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Abstract

GPU architectures have continued to grow in complexity,
with recent incarnations introducing increasingly powerful
fixed-function units for matrix multiplication and data move-
ment to accompany highly parallel general-purpose cores. To
fully leverage these machines, software must use sophisti-
cated schedules that maximally utilize all hardware resources.
Since realizing such schedules is complex, both programmers
and compilers routinely employ program transformations,
such as software pipelining (SWP) and warp specialization
(WS), to do so in practice. However, determining how best to
use SWP and WS in combination is a challenging problem
that is currently handled through a mix of brittle compilation
heuristics and fallible human intuition, with little insight into
the space of solutions. To remedy this situation, we introduce
a novel formulation of SWP and WS as a joint optimization
problem that can be solved holistically by off-the-shelf con-
straint solvers. We reify our approach in Twill, the first system
that automatically derives optimal SWP and WS schedules
for a large class of iterative programs. Twill is heuristic-free,
easily extensible to new GPU architectures, and guaranteed
to produce optimal schedules. We show that Twill can redis-
cover, and thereby prove optimal, the SWP and WS schedules
manually developed by experts for Flash Attention on both
the NVIDIA Hopper and Blackwell GPU architectures.

1 Introduction

Driven by the insatiable appetite of machine learning for
performance, recent GPUs continue to expand the scale and
capabilities of fixed-function units for matrix multiplication
(GEMM), called Tensor Cores (TCs) on NVIDIA GPUs, and
bulk data movement. As these fixed-function units become
more powerful, the relative performance ratios of data move-
ment and FLOPS between general-purpose and fixed-function
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matrix units change dramatically, often by multiplicative fac-
tors. Additionally, the interfaces for targeting fixed-function
units routinely undergo significant alterations across genera-
tions, ranging from modifications to where data can be placed,
to how many threads are required to issue operations, and even
to the model of asynchronous execution. Consequently, every
program targeting TC GPUs may have a different optimal
schedule for each architecture generation to fully leverage the
available general-purpose and fixed-function units [26,32,38].

A common solution to this performance portability prob-
lem for iterative programs is software pipelining (SWP) [6, 7,
24]. SWP permits programmers to write a simple loop to de-
scribe a computation, which a compiler can then automatically
transform to exploit instruction-level parallelism within and
across iterations to derive a schedule that maximizes utiliza-
tion of all the functional units. Importantly, when compiling
the same loop for different machines, the compiler will tailor a
custom schedule based on the underlying constraints for each
architecture to ensure that the same program runs efficiently
in all settings [6]. To realize a particular SWP schedule, the
compiler must synthesize a new loop, but the requirements
imposed by new TC GPUs, such as the need for many threads
to cooperatively issue TC operations [2, 3], preclude the use
of a standard sequential loop to express most schedules.

To realize SWP schedules for TC GPUs, both compilers [5,
13,25,35–37] and developers [27,33] have adopted warp spe-
cialization (WS) [10,11] as a programming paradigm. Instead
of the standard data-parallel style of GPU programming that
assigns the same computation to each thread, in WS, subsets
of threads called warps collaboratively execute different parts
of a program, exchanging data through common memories
and synchronizing where necessary. While WS is a necessary
program transformation for achieving SWP schedules for TC
GPUs, it comes with performance trade-offs (e.g., extra com-
munication and synchronization) that obscure how best to
deploy it in practice.

Currently, approaches for both SWP and WS on TC GPUs
are derived either by human intuition [27, 32, 38] or through
compiler heuristics [13, 35, 37]. Moreover, the interaction



between SWP and WS is poorly understood, with no technical
framework for reasoning about the optimality of combined
solutions. The hazards of this situation can be observed in
the case of Flash Attention [17, 18], where a year transpired
between the release of Hopper and the development of Flash
Attention 3 [32], which proposed a custom SWP schedule and
WS strategy for Hopper, wasting countless compute cycles
on critical inference workloads in the interim.

To rectify this situation, we show that the problems of de-
termining the best SWP schedule and WS strategy can and
should be solved simultaneously. We observe that determining
a SWP schedule to maximize resource utilization can be re-
duced to a traditional modulo scheduling problem [24,31], that
can be solved optimally [21,34], yielding the maximum possi-
ble throughput for any given machine model. We then explain
why WS is a dependent program transformation that must be
jointly considered to compute realizable SWP schedules for
recent TC GPU architectures. We extend the approach of mod-
ulo scheduling to formulate the problem of determining an
optimal SWP schedule and WS strategy as a unified constraint
satisfaction problem that can be solved holistically by off-the-
shelf Satisfiability Modulo Theories (SMT) solvers [9].

To demonstrate our approach, we introduce Twill1, a system
that automatically discovers optimal SWP schedules and WS
strategies from high-level, tile-based descriptions of loops
with simple control flow. Twill generates optimal schedules
for different GPU architectures simply by altering machine-
specific constraints corresponding to the easily quantifiable
costs of various GPU operations. In contrast to all existing
systems that perform SWP and WS of which we are aware [13,
35–37], our implementation is heuristic-free, easily extensible
to new GPU architectures, and guaranteed to yield an optimal
schedule for a large and important class of iterative programs
(i.e., singly-nested loops without additional control flow). The
specific contributions of this work are:

• A mapping of the problem of constructing a SWP sched-
ule for TC GPUs to modulo scheduling.

• A constraint-based formulation of SWP and WS as a
joint optimization problem.

• Twill, a system that implements our approach and dis-
covers optimal SWP schedules and WS strategies for
real programs.

We evaluate Twill by applying it to the Flash Attention
algorithm and derive schedules for both the NVIDIA Hopper
and Blackwell architectures. We show that Twill can automat-
ically generate schedules that match the proposed algorithms
in Flash Attention 3 [32] and Flash Attention 4 [38] from a
high-level description of attention. We then implement these
schedules and show that the resulting programs can come
within 1% of the performance of hand-tuned implementations
from libraries like cuDNN and Flash Attention.

1Twill is a textile weave that interlaces warp and weft threads in a distinc-
tive diagonal pattern.

2 Background on GPU Architecture

NVIDIA GPUs consist of a number of independent proces-
sors called streaming multiprocessors (SMs). Each SM con-
tains independent functional units to support general-purpose
floating-point or integer arithmetic, as well as load and store
units for memory operations. SMs also contain several kinds
of memory including a register file for storing thread-local
data, a software-managed scratchpad called shared memory
that can be accessed by all threads on an SM, and an off-chip
global memory that can be accessed from any SM.

An SM executes groups of 32 threads called warps. Warps
execute in a single instruction, multiple threads (SIMT)
model: every thread in a warp has its own instruction stream,
but only a subset of threads that agree on a common instruc-
tion to execute will issue in a given cycle, while the remain-
ing threads are masked off and prevented from executing.
Each thread executes in-order: if a thread’s next instruction is
blocked on an unresolved dependency or synchronization, it
cannot issue any further instructions. Hopper and Blackwell
SMs have four execution contexts that can host active warps,
so at most four warps can issue instructions each cycle. When
there are more warps than execution contexts, the SM’s warp
scheduler dynamically selects up to four ready warps from
which to issue instructions.

