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BINARYSEARCH: Motivation

bool BINARYSEARCH(int[] a, int e) {
return BSEARCH(a, 0, |a| — 1, e);

}

bool BSEARCH(int[] a, int ¢, int u, int e) {

int m;
if (¢ > u) return false;
else {
m = ({ +u) div 2;
if (a|m| = e) return true;
else if (a|m]| < e) return BSEARCH(a, m + 1, u, e);
else return BSEARCH(a,¢,m — 1,e);

}
}

Does BINARYSEARCH return true iff a contains e?




BUBBLESORT: Motivation

int [] BUBBLESORT(int[] a) {
int 7, 7, t;
for (i :=la|—1;i>0;i:=i—1) {
for (j:=0;j<i;j:=j+1) {
£ (alj] > alj +1)) {
t = aljl;
alj] := alj +1J;

Does BUBBLESORT return a sorted array?




Motivation

Goal: Prove programs correct.

Strategy: Analyze programs as mathematical objects.

e Translate program and specification
to set of transition systems.

e Analyze each transition system.

Specification: Statement of what program should do.




Transition System
T:(V,0,0,7T)
e variables V =F U FyU LU {rv}

local variables £

formal parameters F
return value rv

variables to hold initial values of formals Fj
e precondition O : ({g, 0)
— initial location ¢j

— assertion 6 over F

e postcondition 2 : (£, w)

— final location /¢

— assertion w over Fo U {rv}




Transition System

T:(V,0,0,7)

e variables V

precondition © : (£, 0)

postcondition 2 : (£, w)

transitions 7°
transition 7 : (0,0, p,) € T

— location ¢
— postlocation ¢’

— transition relation p,, an assertion over V UV’
V" hold the values of V in the next state




BINARYSEARCH: Transition System

@pre |a| > 0 A sorted(a,O0,|a] — 1)

Opost rv < (Ji € |0, |a] —1]) ali] =€

bool BINARYSEARCH(int[] a, int e) {
return BSEARCH(a, 0, |a| — 1, e);

}

Opre 0 < /¢ A u < la|l A sorted(a,O0,|a| —1)
Opost rv <« (Ji € |[{,u]) afi] =e
bool BSEARCH(int[] a, int ¢, int u, int e) {

int m;
if (¢ > u) return false;
else {
m = ({ + u) div 2;
if (a|m| = e) return true;
else if (a|m]| < e) return BSEARCH(a, m + 1, u, e);
else return BSEARCH(a,¢,m — 1,e);




BINARYSEARCH: Transition System

@pre |a| > 0 A sorted(a,O0,|a] — 1)

Opost rv « (Ji € |0, |a] —1]) ali] =e

bool BINARYSEARCH(int[] a, int e) {
return BSEARCH(a, 0, |a| — 1, e);

}

’! ay=a N ey =¢€ A l|alp =|al
T :
0 Pro A ! = BSEARCH(a, 0, |a| — 1,e) A pres(...)

pres(V): preserve values of V' C V

pres(...): preserve values of unmentioned variables of V




BINARYSEARCH: Transition System

Opre 0 < /¢ A u < la|l A sorted(a,O0,|a| —1)
Opost rv « (Ji € [{,u]) afi] = e
bool BSEARCH(int[] a, int ¢, int u, int e) {

int m;

if (¢ > u) return false; @

else {
T1,72,73, T4

m = ({4 u) div 2;

if (a|m| = e) return true; @
else if (a|m]| < e) return BSEARCH(a,m + 1, u, e);
else return BSEARCH(a,¢,m — 1,e);




BINARYSEARCH: Transition System

Let wo: ag=a N =0 N uy=u N ej=e. @

AN L>u AN v =false A pres(
IO + 0 P T1,72,73,T4

0o N L<u AN m =

A v/ = true A pres(..

0o N L<u AN m =

A v/ = BSEARCH(a,




BUBBLESORT: Transition System

@pre |a| >0
@post sorted(rv, 0, |a| — 1)
int [] BUBBLESORT(int[] a) {
int 1, 9, t;
for (i :=la|—1;i>0;i:=i—1) {
for (j:=0;j<d;j:=j+1) {
it (aj] > aj +1]) {

t:=aljl;
alj] = alj + 1]




BUBBLESORT: Transition System

{a,la|,ao, |alo, i, J, t,rv}, (€, @pre), (£ s, @post), {To, T , Ti , To, Ta, T5 })
e

o, L1, pry)

g 52,,0717“>
g prr)

ts 52,,0721>

by 52,PT§>

la, {1, ,072>

<
<
(1
<
<
<




BUBBLESORT: Transition System

Pro . ap=aA|al" =|alo Ai =]a] —1 A pres(...)

p.r: i >0AN75 =0Apres(...)

1

p.r: T <OAW =aApres(...)

1

j<iANalj] >alj+ 1Nt =alj]
ANa =aljalj+1)][f+1:alf]]Aj =4+ 1Apres(...)

j<iNalj]<alj+1]Aj =7+ 1Apres(...)

j>iANi =i—1Apres(...)




Translation: pi to a Transition System

One function at a time.

