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Transition System

T: (V,L,6y,0,7T)
V. variables, with domain domain(V")
L: locations
/o: initial location
f: initial condition — assertion 6(V)
7 transitions

(l,m,p) €T

¢: pre-location

m: post-location

p: transition relation — assertion p(V, V')




Example: Transition System

Qi =0;
while (...) {
1 =1+ 1;

}

Ty ({i: R}, {lo}, bo, i=0, {{lo,lo,i" =i+1)})

H/_/\.\/T

% L T




Example: Transition System

@ n > 0;
for(i:=0;i<mn;i:=i+1) {
for(j:=i—1,72>0;j:=75-1) {

~~

TQZ <{i,j,n:R}, {60,61}, 60, EZO N\ TLZQ, {7’1,’7’2,7’3}>

% L

1: (o, b1, i<n ANi'=i AN j=i—1 A n'=n)
To: (U1, b1, 720N =i N j=j—1ANn"=n)
m3: (U1, bo, <O ANV =i+1 AN j =5 AN n =n)

domain(V) =R xR xR




Computation

o= (1,7, (0 T5), (07, 73), . ..
o (/' ;)
— el
— T; € domain(V)
e initially:
— 1t =Y
- 0(z1)

e consecution:

(Vi > )3, m,p) € T)(' =L A LT =m A p(Ti, Tiy))

Example: ({7: R}, {{o}, b0, 1 =0, {7: (b0, bo, ' =1+ 1)})
(Lo, (i : 0)), (o, (i : 1)), (Lo, (i : 2)),...




Example: Computation

)

for(i:=0;i<mn;i:=i+1) {

Q@n>0;:
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Collecting Semantics

C-L — 2domain(V)

e map from locations to subsets of domain(V)

e C(/): the set of values (in domain(V)) that occur at ¢ during

some computation:

z el

0
(30’ — <€1,fl>, <£2,fg>, <€3,fg>, . )(32)(61 =0 A T; = f)

Example: ({i: R}, {{o}, o, i1 =0, {7: (lo, by, V' =1+ 1)})

Clly)={(i:n) : ncZ"}




Example: Collecting Semantics

T : ({i,j,n:R}, {60,61}, 50, 1 =0 A nZO, {7’1,7’2,7'3}>

T1: (o, b1, i<n ANi'=i AN j=i—1 AN n'=n)
T2 . (61,61,]'20/\73’:2'/\]":]'—1/\n’zn)
T3 . <€1,€0,j<0/\7j’:i—|—1/\j’:j/\n’:n>

C({y) {(i:1,j:J,n:N) : 0<I<N AN IT€eZ}

0<I<N A -1<J<I

C(4y) (it:1,5:J, n:N) :
NI, J el




Assertion Map

p: L — AV)

e map from locations to assertions over V'

S - .A(V) N 2domain(V)

e map from assertions to subsets of domain(V)

e S(p)={7 € domain(V) : o(T)}

Example: ({i: R}, {lo}, bo, i =0, {7: (o, Lo, " =i+ 1)})
o ,LL(KO) 7 Z 0
e S(i>0)={(i:n) : neR"}




Invariant Assertion Map

Assertion map
p:L — A(V)

such that
(Ve e L)(C(£) € S(u(£)))

i.e., u(f) is an over approximation to C(/).
Alternately,

(V¢ € L)(Vx € domain(V))(z € C(£) — n(f)(T))

Example: ({i: R}, {lo}, bo, i =0, {7: (o, Lo, ' =i+ 1)})
e C(ly)={{i:n) : neZT}C{{i:n) : ne RT} =8(u(t))

e so u(fp): i >0 is an invariant map




Example: Invariant Assertion Map

0<i
0<i A —1<

2, n:N) : 0< 1}
2, n:N) : 0<I<N AN TeZ}
cJ,n:N) : 0<T N -1 J}

0<T<N A -1<J<I
ANLLJET

{4 18 an invariant map:

C(lo) € S(u(fo)) and C(f1) € S(u(f1))




Inductive Assertion Map

Assertion map
p:L — A(V)
such that

Initiation

0 = n(b)
i.e., (VT € domain(V))(0(%) — u(y)(T))

