoq0OybX44f0zRkEVBBlOrZVgJuRiRwKtik7KSKJYSOyID1NI1IyJSbTe+f4BOt+DiIpa5Ib8/V3xMZCZUah57uDAkM1byXi/95vRSCSzfjUZICi+hsUZAKDDHOw8A+l4yCGGtCqOT6VkyHRBIKOrKyDsGef3mRtM+qdq16flur1BtFHCV0hI7RKbLRBaqjG9RELUTRI3pGr+jNeDJejHfjY9a6ZBQzB+gPjM8foDWVOQ==</latexit>

A = B · C

<latexit sha1_base64="PIpzlTkshuN3p4TX8lXP+pk9v0w=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JIRTdCbTcuK9gHNKFMJpN26OTBzI1YYhf+ihsXirj1N9z5N07bLLT1wIXDOfdy7z1eIrgCy/o2lpZXVtfWCxvFza3tnV1zb7+l4lRS1qSxiGXHI4oJHrEmcBCsk0hGQk+wtjesT/z2PZOKx9EdjBLmhqQf8YBTAlrqmYfX+Ao7wB7AC7LaGDvUjwHXe2bJKltT4EVi56SEcjR65pfjxzQNWQRUEKW6tpWAmxEJnAo2LjqpYgmhQ9JnXU0jEjLlZtP7x/hEKz4OYqkrAjxVf09kJFRqFHq6MyQwUPPeRPzP66YQXLoZj5IUWERni4JUYIjxJAzsc8koiJEmhEqub8V0QCShoCMr6hDs+ZcXSeusbFfK57eVUrWWx1FAR+gYnSIbXaAqukEN1EQUPaJn9IrejCfjxXg3PmatS0Y+c4D+wPj8ATyVlPk=</latexit>

A = B+C

<latexit sha1_base64="mNu5/yiybjuVGQIpaEdtfAc0a40=">AAACDXicbVDLSgMxFM3UV62vUZduglUQhDIjFd0Itd24rGAf0JaSSTNtaOZBckcsw/yAG3/FjQtF3Lp359+YtqNo64HAuefcy809Tii4Asv6NDILi0vLK9nV3Nr6xuaWub1TV0EkKavRQASy6RDFBPdZDTgI1gwlI54jWMMZVsZ+45ZJxQP/BkYh63ik73OXUwJa6poHbWB34LjxZYIv8HdRTvDxT1FJumbeKlgT4HlipySPUlS75ke7F9DIYz5QQZRq2VYInZhI4FSwJNeOFAsJHZI+a2nqE4+pTjy5JsGHWulhN5D6+YAn6u+JmHhKjTxHd3oEBmrWG4v/ea0I3PNOzP0wAubT6SI3EhgCPI4G97hkFMRIE0Il13/FdEAkoaADzOkQ7NmT50n9pGAXC6fXxXypnMaRRXtoHx0hG52hErpCVVRDFN2jR/SMXowH48l4Nd6mrRkjndlFf2C8fwHWyJts</latexit>

. . .

<latexit sha1_base64="uSFmBgyYNSQWuEsaOnLCEIlfrfQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16qX97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL63j0A=</latexit>

CSR / Tiled

Predefined set of 
kernels

Predefined set of 
formats/distributions

Get close to peak 
performance!

ScaLAPACK
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A = B+C+D

<latexit sha1_base64="ZuRspiWHif5BBQznbQ16cNjCaIs=">AAACGnicbVBLSwMxEM76rPW16tFLsAiCUHalohehth48VrAPaEvJptk2NPsgmRXLsr/Di3/FiwdFvIkX/41pu0ptHQh8jxkm8zmh4Aos68tYWFxaXlnNrGXXNza3ts2d3ZoKIklZlQYikA2HKCa4z6rAQbBGKBnxHMHqzqA88ut3TCoe+LcwDFnbIz2fu5wS0FLHtFvA7sFx48sEX+AfUkrw8S8pT5OrpGPmrLw1LjwP7BTkUFqVjvnR6gY08pgPVBClmrYVQjsmEjgVLMm2IsVCQgekx5oa+sRjqh2PT0vwoVa62A2kfj7gsTo9ERNPqaHn6E6PQF/NeiPxP68ZgXvejrkfRsB8OlnkRgJDgEc54S6XjIIYakCo5PqvmPaJJBR0mlkdgj178jyoneTtQv70ppArltI4MmgfHaAjZKMzVETXqIKqiKIH9IRe0KvxaDwbb8b7pHXBSGf20J8yPr8Ba0ygfg==</latexit>

