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Chapter 1

Introduction

This thesis deals with several problems either explicitly or implictly involving
the notion of submodularity. Submodularity has attained an important role in
theoretical computer science, due to its beneficial properties in the design of
optimization algorithms. On the other hand, submodularity is not an artifical
mathematical concept. It appears naturally in many applications, either as a
structural property of combinatorial problems or as a natural assumption on
certain valuation functions. In economics, submodularity has been known for
a long time, although under different names (diminishing returns, decreasing
marginal values, etc.). Recently, submodularity re-appeared in the context
of combinatorial auctions. It seems like a fortunate phenomenon that this
property imposes a structure which allows much stronger algorithmic results
than we would be able to achieve without it.

Before proceeding to formal definitions, we discuss briefly the nature of
the problems that we study here. Typically, they involve submodular func-
tions f : 2¥ — R defined on a finite set of items X. The natural interpre-
tation of f(S) is the value of a subset of items S. As we mentioned, the
submodularity property has an economic interpretation meaning that addi-
tional items have less and less value, as the set we possess grows. However,
the function f(S) can also have a more abstract meaning, derived from a
problem not obviously involving submodularity.

We begin by studying the problem of maximizing a single submodular
function without any constraints. This problem already captures various
applications. More importantly, our investigation of this problem reveals
structural properties of submodular functions which turn out to be very
useful in further applications. We study the basic problem of submodular
maximization in Chapter 2. We proceed to variants of submodular maxi-
mization under various constraints. The most flexible and interesting type
of constraint seems to be a matroid constraint. We study the problem of
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maximizing a submodular function subject to a matroid constraint in Chap-
ter 3. This framework captures a number of special cases of interest, which
we examine in more detail. Two specific problems that we focus on are:

e The Submodular Welfare Problem: the problem of allocating
items to multiple players, each of which values subsets of items ac-
cording to a submodular “utility function”. This problem appears as a
fundamental building block in the framework of combinatorial auctions.
We give more details in Chapters 4 and 5.

e The General Assignment Problem: the problem of assigning items
to bins of limited capacity, where both “values” and “sizes” of items
can depend on the bin where the item is placed. This problem is a
generalization of many assignment /scheduling problems. For details,
we refer the reader to Chapter 6.

We study these problems from the point of view of approximation algo-
rithms. Since all the problems mentioned above are NP-hard, we settle for a
less ambitious goal than solving these problems optimally. We seek a solution
with an a-approximation guarantee, meaning that the value of our solution
is at least a- OPT where a < 1 is the approximation factor and O PT is the
value of the optimal solution. We are also looking for hardness results, either
information-theoretic or complexity-theoretic. Such results indicate that a
certain approximation algorithm is either downright impossible, or it would
have unlikely consequences in complexity theory. In either case, we obtain
limits on the positive results that one can aspire to achieve.

1.1 Definitions

We begin with the definition of submodularity.

Definition 1.1 (submodularity). A function f : 2%X — R is submodular if
for any S,T C X,

fFISUT) + f(SNT) < f(S) + f(T).

An alternative definition is in terms of marginal values. We do not prove
the equivalence here; we refer the reader to [51].

Definition 1.2 (marginal values). The marginal value of an item j added
to a set S is defined as fs(j) = f(SU{j}) — f(5). Submodularity can be
alternatively defined by fs(j) > fr(j) forall S C T, 5 ¢ T.
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Next, we define two additional properties that we will consider.

Definition 1.3 (monotonicity). A function f :2X — R is monotone if for
any S CT C X,

f(S) < F(T).

Definition 1.4 (symmetry). A function f : 2% — R is symmetric if for any
SCX,
f(8) = F(X\5).
Note that a function which is both monotone and symmetric would have

to be constant. Hence, it make sense to consider monotonicity and sym-
metricity only separately.

