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Part I: FOUNDATIONS

1. Propositional Logic(PL)



Propositional Logic(PL)
PL Syntax

Atom truth symbols T(“true”) and L(“false”)
propositional variables P, Q, R, Py, Q1, Ry, - - -
Literal atom « or its negation —«
Formula literal or application of a
logical connective to formulae F, Fi, F>
-F “not” (negation)
FF AN F  “and” conjunction)
F VvV F o Yo" disjunction)
Fi — F, “implies” implication)
Fi < F, “if and only if"  (iff)

(
(
(
(



Example:

formula F: (P A Q) — (T V =Q)
atoms: P,Q, T
literal: =@
subformulas: P A Q, T V =Q
abbreviation

F:PANQR — TV 2Q



PL Semantics (meaning)

Sentence F + Interpretation /| = Truth value

(true, false)
Interpretation

I : {P > true, Q — false,---}

Evaluation of F under [:

F| —-F
—“; where 0 corresponds to value false
0 1 1
true
1 0

F1‘F2HF1/\F2‘F1\/F2‘F1—>F2‘F1<—>F2

00 0 0 1 1

01 0 1 1 0
110 0 1 0 0
1)1 1 1 1 1



Example:

F:PANQ — PV =Q
I : {P  true, Q — false}

(Ple]-Q[PAQ[PV -Q|F]
[(1foff1 ] o [ 1 [1]

1 = true 0 = false

F evaluates to true under /



Inductive Definition of PL's Semantics

| = F if F evaluates to true under /
I ¥ F false
Base Case:
I E T
I B L
I = P iff I[P]=true
I ¥~ P iff  [[P] = false
Inductive Case:
I = —F iff | = F
/):Fl/\Fz ifF/):FlandI':Fz
I):F1VF2 |fFI):F10rI):F2
Il E R — F ifffifl = Fithen ! = F
Il E L« F ifff | E FRand | E F,
orl &£ Frand | = F
Note:
/%F1—>F2 iff I':Flandlb&Fz



Example:

F:PAQ— PV -Q
I: {P — true, Q — false}

1. I = P

2. | ¥~ Q

3. 1 E -Q

4. | ¥ P AQ
5. 1 E PV =Q
6. | E F

Thus, F is true under /.

since /[P] = true

since /[Q] = false

by 2 and —

by 2 and A

by 1 and V

by 4 and — Why?



Satisfiability and Validity

F satisfiable iff there exists an interpretation / such that | = F.
F valid iff for all interpretations I, | = F.

| F is valid iff =F is unsatisfiable|

Method 1: Truth Tables

Example F:PANQ — PV =Q
(PQIPAQ[-Q]PV -Q]F]

00 0 1

O =IO =

1
01 0 0 1
10 0 1 1
11 1 1 1

Thus F is valid.



Example F:PVvV Q — P AN Q

PQIPVQ[PAQ[F
00 0 0 1
01 1 0 0
10 1 0 0
11 1 1 1

Thus F is satisfiable, but invalid.

« satisfying /
«— falsifying |
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Method 2: Semantic Argument
Proof rules

| E -F | W —F
I = F | = F
I = FAG I ¥ FAG
I = F I = F I ¥~ G
l|:G<_and “or
I E FVG I ¥ FvG
I'=EF | I EG T'¥EF
I ¥~ G
|l = F—-G I ¥ F—G
I~ F | I EG I = F
I = G
| = F—G | - F—G
I E FAG I = FVG I = FA-G | | E -FAG
| = F
I = F

TE L
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Example 1: Prove

F: PANQQ — PV -Q

is valid.

Let's assume that F is not valid and that / is a falsifying
interpretation.

ok wbhH=

T ™ T T
[ vl ol e B e B!
<> >

Thus F is valid.

Q
Q

—

Q

assumption

land —

land —

2and A

3and V

4 and 5 are contradictory



Example 2: Prove

F: (P - Q AN(Q — R) - (P — R) isvalid.
Let's assume that F is not valid.
1. I ¥~ F assumption
2.1 E (P - Q) N (QR — R) land —
3.1 ¥ P — R land —
4. | E= P 3and —
5. I ¥~ R 3and —
6. I E P — Q 2 and of A
7.1 E Q- R 2 and of A



Two cases from 6

8a. I ¥ P 6 and —
9. | E L 4 and 8a are contradictory

and
8. I E @ 6and —

Two cases from 7

9ba. /

Ko Q 7 and —
10ba. | E L

8b and 9ba are contradictory

and

9b. | E R 7and —
106b. | E L 5 and 9bb are contradictory

Our assumption is incorrect in all cases — F is valid.
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Example 3: Is
F: PV Q — P A Q valid?