Modern GPUs augment this architecture by incorporating
asynchronous accelerators for operating on entire tiles of
data. Tensor Cores (TCs) for accelerating the performance of
GEMM operations were first introduced in the Volta archi-
tecture [4]. More recently, the Hopper architecture [3] intro-
duced the Tensor Memory Accelerator (TMA) unit for asyn-
chronously moving tiles of data between global and shared
memory. Since they operate over large tiles, a single TMA
or TC instruction may execute for thousands of clock cycles,
in stark contrast to most floating-point or integer arithmetic
instructions which often only execute for tens of cycles.

The Blackwell architecture [2] is similar to Hopper, but
with two important enhancements. The Blackwell TC sup-
ports larger tile sizes with higher throughput, and each SM
contains a new kind of memory called Tensor Memory where
inputs to the TC may be sourced and accumulators stored. Per-
forming general computations on Blackwell TC accumulators
requires explicit data movement from the Tensor Memory into
the register file. While conceptually straightforward, these
modifications induce large perturbations in how programs
must be structured for peak performance on Blackwell.

3 Scheduling for Tensor Core GPUs

Software pipelining (SWP) [7] reorders the operations in
a sequential program to maximize utilization of the avail-
able functional units by exploiting instruction-level paral-
lelism (ILP) within and across loop iterations. We use modulo
scheduling [24,31] to compute pipelined SWP schedules, and



1 O = zeros()
2 for i:
3 S = gemm(Q, K[i])
4 P = exp(S)
5 O += gemm(P, V[i])

(a) Simplified Flash Attention
pseudocode for 1 SM.

D = {
  TC: 1,
  SFU: 1
}

TC SFU
1 0

TC SFU
0 1

RRT[gemm]

RRT[exp]

(b) Instruction RRTs and Hopper
machine description.

S P O(1, 0) (1, 0)

(1, 1)

(d, δ) (d, δ)

(d, δ)

(c) Loop dependence graph repre-
sentation of Figure 1a.

M = {
  S: 0,
  P: 2,
  O: 3,
}

TC SFU
S

Modular RRT
(I = 2)

O
P

Cycle
0 % 2
1 % 2

Modulo 
Schedule

(d) Valid modulo schedule and
modular RRT with I = 2, L = 4.

TC SFU
S0

Cycle

1

S1 P02

O03

P14

O15

0

… Pattern Continues …

(e) ⌈L/I⌉ copies of Figure 1d’s
schedule placed I cycles apart.

1 O = zeros()
2 // Prologue.
3 S = gemm(Q, K[0])
4 // Steady State.
5 for i:
6 Sn = gemm(Q, K[i])
7 P = exp(S)
8 O += gemm(P, V[i-1])
9 S = Sn

10 // Epilogue.
11 P = exp(S)
12 O += gemm(P, V[n-1])

(f) Code generated from Figure 1e
with a steady-state loop.

TC SFU
S0

P0

Cycle

1

O02

S13

P14

O15

0

… Pattern Continues …

(g) In-order execution, achieving
1/3 its. per cycle.

TC SFU
S0

Cycle

1

S1 P02

O03

S2 P14

O15

0

… Pattern Continues …

(h) Pipelined execution, achieving
1/2 its. per cycle after prologue.

Figure 1: Modulo scheduling a simplified Flash Attention expressed in a tile-based manner. The machine costs are for Hopper,
where GEMM and EXP on a tile have roughly the same cost. Modulo scheduling recovers the Flash Attention 3 [32] pipeline.

Section 3.1 introduces standard terminology using the run-
ning example shown in Figure 1. The figure shows how to
pipeline a simplified version of Flash Attention [18]. The code
(Figure 1a), instruction cost information (Figure 1b), and a
dependency graph (Figure 1c) go through two intermediate
steps (Figures 1d and 1e) before yielding the pipelined code
in Figure 1f. In this example, SWP is necessary for maximal
TC utilization because the program exposes the latency of
the exponential due to the data dependence on the result prior
to the second matrix multiplication (Figure 1g). However,
as we discuss in Section 3.2, it may not be possible on re-
cent architectures for a single thread of execution to manifest
this pipelined schedule. To address this issue, we describe
in Section 3.3 how to realize an optimal pipelined schedule
by distributing operations across multiple executing threads
using WS, and the compilation challenges it induces.

3.1 Modulo Scheduling

Modulo scheduling [21,24,31] is a popular class of algorithms
for SWP that transforms a given loop such that it achieves
maximum throughput (iterations finishing per unit time) while
simultaneously abiding by the data dependencies of the input
program and capacities of the underlying machine. In modulo
scheduling, the input loop is described as a dependence graph
G = (V,E) where V is the set of instructions in the loop and
E defines dependencies between the instructions. We assume
that G describes a singly-nested loop without control flow. In

Twill, each instruction represents a tile-level operation that uti-
lizes resources from the entire SM; dependence graphs of this
form can be extracted from standard tile-based programming
models (see Section 5).

Associated with each v ∈V is a resource reservation table
(RRT) that indicates the functional unit(s) used during the
execution of v. RRT[v] is a 2-D integer array where each
column corresponds to a kind of functional unit, each row
corresponds to a clock cycle in the execution of v, and the
entry gives the number of instances of f that are occupied
by v at that clock cycle of its execution. The total number
of instances of f on the machine, called the capacity of f , is
given by a machine description D. RRTs for each operation in
the running example and a machine description D are shown
in Figure 1b; both instructions take a single cycle to execute,
but they occupy different functional units. For simplicity we
assume each functional unit can be scheduled and execute an
instruction every cycle; on a real machine, functional units
often take longer to execute some instructions than others and
have limits on how often they accept new instructions. For
TC GPUs that operate on large tiles of data, the abstraction of
an RRT is still valid at a coarser granularity of computation,
where a “cycle” might represent a coarser granularity of time.
We describe how to cope with the problem of determining
time granularity in Section 5.2.

Every edge e∈ E is a tuple (u,v,d,δ), where u is the source
and v is the sink of the data dependence. The clock cycle delay
d ≥ 0 indicates that v must be issued at least d cycles after



u is issued. Finally, δ ≥ 0 is the iteration delay, indicating
that the instance of v from loop iteration i must be issued at
least d cycles after the instance of u from iteration i−δ. For
example, an edge with δ = 1 indicates that the dependence
between u and v is loop carried to the very next iteration.
The dependence graph for the attention example is shown in
Figure 1c, where the edges from S and P have d = 1 (from
the corresponding RRTs) and δ = 0, while the loop-carried
dependence on O has δ = 1. To simplify the exposition, we
use variable names (which are unique) instead of instruction
names in the figures. Together, the RRTs of each instruction
(Figure 1b) and the dependence graph G (Figure 1c) are the
inputs to modulo scheduling.

When run on a given loop, modulo scheduling finds an
initiation interval I and modulo schedule M, from which the
pipelined loop is constructed. I corresponds to the rate at
which new loop iterations are issued (or finished), and is thus
inversely related to the throughput; I = 1 is the minimum
possible and means that a new loop iteration is launched
every cycle. M maps each instruction to the clock cycle at
which it must be issued, counting from the beginning of its
iteration (hence the name “modulo”). If M(v) = k, then v will
be issued at clock cycles k, I + k,2I + k, . . . in the pipelined
loop. A choice of M and I is valid when it ensures that the
pipelined loop satisfies all dependence edges in E and keeps
all functional units within capacity.