Examples.

e An example of a monotone submodular function is a coverage-type func-
tion. For a collection of finite sets {A;};ex, we define

U4

=

f(8) =

Then f(S) is monotone and submodular. Finding the maximum of
f(S) over sets of size k is the Max k-cover problem.

e An example of a symmetric submodular function is a cut-type function.
For a graph G, let 6(S) denote the number of edges with exactly one
endpoint in S. Then §(S) is symmetric and submodular. The problem
of maximizing 6(5) is the Maz Cut problem.

e An example of a submodular function that is neither symmetric nor
monotone is a directed cut-type function. For a directed graph D, let
§(S) denote the number of arcs pointing from S to S. Then § is sub-
modular. The problem of maximizing §(S) in directed graphs is the
Max Di-Cut problem.

e Another example of a non-monotone and non-symmetric submodular
function can be obtained from any monotone submodular function f(.5)
(such as a coverage-type function) by subtracting a linear function
w(S) = > cgwj. Then g(S) = f(S) — w(S) is again submodular
but not necessarily monotone. In fact, it can be verified that every
submodular function can be written in this form.
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Another important concept that we use is that of a matroid.

Definition 1.5. A matroid M is a pair (X,Z) where X is a ground set of
elements and T is a collection of subsets of X (that we call “independent”),
satisfying two azxioms:

1. BeEZT,ACB=AeT.
2. AABeZ Al <|B|=3xeB\AAU{z} €.

There are many examples of matroids. The matroids of particular interest
here will be two very simple special cases:

e A uniform matroid is such that independent sets are all sets of size at
most k for some k£ > 1.

e A partition matroid is such that X is partitioned into ¢ sets X7, X5,
..., Xy with associated integers ki, ko, ..., ks, and a set I C X is inde-
pendent iff |7 N X;| < k; for each i.

Matroids give rise to another example of a submodular function, the rank
function of a matroid.

Definition 1.6. For a matroid M = (X,Z), the associated rank function is
defined as
r(S)=max{|I|| I CS,I €T}

It is known that the rank function of any matroid is monotone and sub-
modular.

Next, we define the notion of a matroid polytope which is useful in applying
linear programming to optimization over matroids.

Definition 1.7. For a matroid M = (X,Z), the matroid polytope P(M) is
the convexr hull of {x; | I € I} where each x; is the characteristic vector of
an independent set I.

The matroid polytope has a nice description in terms of linear inequalities,
discovered by Edmonds [15]:

P(M)={z e RY [VS C X;) z; <r(S5)}

JjES

where r(95) is the rank function of M. The number of inequalities here is
exponential, but the submodular structure of 7(.5) allows us to implement a
separation oracle and hence optimize over P(M) in polynomial time. (See
[51] for more details.)
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Representation of submodular functions. Our goal here is to study
problems whose input involves one or more submodular functions. This raises
the issue of how such a function should be represented. If we were to list
the values for all possible sets, this would occupy space exponentially large
in | X|. We would prefer to avoid this, and there seem to be two approaches
to get around this obstacle.

1. Compact representation. In some cases, a submodular function can
be represented by a structure of polynomial size - e.g., by a collection
of sets in the case of a coverage-type function, or by a graph in the
case of a cut-type function. In such cases, it is natural to specify the
function by giving the respective combinatorial structure on the input
explicitly. However, an efficient encoding is not possible for a general
submodular function, since it is known that the number of submodular
functions is doubly exponential in | X|, even if the values are integers
in {0,...,|X]|}.

2. Oracle access. The most general access to a function is through an
oracle, or “black box”, which answers queries about the function.

e Value oracle. The most basic query is: What is the value of
f(S)? An oracle answering such queries is called a value oracle.

e Demand oracle. Sometimes, a more powerful oracle is consid-
ered, which can answer queries of the following type: Given an
assignment of prices to items p : X — R, what is maxgcx(f(S) —
> jesP;)? Such an oracle is called a demand oracle.

We consider algorithms that run in polynomial time. In the case of oracle
access, this includes the requirement that the number of queries be polyno-
mially bounded. We will see that this already imposes limits on how good
an approximation we can obtain.

In oracle models, we consider two types of algorithms.

1. Nonadaptive algorithms. These algorithms are allowed to issue a
polynomial number of queries and then the answers can be processed by
a polynomial-time computation. Randomization is allowed but queries
must not depend on the answers of previous queries.

