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Notes for Lecture 13

Let G be a D-regular graph on N vertices and H be a d-regular graph on D vertices.
We discussed how to define the graph G®H which is d?-regular over ND vertices and we
proved that G®H has good expansion if both G and H have good expansion. Today we
give another analysis showing that as long as G and H have any noticeable expansion, it
is possible to infer something non-trivial about the expansion of G®H. We will use this
analysis to show how one can “turn any graph into an expander.”

1 Another Analysis of The Zig-Zag Graph Product

This is the main result of this lecture.

Theorem 1 (Main) Suppose that M(G) <1 —eq and \o(H) <1 — ey,
Then Aa(GOH) <1 — ege?.

In order to prove the theorem, we need a result that shows that the transition matrix
of a graph can always be seen as a convex combination of the transition matrix of a clique
and of an “error” matrix. First, recall the definition of matrix norm.

Definition 1 (Matrix Norm) Let A be a n x m matriz, then

A
A= max oAl = max 1Al
2eR™: ||z||=1 zeR™ |||

We have the following technical claim. (Recall that .J,, is the n x n matrix that has a 1
in each entry, so that %Jn is the transition matrix of a complete graph with self-loops. We
omit the subscript when clear from the context.)

Lemma 2 Let G be an undirected reqular graph on n vertices, M be its transition matriz,
and X\ := X\o(QG). Then there is a matriz E such that ||E|| <1 and

1
M=(1-X\—-J+AE
n

PrROOF: Let 1 = Ay > Ay > --- > A, be the eigenvalues of M and zi,...,z, be a

corresponding orthonormal set of eigenvectors, with z1 = ( : ,ﬁ) For a vector =,

D
vn'

we can write x = ayx1 + - - - a Ty, Where a; = x - x;fp, so that

oM = a1z + Mooz + - - - + Aoy,

which we shall rewrite as

A An
aM = (1-Naix; + A <a13:1 + 72042352 + -+ )\anmn>
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Now, notice that ajz1 = x - :):1T x1=x- %J.
Define

T
Tn,

A
E::x{'x1+72x§-x2+-"+7n

Tn

Then we have
1
aM = (1—-Nz—J + \aE
n
and so
1
M = (1_/\)EJ+)\E

It remains to bound ||EF||. Pick any unit vector z, and write it as = a1x1 + - - @ Ty
then

An

A

=4/a? + ﬁa 2—1—--- &a i
— 1 2\ 2 \ n

<ya2+-a2=1

A
|zE|| = ||a1z1 + fam ot 2|

We are now ready to give a proof of the Main Theorem. Consider the transition matrix
of G®H, and write it as BAB, where A is a permutation matrix and B is a block-diagonal
matrix where each block is a copy of the transition matrix of H.

Use the Lemma we just proved to write the transition matrix of H as € H%J +(1—ep)EpB,
for an error matrix such that ||Eg|| < 1. Then we have

B=egU+ (1 —€ep)E

where U is a block-diagonal matrix that has %J p in each block (it would be the matrix B
we would have if H had been a clique with self-loops), and E is a block-diagonal matrix
that has a copy of Ep on each block. We'll leave it as an exercise to prove ||E|| < 1.

We are ready to bound the Ay parameter of BAB. Let z be a unit vector orthogonal to

(17...71).

lz(egU + (1 — ) E)A(egU + (1 — e E)T |
e |zUAUZT|

+2e(1 — )|z EAU 2T |

+(1 —ey)}|zEAE2T|

]a;BABxT\

IN

The main observation is that the vector zU is the same as the vector we called )| in
the previous lecture, and so, by a calculation we have already done, we have



|2UAUzT| < (@) - [|2U])? <1 - eq
For the other quantities, we can apply Cauchy-Schwarz and the bound on the matrix
norm of F to derive
[eBEAUZT| < |[zEA]| - ||2U|| < [|2B]| - ||2[| < ||«|* =
[tEAEL"| < ||zBA|| - ||zE|| = ||zB|]* < ||l=[|* = 1

and so

|ltBABzT| < €% — e4eq 4+ 2ep(1 —ep) + (1 —ey)? =1 — ke

This concludes the proof of the Main Theorem.

There is also an alternative, equivalent, way of looking at this proof, that emphasizes
the similarity with the proof we saw in the last lecture. In particular we can argue that if
x is a vector orthogonal to (1,---,1), then we can write

r = ey + (1 —eg)r’

where x| is as defined in the last lecture, and 2’ satisfies

12'BI| < |||
(To prove tha above claim, write 2/ = g 16 r — 22U, and notice that, since B =

egU + (1 —ep)E, and 2UB = zU, we have 2B = xzE, and so ||2/B|| < ||zE|| < ||z||.)
Then we can write

ltBABzT| < e%ﬂx”BABzL'm
+2ep(1 — 6H)|{L‘||BAB:L‘/T|
+(1 — ep)?|’ BABz'T|

And, assuming ||z|| = 1, we have the bounds
|$||BABx|T|| <1-eqg
|$||BABx'T| <1

|2’ BABz'T| <1

From which we recover [xBABzT| <1 — % eq.



2 Turning Any Graph Into an Expander

In the previous lecture, given a good d-regular expander H on d* vertices, we defined a

sequence of graphs G, ..., Gg,... by the recursion
Gy = H?
Gry1 = G2@H

and proved that if the Ao parameter of H is small enough that all graphs in the family
have small Ao. By construction, Gy has d**** vertices and is d*-regular.

Now we want to show that, provided that H is a good expander, the construction
eventually converges to a good expander for every choice of a starting graph Gj.
Theorem 3 Let G be a d*-regular graph, H be a d-reqular graph on d* vertices such that
Ao(H) < 1—10. Define the sequence of graphs Go,...,Gk,... as

Gy = H?
Gry1 = G2@H
Then
_ 1 L _
A2(G) < max 2 1—(1.2)"- (1= X(GQ))

PROOF: The k = 0 base case is immediate; for the inductive step we need to prove that if
we write A2(Gg) =1 — € then

_ 1
Ao(G2@®H) < max {2, 1-— (1.2)6}
By the main theorem and the assumption on H we have

M (Gi@H) <1—(1—(1—¢€)?)-.81

(
We consider two cases. If € > 1, then A\y(G}) < 1, and

-8l <

B~ w
N | —

Mo (GR@H) <1 —
If e < 1, then (1— (1 —¢€)?) =2e— € > 1.5¢, and
Mo(Gi@H) <1—-15-€-81<1—12-¢

a

Suppose now that G is an arbitrary connected 3-regular graph, and define G, to be the
d?-regular graph that is identical to G except that every vertex has d? — 3 self-loops. We
can see (assuming d? > 6) that all the eigenvalues of G/, are non-negative, and



- -3 3

A (GL) = Xo(GL) = T ﬁ)\Q(G)

If G is a connected 3-regular graph, then h(G) > % and, by Cheeger’s inequality,
A(G)<1-— 9%, SO
- 2
MG <1— ——
2(G) = 3d?n?
and, if we use GG, as a base case in the above theorem,
. 1 L2

And for k = O(logn), we have A2(Gy) < 3. So it only takes a logarithmic number of
steps to turn an arbitrary connected graph into a very good expander.

3 References

The analysis of the Zig-Zag product in Section 1 is due to Eyal Rozenman and Salil Vadhan
[RVO05].
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