A valid modulo schedule for the running example is shown
in Figure 1d. It is accompanied by the modular RRT, a data
structure similar to the RRT that indicates the functional unit
usage in the steady state of the pipelined loop. In the modulo
schedule, both P and O were delayed one cycle later than an
optimal schedule for just a single iteration. M(P) = 1 and
M(O) = 2 would be valid per the data dependencies but in-
valid per the modulo RRT because O would conflict with S for
the TC since 0≡ 2 (mod2). A variety of algorithms have been
developed to construct M and I for a given dependence graph
G, including greedy [24, 31] algorithms and optimal [21, 34]
algorithms that leverage Integer Linear Programming (ZLP).
Optimal algorithms yield modulo schedules with the smallest
possible I, and thus the highest possible throughput.

Once a modulo schedule M and initiation interval I have
been found, they can be used to synthesize a program that
executes the schedule. A standard way [6] to realize a mod-
ulo schedule is with a sequential loop that consists of: 1) a
prologue that primes the loop, 2) a steady state containing the
repeatedly executing loop body, and 3) an epilogue that drains
the loop. To construct these three components, we let L be the
length of M, i.e., the number of cycles in M. The software-
pipelined loop is constructed by overlapping ⌈L/I⌉ copies of
M, each copy offset by I cycles from the previous copy. The
pipelined loop can then be read off from this staggered sched-
ule: the first (⌈L/I⌉−1) · I cycles correspond to the prologue,
the next I cycles correspond to the looping steady state, and
the remaining cycles are the epilogue that drains the pipeline.

Placing the modulo schedule for the running attention exam-
ple is shown in Figure 1e, where blue and purple correspond
to different copies of the schedule, and the dashed box gives
the steady state. Once the schedule has been constructed, it
can be used to generate code. Generated pseudocode for the
running example is shown in Figure 1f. An in-order execution
as written in Figure 1a completes 1 loop iteration every 3
cycles (Figure 1g), while the pipelined execution completes 1
iteration every 2 cycles after the prologue (Figure 1h).

Applying modulo scheduling to the running Flash Attention
example yields the exact pipeline developed by experts in
Flash Attention 3 [32] from only a high-level description of
the algorithm and machine.

3.2 Code Generation Challenges

For GPUs prior to Hopper, the modulo scheduled tile-level
program in Figure 1f could be lowered to single-threaded code
executing in a SIMT fashion, where each data-parallel thread
would execute the same program on disjoint subsets of the
tile of data. Unfortunately, most modulo schedules computed
for the functional units of a Hopper or a Blackwell GPU can-
not be realized as a single-threaded program in the standard
style. There are four confounding factors that regularly thwart
single-threaded code generation. First, and most commonly,
the scale of TCs in recent GPUs requires multiple warps to
cooperatively issue large GEMM computations. Most GPU
compilers are built on sequential intermediate representations
(e.g., LLVM and PTX) and are therefore ill-equipped to gen-
erate code for cooperative warps.

A second issue stems from the propensity of modulo sched-
ules to increase the working set size of computations to keep
live variables from multiple iterations of a program on-chip
concurrently. The combination of this natural memory pres-
sure of modulo schedules in conjunction with the larger quan-
tities of data needed to feed bigger TCs makes it challenging
to keep the working set of a computation on-chip. Most GPUs
have a strict upper bound of 255 registers per thread and
spilling data out of the register file often incurs a significant
performance penalty as the spilled data is unlikely to remain
in cache. Many single-threaded realizations of modulo sched-
ules for recent GPUs struggle to achieve peak performance
due to the cost of spilling.

A third complication is that some operations, such as trans-
fers through the multi-tiered GPU memory hierarchy, have
high variability in their execution times. While traditional
modulo scheduling suggests using an upper bound on such
costs [6], there is an implicit assumption that this upper bound
is roughly the same order of magnitude as other operations
in the schedule. However, operations like TMA transfers that
move tiles of data between global and shared memory may
have more than an order of magnitude difference between the
fastest and slowest possible execution times for the same trans-
fer. While these operations are performed asynchronously, the



Cycles

GEMM (TC)

EXP (SFU)

ADD (ALU)

GEMM.WAIT

Figure 2: Visualization of three operations using different
functional units scheduled on the same warp. The blocking
sync after GEMM interrupts the concurrent issue of EXP.

high dynamic range of potential latencies can foil attempts to
place synchronization instructions during code generation. In
particular, overestimation results in under-utilization, while
underestimation results in pipeline stalls during execution.

Finally, the fixed-function units on Hopper and Blackwell
have asynchronous interfaces that require explicit blocking
synchronization to consume results. Since GPU threads have
in-order instruction issue, blocking synchronization interrupts
the instruction issue of any concurrently scheduled operations
on the same warp. An example is in Figure 2, where a modulo
schedule requires an addition to consume the result of a GEMM,
while executing an independent EXP concurrently. Note that
all three occupy independent functional units. Executing all
operations from the same warp suffers degraded performance
as the GEMM.WAIT interrupts instruction issue for EXP.

Each of these four factors influence code generation for
modulo schedules to differing degrees depending on the prop-
erties of the particular program. Combating them in practice
necessitates a new approach to code generation.

3.3 Warp Specialization
Warp specialization [10,11] (WS) is a programming paradigm
that offers a solution to the code generation challenges en-
countered when trying to realize a modulo schedule on GPUs.
A warp-specialized program assigns operations to different
warps while ensuring that the warps cooperatively execute
the entire computation. WS is possible due to the hierarchical
grouping of threads within an SM. Since warps are SIMT, a
warp’s performance is maximized when all threads in the warp
issue the same instruction, and minimized when the threads
diverge. However, unlike threads, warps are independent from
each other and pay no penalty for control divergence.

While WS is commonly viewed as a separate optimization,
our insight is that WS is useful precisely because it directly ad-
dresses all of the code generation problems for SWP presented
in Section 3.2. First, WS naturally reasons about warps co-
operating and can ensure that subsets of warps cooperatively
issue TC operations. Second, by splitting the computation
across many warps, the computation can access the register
resources of many threads, yielding greater flexibility for fit-
ting the large working sets demanded by SWP on-chip. Third,
variable-latency operations can be separated onto dedicated
warps, instead of needing to be statically scheduled along-
side (and interfering with) fixed-latency operations. Finally,
splitting operations across warps allows some warps to issue

instructions while others are blocked on synchronization.
Since WS addresses the challenges of generating code for

SWP, it has gained significant adoption by both compilers [5,
13, 25, 35–37] and programmers [27, 32, 38]. However, there
are two complications. First, WS is not free and comes with
trade-offs involving communication of data between warps
and synchronizing access to both shared data and hardware
resources. Currently, all automated approaches that we are
aware of depend upon ad-hoc heuristics to decide these trade-
offs [13,35,37]. These heuristics often involve canonical warp
“roles” (e.g., loader and compute warps), or treat warps as
parallel “agents” to whom work can be dispatched. Without a
technical framework for understanding the optimality of these
heuristics, it is difficult to know if programs generated using
them are achieving peak performance.