2. Adaptive algorithms. These algorithms are allowed to issue arbi-
trary queries in the process of a polynomial-time computation. Unless
otherwise noted, this is the default choice for our algorithms.
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1.2 The problems and our results

Here we summarize the problems studied in this thesis, and we describe our
results in the context of previous work.

1.2.1 Nonnegative submodular maximization

X

Problem: Given a submodular function f : 2% — R, with value-oracle

access, mazimize f(S) over all subsets S C X.

This is perhaps the most basic maximization problem involving submodu-
lar functions. We remark that the analogous submodular minimization prob-
lem can be solved exactly in polynomial time [53, 21]. Unlike submodular
minimization, it is known that submodular maximization is NP-hard; for in-
stance, the NP-hard Max Cut problem is a special case [33]. Hence, we seek
to design approximation algorithms for this problem.

We consider only the value oracle model here; a demand oracle would
make the problem trivial. Our only additional assumption about the func-
tion is nonnegativity. Note that any function on a finite set can be made
nonnegative by adding a sufficiently large positive constant. This does not
change the optimal solution; however, it changes the problem in terms of
approximation guarantees. By a shifting argument, verifying whether the
maximum of a submodular function is greater than zero or not is NP-hard.
Thus, no approximation algorithm can be found for the maximization prob-
lem without any restrictions, unless P=NP.

Previous work. The maximization problem for general submodular func-
tions has been studied in the operations research community. Many efforts
have been focused on designing heuristics for this problem, including data-
correcting search methods [27, 28, 34], accelatered greedy algorithms [48],
and polyhedral algorithms [40]. Prior to our work, to the best of our knowl-
edge, no guaranteed approximation factor was known for the general problem
of maximizing non-monotone submodular functions.

A renowned special case is the Max Cut problem, for which a greedy %—
approximation was the best known algorithm for a long time. A breakthrough
came in 1995 when this was improved to a 0.878-approximation by Goemans
and Williamson [26]. Their approach introduced semidefinite programming
to the computer science community and led to advances on many other op-
timization problems. For the Max Di-Cut problem, a 0.874-approximation
algorithm was designed in [16, 39], also using semidefinite programming. The
approximation factor for Max Cut has been proved optimal, assuming the
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Unique Games Conjecture [35, 43]. It should be noted that the best known

combinatorial algorithms for Max Cut and Max Di-Cut achieve only a i-

approximation, which is trivial for Max Cut but not for Max Di-Cut [312].
All these algorithms allow nonnegative edge weights. With possibly negative
edge weights, the Max Cut problem becomes much more difficult and no
constant factor approximation is likely to exist [37].

A number of other special cases have been investigated as well, such as
Max Cut in hypergraphs and Max SAT with no mixed clauses. For all these
special cases, there are approximation algorithms significantly beating the
factor of % Tight results are known for Max Cut in k-uniform hypergraphs for
any fixed k > 4 [32, 29]. Here, the optimal approximation factor (1 —27%*1)
is achieved by a random solution (and the same result holds for Max (k —1)-
SAT with no mixed clauses [29, 30]). The lowest approximation factor (%) is
achieved for k = 4; for k < 4, better than random solutions can be found by
semidefinite programming.

Our results. We design several constant factor approximation algorithms
for this problem. First, we show that simply choosing a random set gives
an expected value of at least iOPT . In the special case of symmetric sub-
modular functions, we show that a random set already gives at least %OPT .
In the general case, we design improved algorithms using local search: a de-
terministic %—approximation, and a randomized %—approximation. We also
design a nonadaptive randomized %—approximation. Perhaps the most note-
worthy of our algorithms is the randomized %—approximation. It proceeds by
searching for a local optimum of a function ®(S) derived from f(S) by tak-
ing ®(5) = E[f(R)] for a random set R sampled from a certain distribution
based on S. We call this a smooth local search algorithm.

In the symmetric case, a %—approximation can be also achieved by a
deterministic algorithm. The threshold of % seems significant: If the %—
approximation should be improved, it would have to be either with the help
of semidefinite programming, or using an entirely new method (which would
also be a new way to beat % for Max Cut). However, we prove that im-
proving % is impossible in the value oracle model. We prove that a (% + €)-
approximation for any fixed ¢ > 0 would require exponentially many value
queries, regardless of our computational power. This result is independent
of the P # N P hypothesis.