Aij = Bijk · ck

<latexit sha1_base64="uXbCTTqUqdEIg9dxl/uNLbggqmQ=">AAACFXicbZDLSsNAFIYn9VbrLerSzWARXEhJpKIbodaNywr2Am0Ik+mkHTu5MHMilpCXcOOruHGhiFvBnW/j9CJo6w8DP985hzPn92LBFVjWl5FbWFxaXsmvFtbWNza3zO2dhooSSVmdRiKSLY8oJnjI6sBBsFYsGQk8wZre4HJUb94xqXgU3sAwZk5AeiH3OSWgkWsedYDdg+enF5mb8tsMn+MfUh2TQYY7tBsBpu7ANYtWyRoLzxt7aopoqpprfna6EU0CFgIVRKm2bcXgpEQCp4JlhU6iWEzogPRYW9uQBEw56fiqDB9o0sV+JPUL9f4R/T2RkkCpYeDpzoBAX83WRvC/WjsB/8xJeRgnwEI6WeQnAkOERxHhLpeMghhqQ6jk+q+Y9okkFHSQBR2CPXvyvGkcl+xy6eS6XKxUp3Hk0R7aR4fIRqeogq5QDdURRQ/oCb2gV+PReDbejPdJa86YzuyiPzI+vgEOCJ9f</latexit>

Aij = Bij · Cik ·Dkj

<latexit sha1_base64="cruZfyGeLW/mr6luJ1RKjiMPOYI=">AAACJHicbVDLSgMxFM3UV62vqks3wSK4KjOiKIhQWxcuK9haaMuQSTNtOpkHyR2xDPMxbvwVNy584MKN32LajqDVA4Fzz7mXm3ucSHAFpvlh5ObmFxaX8suFldW19Y3i5lZThbGkrEFDEcqWQxQTPGAN4CBYK5KM+I5gN45XG/s3t0wqHgbXMIpY1yf9gLucEtCSXTztALsDx03OUzvhwxSf4W+lmikd2gsB13ThfRcXduINU7tYMsvmBPgvsTJSQhnqdvG10wtp7LMAqCBKtS0zgm5CJHAqWFroxIpFhHqkz9qaBsRnqptMjkzxnlZ62A2lfgHgifpzIiG+UiPf0Z0+gYGa9cbif147Bvekm/AgioEFdLrIjQWGEI8Twz0uGQUx0oRQyfVfMR0QSSjoXAs6BGv25L+keVC2DstHV4elSjWLI4920C7aRxY6RhV0ieqogSi6R4/oGb0YD8aT8Wa8T1tzRjazjX7B+PwCyhmlgQ==</latexit>

. . .

<latexit sha1_base64="uSFmBgyYNSQWuEsaOnLCEIlfrfQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16qX97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL63j0A=</latexit>

. . .

<latexit sha1_base64="uSFmBgyYNSQWuEsaOnLCEIlfrfQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16qX97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL63j0A=</latexit>

. . .

<latexit sha1_base64="uSFmBgyYNSQWuEsaOnLCEIlfrfQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16qX97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL63j0A=</latexit>

Higher order data? Kernels outside of 
predefined set?

Flexible data formats?
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All of tensor 
algebra

C["..."] += A["..."] * B["..."]

Leaves performance 
on the table

3-4x slowdown for dense

1-2 orders of magnitude 

for sparse
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Programmers today face a trade-off!

Generality 
(All of tensor algebra)

Performance

Libraries of Kernels

Factorization

Compilation
This work: DISTAL

Cyclops Tensor Framework 
(CTF)

ScaLAPACK
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DISTAL

What to compute 
(Tensor Index Notation)

How computation is distributed 
(Scheduling Language)

How data is compressed 
(Format Language)