The other significant complication to this approach is that,
even with WS, it might not be possible to synthesize a pro-
gram that actually achieves a modulo schedule. For example,
despite spreading a computation across as many warps as pos-
sible in an SM, it still might be impossible to fit the working
set demanded by a modulo schedule in the register file. Con-
sequently, treating the computation of the modulo schedule
and code generation using WS as two independent steps in
compiling a program can lead to sub-optimal code in practice.
To ensure that a modulo schedule can actually be realized, the
constraints for code generation using WS need to be directly
incorporated into the optimization process in conjunction with
those for traditional modulo scheduling.

4 Joint Optimization Problem

We now demonstrate how to solve the optimization problem
of finding a modulo schedule and a WS strategy simultane-
ously. The joint optimization problem is to take an input
program G = (V,E) and produce a modulo schedule with the
minimum initiation interval along with a WS strategy capable
of realizing the schedule. The result is a modulo schedule M∗,
initiation interval I∗ and warp assignment A∗, where A∗ is an
assignment of every v ∈V to a warp (or warps).

We approach this problem in two main steps. First, modulo
scheduling is used to derive an initial modulo schedule M
and initiation interval I that achieve the maximum through-
put while respecting the data dependence and functional unit
constraints. Then, M and I are used to seed a system of con-
straints that are supplemented with constraints for WS. The
system of constraints can then be solved by an SMT solver
to discover an M∗ and A∗ with the same I that respect the
requirements of both modulo scheduling and WS.

We use M and I to define an initial straight-line program Q
over which the constraint system is formulated. Q is obtained
using the code-generation procedure of modulo scheduling
from Section 3.2. Recall that ⌈L/I⌉ copies of M are over-
lapped, each offset I cycles from the previous, resulting in a
prologue, steady state and epilogue. Our insight is that we can



S0 = gemm(Q, K[0])

S1 = gemm(Q, K[1]), P0 = exp(S0)

O += gemm(P0, V[0]

P1 = exp(S1)

O += gemm(P1, V[1])

Prologue

Epilogue

Steady
State

0

1

2

3

4

5

{

}
}

Cycles

Copy 0 Copy 1

Associated op 
table entries

op[S,0,0] = T
op[S,0,1] = F
op[S,1,2] = T
op[P,1,4] = T

Figure 3: Straight-line code analyzed by Twill’s joint formu-
lation. Sample op table entries are to the left.

∀v, i ∑
t

op[v, i, t] = 1 (UNIQUENESS)

∀v, i ∈ [1,⌈L/I⌉) , t op[v,0, t]⇒ op[v, i, t + i · I]
(CONSISTENCY)

∀v, i, t t + cycles(v)> T ⇒¬op[v, i, t] (COMPLETION)
∀i, t,(u,v,d,δ) ∈ E, t ′ ∈ [0, t +d) op[u, i, t]⇒¬op[v, i+δ, t ′]

(DEPENDENCE)

∀t, f ∑
v,i,c∈[0,cycles(v))

op[v, i, t− c] ·RRT[v][ f ,c]≤ cap( f )

(CAPACITY)

Figure 4: Constraints enforcing a valid modulo schedule.

assume that the steady state executes exactly once, allowing
us to treat the three parts as a straight-line program with length
T . This assumption is sound, because it is permissible for the
steady state to execute exactly once, and complete, because
steady state executions are identical, and greatly simplifies
the constraints by obviating the need for any loop analysis.
An example program Q derived from the modulo scheduled
example in Figure 1 is shown in the right half of Figure 3.

4.1 Modulo Scheduling with Constraints
The goal of the joint problem is to find a modulo schedule M∗

that may be distinct from M but achieves the same initiation
interval. To do so, Twill must be able to modify M, necessitat-
ing a reimplementation of modulo scheduling in the form of
SMT constraints. Instead of modifying M directly, this reim-
plementation allows the modification of Q to Q∗ such that
Q∗ has the same initiation interval and length as Q, but may
be the result of a different modulo schedule. The constraints
to do so are given in Figure 4. We define a 3-D boolean
array such that op[v, i, t] indicates that operation v ∈ V of it-
eration i ∈ [0,⌈L/I⌉) was scheduled at clock cycle t ∈ [0,T )
in Q∗. The uniqueness constraint enforces that every oper-
ation is scheduled exactly once. The consistency constraint
ensures that Q∗ is obtainable from some modulo schedule.
The completion constraint requires all operations to finish be-
fore the last clock cycle T of Q∗. Finally, the dependence and
capacity constraints function identically to the correspond-

∀t,m ∑
v,i

live[v, i, t] · footprint(v,m)≤ capacity(m)

(MEMORY CAPACITY)

∀v (∃(v,u,d,δ > 0) ∈ E)⇔ live[v,⌈L/I⌉−1,T ] (INIT)
∀v, i, t (live[v, i, t]∧op[v, i, t])⇒¬live[v, i, t−1]

(LIVEPROP-1)

∀v, i, t (live[v, i, t]∧¬op[v, i, t])⇒ live[v, i, t−1]
(LIVEPROP-2)

∀v, i, t (¬live[v, i, t]∧
∨

(v,u,_,δ)∈E

op[u, i+δ, t])⇒ live[v, i, t−1]

(DEADPROP-1)

∀v, i, t (¬live[v, i, t]∧
∧

(v,u,_,δ)∈E

¬op[u, i+δ, t])⇒¬live[v, i, t−1]

(DEADPROP-2)

Figure 5: Memory Allocation Constraints.

ing constraints in modulo scheduling. We elide guards for
brevity, but assume that constraints referencing i ̸∈ [0,⌈L/I⌉)
are not emitted. Additionally, references to t ̸∈ [0,T ) of op
are mapped to false. A satisfying assignment of op induces a
valid Q∗ and M∗, where M∗(v) = t iff op[v,0, t].

4.2 Memory Aware Constraints

To ensure that the working set of a modulo schedule can re-
main on-chip, we introduce additional constraints that enforce
memory capacity, narrowing the set of valid instances of Q∗.
These constraints assume that Q∗ is in static single assignment
form (SSA) [8,16], where variables are defined once and have
lifetimes that end at the last use. We define a second boolean
array live[v, i, t], where live[v, i, t] = 1 when the result of the
i’th instance of v is live at time t. Using live, defining the
memory capacity constraint is straightforward and shown in
Figure 5, where the memory footprints and capacities are de-
fined by the input graph and machine model. The non-trivial
component of memory capacity is setting up the constraints
defining live[v, i, t]; this component cannot be discharged to an
external analysis, because changes to Q∗ affect when different
values are live. These constraints are shown in Figure 5, and
are derived from classic backwards dataflow algorithms for
liveness [6]. There are three groups of liveness constraints:
initial conditions, propagation of liveness, and propagation
of deadness. Initially, only the loop-carried results of the last
copy of each instruction are live at the last clock cycle of Q∗,
i.e. at time T . Liveness is then propagated backwards through
the straight-line program: if an operation’s result is live at
time t, it is live at time t−1 unless it was scheduled at time t.
Deadness is propagated in a similar way, where if the result
of an operation is dead at time t, it stays dead at time t− 1
unless a user of the operation is scheduled at time t.
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opw[v,w] = 1 (WARP UNIQUENESS)

∀v variable_latency(v)⇔ opw[v,Wvl ]
(VARIABLE LATENCY)

∀t,w ∑
v,i

live[v, i, t] ·opw[v,w] · regs(v)≤ reg_limit()

(REGISTER LIMIT)

∀(u,v,d,δ) ∈ E, t, i,w,w′ ̸= w,s ∈ [0,spillcost(u))
op[u, i, t]∧opw[u,w]∧opw[v,w′]⇒
¬op[v, i+δ, t +d + s]

(CROSS-WARP SPILLS)

∀(u,v,_,_) ∈ E, t,w, i,o ̸= v

op[v, i, t]∧opw[v,w]∧blocking(u,v)⇒
∀i′, t ′ ∈ [t− (cycles(o)−1), t], ¬(op[o, i′, t ′]∧opw[o,w])

(CONCURRENCY)

Figure 6: Warp Assignment Constraints.