We also obtain NP-hardness results in the case where the submodular
function is represented explicitly on the input, as a combination of elemen-
tary submodular functions of constant size. (All special cases such as Max
Cut fall in this category.) We prove that a (% + ¢)-algorithm for maximiz-
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ing compactly represented submodular functions (or a (% + ¢)-algorithm for
symmetric submodular functions) for any fixed € > 0 would imply P = NP.
This shows that although % might not be the optimal answer for compactly
represented functions, the problem is still more difficult than Max Cut or
other special variants where approximations better than % are known.

Summary. The following table summarizes our results.

[ Model | RS | NA[DET | RAND | VQ-hard | NP-hard |
Symmetric || 1/21/2| 1/2 | 1/2 | 1/24+¢€ | 5/6+¢
General |[1/411/3| 1/3 | 2/5 | 1/24¢€ | 3/4+¢

The types of algorithms considered here are: RS = random set, NA = non-
adaptive (possibly randomized), DET = deterministic adaptive, and RAND
= randomized adaptive. The hardness results are either in the value query
model (VQ-hard) or in the compact representation model (NP-hard).

We present these results in Chapter 2. They also appeared in [23], a joint
work with Uriel Feige and Vahab Mirrokni.

1.2.2 Submodular maximization under a matroid con-
straint

Problem: Given a monotone submodular function f : 2X — R_ and a
matroid on M = (X,T), mazimize f(S) over all independent sets S € T.

Again, we work in the value oracle model here. We also assume that we
have a membership oracle for M available. This problem has a long history,
starting with the seminal paper of Nemhauser, Wolsey and Fisher in 1978
[45]. Even the very special case where f is a coverage-type function and M is
a uniform matroid (where independent sets are exactly those of size at most
k) is an interesting problem, the Max k-cover problem. A natural algorithm
for this problem is the following.

Greedy Algorithm.
Set S := 0.
While (S is not a maximal independent set)
{ Compute fs(j) = f(SU{j}) = f(S) forall j & 5
such that S'U {7} is still independent.
Out of these elements, pick one maximizing fs(j) and include it in S. }
Output S.
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Note that when f is a linear function (f(S) = 3_;csw;), this algorithm
is just the greedy algorithm for finding a maximum-weight independent set
in a matroid, which returns the optimal solution. However, this is not the
case for general submodular functions.

Previous work. The Greedy Algorithm provides a (1—1/¢)-approximation *
for the Max k-cover problem and more generally for submodular maximiza-
tion subject to |S| < k [45]. It was known already by Nemhauser and Wolsey
that the factor of 1—1/e is optimal in the value oracle model, if only a polyno-
mial number of queries is allowed [47]. Moreover, it was proved by Feige [17]
that this approximation factor is best possible even for Max k-cover unless
P=NP.

For an arbitrary matroid constraint, Nemhauser, Wolsey and Fisher proved
that the Greedy Algorithm provides a %-approximation. It is easy to observe
that this algorithm does not yield a factor better than %, and it was not
known for a long time whether a better approximation than % is possible for
the general problem. Even for a special case of this problem, the Submodular
Welfare problem that we discuss later, only a %—approximation was known in
general (this result was rediscovered in the context of combinatorial auctions
[38]). In certain special cases, e.g. when the objective function is of coverage
type and the constraint is given by a partition matroid (Maximum Coverage
with Group Budget Constraints [5]), a (1 —1/e)-approximation has been de-
veloped [2]. It has been an open question whether (1 — 1/e)-approximation
might be possible in general.

Our result. There is a (1—1/e)-approximation for the problem max{f(S) :
S € I}, where f(S) is any monotone submodular function given by a value
oracle, and M = (X,Z) is an arbitrary matroid given by a membership
oracle.