Variables:

o V=FUFyULU{rv}

Locations:
e entry location £
e final location /;

e one location per loop




BUBBLESORT: Locations

@pre |a| >0
@post sorted(rv, 0, |a| — 1)
int [] BUBBLESORT(int[] a) {
int 7, 7, t;
for (t:=la|—1;0>0;0:=i—1) {
for (j:=0;j<i;j:=j+1) {
it (alj] > alj + 1) {
t:=aljl;




Translation: pi to a Transition System

Transitions:
e one per straight path of statements

e entry transition 79 : ({g, -, -)
— assign v, = v for v € F
— initialize other variables

— straight path to first (if any) loop
e exit transitions (end in return): assign rv’

Example:

(lo, 1, ay=a A |a|'=lalp N V" =]a] —1 A pres(...))

(01, by, 1 <0 A W =a A pres(...))




Translation: Assignments

Variable assignment, for v € V and expression e(V):

li: v:i=e; by

4
(l1,02,v" =e N pres(...))

(1: ali] == e; lo

4
(1,02,0" = ali:e] N pres(...))

ali : €] is the array a with position ¢ modified to e.

pres(V): preserve values of V' C V

pres(...): preserve values of unmentioned variables of V — U




Examples: Assignments

ms: m = (£ 4+ u) div 2;
4

T3 1 (mg,mg, m’ = L% A pres(...))
ls: alj + 1] = t;

4

T30 (€3,04,a" =alj+1:t]] N pres(...))




Translation: Branches

A branch produces two transitions.

(1: if (e) {fy: ...} else {l3: ...
4
(01,05, €)
(01,03, —e)

where e()) is a Boolean expression.




Example: Branches

my: if (£ > u)
U

i {my,mae, £>u A pres(...))

i i {my,ms, £ <u A pres(...))




Translation: Loops

while loops:
e Treat similarly to if: two branching transitions.

e Handle postlocations of break statements, continue

statements, and final statement in block according to usual

semantics.

for loops:




Translation: Composing Transitions

Composition of transitions

<€17€27 /07‘1>; <€27€37 p7'2>

(1,23, pry © pry)

where

\ .

Pre © Pry = ((EIV/)[IOH N praiV ViV — VN}]) {V” — V/E

assertion over YV U )’

There has to be a better way.




Translation: Composing Transitions

Write p, as guard and update:
pr: GOV) AN UV UV

7

A, vl=ei (V)

Write update as a substitution:

Define inverse:




Interlude: Substitutions

E i’UZ' — GZ}E

substitution

In expression e, replace
each variable v; with expression e;

simultaneously.

Examples:

(x <3+ y){x « z}
(x <3+ y{x —2+1}

(x <3+ yHz —y,y«—x}



Interlude: Substitutions

For substitutions A1 and A2, the composition Ay o \q
has the effect of applying first A1 and then \s.

If
o A\ = {u; < e}
o Xy ={v; < fi}
then

Ao oA ={u; — e At U{v; — fi + v; #u, for any j}

Write e(Az 0 A1) as (eA1)A2 or e(A100As).




Interlude: Substitutions

Examples:

(z+y){y —o+1}o{z —y+1})
=(x+y{r—(r+1)+1L,y—x+1}
=((z+1)+1)+(x+1)
=2x + 3

{t —alj]} o {a—alj:alj+1]]}

={a +alj : a[j +1]],t < a[j]}

{a —alj:alj+1]],t —alj]} o{a —alj+1:1]}
={a—alj:alj +1]]l7 +1:alj]],t — alj]}




Interlude: Substitutions

Composition of substitutions is associative.

A ={u; — e} Ao = {v; — fi} A3 = {w; «— gi}

A3o(AaoA) = Azo({u; —eda} U {vi—fi + vy Zu;})
= {u; — (e;X2) A3} U {v; «— fids : v Zu,;}
U{w; « gi + w; £ uj, w; £v;}

({vi < fixs} U {w; «—¢gi + w; Zv;})o N
iui — 61'(>\3 O )\Q)k U {Uz' — fz)\g . U; ?é Uj}

Ve

compute directly
U{w; < gi @ w; £ uj, w; Zv;}

= )\30()\20)\1):<)\30>\2)O)\1

= Compose forwards or backwards — no difference!




Translation: Composing Transitions

Composition of transitions

<€17€27 107‘1>; <€27€37 p7'2>

Prqy Gl/\Ul )\1 IS(Ul)
Pry - GQ A\ U2 )\2 = S(Ug)

<€17 637 /07'>

pr = G1 N Gady A S_l()\lo)\g) A\ pres(...)

Composition of substitutions is associative.
= Composition of transitions is associative.
= Compose forwards or backwards — no difference!




Example 1: Composing Transitions

l1: y:=x+1; T1: (1,029 =x+ 1 Apres(...))
lo: x =y + 1; To @ (lo, 03, 2" =y + 1 Apres(...))
631

;70 = (1, 03,2 =x+2 ANy =x+1 N pres(...))