4.3 Warp Assignment Constraints

Finally, we introduce constraints that influence WS decisions,
shown in Figure 6. We define another boolean array opw[v,w],
indicating whether operation v has been assigned to warp w;
opw directly defines the final warp assignments A∗. Similar
to op, we define a uniqueness constraint, stating that every
operation must be assigned to exactly one warp. This con-
straint is naturally extended to operations that span multiple
warps, such as the warp-group level operations on Hopper
and Blackwell.

The first constraint is the assignment of operations with
variable and statically-unknown latencies. These operations
are assigned to a designated warp Wvl , separating them from
the scheduling and placement of instructions with statically-
known and fixed latencies. The second constraint enforces
the register limit on each warp; the constraint is similar to the
capacity constraint in Figure 5, but scopes the summation to
each warp. This constraint forces a partitioning of V to stay
within register limits. However, data in the registers of warp
w cannot be accessed on warp w′ unless the data is transferred
(or spilled) through the shared memory. When data is spilled
across warps, a valid schedule must include the cost of the
transfer when scheduling the consuming operation; this ad-
ditional delay is captured by the cross-warp spill constraint.
We assume the cost of cross-warp communication is pro-
vided as an annotation on nodes in G. This constraint forces a
trade-off between memory capacity, latency and the costs of
cross-warp spills. The final constraint is the concurrency con-
straint, which captures the effects of blocking synchronization
interrupting the issue of concurrently scheduled operations.
Certain edges (u,v) are designated as blocking edges, indicat-
ing that blocking synchronization is required by v before the

results of u are accessible. The concurrency constraint states
that if an operation v, assigned to warp w and scheduled at
time t, requires blocking synchronization from an incoming
dependence, then no other operation can be scheduled to run
on w when v starts; this forces concurrent operations to either
be placed onto different warps or scheduled at different times.
While elided for brevity, the implementation includes a similar
constraint for cross-warp spills, as transferring register data
through shared memory requires blocking synchronization.

The entire system of constraints captures all the challenges
presented in Section 3 that can make a desired modulo sched-
ule impossible to implement in practice for recent GPUs. By
describing the space of solutions holistically with a unified
system of general constraints, we force the constraint solver to
reckon with all aspects of the scheduling problem simultane-
ously. Furthermore, as new machines are released, constraints
can easily be added, removed, and modified to reflect the
challenges presented in future architectures. Therefore our
approach provides a flexible framework for finding optimal
solutions to the joint problems of modulo scheduling and WS.

5 Implementation

To reify our approach, we introduce Twill, a system that com-
putes joint SWP and WS strategies for Triton [35] programs.
Twill extracts dependence graphs from a mid-level Triton
intermediate representation (IR) called TTGIR, which is a
tile-based, SSA IR with arithmetic on tiles and explicit data
movement. These graphs serve as the input program to Twill’s
optimization process as described in Section 4. Users of Twill
must also inform it of the target GPU architecture. The target
architecture is used to estimate costs of instructions and data
movement (discoverable via documentation [1] or direct mea-
surement), and to enable architecture-specific modeling, such
as declaring available memories or denoting operations that
require blocking synchronization.

As described in Section 4, Twill computes an initial mod-
ulo schedule by formulating it as an ZLP problem [34] and
dispatching it to the CBC solver [20]. Twill then uses the
resulting modulo schedule and initiation interval to seed the
system of SMT constraints. Twill discharges SMT queries to
the quantifier-free linear integer arithmetic (QFLIA) theory
of the Yices2 SMT solver [19]. Once a modulo schedule and
warp assignment have been discovered, Twill uses standard
code generation techniques to emit software-pipelined IR, an-
notating each instruction with the warp (or warps) that should
execute it. The resulting IR can either be consumed by down-
stream compilers that implement a specified WS strategy (e.g.,
Tawa [13] or Cypress [37]), or used by an expert as reference
for a manual implementation.



Algorithm 1 Twill’s Search Procedure

1: procedure TWILL(G)
2: I← 0
3: while true do
4: I← I +1
5: M← OPTIMAL-MODULO-SCHEDULE(G, I)
6: if M = failure then
7: continue
8: L← LEN(M)
9: while ⌈L/I⌉= ⌈LEN(M)/I⌉ do

10: (M∗,A∗)← SWP-AND-WS(G,M, I,L)
11: if (M∗,A∗) = failure then
12: L← L+1
13: continue
14: return (M∗, I,A∗)

5.1 Handling Unsatisfiability

Twill must handle the case when the constraint system is un-
satisfiable. Unsatisfiability indicates that some resource limita-
tion or concurrent interaction is preventing a modulo schedule
with the initial initiation interval I from being achieved. Simi-
lar to standard approaches in modulo scheduling [24], if the
constraints are unsatisfiable, Twill uses modulo scheduling
to find a new candidate schedule M′ with initiation interval
I +1, which is then used to seed the system of constraints for
another solution attempt. By searching monotonically from
the smallest possible initiation interval, we ensure discovery
of the highest throughput schedule that solves the constraints.
In addition to searching over candidate values of I, Twill also
searches over increasing values of L (the total schedule length)
that do not affect ⌈L/I⌉ at a given I. This search is depicted
in Algorithm 1.

5.2 Cost Normalization

A critical component of Twill’s implementation is cost nor-
malization, which renders the optimization problems solved
by Twill tractable. Consider the cycle counts computed from
publicly available documentation [1] for a 128x128x128
GEMM on Hopper—roughly 1000 cycles. A reasonable de-
pendence graph G = (V,E) may contain many instructions
with similar cycle counts. Optimal algorithms for modulo
scheduling and Twill’s joint formulation are not just exponen-
tial in |G|, but exponential in ∑(u,v,d,δ)∈E d. Therefore, directly
using estimated cycle counts results in intractable ZLP and
SMT problems.