An intermediate step towards this goal was our work with Calinescu,
Chekuri and P4l [4] where the same result is proved for a subclass of sub-
modular functions that we call weighted rank sums. We define the class of
weighted rank sums here: Let (X, X) be a matroid and {w,};cx a collection
of weights. We define a weighted rank function,

7w (S) ZmaX{ij:IQ S&IeX}.

jel

!The value of 1 — 1/e is roughly 0.632, i.e. larger than 1/2. This constant will appear
frequently in this thesis.
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This is known to be a monotone submodular function. Our class of weighted
rank sums is the class of functions representable as f(S5) = >, ¢;(S) where
each g; is a weighted rank function. To be more precise, our algorithm re-
quires that the number of weighted rank functions in the sum is polynomially
bounded, and we are given a value oracle for each g;(95).

It is easy to see that the class of weighted rank sums is closed under taking
positive linear combinations, i.e. it forms a cone. It is strictly contained in
the cone of all monotone submodular functions, i.e. it is known that there
exist monotone submodular functions that cannot be written as a weighted
rank sum. Yet, the class of weighted rank sums seems to be a rather large
subclass of submodular functions, capturing some interesting special cases
such as coverage-type functions.

The structure of a weighted rank function allows us to write a linear
program which can be solved in polynomial time. The fractional solution
can then be rounded using the pipage rounding method, introduced by Ageev
and Sviridenko [2]. This method, originally developed in a slightly different
context, turns out to be very natural for rounding fractional solutions inside
the matroid polytope (which was observed by Gruia Calinescu, Chandra
Chekuri and Martin Pal [4]). However, for a general submodular function,
it is unclear how to write a helpful linear program. We have explored two
possibilities that we discuss later, but both linear programs turn out to be
NP-hard to solve.

The algorithm which works for all monotone submodular functions is a
“smooth greedy search” method which finds a good fractional solution with-
out solving a linear program. It proceeds by building up a fractional solution
by small modifications, based on marginal values of items with respect to
this fractional solution. The last part of the algorithm uses again pipage
rounding in order to convert the fractional solution into an integral one.

We present these results in Chapter 3.

1.2.3 The Submodular Welfare Problem

The following problem has appeared in the context of combinatorial auctions.

Problem: Given n players with utility functions w; : 2% — R, which are
assumed to be monotone and submodular, find a partition X = S1US;U. . .US,
in order to mazimize y ., w;(S;).

This is an example of a combinatorial allocation problem, where m items
are to be allocated to n players with different interests in different combina-
tions of items, in order to maximize their total happiness. As we discussed
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before, we have to clarify the issue of accessing the players’ utility functions.
Unless the utility functions have a special form (such as coverage-type) which
allows us to encode them efficiently, we have to rely on oracle access. We
can consider either the value oracle, or the more powerful demand oracle (de-
fined in Section 1.1). Whether we want to allow the use of a demand oracle
depends on a particular setting, or on our point of view. From an economic
standpoint, it seems natural to assume that given an assignment of prices,
a player can decide which set of items is the most valuable for her. On the
other hand, from a computational point of view, this decision problem is NP-
hard for some very natural submodular utility functions (e.g. coverage-type
functions). Thus we can either assume that players have sufficient knowledge
of their utility functions (or the utility functions are simple enough) so that
they are able to answer demand queries, or we can restrict ourselves to the
value oracle model. In either case, the problem is non-trivial - it is NP-hard
to (1—e)-approximate the Submodular Welfare Problem for some fixed € > 0,
even in the demand oracle model [19].

We remark that in the context of combinatorial auctions, the utility func-
tions are actually unknown and players are not assumed to be necessarily
willing to reveal their true valuations. This leads to the design of incentive-
compatible mechanisms, where players are not only queried about their val-
uations but also motivated to answer truthfully. We do not deal with this
issue here and assume instead that players are willing to cooperate and give
true answers to our queries.

Previous work. It is a result of folklore that without any assumptions on
the utility functions, the problem is at least as hard as Set Packing (which
corresponds to “single-minded bidders” who are interested in exactly one
set each). Hence, no reasonable approximation can be expected in general.
Research has focused on classes of utility function that allow better posi-
tive results, in particular submodular utility functions. Lehmann, Lehmann
and Nisan [38] provide an approximation ratio of % for the Submodular Wel-
fare Problem, using a simple greedy algorithm using only value queries. A
randomized version of this algorithm is shown in [14] to give a somewhat
improved approximation ratio of 7"=. It is shown in [36] that if only value
queries are allowed, then it is NP-hard to approximate Submodular Wel-
fare within a ratio strictly better than 1 — 1/e. It was unknown whether a
(1 — 1/e)-approximation can be actually found with value queries.