Let's assume that F is not valid.

1. I PV QR —PANRQ assumption
2.1 E PVQ 1land —
3. 1 ¥ PARQ land —

Two options

4a. | = P 2and V 4b. | E Q 2and V
5a. | K~ @ 3and A 5b. | [ P 3and A

We cannot derive a contradiction. F is not valid.

Falsifying interpretation:
h: {P — true, Q@ — false} h: {Q +— true, P — false}

We have to derive a contradiction in both cases for F to be valid.

1 1



Equivalence

F1 and F, are equivalent (F; < F)
iff for all interpretations I, | &= F, < F;

To prove F1 < F, show F; < Fp is valid.

F1 implies F, (F1 = F2)
iff for all interpretations I, | = F, — F;

Fi < F> and F; = F» are not formulae!
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Normal Forms

1. Negation Normal Form (NNF)

Negations appear only in literals. (only =, A, V)

To transform F to equivalent F' in NNF use recursively
the following template equivalences (left-to-right):

-—f & A -T & L -1 < T

—\(Fl A F2) & —F VvV oak
De Morgan's Law
—\(Fl V F2) & -F AR
FR— F & -FV F
FR < Fh & (F1 — F2) AN (F2 — Fl)

Example: Convert F: (P — =(P A Q)) to NNF

F':=(=P Vv =(P N Q)) — to V
F":==P A ==(P A Q) De Morgan's Law
F":P AP AQ -

F"" is equivalent to F (F"” < F) and is in NNF
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2. Disjunctive Normal Form (DNF)
Disjunction of conjunctions of literals

\/ /\Eu for literals ¢; ;
iJ

To convert F into equivalent F' in DNF,
transform F into NNF and then
use the following template equivalences (left-to-right):

(F1 vV Fz) AN F3 & (Fl A F3) V (F2 A\ F3) } )
Ist

F1 A (F2 Vv F3) = (Fl A F2) Vv (Fl A\ F3)
Example: Convert

F: (@& V -=Q) A (-Ri — R)into DNF

F (Q]_\/Q2)/\(R]_\/R2) in NNF
F" - (Ql/\(Rl\/Rz))\/(Qz/\(Rl\/Rz)) dist
[ (Ql/\Rl)\/(Ql/\RQ)\/(QQ/\Rl)\/(Q2/\R2) dist

F"" is equivalent to F (F"” < F) and is in DNF



3. Conjunctive Normal Form (CNF)

Conjunction of disjunctions of literals
/\ \/E,-,j for literals /; ;
i

To convert F into equivalent F' in CNF,
transform F into NNF and then
use the following template equivalences (left-to-right):

(Fl A\ F2) V 3 & (Fl V F3) AN (F2 V F3)
Fi Vv (F2 AN F3) & (Fl vV Fz) AN (Fl vV F3)



Davis-Putnam-Logemann-Loveland (DPLL) Algorithm
Decides the satisfiability of PL formulae in CNF

In book, efficient conversion of F to F’ where

F’"is in CNF and
F’ and F are equisatisfiable (F is satisfiable iff F’ is satisfiable)

Decision Procedure DPLL: Given F in CNF

let rec DPLL F =
let F/ =BcP F in
if F/ =T then true
else if F/ = 1 then false
else
let P = CHOOSE vars(F’) in
(pPLL F'{P+— T}) V (DPLL F/{P+— 1})

Don’t CHOOSE only-positive or only-negative variables for splitting.



Boolean Constraint Propagation (BCP)

Based on unit resolution

l C[~f] <« clause

L] where ¢ = P or { = —-P

throughout

Example:
F:(-PVQRQVRIANFQRVR)A(-QV-R)A(PV-QV -R)

Branching on @

F{Q — T}: (R) AN (-R) A (P V —R)

By unit resolution
R (=R)
L

F{Q — T} = L = false



On the other branch
F{Q — L1}: (=P V R)
F{Q — L,R— T,P — 1} = T = true

F is satisfiable with satisfying interpretation

I: {P — false, @ — false, R — true}

F

(R) A (#R) A (P V =R) (=P V R)
R (=R) |R»—>T
T P
P +— L

I: {P +— false, Q +— false, R +— true}