Our solution relies on the observation that multiplying
every cycle count in a SWP problem by a positive integer
results in a new problem isomorphic to the original. It is
not the cycle counts that matter, but the ratios between cycle
counts. Therefore, we want to obtain new, smaller cycle counts
whose ratios are as close as possible to ratios of the original
cycle counts. Cost normalization encodes this intuition as an

ZLP problem (separate from the one for modulo scheduling).
Let the list of integers C be the original cycle counts. We

want to derive a new list of integers C′ such that C[i]/C[ j]≈
C′[i]/C′[ j] for all i, j. This is formalized as a constraint by
introducing a variable F that bounds the change in ratios. We
also bound the sum of C′ from above and below, the latter to
avoid the degenerate solution of all zeros:

∀i, j −F ≤C[i] ·C′[ j]−C[ j] ·C′[i]≤ F

1≤∑
i

C′[i]≤U

U is a user-defined integer parameter that controls the exact
trade-off between resolution of costs and running time of the
subsequent algorithm that actually calculates a modulo sched-
ule. Smaller values of U result in lower resolution (i.e., larger
change in ratios) and lower running times. Finally, the ZLP
objective is to minimize F . Twill uses the SCIP solver [22]
to find solutions because it was considerably faster than the
CBC solver [20] at such problems. In our experiments, we
pick U = 300 and find that SCIP is able to find the global
minima in under 500 ms in all cases. Early in the development
of Twill, we relied on an ad-hoc approach that divided each
cycle count by a fixed integer, followed by rounding to obtain
integer values. We found it difficult to keep this approach
consistent, even for the same program on different GPUs. In
contrast, framing cost normalization as an ZLP problem of-
fers a principled solution and is necessary for discovering
optimal schedules.

5.3 Variable Latency Optimizations

As discussed in Section 3.2, approximating the execution time
of variable-latency operations with a high dynamic range can
cause imprecision in static scheduling. While Twill offloads
variable-latency operations onto separate warps so they may
be dynamically scheduled, further optimizations are possi-
ble for variable-latency operations in the target loop depen-
dence graph that have no incoming data dependencies. We
refer to these variable-latency operations as streaming op-
erations. On separate warps, streaming operations can run
ahead of the main software pipeline and complete several
iterations before their results are needed. To reflect this, we
assign streaming operations zero latency in our cost models,
allowing dependent operations with statically-known laten-
cies to be precisely scheduled. We then expose the pipeline
depths for these streaming operations as parameters that may
be tuned by an external auto-tuning system; exposing such pa-
rameters for dynamic tuning is commonplace among existing
TC GPU programming systems [5, 15, 27, 33, 35, 37]. Many
critical compute-bound kernels contain streaming variable-
latency operations (like TMA loads of input tiles), warranting
optimization of this important case.



5.4 Limitations and Future Work
Currently, our implementation of Twill only supports singly-
nested loops without additional control flow. This limitation
could be lifted through the use of hierarchical reduction tech-
niques from the software pipelining literature [24], which we
leave as future work. While Twill derives an optimal pipeline
with respect to the constraints presented so far, the tile size is
not automatically determined by Twill, and must therefore be
selected by a human or a higher-level auto-tuning system. As
we will see in Section 6.4, the solution times of Twill’s joint
problem range from tens of seconds to a few minutes. Fast
solution times are a non-goal of our approach; we trade-off
solution times for an optimality guarantee. We envision a
system like Twill serving as a developer aid or as an offline
optimization tool used prior to deployment, rather than being
run continuously during interactive development. Despite this
being a non-goal, in practice we find the solvers used by Twill
to be highly optimized and capable of producing competitive
search times as we will demonstrate.

6 Evaluation

We do a thorough evaluation on two important kernels from
the machine learning literature, and show that Twill is able
to derive SWP and WS strategies for multiple generations
of NVIDIA GPUs automatically and from first principles.
Twill is the only system we are aware of that is capable of
doing so without heuristics tailored for each GPU generation.
We then implement these strategies and show the achieved
performance is competitive with hand-tuned implementations
(Sections 6.2 and 6.3). Finally, we discuss the search times of
Twill (Section 6.4).

6.1 Methodology
Kernel selection. We focus our evaluation efforts on
compute-bound kernels that require utilizing both the TC and
general-purpose functional units on the SM. Hence, we focus
on the critically important forward and backward passes of
Fused Multi-Head Attention, which have received significant
human effort in developing SWP and WS strategies [32, 38].
The backward pass requires a significantly different loop struc-
ture than the forward pass and thus demonstrates Twill’s flex-
ibility in discovering different strategies.

Evaluation Platforms. We evaluate Twill on NVIDIA Hop-
per and Blackwell GPUs. We use a NVIDIA H100 SXM5
80 GB and a NVIDIA B200 180 GB. All experiments use
CUDA 13.0. Search times were recorded on a single core of
a Intel Xeon Platinum 8570.

Experimental Setup. Twill schedules dependence graphs
extracted from Triton programs. Initially, we intended to use

Twill within Triton and let Triton generate code from Twill’s
SWP and WS strategies. However, there are many additional
(and orthogonal to Twill) critical decisions and optimizations
that must be performed correctly to achieve high performance
on modern GPUs. We found that Triton made many incor-
rect decisions during code generation, such as in memory
allocation, data layout conversions or synchronization place-
ment. As a result, Triton was either unable to successfully
compile Twill’s pipelines, or resulted in poorly performing
code. To demonstrate the performance of schedules found
by Twill, we instead “hand-compile” Twill’s pipelines into
CUDA C++. This process involved translating the pipelined
and warp-annotated IR emitted by Twill into CUDA that im-
plemented the specified strategy while allowing us to cor-
rectly make the remaining (and orthogonal) lowering steps.
Automating all of these remaining steps in an optimal manner
requires significant engineering and further research; as such,
it is out of scope for this work.

6.2 Attention Forward Pass

The forward pass of FMHA has been the focus of signifi-
cant optimization over multiple generations of GPU hardware
through the Flash Attention (FA) algorithms [17, 18, 32, 38].
We focus on FMHA on Hopper and Blackwell, targeted by
Flash Attention 3 (FA3) [32] and Flash Attention 4 (FA4) [38]
respectively. For both architectures, novel SWP and WS strate-
gies were required for peak performance and were discovered
by humans months after each architecture was released. We
demonstrate that Twill automatically rediscovers the same
strategies across different architecture generations.

We started with the Triton tutorial [29] implementation
of FA, a high-level implementation of FA without additional
optimizations. A Triton program describes the decomposition
of work for each SM. For Twill’s joint approach to SWP and
WS, we sub-tile the computation for the TC instruction sizes
of the target hardware. This sub-tiling allows Twill to control
scheduling and warp assignments at the appropriate level
of granularity; Triton’s IR only implicitly reasons about the
decomposition of tiles onto multiple warps. We discuss these
results in depth, focusing on each architecture in turn.

6.2.1 Hopper

FA3 [32] introduced two main techniques for optimizing
FMHA on Hopper. The first technique was a software pipelin-
ing schedule for the main loop that extracts one GEMM into
the loop’s prologue so that latency of the exponential is not
exposed (seen in Figure 1). The second technique was called
ping-pong scheduling, which schedules the GEMM from one
sub-tile while the exponential from another sub-tile executes,
again increasing TC utilization. We show how Twill automat-
ically derives both optimizations.