Several earlier works [13, 14, 18] considered the following linear program-
ming relaxation of the problem, usually referred to as the Configuration LP.
Here, z; 5 is intended to be an indicator variable that specifies whether player
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1 gets set S.
Configuration LP: Maximize ), ¢ z; sw;(S) subject to:

e [tem constraints: Zi,S\jeS z; g <1 for every item j.

e Player constraints: ) ¢ z; ¢ < 1 for every player i.

e Nonnegativity constraints: z; ¢ > 0.

This linear program has an exponential number of variables but only a
polynomial number of constraints. Using the fact that the separation oracle
for the dual is exactly the demand oracle, this LP can be solved optimally in
the demand oracle model. We refer the reader to [44, 13] for more details.

The integrality gap of this LP is known (up to low order terms) for classes
of utility functions that are more general than submodular. For subadditive
utility functions 2, it is % [18], and for fractionally subadditive utility func-
tions * it is 1—1/e [14]. A i-approximation algorithm for subadditive utilities
and a (1 — 1/e)-approximation algorithm for fractionally subadditive func-
tions were given in [18, 14]. For submodular utility functions, which are
strictly contained in the classes we just mentioned, the positive results still
apply and hence a (1 — 1/e)-approximation is possible in the demand oracle
model. Still, it was not known whether this approximation factor can be
improved for submodular utilities or whether the Configuration LP actually
has an integrality gap of 1 — 1/e in this case. An example of integrality gap
T was given in [14].

It is proved in [19] that even in the demand oracle problem, the prob-
lem is NP-hard to approximate within (1 — ¢) for some fixed ¢ > 0. This
can be shown in several ways, using utility functions sufficiently simple so
that players can answer demand queries efficiently. In one possible reduc-
tion, each player is interested only in a constant number of items, hence any
“reasonable” kind of query can be answered in constant time, and yet the
problem is non-trivial. This shows that the difficulty of the problem can lie
in the coordination of the wishes of different players, rather than a compli-
cated structure of the individual utility functions, and this difficulty cannot
be circumvented by any reasonable oracle model.

2f is subadditive if f(AU B) < f(A) + f(B) for any A, B.
3f is fractionally subadditive if f(S) < >, a; f(A;) for any positive linear combination
such that Zi:jeAi a; > 1 for each j € S.
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Connection to maximization under a matroid constraint. The Sub-
modular Welfare Problem is in fact a special case of submodular maximiza-
tion under a matroid constraint. The reduction is very natural and we briefly
describe it here.

Let the set of players be P, the set of items (), and for each i € P, let
the respective utility function be w; : 2¢ — R,. We define a new ground
set X = P x ), with a function f : 2% — R, defined as follows: Every set
S C X can be written uniquely as S = {J,cp({7} % S;). Then let

F(8) =) wi(S).

ieP

The interpretation of P x () is that we make |P| copies of each item, one
for each player. The function f(S) represents the total utility of all players
after allocating the items in S to the respective players (assuming that we
actually have multiple copies of each item for different players).

However, in reality we can only allocate one copy of each item. Therefore,
let us define a partition matroid M = (X,Z) as follows:

IT={ScX|vjlSn(Px{j}) <1}

Then, it is easy to see that the Submodular Welfare Problem is equivalent
to the problem maxger f(5).

This has immediate corollaries (recall Section 1.2.2). For example, the %—
approximation developed by Lehman, Lehman and Nisan [38] can be actually
seen as a special case of the %—approximation by Nemhauser, Wolsey and
Fisher [46]. (It is also mentioned in [46] that the greedy algorithm in case
of a partition matroid can be implemented by processing the parts in an
arbitrary order, and for each part, choosing the best element greedily. This
corresponds to the on-line implementation of the greedy algorithm in [38].)