How data is distributed 
(Tensor Distribution Notation)

y(i) = A(i, j) * x(j)

distribute(i)

x = y = {Dense} 
A = {Dense, Sparse}

x,y distributed in chunks 
A distributed row-wise

CPU

GPU



DISTAL Competes with Hand-Tuned Code

1RGHV��&38�&RUHV�

*
)/
2
3
�V

�

���

���

���

���

����
��

����
��

����
���

����
���

���
���

��

���
���

���

���
���

���

���
����

���

���
����

���
�

&260$ ',67$/��&DQQRQ
V�$OJRULWKP� &7) 6FD/$3$&. 3HDN�8WLOL]DWLRQ

7

1RGHV��*38V�

*
)/
2
3
�V

�

�����

�����

�����

����
�

����
�

����
���

����
���

���
���

�

���
���

��

���
���

��

���
����

��

���
����

���

&260$ ',67$/��&DQQRQ
V�$OJRULWKP� 3HDN�8WLOL]DWLRQ

0.95x COSMA 1.25x ScaLAPACK 0.85x COSMA
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45x

3.7x

2.5x

1.8x

a =
X

i

X

j

X

k

B(i, j, k) · C(i, j, k)

<latexit sha1_base64="cEesq4cqjn6IuTtVPTtUljwnwiU="></latexit>

A(i, j) =
X

k

B(i, j, k) · c(k)

<latexit sha1_base64="BsH5ImZyDX2EEAw13uR95c6nfvU="></latexit>

A(i, j, l) =
X

k

B(i, j, k) · C(k, l)

<latexit sha1_base64="0bi4qBaCEAW22TBHUOk8pAEMr/k="></latexit>

A(i, l) =
X

j

X

k

B(i, j, k) · C(j, l) ·D(k, l)

<latexit sha1_base64="l4SrETSzhZYNgIjeJkSQxgDZY5Y="></latexit>

DISTAL Generalizes High Performance
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a = B · c

<latexit sha1_base64="iYUUWvaEgmFNYDLpNGLzJaxFEpM=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JIRTdCqRuXFewDmlAmk0k7dPJg5kYssQt/xY0LRdz6G+78GydtFtp64MLhnHu59x4vEVyBZX0bS8srq2vrpY3y5tb2zq65t99WcSopa9FYxLLrEcUEj1gLOAjWTSQjoSdYxxtd537nnknF4+gOxglzQzKIeMApAS31zUOCr7AD7AG8IGtMsEP9GDDtmxWrak2BF4ldkAoq0OybX44f0zRkEVBBlOrZVgJuRiRwKtik7KSKJYSOyID1NI1IyJSbTe+f4BOt+DiIpa5Ib8/V3xMZCZUah57uDAkM1byXi/95vRSCSzfjUZICi+hsUZAKDDHOw8A+l4yCGGtCqOT6VkyHRBIKOrKyDsGef3mRtM+qdq16flur1BtFHCV0hI7RKbLRBaqjG9RELUTRI3pGr+jNeDJejHfjY9a6ZBQzB+gPjM8foDWVOQ==</latexit>

A = B+C+D

<latexit sha1_base64="ZuRspiWHif5BBQznbQ16cNjCaIs=">AAACGnicbVBLSwMxEM76rPW16tFLsAiCUHalohehth48VrAPaEvJptk2NPsgmRXLsr/Di3/FiwdFvIkX/41pu0ptHQh8jxkm8zmh4Aos68tYWFxaXlnNrGXXNza3ts2d3ZoKIklZlQYikA2HKCa4z6rAQbBGKBnxHMHqzqA88ut3TCoe+LcwDFnbIz2fu5wS0FLHtFvA7sFx48sEX+AfUkrw8S8pT5OrpGPmrLw1LjwP7BTkUFqVjvnR6gY08pgPVBClmrYVQjsmEjgVLMm2IsVCQgekx5oa+sRjqh2PT0vwoVa62A2kfj7gsTo9ERNPqaHn6E6PQF/NeiPxP68ZgXvejrkfRsB8OlnkRgJDgEc54S6XjIIYakCo5PqvmPaJJBR0mlkdgj178jyoneTtQv70ppArltI4MmgfHaAjZKMzVETXqIKqiKIH9IRe0KvxaDwbb8b7pHXBSGf20J8yPr8Ba0ygfg==</latexit>

(Fused)

Same Trends for Sparse Tensors



SpTTV

SDDMM

SpMTTKRP

10



Dense MatVec Example



Dense MatVec Example



Dense MatVec Example



CSR Sparse MatVec Example
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What to compute 
(Tensor Index Notation)

How data is distributed 
(Tensor Distribution Notation)

Describe partitioned tensor dimensions
T xy 7!x M

<latexit sha1_base64="cqIZ6AtyYdiUb7ZvBvEKbu3pYz4="></latexit>

T xy 7!y M

<latexit sha1_base64="EurSilvGBBWBXHSVX/qQea5dDPs="></latexit>

How computation is distributed 
(Scheduling Language)

distribute(i)
communicate(B, i)

rotate(i, k)
A(i, j) =

X

k

B(i, k) · C(k, j)