Figure 7 contains results for different implementations of
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forward FMHA on Hopper. The bars “Triton” and “Triton-
Tiled” report the performance of Triton executing the tutorial
implementation of FA and the sub-tiled version. As discussed
in Section 6.1, Triton makes many suboptimal decisions dur-
ing compilation. The “CUDA-Default” bar reports the perfor-
mance of our “hand-compilation” of Triton IR into CUDA
C++, which yields a moderate speedup over Triton. The first
Twill result we discuss is the “Twill-SWP” bar, which just
uses Twill’s modulo scheduling (i.e., only running OPTIMAL-
MODULO-SCHEDULE in Algorithm 1) to software pipeline
the main loop and applies Triton’s WS strategy, which puts
loads from global memory on a separate warp than the rest
of the computation. This results in a significant performance
boost, coming within 1% of the official FA3 implementation at
the 16384 sequence length. If algorithms like modulo schedul-
ing were used within systems like Triton, this component of
FA3 would not have needed human discovery. Finally, the
“Twill” result uses Twill’s joint formulation of SWP and WS
(i.e., running the entirety of Algorithm 1). Twill’s functional
unit capacity constraints recover the ping-pong scheduling
strategy described in FA3: since only one operation may use
the TC at a time, Twill skews groups of warps so that one
issues exponentials while the other uses the TC. Twill discov-
ers the software pipeline used in FA3, but applies it only to
one warp group, determining this to be sufficient to saturate
the functional units. While the final implementation of this
version performed slightly worse than Twill-SWP, the two
initially performed equivalently (roughly 645 TFLOPS), but
an orthogonal optimization (TMA multicasting) benefited the
modulo-scheduled implementation more. On Hopper, multi-
ple warps are interleaved dynamically to issue work into the
TC and other functional units, naturally gaining ILP and less-
ening the burden on the quality of static instruction scheduling.
We will see next that this is no longer true on Blackwell.
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6.2.2 Blackwell

Blackwell requires substantially different SWP and WS strate-
gies than Hopper due to a faster TC and a larger set of required
synchronization operations (Tensor Memory loads and stores).
The set of Blackwell results is shown in Figure 8.

As for Hopper, we include Triton results for the tutorial
and sub-tiled versions. Our direct translation of Triton IR
to CUDA performs worse than Triton on Blackwell because
Triton’s Blackwell backend heuristically applies the FA3 SWP
strategy. When we apply modulo scheduling and Triton’s WS
strategy for Hopper, we match Triton’s performance, but are
far from the best implementations.

Twill’s joint optimization of SWP and WS finds a strategy
that performs significantly better than Triton and competi-
tively with cuDNN and FA4. In fact, the discovered strat-
egy is exactly the same as proposed by FA4 [38]! Twill’s
strategy combines a different software pipeline than Hopper
with specific warp assignments and cross-warp communi-
cation. Twill’s WS strategy is shown in Figure 9, using a
visualization generated by Twill for the actual dependence
graph obtained from Triton IR for this program. Twill places
variable-latency operations (green) and TC GEMMs (pink)
onto separate warps, softmax calculations for each sub-tile
onto two different groups of warps (blue and orange), and
accumulator rescaling operations for both sub-tiles onto a
third group of warps (yellow).

This strategy does not comport to conventional warp roles
like “loader” and “compute” warps. The reasoning behind
this strategy is opaque without considering the associated
software pipeline. The pipeline hoists the first GEMM for
each sub-tile out of the loop like FA3. In the main loop, the
pipeline schedules the exponential for one sub-tile during
the GEMMs for the other sub-tile (like ping-pong schedul-
ing), all while the sub-tile’s accumulator is being rescaled.
The rescaling is moved to a third group of warps because
reading accumulators from Tensor Memory requires blocking
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Figure 9: Twill’s dependence graph showing the discovered
forward WS strategy for Blackwell. Colors indicate instruc-
tions assigned to the same group of warps.

synchronization; placing it on the warp issuing exponentials
disrupts the pipeline. However, moving the rescaling to a
third group of warps incurs cross-warp communication, as it
needs data produced by the softmax warps — Twill schedules
around this latency and synchronization. Our implementa-
tion of this schedule comes within 2% of FA4 on the 16384
sequence length.

We now return to other kernel variants in Figure 8. Tri-
ton has heuristics to replicate the FA4 strategy by moving
accumulator rescaling to a separate group of warps. Applying
these heuristics to our purely software-pipelined implemen-
tation (“Twill-SWP-Triton-WS”) or our default translation
(“CUDA-Triton-WS”) yields no benefit, showing that jointly
considering SWP and WS is critical for peak performance.

The final compelling component of our Blackwell results
are modifications which render the SMT problem unsatis-
fiable for the smallest I which makes the ZLP succeed in
Algorithm 1, forcing a search over larger values of I and L.
These modifications include:

• Reducing the number of warps.
• Using the tutorial Triton implementation directly. With-

out sub-tiling, the instruction granularity is not fine
enough for interleaving.

• Prohibiting cross-warp communication.
The variety of unsatisfiable configurations demonstrates the
complexity of the search space for finding high performance
SWP and WS strategies. Twill provides a technical framework
for reasoning about and navigating this complex search space
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while guaranteeing optimal results.

6.3 Attention Backward Pass

We now move to the backward pass of FMHA. The backward
pass is significantly different from the forward pass, requiring
different SWP and WS strategies. We did not use the Triton
tutorial implementation of the backward pass, as it uses a
work-inefficient two-pass algorithm. Instead, we implemented
the single-pass backward algorithm as described in FA3 [32]
in Triton, allowing us to directly compare against cuDNN and
the reference FA implementations. The single-pass algorithm
consists of five GEMMs and one exponential, followed by an
atomic reduction into global memory. Similar to the forward
pass, we also implement a sub-tiled version of the algorithm.

6.3.1 Hopper

Hopper results are shown in Figure 10. Similar to forward
on Hopper, our port of Triton IR into CUDA achieves a per-
formance boost over Triton and performs competitively with
cuDNN on the highest sequence length. Backward attention
on Hopper is register constrained, and thus FA3 [32] does not
construct a software pipeline that exploits ILP across iteration
boundaries. Twill found a similar schedule: it exploited ILP
within a loop iteration but could not do so across iterations
due to register capacity. Twill’s findings confirm that the de-
velopers of FA3 did not miss potential performance with their
software pipelining strategy. We believe the reference FA3
implementation beats ours by 11% on the 16384 sequence
length by using a slightly larger tile size (80x128), allowing
for the use of larger GEMMs. Triton only supports power-of-
two tile sizes, so we were not able to construct IR with the
same tile size, but there is no fundamental reason that Twill
cannot handle tile sizes that are not powers of two.
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6.3.2 Blackwell

Blackwell results are shown in Figure 11. Triton was unable
to generate code for Blackwell, as it is currently unable to con-
struct Tensor Memory allocation strategies that contain alias-
ing. The FA4 strategy for Blackwell [38] uses three groups of
warps: two groups read accumulators from Tensor Memory to
apply exponentials, and the last group stages accumulators in
shared memory for the outgoing atomic reduction. Twill finds
a different strategy using only two groups of warps which
ping-pong between performing exponentials and staging re-
duction data (“Twill”). Despite our own inspection confirming
the schedule should fit within the register-per-thread budget,
ptxas was unable to register allocate this code without signifi-
cant register spilling in the main loop, degrading performance.
We then ran Twill with a reduced register-per-thread bud-
get and three groups of warps, and it found the essentially
same strategy as FA4. ptxas succeeded register allocating
this version, yielding the small speedup over the default im-
plementation (“Twill-LR”). Additionally, this configuration
achieved a smaller initiation interval (Table 1) than the first
strategy. This example shows the tightly-knit nature of the
optimization space. It is difficult to reason about the usage of
registers and warps in a separable manner; the necessary joint
reasoning is best performed by automatic solvers.