:S(Ul) — {y<—l‘—|—1}
:S(UQ) — {:1:<—y—|—1}
Mo ={r—(r+1)+1,y—ax+1}

G1 = Gy = true
sTiAoX) = 2 =2+2 ANy =2+1
U
Gi1 N GaA1 A S_l(>\10>\2) = =x+2 A y’:ac+1




Example 2: Composing Transitions

my: if (£ > u) c{my,ma, £>u...)
Z<m1,m3, €§U>

: return false; : (ma, my, rv' = false...)
{tu )
5L

:m = ({+u) div 2; : (ms, my, m'

—

: if (alm] =€) : (my, ms, alm

: (my, mg, alm

S N

. return true; : (ms, myp, v

: if (ajm] < e) : (mg, m7, alm

_

: (mg, mg, alm
: return BSEARCH(a, m + 1, u, e);
77+ (m7,my, ' = BSEARCH(a, m + 1,u,€)...)
: return BSEARCH(a,¢,m — 1, ¢e);
75 : (mg, my, rv' = BSEARCH(a,¢,m —1,€)...)

: A\ pres(...)




Example 2: Composing Transitions

Let oo: ag=a AN =0 N ug=u A ej=e.

. -F. R A .
T, 71 373,74 5 T5.

TO;TlF <m0,m3, L0 VAN €§u>

Lru )

T3 <m0,m4, 0o N L<u A m’ = 5

S Ti s(ro; 71 573) = {m — H2} =\
(mo,ms, o A L<u A m' =2A (a]m]

(mo,ms, po N £L<u A m :”T“/\ a| =LY

s(T0; 7L ;73;T5) = {m ”T“} = )\

s(75) = {rv < true} = X
(mo,mys, o N L<u A st (A1oA)...)

wo A L<u A m =LA a5
mo, Mg, ,
A ' =true A pres(...)




Example 3: Composing Transitions

T1 - <€1,€2, F = CL[]] A\ pres(. : >>
To @ (la, 03,0 = alj : alj + 1]] A pres(...))
T3 : (€3,04,a" = alj+ 1:t]] Apres(...))

calj+ 1] At =alj] A pres(...))

= {taljl}
= {a —alj:alj+1]]}
Aoy ={a—alj:alj+1]],t —aljl}

G1 = Gy = true
sTt(AoX) = d =alj:alj+1]] At =alj]
U
Gi A Gaodi A sTi(AoXy) = d =alj:alj+1]] At/ =alj]




Example 3: Composing Transitions

611 . ' ; T1 - <€1,€2,t/ = CL[]] A\ pres(. . >>
) T . <€2,€3,CL’ = CL[] . CL[] + 1“ A\ pres(. . )>
T30 (l3,04,a" = alj+1:t]] Apres(...))

(01, 00,0’ = alj alj + ][+ 1:alj]] A ¢ =alj] A pres(...))

= s(Ur2) = {a<—alj:alj +1]|;t —alj];
= s(Us) = {a—alj+1:t]}
Aoy ={a—alj:alj+1]][j+1:aljl],t — alj]}

G1 = G5 = true
sT'(AMoX) = d =alj:alj +1][j +1:a[j]] At = alj]




Example 4: Composing Transitions

cif (alj] > alj+1]) 71 (Lo, 1, alj] > alj + 1] Apres(...))
' 11 (€1,02,t" = alj] N pres(...))
To @ (lo, 03,0’ = alj : alj + 1]] A pres(...))
T30 (U3, 04,0’ =alj+1:t]] Apres(...))

705 (T15T2573) =

bo, La,
< aljl > alj+1] A o’ =alj:alj+1]][7 +1: alj]] >
ANt =alj] N pres(...)




Translation: Programs

Represent programs as a set of transition systems

{T1,...,T,}

Simplifications:

e No global variables.
— No loss of generality.

— Simulate globals with function arguments.

e Pass-by-value semantics.
— Handling aliasing is complicated and out of scope of class.
— Current research addressing aliasing.

— Return multiple values via struct type.




BINARYSEARCH: To a Transition System

@pre |a| > 0 A sorted(a,O0,|a] — 1)

Opost rv « (Ji € |0, |a] —1]) ali] =e

bool BINARYSEARCH(int[] a, int e) {
return BSEARCH(a, 0, |a| — 1, e);

}

Opre 0 < /¢ A u < la|l A sorted(a,O0,|a| —1)
Opost rv « (3Ji € [{,u]) afi] =e
bool BSEARCH(int[] a, int ¢, int u, int e) {

int m;
if (¢ > u) return false;
else {
m = ({ + u) div 2;
if (a|m| = e) return true;
else if (a|m]| < e) return BSEARCH(a,m + 1, u, e);
else return BSEARCH(a,l,m — 1,¢);




BINARYSEARCH: To a Transition System

my: if (£ > u) c{my,ma, £>u...)
Z<m1,m3, €§U>

: return false; : (ma, my, rv' = false...)

ru |\
)

/

(o
o
i~y

:m = ({+u) div 2; : (Mg, my, M

—_—

: if (alm] = e) : (myg, ms, alm

—

: (my, mg, alm

. return true; : (ms, my, V'

: if (ajm] < e) : (mg, m7, alm

_

' (mg, mg, alm
: return BSEARCH(a, m + 1, u, e);
77+ (m7,my, ' = BSEARCH(a, m + 1,u,€)...)
. return BSEARCH(a,¢,m — 1, ¢);
75 : (mg, my, rv' = BSEARCH(a,¢,m —1,€)...)

: A\ pres(...)




BINARYSEARCH: To a Transition System

Initial transition:

70 : (mo,m1, ag=a N Ly =0 ANu'=u N e =e Apres(...))