Consecution for all (¢, m,p) € T

ul) A p E p(m)

i.e., (Vz, 7’ € domain(V))(u(0)(Z) A p(z, ') — wpim)(@))




Example: Inductive Assertion Map

<{ZR}, {EO}, by, 1 =0, {7’ : <€0, lo, i :Z—|—1>}>

w(lp) : ¢ >0 1is an inductive map:
Initiation 0 = u(4y)

(Vi) i=0 — ¢2>0)

Consecution u(fy) N i’ =1+1 = uly)

(Vi,i')(i>0 A i =i+1 — ¢ >0)




Invariants: In Pictures

Inductive over-approximation

Over-approximation
Reachable states




Example: Invariant vs. Inductive Invariant

13 : <{n : R}v {20}7 607 n =1, {<£07 607 n' = _n>}>
e Collecting semantics: C({y) = {(n: —1),(n: 1)}

e Invariant map: pui(dp): n <1

— C(fo) € S(p1(fo))
— But not inductive:
(Vn,nY(n<1 An =-n — n' <1)
is invalid — consider n = —3, n’ = 3.

e Inductive map: us(4g): —1<n<1

— C(by) C S(p2(bo))
— Initiation: (Vn)(n=1 — —-1<n<1)

— (Consecution:

(Vn,n)(-1<n<1 An=-n— —1<n <1)




Example: Invariant vs. Inductive Invariant

<{TL . R}, {go}, 607 n — 1, {<£0, fo, n’ — —n>}>

In pictures:

All are invariants, but only C({y) and —1 < n < 1 are inductive.




Post
post : A(V) x T — A(V)

e map from assertions and transitions to assertions

e general definition:

post(p, ((,m, p)) = (37°)(p(@°) A p(T°,T))

e post(yp, 7) holds on the T-successors of p-states

Example: ({i: R}, {lo}, bo, i =0, {7: (o, Lo, ' =i+ 1)})
post(p(lg), 7) = post(i >0, T)
= (Jio)(io >0 A i=1ig+1)

&S 12> 1




Inductive Map Using Post

Initiation
0 = p(bo)

Consecution for all (¢, m,p) € T
post(u(£), (¢, m, p)) = p(m)

Example: ({i: R}, {lo}, bo, i =0, {7: (o, by, " =i+ 1)})
Initiation 0 = u(4y)

(Vi)i=0 — i>0)

Consecution post(u(4g), 7) E u(lp)

(Vi)((Fig)(ip >0 A i =1ig+1) — i>0)

0

Vi)i>1 — i>0)




Example: Inductive Map Using Post

pOSt(,u(fo), Tl)
:pOSt(Oézv <€07 617 ZS?’L A Z/:Z A ]/:Z_]‘ A n/:n>)

= (Fig,n0)(0<ig A ig<mg A i=1ig A j=ig—1 A n=ng)
—0<i Ai<n A j=i—1
}:,u(fl) OSZ N —1§]

pOSt(,LL(fl),TQ) =0<71 AN -1
=u(l): 0<i A =1<y

post(pu(f1),13) = 1<i A —1<j
= ulbo) = 0 <74

= 1 is an inductive map.




Forward Propagation (FP)

FP(T : (V,L,0y,0,7))
,u(ﬁo) =0
w(f) = false for £ € L\ {{p}
Q = {lo}
while (|Q| > 0) do
(= choose( )
for each 7 = (¢, m, p) € T do

it post(u(£),7) = p(m)

then ,u(m) = pu(m) V post(u(f), 1)

= QU {m}
done

done

If FP terminates, then the computed p is an inductive map.

In fact, S(u(€)) = C(4).




FP: In Pictures

Initial states One step




FP: Remarks

e Computing
post(u(£),7) = p(m)
requires checking FOL validity in general — undecidable!

e No guarantee of convergence.
Example: ({i: R}, {lo}, bo, i =0, {7:{lo, bo, i' =1+ 1)})
— Initially: u(ly) :=0 = ully) :=i=0

— After N iterations:

N
post(\/i—n, 7')

n=0




FP: Finite State Systems

Claim:
FP is an algorithm for computing the collecting semantics of

Boolean circuits.

1. post(u(f),7) = p(m) is decidable (PL validity).