The overall difference between Blackwell backward im-
plementations is relatively small; the high throughput of the
Blackwell TC renders the single-pass algorithm bandwidth-
bound, limited by the completion of the atomic reduction
at each iteration. However, Twill finds a similar SWP and
WS strategy that hides some exposed latency present in a
direct port of the Hopper backward strategy. We believe the
remaining performance differences to be from orthogonal op-
timizations around memory layouts and instruction selection
in the well-tuned reference implementations.

6.4 Search Time

While optimizing search time is not a primary goal of Twill,
we measured it to demonstrate that solutions can be found
in reasonable intervals of time that are comparable with ex-
isting solutions. Search times for all experiments are shown
in Table 1 along with the minimum and final values of I
and L. “SWP time” and “SWP-and-WS time” in the table
refer to the total time spent in calls to OPTIMAL-MODULO-
SCHEDULE and SWP-AND-WS in Algorithm 1 respectively.
Twill’s search times range from tens of seconds to a few min-
utes, which is reasonable for an offline system that provides
an optimality guarantee for performance-critical kernels that
will ultimately be deployed at scale. These times are com-
petitive with existing solutions such as PipeThreader [14],
which exhaustively searches a proposed space of SWP sched-
ules. PipeThreader reports discovering the Hopper strategy
for the forward pass in 315 seconds while Twill discovers the
same strategy in 28 seconds, an order of magnitude faster. Our
speedup over PipeThreader demonstrates that, despite their
generality, modern ILP and SMT solvers are highly efficient
at searching over and pruning large search spaces rapidly. We
contrast PipeThreader with Twill in more detail in Section 7.2.

One final interesting observation is the difference in mini-
mum and final values of I discovered by Twill for the back-
ward B100 kernel. The larger final value of I demonstrates the
existence of a kernel on a particular machine for which it was
impossible to discover a WS strategy for the initiation interval
predicted purely by modulo scheduling. This validates our
claim from Section 3.3 that SWP and WS should always be
handled jointly when determining an optimal schedule, as
combinations of kernels and target machines clearly exist that
necessitate a holistic approach and it is impossible to predict
in advance when they might occur.

7 Related Work

7.1 Tensor Core GPU Programming

The combination of widely varying expertise in GPU pro-
gramming and the desire for diverse and high-performance
machine learning computations has led to a large ecosystem
of programming systems for targeting TC GPUs. We provide
a survey of this space of systems.

Below deep-learning frameworks like PyTorch [30] or
JAX [12], domain-specific languages (DSLs) like Triton [35],
Pallas [5] and CUDA Tile [15] provide abstractions for op-
erating on tiles of data. The compilers for each language are
then responsible for generating efficient code, often achieving
moderate to high performance. Slightly lower-level DSL’s
like TLX [25] and TileLang [36] also expose tile-based pro-
gramming models, but provide more control over optimiza-
tions. Gluon [28] is a Triton extension that exposes the Triton
low-level intermediate representation (IR) to the program-



Benchmark Total time (s) SWP time (s) SWP-and-WS time (s) Min I, Min L Final I, Final L

Fwd H100 28 3 25 40, 60 40, 60
Fwd B100 18 1 17 14, 27 14, 27
Bwd H100 84 2 81 30, 38 30, 41
Bwd B100 LR 48 15 32 15, 32 15, 33
Bwd B100 242 41 201 15, 32 20, 33

Table 1: Twill search time and results. Note: values of I, L are incomparable across programs due to cost normalization.

mer. Gluon programmers gain some automation from fur-
ther lowering of this IR, but retain control over optimiza-
tions like memory allocation and WS. Cypress [37] is a
task-based programming model that allows programmers to
express the decomposition of computation and data across
the GPU. Cypress provides a separate mapping interface to
control performance-sensitive decisions without affecting cor-
rectness. Finally, systems like ThunderKittens [33] and CUT-
LASS [27] provide the developer complete control, leaving
no performance-sensitive decisions to an automated system.

7.2 Software Pipelining
Pipelining for CPUs. Software pipelining is a classic and
well-understood optimization for CPUs, critical for extracting
enough instruction level parallelism to saturate the machine.
Even for modern out-of-order processors, software pipelining
can improve instruction throughput by filling the processor’s
reorder buffer with independent instructions. Compaction-
based [7] pipelining algorithms logically unrolled the tar-
get loop until a fixed-point pipeline is discovered. Modulo
scheduling [24, 31] pipelining algorithms model steady state
resource usage with a modulo table data structure. Modulo
scheduling algorithms are amenable to the derivation of op-
timal solutions through the use of Integer Linear Program-
ming [21,34]. Twill shows how to adapt traditional modulo
scheduling techniques for Tensor Core GPUs.

Pipelining for Tensor Core GPUs. ALCOP [23] does SWP
of loads with compute, and is therefore insufficient to derive
pipelines that overlap compute operations, like FA3.

PipeThreader [14] finds an SWP strategy by defining
a space of programs and then searching over it, profiling
each candidate to find the fastest. In contrast, Twill takes a
constraint-based approach where the space is implicitly de-
fined by the constraints and the search is executed by highly-
optimized solvers. Moreover, Twill does not rely on profiling—
our approach is static and instead relies on publicly available
specifications to estimate operation latencies. A compari-
son of the search times of Twill and PipeThreader is pre-
sented in Section 6.4. Apart from higher search times, because
PipeThreader relies on the conventional, heuristic approach to
WS involving the creation of producer and consumer warps,
it cannot derive the Blackwell warp specialization strategy.

Finally, perhaps the most important distinction between Twill
and PipeThreader is that PipeThreader cannot provide any
optimality guarantees for the schedules it finds.

7.3 Warp Specialization

The GPU programming technique of WS was introduced
before NVIDIA GPUs contained TCs. CUDA-DMA [10]
leveraged WS to separate data movement between global and
shared memory from computation, achieving higher mem-
ory bandwidth. Singe [11] partitioned combustion chemistry
computations across warps to shrink the register-level work-
ing set of each warp, allowing large chemical reactions to be
simulated without spilling.

Since Hopper, WS has become ubiquitous in high-
performance TC kernels. Programming systems for TC GPUs
offer many different layers of control around WS. High-level
systems like Triton [35], Cypress [37] or Tawa [13] heuristi-
cally define a WS strategy, and then automatically transform
the source program to implement chosen strategy. Mid-level
systems like TLX [25] allow specifying a WS strategy through
source-level annotations, and then implement the strategy
through transformation algorithms within the compiler. Fi-
nally, low-level systems like Gluon [28], ThunderKittens [33]
or CUDA C++ require users to both define a WS strategy and
realize it in low-level code. Twill focuses specifically on the
problem of defining a WS strategy, which all other existing
systems perform through machine-specific heuristics or by
relying on programmer intuition.

8 Conclusion

We presented Twill, a system that discovers optimal SWP
and WS strategies for Tensor Core GPUs. Twill presents a
novel joint formulation of SWP and WS that can be offloaded
to ZLP and SMT solvers, deriving the complex strategies
that experts have found by hand for multiple generations of
GPUs. We additionally show that approaches that consider
these optimization strategies separately are unable to achieve
peak performance.
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