Four composed transitions from mg to my:

Y A
70, 7_1 y T2

. F. Y AN
T0,T1 y73,T4 175

. F. BT
TOyT7 373,74 yTg 5 T7

T0yT1 773574 7T T8




BINARYSEARCH: To a Transition System

@pre |a| > 0 A sorted(a,O0,|a] — 1)

Opost rv « (Ji € |0, |a] —1]) ali] =e

bool BINARYSEARCH(int[] a, int e) {
return BSEARCH(a, 0, |a| — 1, e);

ay=a N ey =¢€ A l|alp =|al

Pro A ! = BSEARCH(a, 0, |a| — 1,e) A pres(...)




BINARYSEARCH: To a Transition System

Opre 0 < /¢ A u < la|l A sorted(a,O0,|a| —1)
Opost rv « (Ji € [{,u]) afi] = e
bool BSEARCH(int[] a, int ¢, int u, int e) {

int m;

if (¢ > u) return false; @

else {
T1,72,73, T4

m = ({4 u) div 2;

if (a|m| = e) return true; @
else if (a|m]| < e) return BSEARCH(a,m + 1, u, e);
else return BSEARCH(a,¢,m — 1,e);




BINARYSEARCH: To a Transition System

Let wo: ag=a N =0 N uy=u N ej=e. @

AN L>u AN v =false A pres(
IO + 0 P T1,72,73,T4

0o N L<u AN m =

A v/ = true A pres(..

0o N L<u AN m =

A v/ = BSEARCH(a,




BUBBLESORT: To a Transition System

@pre |a| > 0
@post sorted(rv, 0, |a| — 1)
int [] BUBBLESORT(int[] a) {
int 1, 7, t;
for (1:=la|—1;1>0;i:=i—1) {
for (j:=0;j<i;5:=7+1) {
it (alj] > alj+1]) {

1 .2
To , T
return a; 2772

} F

<{CL, ’a‘a aop, ‘a|07i7j7 t}v <€07 @pre> <€f7 ©p05t> {7-077-1T77-1 77-277-27 }>




BUBBLESORT: To a Transition System

Pro . ap=aA|al" =|alo Ai =]a] —1 A pres(...)

p.r: i >0AN75 =0Apres(...)

1

p.r: T <OAW =aApres(...)

1

j<iANalj] >alj+ 1Nt =alj]
ANa =aljalj+1)][f+1:alf]]A§ =4+ 1Apres(...)

j<iNalj]<alj+1]Aj =7+ 1Apres(...)

j>iANi =i—1Apres(...)




Outline

1. Transition Systems

= 2. Partial Correctness

3. Total Correctness




BINARYSEARCH: Motivation

bool BINARYSEARCH(int[] a, int e) {
return BSEARCH(a, 0, |a| — 1, e);

}

bool BSEARCH(int[] a, int ¢, int u, int e) {

int m;
if (¢ > u) return false;
else {
m = ({ +u) div 2;
if (a|m| = e) return true;
else if (a|m]| < e) return BSEARCH(a, m + 1, u, e);
else return BSEARCH(a,¢,m — 1,e);

}
}

Does BINARYSEARCH return true iff a contains e?




BUBBLESORT: Motivation

int [] BUBBLESORT(int[] a) {
int 7, 7, t;
for (i :=la|—1;i>0;i:=i—1) {
for (j:=0;j<i;j:=j+1) {
£ (alj] > alj +1)) {
t = aljl;
alj] := alj +1J;

Does BUBBLESORT return a sorted array?




Motivation

Given: Transition system 7' : (V,0 : (£y,0),Q: ({f,w),T)

Goal:
Prove that if
initially 6 holds
then
if £ is reached, then w holds.

Strategy:
e Annotate each location with an assertion.

e Prove that the assertions are inductive.




BUBBLESORT: Partial Correctness
@pre |a| > 0
@post sorted(rv, 0, |a| — 1)
int [] BUBBLESORT(int[] a) {

int 7, 7, t;
—1<i<l|al A |a| = |alo
A partitioned(a,0,%,7+ 1, |a| — 1) A sorted(a,i, |a| — 1)
(t:=|a|—1;i>0;1:=7—1)
1<i<l|a] N 0<j<i A |a] =]alo
for @ | A partitioned(a,0,%,7+ 1, |a| — 1)
| A partitioned(a, 0,5 — 1,7,7) A sorted(a,i,|a] —1) ]
=0 <ii ji= 7+ 1)

£ (als] > [ 1) 1

t = alj] = alj +1}; alj + 1] :=¢;

for O

}

return a;

}




BUBBLESORT: Partial Correctness

Predicates:

e sorted(a,/,u): array a is sorted in range [¢, u]

e partitioned(a, f1,u1, 2, us):
when /1 < uq < ¥y < uog,
for i € [¢1,u1] and j € [l2, us],
ali] < a[j]

At the top of the inner loop:

partitioned(a, 0,7 — 1, , 1)

partitioned(a, 0,4,7 + 1, |a] — 1)

sorted(a, i, |a| — 1)




Assertion Map

For transition system T', locs(T') are its locations.