2. pu(f) can change only a finite number of times:
o If post(u(f),7) = w(m), then S(u(m)) becomes larger
(n(m) := p(m) V post(u(f),7)).
o |2domain(V)| — 22" ig finite.
e S(u(f)) can only increase a finite number of times.
Applications:
e Explicit-state model checking: compute sets of bit-vectors.

e Symbolic model checking: represent sets with Boolean formulae

(BDD representation).




FP: Infinite State Systems (General Programs)

1. Computing
post(u(£),7) = p(m)

is undecidable in general.

= Choose decidable assertion domain (e.g., Tg, 17, etc.).

2. FP does not converge in general.

= Guess approximating assertion (widen).




Assertion Domains

Goal: Make post(u(f),7) E p(m) decidable.

Domains:

e Intervals: conjunctions of simple inequalities

/\Ez <z, <wu; for Ei,ui c RU{—O0,00}

e T : conjunctions of affine equations (Karr’s analysis)
Z A;T; = b
J
e Tk: conjunctions of affine inequalities (polyhedra)

Zajxj Z b

J




Assertion Domains

e 77: conjunctions of affine inequalities

ZCLjSEj Z b

J

e Boolean combinations of fixed set of predicates

(predicate abstraction)

{x >0,z < —=3,null(a),...} null(a) V >0




Outline

0. Static Analysis

= 1. Interval Analysis

2. Karr’s Analysis




Interval Domain

Representation:
e R=RU{-00,00}

o Lu|l=1[l1,u1] X X [ln,u,]
where [1,u] for I, u € R”

e (00, —00] is the canonical representation of the empty interval
— [0, u] where £ > u = |00, —00]
— convention: |00, —o0| 4 [—00, 00| = [00, —)]

Domain element: [1, u]

clu & /\:1:@ i, u;] < /\K < x; <uy

)




Interval Arithmetic

Standard manipulations, e.q.:
min[l, u| = ¢
max/[l, u] = u
1, ur] + [l2, ua] = [€1 + lo,uy + u2]

for a constant c,

/1, >0
0[517’&1] _ [C 1 Cul] C =2

lcui,cly] ¢ <0




Interval Logic

e Disjunction:

xr € [61,’&1] V x &€ [62,’&2] < I € [ﬁl,ul] U [62,?1,2]

~ & € [min(fy, &), max(ur, us)]

Called the interval hull. Over approximation!
Ex: [1,3] U [5,00] = [1, o0]

e Conjunction:

Tr € [61,’&1] N T € [62,”&2] =< T € [El,ul] M [fg,ug]

<~ T EC [maX<€17€2>7min<ulau2)]

\

Ve

[00,—oo] if necessary

Ex: [1,3]N[2,00] = [2,3]




Post: Assignment

Use basic operations to define post efficiently:

post([l,u], =} = Zajxj A /\ T, = 1;)

j ik

:U;CEZaJKJ,uJ A\ /\ZIL‘Z i, ug]

1#£k

1#£k

[El,ul] X oee minZaj Ej,uj ,maXZaj[Ej,uj]] cee X

J J
\ - 7
Vv

Tk

Example:
post([—1,3] X [5,00], ] =21 A x5 = T2 + 3x1)

= [—1,3] x ([5,00] + 3]—1,3]) = [—1,3] x [2, ]

Cns un)]




Post: Assignment

If the assignment cannot be handled within interval domain:

post([l,u], ;. =7 A T, = ;)

= [l1,u1] X - -

Example:

post([—1,3] x [5,00], ] =21 A x5 = x9 + £(3771))

= [-1, 3] x [—00, ]




Post: Guard

post([lLu], axzy >b A T =7) fora>0

= (3z°) (fo clLul A 2} € [Z

= [1,u1] X - [max (sz, é) amiﬂWk:aOO)] e X s U
a

v~
Lk

Similar for az; < b and axy = b, for a > 0.
Ex: post([1,3] x [-2,9], zo >0 A T =%) = [1,3] x [0,9]

If the guard cannot be handled within interval domain:

post([Lu], ? A ' =7) = [L,u]

Ex: post([1,3] x [-2,9], 22%2=0 AN T'=7%) =




Post: Guard

General affine guard:

post([Lu], ¥ ajz; >b A T =7)
J

= (3@ [ cLu] A ) ajz;>b A T=7"
j

max » a;[lj,u;] >b A T € [Lu]

J
[1, 11] if maxzj aj[ﬁj,uj] Z b

(00, —o0]™  otherwise

Example:
post([—00,0] X [1,00], 21 > 22 A T =T) = [00, —00] X [00, —00]

post([—00,100] x [1,00], z2 > 21 A T =T7) = [—00,100] x [1, 0]




Post

In interval domain,
e post maps hypercubes to hypercubes
e post can be computed efficiently — no QE
e post(u(4),7) E wp(m) can be checked efficiently:
(Vz)(7Z € 1}, ul] — 7 € [1%,u?))