<latexit sha1_base64="ijBfXDrO+xfo5/Zxrzr0hwPF5cg="></latexit>

Key Contributions of (Dense) DISTAL



Cannon’s Algorithm (1969)

PUMMA (1994)

SUMMA (1995)

Johnson’s Algorithm (1995)

Solomonik’s Algorithm (2011)

COSMA (2019)

DISTAL’s Language is Expressive

16











What does “partition” do when A is sparse?
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Generation of data partitioning code is the key challenge

Decompose partitioning into a per-dimension problem


Use hybrid static and dynamic analyses

Static: generate code that 
describes the structure of 

data partitions

Dynamic: at runtime, use 
dynamic analysis to compute 

precise partitions
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Intuition: Coordinate Trees

d e

a b c

g h

f

0

1

2

3

0 1 2 3

0

0 1 3

a b c

1 3

d e

0

f

0

g

3

h

1 2 3

{Dense, Sparse}

4

0-2 3-4 6-75-5

0 1 13 3 0 30

a b dc e f hg

pos

crd

vals

size



0

0 1 3

a b c

1 3

d e

0

f

0

g

3

h

1 2 3 0

0 1 3

a b c

1 3

d e

0

f

0

g

3

h

1 2 3

24

Partitioning Coordinate Trees

0

0 1 3

a b c

1 3

d e

0

f

0

g

3

h

1 2 3 0

0 1 3

a b c

1 3

d e

0

f

0

g

3

h

1 2 3

24

1) Create an initial partition of a level

2) Derive a full partition of the tree

0

0 1 3

a b c

1 3

d e

0

f

0

g

3

h

1 2 3 0

0 1 3

a b c

1 3

d e

0

f

0

g

3

h

1 2 3
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0

0 1 3

a b c

1 3

d e

0

f

0

g

3

h

1 2 30

0 1 3

a b c

1 3

d e

0

f

0

g

3

h

1 2 3

4

0-2 3-4 6-75-5

0 1 13 3 0 30

a b dc e f hg

pos

crd

vals

size 4

0-2 3-4 6-75-5

0 1 13 3 0 30

a b dc e f hg

pos

crd

vals

size 4

{0,2} {3,4} {6,7}{5,5}

0 1 13 3 0 30

a b dc e f hg

pos

crd

vals

size

0

0 1 3

a b c

1 3

d e

0

f

0

g

3

h

1 2 3



0-2 3-4 6-75-5

4 5 760 1 32

0-2 3-4 6-75-5

4 5 760 1 32

Partitioning Operators

image(R1, R2) preimage(R1, R2)

26

tiling(R, tile_size)

a b c d a b c d e f g h



4

0-2 3-4 6-75-5

0 1 13 3 0 30

a b dc e f hg

pos

crd

vals

size

Partitioning Sparse Tensors

27

tiling(pos, 1)

image(pos, crd)

image(pos, vals)

How can we generate these partitioning calls?
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Data Format Describes Partitioning

Formats implement a compile 
time interface describing 
partitioning capabilities

type Format {
  ir::Stmt initial_partition(…) 
  ir::Stmt partition_from_parent(…)
  ir::Stmt partition_from_child(…) 
  … <and more> …
}



4

0-2 3-4 6-75-5

0 1 13 3 0 30

a b dc e f hg

pos

crd

vals

size

29

void RowSplitSpMV(y, A, x) {
  …
  A_pos_part = tiling(A.pos, …)
  A_crd_part = image(A_pos_part, A.crd)
  A_val_part = image(A_pos_part, A.val)
  …
  index launch (
    A_pos_part, A_crd_part, A_val_part
  ) {
    < … Optimized SpMV Kernel … >
  }
}

A.levels[1].initial_partition()

A.levels[2].partition_from_parent()

y(i) = A(i, j) * x(j) distribute(i)

x = y = {Dense} 
A = {Dense, Sparse}



DISTAL compiles dense and sparse tensor computations onto 
modern distributed machines


DISTAL can express many algorithms, generalize to tensor algebra


 
DISTAL utilizes Legion’s partitioning capabilities to provide simple 

compilation interfaces

Contact: rohany@cs.stanford.edu


rohany.github.io
30

mailto:rohany@cs.stanford.edu