Assertion Map:
Given T : (V,0,Q,7),

p o locs(T) — A(V)

maps 1’s locations to assertions over 1"s variables.
Special locations:

o 1(lp) =10

o 1(ly) =w




BUBBLESORT: Assertion Map

p(lo) = |a| > 0
oy [F1si<lal A lal = Jal
pH\£1) = A partitioned(a, 0,7,7 + 1, |a| — 1) A sorted(a, 1, |a| — 1)

1<i<|a| A O<j<i A |a]=]lalo]
A partitioned(a,0,4,7 + 1, |a] — 1)

A partitioned(a, 0,5 — 1,7, 7)

A sorted(a, i, |a| — 1)

p(ly) = sorted(rv, 0, |a] — 1)




Invariant Map

An assertion map p for T': (V,0,,7T) is an invariant map if

for each 7 : (£,0', p;) € T,
if ©(¢) holds now,
then taking 7 makes p(¢) hold next:

(YVYUV)[u(l) A pr — p(l)]

Conditions are called verification conditions (VCs).

Note the similarity to mathematical induction.




Verification Conditions

Idea:

Prove correctness by proving validity of a (finite) set of

first-order assertions.

Generating VCs:

e One for each transition (¢, ¢’ p,):
Prove that if u(¢) holds and p, is taken, then p(¢') holds.

e One for each function call F(@):

Prove that precondition of F holds for arguments @ .




Verification Conditions

Notation:
{eto- v} =  (WUV)lpAp, — ¢

Easy simplification: Use substitutions.
When p, can be expressed as G(V) AUV UYV'),

loip{vr = (WIeAG — ¥(s(U))]




Example: BUBBLESORT({u(4o)}pr{p(€1)})

(\V/CL, |CL|, ao, |a"07 iaj: t,rv, alv ‘alla CL6, |a"67 ilajla tla I’V’)

p(£o)

N——

a| >0 AN ag=a A |a|'=]alo A i =]a]—1 A pres(...

-

Ve

—1<i" <la]" A lal" = lalg
A partitioned(a’, 0,4, + 1, |al’ — 1)

\ &

A sorted(a’, ', |a]” — 1)

M(Z)’

More simply:
(Va, lal, |alo)

a| >0 —

—1<lal—1<la|l A |a|l=]alo

A partitioned(a, 0, |a| — 1, |a|, |a] — 1)
A sorted(a, |a| — 1, |a] — 1)




BUBBLESORT: Verification Conditions

Five other VCs:

= BUBBLESORT returns a sorted array




What about Function Calls?

If transition relation contains function calls,

replace according to postconditions in VC.
Calling function F. Called function G.

Function G(7p’) has
e vector of formal parameters p’, p; € F9
e postcondition assertion w(F§ U {rv})
(b1, 09,0 = c(@) A pres(...))
4

(b1,02,0" =u A w{rveu, Do+ a} A pres(...))

where u i1s a fresh variable.

—_ . .
@ is the formal arguments, a vector of expressions over V7.




Example: Function Calls

I 4+
wo N £L<u N m' ==

A v/ = BSEARCH(a, £




Verification Conditions: Function Calls

Need to generate VC for each function call.

Solution:

Generate intermediate assertions and proceed as usual.




Intermediate Assertions

So far, assertions only appear as

e preconditions (@pre)

e postconditions (@post)
e loop assertions (while @() ..., for O() ...)

Assertions can appear anywhere.

Circle nodes are initial, final, or loop nodes.
Diamond nodes are intermediate nodes.

T = Ta;Th

V(Cs:

o {1u(lr)}pr An(l2)}
o {1(l1)}pr{n(ls)}




Intermediate Assertions: Function Preconditions

For function G(p’) with formal parameters p and statement

l1: v = G(a); 4

generate assertion

Says that G’s precondition is satisfied.




BINARYSEARCH: Function Preconditions

@pre |a| > 0 A sorted(a,O0,|a] — 1)

Opost rv <« (Ji € [0, |a] —1]) ali] =€

bool BINARYSEARCH(int[] a, int e) {
l1: @0 <0 A |a] — 1< |a] A sorted(a,0,|a| —1);
return BSEARCH(a, 0, |a| — 1, e);

}




BINARYSEARCH: Function Preconditions

Opre 0 < /¢ A u < la|l A sorted(a,/,u)
Opost rv « (Ji € [{,u]) afi] = e
bool BSEARCH(int[] a, int ¢, int u, int e) {
int m;
if ({ > u) return false;
else {
m = ({ + u) div 2;
if (a|m| = e) return true;
else if (a|m| <e) {

m1: @0<m+1 A u<|a|] A sorted(a,m+ 1,u);
return BSEARCH(a, m + 1, u, €);

}

else {
mo: @0< /¢ N m—1<|a|l A sorted(a,l,m — 1);
return BSEARCH(a,/,m — 1, e);




BINARYSEARCH: Augmented Transition System

@pre |a| > 0 A sorted(a,O0,|a] — 1)

Opost rv « (Ji € |0, |a] —1]) ali] =e

bool BINARYSEARCH(int[] a, int e) {
l1: @0 <0 A |a] —1<|a] A sorted(a,0,|a| —1);
return BSEARCH(a, 0, |a| — 1, e);

/

pra i ag=a N eg=¢e A |alg=|a] A pres(...)

pra AN v =u A pres(...)