)
AW =6 A uf <uf)

)

i.e., check containment [1,ul] C [12, u?]



Example
Ts: ({n:R}, {b}, bo, n=1, {{lo, o, n' = —n)})
e 1u(lo) :=[1,1]
° pOSt([l, 1], <€0,€0,n’ — —n)) — [—1, —1]

— post(u(l),7) = p(m)?
No: [-1,-1] Z [1,1]

- :LL(BO) = [17 1] U [_17 _1] — [_17 1]

° pOSt([—l, 1], <60,€0,n/ — n}) = [—1, 1]

— post(u(l),7) = p(m)?
Yes: |[—1,1] C [—1,1]

u(lo) =[—1,1], i.e., u(fp) : —1 <n <1 is an inductive map.




Convergence

<{ZR}, {Eo}, by, 1 =0, {7’ : <€0, lo, i :Z—|—1>}>
e M@O) c= [070]
e post([0,0], (fo,fo,i' =i+1)) =[1,1]

— post(u(l),7) = p(m)?
No: [1,1] £ [0, 0]

o :LL(KO) = [070] U [17 1] — [07 1]

o post([0,1], (£o, b0, =i+ 1)) =[1,2]

— post(u(l),7) = pu(m)?
No: [1,2] € [0, 1]

— p(fo) = 10,1] U [1,2] = [0, 2]

e After n iterations: u(¢y) := [0,n|U[1,n+ 1] =[0,n + 1]

FP does not converge on interval domain!




Widen
Goal: Guess over approximation to force convergence.

Interval widening:

o [l1,u1] WV [lo,ug] =[la <l 7 —o00 t by, upg >uy T oo i u

Vo Vo
ite(b2<l1, —o0, £1) ite(ug>u1, 0o, uy)

e Special case: widening with empty interval:

[OO, _OO] \V4 [67 u] — [67 u] \V4 [OO, _OO] — [007 _OO]

Extend component-wise to [1}, ul] v/ [12, u?].

Examples:
:174] \V4 [17 5] — [17 OO]
:174] V [Ov 5] — [_007 OO]

:OO, _OO] V [Ov 5] — [007 _OO]




Widen Step

Suppose
post(u(€), ) = p(m)

after many (how many?) iterations of FP.
Instead of

pu(m) == p(m) v post(u(£), 7)
do

p(m) := p(m) 7 (u(m) V post(u(£),7))

Remark:

1 is still an inductive map on termination of FP, but

C(/) € S(u(f)) in general (instead of C(£) = S(u(¥))).



Widen: In Pictures

Two steps

. i.f{
|

Initial states

One step Widen 1, 2




Example: Widen
<{Z : R}, {EO}, lo, 1 =0, {7’ ; <€0, lo, i =1+ 1>}>
e 1(fo) := 0,0
e post([0,0], 7) = [1,1]

— post(u(€), 7) = p(m)? No: [1,1] £ [0, 0]
- :LL(KO) = [070] U [17 1] — [Ov 1]

e post([0,1], 7) =[1,2]
— post(u(f), 7) = p(m)? No: [1,2] £ [0,1]
= (o) = [0,1] 7 ([0, 1] U [1,2]) = [0, o0]
e post([0, <], 7) = [1, 0]
— post(u(€),7) E u(m)? Yes: [1,00] C [0, 0]

w(ly) = [0,00], i.e., u(fy) : i > 0 is an inductive map.




Standard Procedure

1. (Domain) Fix representation of class of assertions.
Ex: [1, u]

. (Post) Define post efficiently with respect to domain.
Efficient definition must be over approximation of true post.
Ex: post([l,ul, )

. (Entailment) Define efficient check of post(u(£),7) = u(m).

