Termination

BUBBLESORT: Partial Correctness

If BUBBLESORT terminates, then it returns a sorted array.
@pre T
@post sorted(rv, 0, |a] — 1)
int[] BUBBLESORT(int[] ag) {

int[] a := ag;

for (inti:=la|—1;i>0;i:=i—1) {

for (int j:=0;j<¢j5:=75+1) {
i£ (alj] > alj +1]) {

int t := a[j];
alj] == alj +1J;
alj +1] =1
}
}
}
return a;

BUBBLESORT: Termination

Does BUBBLESORT always terminate?

@pre T
int [] BUBBLESORT(int[] ap) {
int[] a := ag;
for (inti:=|a|—1;i>0;i:=i—1) {
for (int j:=0;j<¢;5:=5+1) {
if (alj] > alj+1]) {

int ¢ := alj];
alj] == alj +1J;
alj + 1] :=t;
}
}
¥
return a;

}

BUBBLESORT: Termination

Well-founded (Z* x ZT, <)
S <

Q@pre T
int [] BUBBLESORT(int[] ag) {
int[] a := ao;

for OL; : (+1>0)] (i +1, i+1)
(inti:=la|—1;i>0;i:=i—1) i 5
for OL, : (i—5>0Ai+1>0)](i+1,i—7)
(int j:=0;j <@ j:=j+1) p2 52
if (alj] > alj +1]) {
int ¢ := alj];
alj) = alj +1];
alj +1] =t

) W;: supporting invariant

return a;

}

0;: ranking function




BUBBLESORT: Supporting Invariants

Path (5)
Ly :i—j>0AN1+12>0 (1)
assume j > i;

—i-1 -4+1>0
1:=1 ; -~ )
@L;:¢+12>0 Ha

(1)
(5) (2)
(L2 )~

G—j>0Ai+1>0

122
(3), (4)
i—j>0ANi+1>0Aj>i = (i—1)+1>0
[
K2 1)

BUBBLESORT: Ranking Functions

Bounded below: @

e iy = 01>0 (1)
oy = 6>0 @ ((+1>0) | (i+1, i+1)

|51 51
Decreasing: (5) (2)

°* p AT =0y < by @ (i—7j>0Ni+1>0)| (i+1, i—j)

® [io N\ T3 :>5§<52 P 59

® [io N\ Ty :>5§<52
(3), (4)

o s ATy = 0] < b

BUBBLESORT: Bounded Below

e i+1>0 = (i+1,i+1)>0
S——— ———
H1 51

¢ i—j>0ANi+1>0 = (i+1,i—j) >0

H2 d2

BUBBLESORT: Decreasing

Path 2

OL;:(i+1>0)| (¢ +1,i4+1)
assume 7 > 0;

J =0

@Ly:(i—j>0ANi4+1>0)] (GE+1, i—7)

i+1>0Ai>0 = (i+1,i-0)<(i+1, i+1)
N—_——

M1 2 01




BUBBLESORT: Decreasing

Path 3/4

@Ly:(i—j>0ANi4+1>0)] (GE+1, i—7)
assume j < 4;

ji=g+
@Ly:(i—j>0 Ai+1>0)](@G+1,i—7)

i—i>0Ai+1>0Aj<i =

(i+1,i—G+1)<(@+1, i—7)

P

%5

BUBBLESORT: Decreasing

Path 5

@Ly:(i—j>0ANi4+1>0)] (GE+1, i—7)
assume j > ;

1:=1—1;

@L,:(i+1>0)] (i+1, i+1)

i—j>0Ni+1>0Aj >0 =

((—-D+1, -1+ <(@i+1,i—7)

s 5o
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BINARYSEARCH: Partial Correctness

If array a is sorted and BINARYSEARCH terminates,
then it returns T iff it contains e in positions [¢, u].

Opre 0 < /¢ A u < |a| A sorted(a,0,|a] —1)
Q@postrv < Fi. £<i<u A afij=¢
bool BSEARCH(int[] «, int ¢, int u, int e) {
if (¢ > u) return false;
else {
int m := ({+u) div 2;
if (a[m] = e) return true;
else if (a[m] < e) return BSEARCH(a,m + 1, u, e);
else return BSEARCH(a, ¢, m — 1,¢);

BINARYSEARCH: Termination

Does BINARYSEARCH terminate for ¢, u, and a satisfying the

precondition?

Opre 0 < ¢ A u < |a
bool BSEARCH(int[] «, int ¢, int u, int e) {
if (¢ > u) return false;
else {
int m := (£ +u) div 2;
if (a[m] = e) return true;
else if (a[m] < e) return BSEARCH(a,m + 1, u, €);
else return BSEARCH(a,{,m — 1,¢);
}
}
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BINARYSEARCH: Termination
Well-founded (Z*, <)

@preu—f+1>0
@post T
l(u—0+1)
bool BSEARCH(int[] a, , int e) {
if (¢ > u) return false;
else {
int m = ({+u) div 2;
if (a[m] = e) return true;

else if (a[m] < e) return BSEARCH(a,|m + 1,u |, €);

else return BSEARCH(a,|¢,m — 1 | e);
}
}

BINARYSEARCH: Termination

(<u = u—((({+u)div2)+ 1)+l <u—~L+1

m—+1

14

(0+0) div 2
(04 u) div 2 since ¢ < u

IN

A

({+wu)div2+1
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BINARYSEARCH: Termination

(<u = (l+u)div2)—1)—L+1<u—L+1

m—1

w=(u+u)div 2
> ({+wu)div 2 since ¢ < u
> ({4wu)div2—1

BINARYSEARCH: Termination

Path 1:

Opre (u—¢+1>0)| (u—¢+1)

assume ¢ < u;

m:= ({+u) div 2;

assume am] # e;

assume a[m] < ¢;

Opre (u—L+1>20){{—=m+1} | (u—L+1){{ —»m+1}

(<u = u—(((L+u)div2)+1)+1<u—~+1
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