Pro Nue (Fieo,|al —1]) ali] = e




BINARYSEARCH: Augmented Transition System

Let wo: ag=a N =0 N uy=u N ej=e.

Intermediate transitions:

pra s wo N LZu A m/

pra: o N L<u A m




BINARYSEARCH:

Assertion Map

la] > 0 A sorted(a,0, |a|] — 1)

0<0 A |a] —1<la| A sorted(a,0,|a] —1)

rv « (Jie€|0,|a] —1]) ali] =e

0</?¢ AN u<la|] A sorted(a,l,u)
0<m+1 A u<lal A sorted(a,m + 1, u)
0</¢ AN m-—1<|a|l A sorted(a,l,m — 1)

v «— (Fellul)alil =e




BINARYSEARCH: Verification Conditions

{p(o)}pra{n(f1)}
{1(lo)} pro {1e(ls)}

{u(mo) tor {1
{u(mo) }or, Lu

(my

(mo) (my
{1(mo) } pro{p(my
{(mo) }prs {pe(my
{1n(mo)} pre {pp(my
{u(mo) }pry {p(my

)}
)}
)}
)}
)}
)}

= BINARYSEARCH returns true iff array a contains element e




BINARYSEARCH: {u(mo)}pr {p(ms)}

/i / / / / / / /
(Va,ﬁ,u, 6,&0,60,’&0,60,777,,& 7€ y Uy €4 A, 07u07607m)

_|a\ >0 A sorted(a,0,|a] — 1)

1 4+
Noo N E<u AN m ==+

A a4 =e A v/ =true A pres(...)

— (v« (Fiel0,]alp —1]) apli] = ep)_

More simply:

pry : GOV) N UV UV

(VW) [u(mo) N G — plmy)(s(U))]

(Va, l,u,e)

la] >0 A sorted(a,0,]a] — 1) A €< u A a[EE2] =
— (Fi € |0,]al —1]) ali] =€




Intermediate Assertions: Runtime Assertions

e Array Bounds: If statement contains array access ali|, add

assertion
©@(0<i<l|al-1)
e Divide-by-Zero: If statement contains
— real division e; /e
— integer division e div ey
— integer mod e %es
add assertion

@ <€2 # O)

Optional: to prove lack of runtime exceptions.




BUBBLESORT: Intermediate Assertions

1 <i<l|al AN 0<j<i A |a|=alo
for @ | A partitioned(a,0,%,7 + 1, |a|] — 1)
| A partitioned(a, 0,7 —1,7,5) A sorted(a,i,|a] — 1)
(i=0:j<isji=j+1) {
C0<j<l|al NO<j+1<]al;
it (af] > alj +1]) {
00<j<al;
t:= aljl;
C0<j<la]l N 0<j+1<|al;
alj] := alj +1J;
C0<j+1<]al;
alj + 1] := t;

}
}

Compiler optionally generates assertions.




BINARYSEARCH: Intermediate Assertions

@pre |a| > 0 A sorted(a,O0,|a] — 1)

Opost rv « (Ji € |0, |a] —1]) ali] =e

bool BINARYSEARCH(int[] a, int e) {
(1: @0<0 A |a|—1<la| A sorted(a,0,|a| —1);
return BSEARCH(a, 0, |a| — 1, e);

}




Opre 0 < /¢ A u < la|l A sorted(a,/,u)
Opost rv <« (Ji € [{,u]) afi] =e
bool BSEARCH(int[] a, int ¢, int u, int e) {
int m;
if (¢ > u) return false;
else {
my: @ 2 # 0;
m = ({ + u) div 2;
my: @0 <m < |a| —1;
if (a|m| = e) return true;
ms3: @0 <m < |a|] —1;

else if (a|m| <e) {
my: @0<m+1 A u<|a|] A sorted(a,m+ 1,u);
return BSEARCH(a, m + 1, u, e);

h

else {
ms: @0< /¢ AN m—1<|a|] A sorted(a,l,m —1);
return BSEARCH(a,/,m — 1,e);




BINARYSEARCH: Augmented Transition System

@pre |a| > 0 A sorted(a,O0,|a] — 1)

Opost rv « (Ji € |0, |a] —1]) ali] =e

bool BINARYSEARCH(int[] a, int e) {
l1: @0 <0 A |a] —1<|a] A sorted(a,0,|a| —1);
return BSEARCH(a, 0, |a| — 1, e);

}

Qa
70

pra i ag=a N eg=e A |alg=|a] A pres(...)
70 e

' Pro i Pre AV =u A ue (Fel0,]al —1)) ali] =e




BINARYSEARCH: Augmented Transition System

mo

SEEE.




BINARYSEARCH: Augmented Transition System

- AN L>u N rv/ =false A pres(...)