Ex: [I1,ul] C [12, u?]

. (Disjunction) Define over approximation of disjunction.
Used in step u(m) := pu(m) V post(u(f), 7).
Ex: [1},u'] U [12,u?] (interval hull)

. (Widen) Define widen operation if FP does not converge.
Ex: [I',u'] 7 [I?,u’]




Outline

0. Static Analysis

1. Interval Analysis

= 2. Karr’s Analysis




Motivation

Qi1 =1i9=k=0;
while (...) {
if (...) {
11 =11 + 1;
k:=k+1;
h

else {

19 1= 19 + 1;
k:=k+1;

i
} <{7:177:27k : R}: {60}7 607 7:1 — 7:2 =k = 07 {7_177_277_3}>

T1: tp=i14+1 Nib=iys N K =k+1
To: =11 Nioa=1is+1 N K =k+1

Goal: Deduce 71 + 19 = k.




1. Domain

T - <V: {ml,...,xn},L,€0,9,7>

Conjunctions of affine equations:

m
A | D iz =i
i=1 \ j

Dual representation:

1. (Constraint)

for A € R™*™, be R™,
2. (Vertex) Basis X of Az =1b.




2. Post

o post(S, ) =) ;a;x; +b A N\ ® = 4)
— Application of affine transformation to affine space S.
— Use vertex representation.
o post(S, z =7 AN Ajp 7 = i)
— Non-affine assignment.
— post(S, ), =7...) = post(S, 2, =0...)Upost(S, z, =1...)
— U defined below.

e post(S, > ;ajz;=b N T =T7)

— Conjunction of two affine spaces (S and ), ajz; = b).

— Use constraint representation.

e post(S, ? A T =7) =S5 (non-affine guard)




» 4, 5

3. Entailment
post(u(f),7) E u(m)
Check S; C 55.

Use both representations.

4. Disjunction
Affine hull of the union of S; and S5.

Use vertex representation: X U X5

5. Widen
If S; C Sy, then dim(.S1) < dim(S3).
dim(S) < n.

= FP converges on domain of affine equations.

= Widening is not needed.




Background: Linear Equation Ax =0

Az =0
e Ais an m X n matrix, i.e., A € R™*"

e x is an n vector, i.e., x € R"

e 0is an m vector, [0 --- 0]T

For us, A € Qm*™.

Example:




Background: Linear Space

Set of vectors:
Represent set of R™ vectors

by n X k matrix

Notation: |X| =k

Linear space:

Z)\jiEj : m > 0, Q?jEX, )\jER
j=1

X is a basis if for all x € X, z & lin(X — {x}).
If X is a basis, then | X| < n.




Background: Affine Equation Ax = b

Axz =0
e Ais an m X n matrix, i.e., A € R™*"

e x is an n vector, i.e., x € R"

e b is an m vector, i.e., b € R"

For us, A € Qm™*™, b€ Q™.

Example:




Background: Affine Space

Affine space:

aff(X) = 9> Nz; : m>0, 2/ € X, \;ER, Y =1
j=1

j=1

X is a basis if for all x € X, x & aff(X — {z}).

If X is a basis, then | X| <n + 1.

What is the difference between linear and affine spaces?
All linear spaces contain the origin (0).

An affine space need not contain the origin.




Background: Elementary Operations

1. Interchange two rows.
2. Multiply row by nonzero scalar.
3. Add one row to another.

Applying elementary operations to A in
Az =0

does not change the set of solutions.

Applying elementary operations to [A b] in

Axr =b

does not change the set of solutions.




Background: Row-Reduced Echelon Form (RREF)

e FEach nonzero row has 1 as first nonzero entry.

e For column in which 1 is leading for a row, other entries are O.
e Zero rows (if any) are at bottom of matrix.

e “Stairstep” pattern.