The question of improvement over 1/2 seems to be intimately related
to the same question for submodular maximization subject to a matroid
constraint. In fact, it was the special case of Submodular Welfare which led
us to the idea of "smooth greedy search” that we mentioned in Section 1.2.2.

Our results.

The Submodular Welfare Problem can be (1 — 1/e)-approzimated in the
value oracle model.

This is a corollary of our work on matroid constraints, since Submodular
Welfare is a special case of this framework (see above). Our algorithm is
randomized and succeeds with high probability. It is simpler than the gen-
eral algorithm for submodular maximization subject to a matroid constraint,
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because the relevant matroid here is just a partition matroid and hence we
can replace the pipage rounding technique by straightforward randomized
rounding.

Due to [36], (1 — 1/e)-approximation is optimal in the value oracle model
unless P = NP. We provide an even stronger argument separating the
approximation results achievable in the two oracle models.

For any fized € > 0, a (1 — 1/e + €)-approzimation for Submodular Wel-
fare in the value oracle model would require an exponential number of value
queries, regardless of our computational power.

This result (see Section 4.4) is very similar in spirit to our value query
complexity result for submodular maximization that we mentioned at the
end of Section 1.2.1, and also to the query complexity result for a cardi-
nality constraint proved by Nemhauser and Wolsey [47]. Let us discuss our
construction briefly here. It involves two instances whose optima differ by
a factor arbitrarily close to 1 — 1/e, but the two instances cannot be dis-
tinguished by a subexponential number of value queries. In addition, the
result holds even when all players have the same utility function. We also
show that in this case, we can achieve a (1 — 1/e)-approximation easily: by
allocating each item independently to a random player. Thus, value queries
are entirely fruitless when all players have the same the utility function. We
present these results in Chapter 4.

On the other hand, we show the following in the demand oracle model.

There is some absolute constant € > 0 such that the Submodular Welfare
Problem can be (1 — 1/e + €)-approzimated in the demand oracle model.

Our algorithm is randomized and the approximation guarantee is in ex-
pectation. The value of € that we obtain is small, roughly 107°. The signifi-
cance of this result is that 1 — 1/e is not the optimal answer, and hence it is
likely that further improvements are possible. Our algorithm uses the same
Configuration LP that was used before; only our rounding procedure is more
efficient. (In fact, it is significantly more complicated than the one needed
to obtain 1 — 1/e.) Our rounding is oblivious in the sense that its only in-
put is a fractional LP solution, which is rounded randomly, without knowing
anything about the actual utility functions of the players. We present this
result in Chapter 5. It also appeared in [19], a joint work with Uriel Feige.

Another way to look at this result is that the integrality gap of the
Configuration LP with submodular functions cannot be arbitrarily close to
1—1/e ~ 0.632. We do not determine the worst case integrality gap; we only
improve the example of 7/8 from [14] to an example with a gap of roughly
0.782. It remains an interesting question to investigate, what is the worst
case integrality gap of this LP and whether this LP can achieve an optimal
approximation result for this problem. The range of possible answers for the
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possible approximation factor is still between (1 — 1/e 4+ ¢,1 — ¢') for some
very small €, ¢ > 0.

1.2.4 The Generalized Assignment Problem

Problem: An instance of the Generalized Assignment Problem (GAP) con-
sists of n bins and m items. Fach item j has two nonnegative numbers for
each bin i; a value v;; and a size s;j. We seek an assignment of items to bins
such that the total size of items in each bin is at most 1, and the total value
of all packed items is maximized.

This problem has been considered in [52, 7] as a common framework for
a number of scheduling/assignment problems. Note that GAP can be also
seen as a combinatorial allocation problem (where bins correspond to players)
with utility functions

w;i(S) = max{z v; T C S,Zsi]— <1}

JjeT JjeT

A L-approximation for this problem was announced in [7], by adapting an
LP-based %—approximation for the minimization version of a similar packing
problem [52]. In [22], this was improved to a (1 — 1/e)-approximation using
an exponential large linear program very similar to the Configuration LP we
discussed in Section 1.2.3. It is known that GAP is NP-hard to approximate
within 1 — € for some small € > 0 [7].