A
Ao AN €<u A pres(...)
m/

E—l—u
2

a4 =e A ' =true

a[“5] # e

al=5*] <e

v =u A ue (i€ [H2+1,u]) ali] =e
a7 > e

v =u A u< (Jiell

a
A
N
N
A
A
N
A




BINARYSEARCH:

Assertion Map

la] > 0 A sorted(a,0, |a|] — 1)
0<0 A |a] —1<la| A sorted(a,0,|a] —1)

rv « (Jie€|0,|a] —1]) ali] =e

0</?¢ AN u<la|] A sorted(a,l,u)

2#0

0<m<|a|—1

0<m<|a|—1

0<m+1 A u<la| A sorted(a,m + 1,u)
0</¢ AN m-—1<|a|l A sorted(a,l,m — 1)
v «— (Fellul)alil =e




BINARYSEARCH: Verification Conditions

{n(lo) } pra{p(f1)} {u(mo) } pry {1(my
{u(lo) }pro{1(€y)} {u(mo) ppre {p(ma
mo }pTS{IU’ ma

(mo)

{1(mo) (
{1(mo) } pr, {11
{p(mo) }pre {p(ms
{1(mo) e {1
{1(mo) }prs {1e(
{1(mo) }prg {pu(ms
{1(mo) }pr, {p(my

= BINARYSEARCH is also correct WRT runtime assertions




Intermediate Assertions: Annotations

Finally, natural to assert expressions as close to context as possible.




Outline

1. Transition Systems

2. Partial Correctness

= 3. Total Correctness




BUBBLESORT: Motivation

int [] BUBBLESORT(int[] a) {
int 1, 9, t;
for (1:=la|—1;1>0;i:=i—1) {
for (j:=0;j<i;5:=75+1) {
if (alj] > alj +1]) {

t = aljl;
alj] = alj +1J;
alj + 1] :=t;

return a;

}

Does BUBBLESORT always finish?




BINARYSEARCH: Motivation

bool BINARYSEARCH(int[] a, int e) {
return BSEARCH(a, 0, |a| — 1, e);

}

bool BSEARCH(int[] a, int ¢, int u, int e) {

int m;
if (¢ > u) return false;
else {
m = ({4 u) div 2;
if (a|m| = e) return true;
else if (a|m| < e) return BSEARCH(a, m + 1, u, e);
else return BSEARCH(a,l,m — 1,¢);

}
}

Does BINARYSEARCH always finish?




Motivation

Given: Transition system 7' : (V,0 : (£y,0),Q: ({f,w),T)

Goal:
Also prove that if
initially 6 holds
then
¢ is reached.

Strategy:

e Prove that each loop is associated with a

well-founded relation.

e Usually requires supporting invariant map.




BUBBLESORT: Termination

@pre |a| > 0
O@post true
int [] BUBBLESORT(int[] a) {

int 7, 7, t;

(1: for @ (1 +1>0) | (i+1,4,1) (i:==la|—1;i>0;7:=i—1)
lo: for @ (1 —757>0) | (i+1,i—4,0) (j:=0;5<1i;5:=75+1)

if (alj] > alj +1]) {

t:

}

return a;

aljl; alj] = alj +1}; alj +1] := £;




BUBBLESORT: Termination

Prove that

pll) =i+1>0
plle) =i—j >0

1s an invariant map.

Prove that
e range of each function at a | is bounded from below;

e function values decrease from one | to the next.




BINARYSEARCH: Termination

@pre |a| > 0

@post true

1 (1,0)

bool BINARYSEARCH(int[] a, int e)
return BSEARCH(q, 0, |a| — 1, e);

}

Opreu —¢+1>0
@post true
L (0,u—~2+1)
bool BSEARCH(int[] a, int ¢, int u, int e) {
int m;
if (¢ > u) return false;
else {
m = ({ + u) div 2;
if (a|m| = e) return true;
else if (a|m]| < e) return BSEARCH(a,m + 1, u, e);
else return BSEARCH(a,¢,m — 1,e);




BINARYSEARCH: Termination (Generated Annotations)

@pre |a| > 0
O@post true
| (1,0)
bool BINARYSEARCH(int[] a, int e) {
l(1: @ (ja] —1)—04+12>0
l <07 <|CL| o 1) -0+ 1)7
return BSEARCH(a, 0, |a| — 1, e);

}




Opreu—4¢+12>0
O@post true
L (0, u—£4+1)
bool BSEARCH(int[] a, int ¢, int u, int e) {
int m;
if (¢ > u) return false;
else {
m = ({ + u) div 2;
if (a|m| = e) return true;
else if (alm] <e) {
miy: OQu—(m+1)+1>0

L (O,u—(m—+1)+1);
return BSEARCH(a, m + 1, u,e);

}

else {
mo: @ (m—1)—4¢+12>0
L (0,(m—1) =€+ 1);
return BSEARCH(a,/,m — 1, e);




BINARYSEARCH: Termination

Prove that

0

(mo)
(ma)
(m2)
(my)

ja| >0
(la| —=1)=04+1>0
ma

true
my

s an invariant map.

Prove that

u—~f¢+1>0
u—(m+1)+1>0
(m—1)—¢+1>0

true

e range of each function at a | is bounded from below;

e function values decrease from one | to the next.