Example:




Background: Solving Ax = 0

Solution to Ax = 0 is null space of A,
y € lin(null(4)) & Ay=0
Computing null(A):
e Put A in RREF.

e Free dimensions: {fi,..., fr} s.t. no leading 1 in column f;.

e Construct basis B:
— By, ;=1
— for ) =ntoldo
1. if row j is all zeros, B;; =0 for i« & {f1,..., fe}

2. else some column ¢ is leading 1: solve for xz; = ) ay fx
3. Bj,k = Qg

4. substitute ) ay fx for x; in rows 1 to j — 1




Example 1: Az =0

3
1

2
0

e Free dimensions: {3}




Example 1: Az =0

e Construct basis B:
= [?771]"

332—%33320 — 5132:%563

B, = [?7:1]"

substitute into row 1: no change
J=1

= null(4) =[-223]T




Example 2: Az =0

3 0 2

{302}:>{10

e Free dimensions: {2,3}




Example 2: Az =0

e Construct basis B:

7 7]
— By 1 7
701




Background: Solving Ax = b

Put [A b] in RREF.
Solve from RREF for one solution z.
Compute null(A) (extract from RREF).

Construct basis B:

{2z} U{z+2x : ze€null(A)}

Call B the solution basis, soln(A,b).

y € aff(soln(A,0)) < Ay =25b




Example 3: Az =b

e RREF:

3 0 2| -1
1 1 0] 0

e Solve for z:

— Free variables: {x3}. Let x5 = 1.

—372—%(1) % = o =1

1 +:i(1)=-3 = z =-1

= z=[-111]T




Example 3: Az =b
e null(A)=[-223]"

e Construct basis B:

/




Example 4: Az =b

5 0 9]

e Solve for z:
— Free variables: {xo,z3}. Let zo =1, 23 = 1.
—n+:i(1)=—-3 = 1 =-1
= z=[-111]T




Example 4: Az =0

(

\

soln(A,b) = B




Duality

Two representations of a linear space.
Ar =0 & z € lin(X)
e Ax =0 is the constraint representation.

e X is the vertex representation.

Two representations of an affine space.

Az =b & z € aff(X)

e Ax = b is the constraint representation.

e X is the vertex representation.



Duality: Changing Representation (Linear)

Az =0 = =z €lin(X)

X = null(A)

Az =0 < z €lin(X)

Set up equation:




Duality: Changing Representation (Affine)

Arx =b = =z € aff(X)

Given constraint representation Ax = b of affine space S.

Define

c2v(A,b) def soln(A,b)

Then X = c2v(A,d) is a vertex representation of S.




Duality: Changing Representation (Affine)

Arx =b < =z € aff(X)

Given vertex representation X of S.
Set up equation:

Define v2c(X) to return A, b.
Then for A,b =v2c(X), Az = b is a constraint representation of S.




Basic Operations

Given: Two affine spaces 51, S5.
Intersection

Sll Alx = bl
SQZ AQQZ‘ = bg

= SlmSQ:

reSiNS, & (33631 A\ ZCESQ)

Union (Affine Hull)

Sli X1

= S1US: XjUXy (ie., X1 X3
SQI X2

(xESl V xESQ) = € S51US5y




Basic Operations

Containment
= 5, C5;: (VQ?EX)[AQ?:I)]
SQ . Ax = b

SiCS iffxesS = xe€ 5.
Use to implement convergence check post(u(f),7) = p(m).

Transformation For transform z; =a'xz + b and S : X,

[xp = a'z+b]S1 = {[z1- - 2p_1 a'z+b Tppr---xn]' : x € X}

Minimization Minimize representation.

S: Az = b
minc(A, b) def v2c(c2v(A, b))

S: X
minv(X) € c2v(v2e(X))




Post: Assignment

Affine assignment:

post(S, z, =a'x+b A v =2;) = [z =a'z+0b]S
k 1
ik

Non-affine assignment:

post(S, xp, =7 A /\ T, = ;)
ik




Post: Guard
Affine guard:

post(S, a'x =b A T =7)

Non-affine guard:

post(S, ? AN T =T)




Example

<{i1,’i2,kIR}, {EO}, fo, ’il :’ig :k’:O, {7’1,7'2,7'3}>
T1: y=i1+1 ANib=ia N K =k+1
To: =191 N io=i0+1 N K =k+1

post((4o), 1) | post(p(fy), m2)




Example: Comments

1. w(ly) (I=0=1=07 No.)
1(lo) (0=1=1=07 No.)
= (o) V post(u(£o), 7'1) V post(u(fo), 72)

1) = p(fo)
72) = p(fo)

. Convergence.

plug columns into i1 + i = k)

(
(

plug columns into i1 + i = k)