The linear program in [22] is shown as LP; in Fig 1.1. In LP;, F; de-
notes the collection of all feasible assignments for bin 7, i.e. sets satisfying
> jes Sij < 1. The variable x; ¢ represents bin i receiving a set of items S.
Although this is an LP of exponential size, it is shown in [22] that it can be
solved to an arbitrary precision in polynomial time. (The reason being that
the separation oracle for the dual boils down to a knapsack problem, which
can be solved almost precisely.) Then the fractional solution can be rounded
to an integral one to obtain a (1 — 1/e) approximation.

The authors in [22] also consider a more general problem, a “Separa-
ble Assignment Problem” (SAP). In SAP, each bin has an arbitrary down-
monotone collection of “feasible sets” which can be legally packed in it. For
this problem, a (1 — 1/e)-approximation is given in [22], assuming that we
have an FPTAS for the single-bin packing subproblem (which is the knap-
sack problem in the case of GAP). Also, it is shown in [22] that the 1 — 1/e
factor is optimal for SAP, even when the single-bin packing subproblem can
be solved exactly. However, it was not known whether 1 —1/e is the optimal
approximation factor for GAP.
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LP;: max Z Yi.50i(9); LP,: max Z Vij%i ;.85
J.SEF; i,SeF;,j€8
Vi Z Yis < 1, Vi, 7,8 %ijs < Yis,
SeF, Vji & € P(X)),
V'é; Z Yi.s < 1, ?jG P(M)
i,SEFi:j€S
V3,55 yis 2 0.

Figure 1.1: Different LP relaxations for GAP.

Chandra Chekuri later observed that this (1 — 1/e)-approximation al-
gorithm can be interpreted as a special case of submodular maximization
subject to a matroid constraint [4]. A (1 — o(1))-approximation can also
be obtained using the greedy algorithm from [46]. (The greedy selection
of an optimal element corresponds to a knapsack problem, which we can
solve almost optimally.) The reduction is not as straightforward as in the
case of Submodular Welfare, and in fact it blows up the size of the problem

exponentially, so one has to be careful when using this reduction.

Reduction to submodular maximization under a matroid constraint.
Consider a GAP instance with n bins and m items of values v;;, and let F;
denote the collection of sets feasible for bin i. We define X = {(7,5) | 1 <
i <n,S € F} and a submodular function f:2% — R,

f(S) = Zmlax{vij :3(i,8) € S,j € S}

We maximize this function subject to a matroid constraint M, where § € M
iff S contains at most one pair (i,S) for each i. Such a set S corresponds
to an assignment of set S to bin i for each (i,S) € S. This is equivalent to
GAP: although the bins can be assigned overlapping sets in this formulation,
we only count the value of the most valuable assignment for each item. We

can write f(S) = »_; g;(S) where
g;(S) = max{v;; : 3(:,5) € S,j € S}

is a weighted rank function of a matroid X; on X. In the matroid &},
an element (¢,5) € X has weight v;; if j € S and 0 otherwise. A set is
independent in X; iff its cardinality is at most 1. Therefore the problem falls
under the umbrella of the framework we described in Section 1.2.2.
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Let us write explicitly the LP arising from interpreting GAP as a submod-
ular maximization problem. We have variables y; ¢ for each 2 and S € F;. In
addition, for each matroid X, we define copies of these variables z; ; . The
resulting linear program is given as LP, in Fig 1.1. LP, has exponentially
many variables and exponentially many constraints. However, observe that a
feasible solution y; s for LP; is also feasible for LP,, when we set x; ; s = i s
for 7 € S and 0 otherwise. This is because the constraint ZZ s.jesYis < 1in
LP; implies z; € P(X;), and the constraint > o v; s < 1 implies § € P(M).
Therefore, we can solve LP; using the techniques of [22] and then convert
the result into a feasible solution of LP,. Finally, we can apply the pipage
rounding technique to obtain a (1 — 1/e)-approximation.

This is simply a reformulation of the algorithm from [22]. However, the
flexibility of the matroid constraint allows for more complicated conditions
than each bin choosing at most one set. For example, one can handle a
variant of GAP where we are allowed to use only k bins