Well-founded Relation

(D, <): < is well-founded if there is no infinite sequence
di,do,ds,... whered; € D

such that
(VZ) d; > di_|_1

(dg -<d1 < dl >-d2)

Examples:

e (Z7,<)
1023 > 988 > 987 > --- > 16 > 0

o (L,<) forlists L /1 <4ty <= || <|lo]
asc;e] - ese] - ]




Lexicographic Well-founded Relation

Given well-founded relations over domains
(D1,=<1),(D2,<2),..., (Dk, <)
define lexicographic well-founded relation < over
D =D X Dy X---x Dy

For d = (dy,ds,...,d;), e = {(e1,ea,...,ex) € D

d<e <= (F)|d;<ie; N (Vj<i)d; =ej]




Example: Lexicographic Well-founded Relation
(Z7F, <) x (ZT, <):

New domain (pairs of integers)

D=7"x7Z"
and well-founded relation

(m1,m2) < (n1,n2)

0

mp <nig V (m1:n1 A\ m2<n2)

(7,13) = (7,11) = (6,101) = (3,1000) = (0, 0)




Function Map
Given T : (V,0,Q,7),

v :locs(T) — E(V)

maps 1"’s locations to functions over 1"s variables.

Each function

v(l): YV — 7"

maps a program state to a tuple of integers.




BUBBLESORT: Function Map




BINARYSEARCH: Function Map

V(KO) — <170>
v(l1) = (0, (Ja| =1) =0+ 1)

v(mg) = (0,u — £+ 1)
) =0, u—(m+1)+1)
0,(m—1)—£+1)

T1,72,7T3,T4




Ranking Function Map

Given function map v for T : (V,0,Q,7).

v is ranking function map if

there is an invariant map pu s.t.
for each 7: (¢, 0/, p;) € T

Well-founded

w(l) = v(l) =0

Decreasing

{(O)}pAv(l') < v(0)}

Conditions are called verification conditions (VCs).




Verification Conditions

Recall:

{etp-{v} =  (WUV)pAp, — ]

With substitutions:
When p, can be expressed as G(V) AUV UV,

() o v (l) < v(0)}

\
(W)l NG — v(l)(s(U)) < v(f),




BUBBLESORT: Verification Conditions
Well-founded

(plus VCs for invariant map)




BUBBLESORT: Verification Conditions

prr:i ©>0A7 =0Apres(...)

J<iNalj]>alj+ 1At = alj]

T Na = aljrali+ U+ 1 alil] A =G+ 1A pres(...)

pr2: Jj<iAal[j] <a[j+1]Aj =7+ 1Apres(...)

prz: JZiNi =i—1Apres(...)




BUBBLESORT: Verification Conditions

u(él) — V(Zl) >~ 0
M)i+1>0 — (i+1,4,1) > 0
M)i+1>0 — i+1>0 A i>0 A 12>0]

,LL(@Q) — V(gg) >~ 0
M)i—j7j>0 — (i+1,i—3,0) > 0]

(W)i—j>0 = i+1>0Ai—j>0 A 0>0]




BUBBLESORT: Verification Conditions
{n(l) }prr{v(la) < v(l)}

(W)i+1>0Ai>0 — (i4+1,i—0,0) < (i41,i,1)]
i+ 1>0 A i>0 — ]

(W) | li+1<i+1lV (i+1=i+1 A i—0<i)

V(@i+l=i4+1Ai=i—j A0<1)
{l2)}pri{v(fa)" < v(l2)}
i—j>0 A j<i A alj]>alj+1]

(V)

100



BUBBLESORT: Verification Conditions

{l2) }prpv(fe)" < v(f2)}
i— >0 A j<i A alj]<alj+1]
L (41— (+1),0) < (i+1,i—7,0)

(VV)

{p(l2) prsiv(y) < v(l2)}

(W)i—7>0 Aj>i > ((—1)+1,i—1,1) < (i+1,i—j,0)]

= BUBBLESORT always terminates

101



BINARYSEARCH: Verification Conditions

Well-founded

Decreasing

ullo)yong (01) < (b))
{u(mo) }pra{v(my)’ < v(mo)}
{u(mo)}pra{v(ma)’ < v(mo)}

102




BINARYSEARCH: Verification Conditions

pra i ag=a N e =¢e A |alg=|a] N pres(...)

0o N L<u AN m =
A a4 < e A pres(..

0o N L<u AN m =

A a[SE4] > e A pres(..

103



BINARYSEARCH: Verification Conditions

u(lo) = v(lo) =0
(VV)[la| >0 — (1,0) = 0]

u(él) — V(Zl) >~ 0
(M)[(la] —1)—=0+1>0 — (0,(la] —1) =0+ 1) = 0]

104



BINARYSEARCH: Verification Conditions

u(mg) = v(mg) =0
M)u—£+1>0 — (0,u—£+1) = 0]

u(my) = v(my) =0
(W)u—(m+1)+1>0 — (0, u—(m+1)+1) > 0]

u(ms) = v(msg) >0
M)[(m—-1)—¢+1>0 — (0,(m—1)—£+4+1) = 0]

105



BINARYSEARCH: Verification Conditions

{u(lo)}pra{v(1) < v(fo)}
(WV)lla] 20 — (0,(Ja] =1) =0+ 1) < (1,0)]

{(mo) }prgiv(ma)” < v(mo);

u—Ll+1>0 AN L<u A a4 #e A q

(VV)
— O, u— (5% +1)+1) < (0,u—£+1)

{M(mo)}_PTg{V(mz)’ < v(mo)}
u—l+1>0 AN L<u A a5
— (O,(HTU— )—L+1) <

(W)

= BINARYSEARCH always terminates
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